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ABSTRACT

Let ¥ be a (connected) surface of “complexity” k; that is, ¥ may be obtained from a
sphere by adding either %KJ handles or x crosscaps. Let p > 0 be an integer, and let I" be
a “p-representative drawing” in 3J; that is, a drawing of a graph in X so that every simple
closed curve in ¥ that meets the drawing in < p points bounds a disc in . Now let I'" be
another drawing, in another surface ¥’ of complexity x’, so that I' and I are isomorphic

as abstract graphs. We prove that

(i) If p > 100logr/loglogk (or p > 100 if k < 2) then k' > &, and if k' = k and
I" is simple and 3-connected there is a homeomorphism from ¥ to ¥/ taking I"

to I

(ii) if I" is simple and 3-connected and I is 3-representative, and p > min(320, 5logk),
then either there is a homeomorphism from ¥ to ¥’ taking I" to I, or k' >

K+ 1074p%.



1. INTRODUCTION

A useful theorem of Whitney [6] says that, if G is a simple, 3-connected planar graph,
it can be drawn in a sphere in essentially only one way; more precisely, for any two
drawings of it in a sphere X, there is a homeomorphism of ¥ to itself carrying the first

drawing to the second.

It is natural to ask whether this result has some analogue for higher surfaces. Certainly
3-connectivity is no longer sufficient. For instance, let GG consist of two disjoint circuits
with vertex sets {ay,...,a100} and {by,...,b100} in order, together with an edge a;b; for
1 <4 < 100; and embed G in a cylinder {(z,y) : 1 < 2% + y* < 2} in 3-space so that
the two disjoint circuits are the two ends of the cylinder. Now “thicken” the wall of the
cylinder so that it becomes a torus. Then for each of the edges a;b;, there are > 2 ways to
add it to the drawing (above and below the original plane of the cylinder), and all these
choices can be made independently; and so we have about 2!% different drawings of G in

the torus, almost all not related by homeomorphisms of the torus.

We need some further requirement in addition to 3-connectivity; and one that works
nicely is to require that the drawing is sufficiently “representative” of the surface, meaning
that every simple closed curve in the surface with only a small number (< p, say) of
points in common with the drawing bounds a disc in the surface. Robertson and Vitray
[4] showed that, if p is large enough (depending on ¥) and X is orientable then G has no
other drawing in X, up to homeomorphisms of ¥; and indeed, G has no other drawing
in any simpler orientable surface either. (We shall state this more precisely later.) The
question arises, what does “large enough” mean here? How should the lower bound on
p depend on X7 The bound of Robertson and Vitray was linear in the genus of X, but
no example was known to show this was necessary; the best known example was due
to Archdeacon [1], who gave an example with p slightly less than the logarithm of the

genus of X. We shall show that Archdeacon’s example is close to best possible, that every



log(g)
loglog(g)

example has p < O ( ) where ¢ is the genus. Now let us be more precise.

A surface (in this paper) means a connected, compact 2-manifold without boundary.
Every surface is homeomorphic (denoted 22) to exactly one of ¥, 31, 3o, ..., ¥4, Xy... where
5, denotes the orientable surface obtained from a sphere by adding & handles, and Xy
denotes the non-orientable surface obtained from a sphere by adding k crosscaps. We

define the complezity k(X)) of a surface X by

2k if LY,
Eoif Dy,

K(X) =

Thus, £(X) is 2 — x(X), where x(X) is the Euler characteristic of X.

A drawing in a surface ¥ is a pair (U, V) where U C X is closed, V' C U is finite,
U — V has only finitely many arc-wise connected components, called edges, and for every

edge e, either

(i) |e — e| =1, and € is homeomorphic to a circle, or

(ii) |e —e| = 2,é — e = {u, v} say, and € is homeomorphic to the closed interval

[0, 1] (and consequently (€, e) is homeomorphic to ([0, 1], (0, 1))).

If I' = (U,V) is a drawing, we write U = U(I"), V' = V(I'), and denote its set of edges by
E(T'). Every drawing I' in ¥ is therefore a graph with vertex set V(I') and edge set E(I),
and we use standard graph-theory terminology for drawings without further explanation.
(In particular, by an isomorphism between drawings I" and IV we mean an isomorphism
regarding I" and I as abstract graphs, and by a simple drawing we mean a drawing that

is a simple abstract graph.)

Let T" be a drawing in a surface X, and let p > 0 be an integer. We say that I' is
p-representative if for every F' C ¥ homeomorphic to a circle, if F' is not the boundary of

some closed disc in ¥ then |[FF N U(I')| > p. Robertson and Vitray proved [3]
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(1.1) Let T’ be a simple 3-connected drawing in a surface X, let T be a drawing in
an orientable surface ¥/, and let a : I' — 1" be an isomorphism. If T is (4k(X) 4 3)-
representative then k(X') > k(X), and if equality holds then there is a homeomorphism

from ¥ to Y extending .

We shall prove the following, which strengthens (1.1) for large x. (Another strength-
ening of (1.1) is given in [2].)
(1.2) Let X be a surface of complexity k, let ¢ > 2 be an integer, and let e = 240~ k7.
Let T be a (20)-representative drawing in X, let I be a drawing in a surface ¥/, and let

a:T'— T be an isomorphism.

(i) If e < = (that is, (6/48)7 > k) then k(¥') > K

N[

(i) Ife <3 andT is simple, 3-connected and (20 +2)-representative, and k(X') =

k, then there is a homeomorphism ¥ — X' extending c.

N[

(iii) IfT is simple and 3-connected and 1" is 3-representative, and € < 1, then either

there is a homeomorphism ¥ — ¥/ extending o, or k(X') > k4 2¢72(1 —¢).

From (1.2), the results stated in the abstract follow easily, and we omit those details.

We shall prove (1.2)(i) in section 3, and the easier results (1.2)(ii) and (iii) in section 4.

2. SOME PRELIMINARY LEMMAS

Let I" be a drawing in a surface X. A region of I' is an arc-wise connected component
of ¥ — U(I"), and we denote the set of all regions by R(I"). We say I' is a 2-cell drawing

in ¥ if every region is homeomorphic to an open disc.



To prove (1.2) we need several lemmas. The first is just Euler’s formula.

(2.1) Let T be a non-null drawing in a surface . Then
VD) = [E@)|+[R(I)] = 2 - &(X)

with equality if T is 2-cell.

Next, we need the following. (If I' is a drawing, I'\ X is the drawing obtained by

deleting X; hence X may be a vertex or an edge, or a set of vertices or edges.)

(2.2) Let T’ be a non-null simple drawing in a surface ¥. Let 6 = |E(T)|/|V(T)|, and let
o > 2 be an integer such that every circuit of I' of length < 20 bounds a disc in 3. Then
either § < 3 or k(X) > (§/3 — 1)7; and consequently either k(X) =0 or § < 6k(X)7.

Proof. The second conclusion follows from the first, because if (%) > 0 and § < 6 then
§ < 6k(X)Y7, and if § > 6 and £(X) > (& — 1)7 then x(X)7 > 2 — 1> 2. We prove the
first conclusion by induction on |V(I')|. Certainly we may assume that § > 3. If there
exists v € V(I') with valency < 4, let IV = I"\v; then I" is non-null, since I" is simple and
d > 0, and so from the inductive hypothesis, either ¢’ < 3 or x(X) > (6'/3 — 1)7 where

§' = |E(I")|/|V(I")]. But
[E)| = [ED)] =6 = 6[V(D)] =6 = o|V(IY)]

and so ¢’ > ¢, and the result follows. We may assume, therefore, that every vertex has

valency > 0. We may also assume that I is connected.

Choose vy € V(I'). For all i > 0 let NV; be the set of all v € V(I') such that the shortest
path of I between vy and v has i edges. Thus, Ny = {vo}, and the sets Ny, N1, Na, ... are
mutually disjoint, and partition V(I'). For each ¢ > 0, let I'; be I'\ (N;11 U N;io U...); that
is, I'; is the restriction of I' to Ny U ... U IV,.



(1) For 0 <i <o, |B(T,)| < 3[V(T)].

Subproof. Choose a spanning tree 1" of I'; such that for every j <7 and every v € Ny, the
path of T between vy and v has j edges. It follows that for every edge e € E(I';) — E(T),
the unique circuit C of I'; with E(C) C E(T) U {e} has < 2i + 1 < 20 edges, and hence
bounds a disc in ¥. An easy homotopy argument implies that, consequently, every circuit
of I'; bounds a disc in ¥, and so (for example, by [3, theorem (11.10)]) there is a closed
disc A C ¥ with U(I";) € A. Hence T'; is planar. But it is simple, and so

[E(T)] < 3[V(T)[ -6

unless |V(T';)| < 2, by the usual application of Euler’s formula. In particular, |E(T;)| <
3|V(T;)|. This proves (1).

(2) For0<i <o, |[E(Lip1)| > (8 = 1)|ET)].

Subproof. Every vertex in NoU...U N; has valency > J, and every edge incident with such
a vertex belongs to F(I';;1). Since an edge is incident with two such vertices if and only

if it belongs to E(I';), we deduce from (1) that
J
2|E(T)|+ |E(Liy1) — E(Iy)| > 6|No U ... U N;| > g\E(Fzﬂ,
and so [E(T'i41)| > (§ — 1) |[E(I)|. This proves (2).

Since |E(I'1)| > 6 because vy has valency > 6, and since § > 3, we deduce by repeated

application of (2) that
|E(T3)] > (6/3—1)"""0

for 1 <14 < 0. In particular, since o > 2, we have
|E(TCo-1)| > (6/3 = 1)772%.
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Hence from (1),

V)| 2 VTl 2 5l BT,0)] > (/317

Now since I' is simple and |E(I")| > 2, it follows that every region of I' is incident
with > 3 edges (counting an edge twice if the same region is incident on both sides of it).
Thus,

2|E(T)| = 3|R(I)],

and so
B()] ~ |R(T)| = S(1E()] + (2IB(D)| ~ 3|RM)) > 5B = SV
From (2.1),
k() =22 [ED)] - [RI)| - [VI)] = (6/3 =DV = (/3 —1)7

as required. [}

(2.3) Let I' be a simple 3-connected (20)-representative drawing in a surface 3, where
k(X) > 0 and 0 > 2 is an integer. Let S C R(T"), and let F be the set of all pairs (v,r)
such that v € V(I'), r € S, and v is incident with r and with at least one other member
of §S. Then

F| < 248(5)1/7S].

Proof. Let Z be the set of all v € V(I') incident with > 2 members of S. If Z = () then
F = () and the result is true, and so we may assume that Z # () and hence |R(T")| > 2.
Since I' is simple, 2-connected and 2-representative, every region of I' is bounded by a

circuit of I'.



For each r € S, choose a point v, € r. Let I'; be a drawing with V(I'y) = Z U {v, :
r € 8} and |E(T'y)| = |F|, in which for each (v,r) € F,v is adjacent to v, in T';, joined
by an edge of I'y within r. Then I'; is bipartite and simple, and each v € Z has valency

>2in I'y.

For each v € V(I), choose a closed disc A(v) C ¥ such that A(v) —bd(A(v)) contains
v and all edges of I'y incident with v, every vertex of I'y adjacent to v belongs to bd(A(v)),
and for all distinct v,v" € V(I'), A(v) N A(v') is the set of common neighbours of v and
v'in I'1. Let I'y be the drawing with
Ul2) = Ud(A(v)) :v e Z)
V() = {v.:reS}

Now Iy is loopless, since each v € Z has valency > 2 in I'y; it may have multiple edges,
however. Let r,7" € S be distinct, and let e € F(I'y) with ends v,,v,s. It follows that for
some v € Z, v is incident with both r and »/, and e is a subset of bd(A(v)). Since I' is
3-connected, 3-representative and simple, there are at most two possibilities for v. For any
one of them, bd(A(v)) contains at most two edges of I'y with ends v, and v,». Consequently,
there are at most four edges of I'y with ends v,, v,+; and so there is a simple subdrawing
'3 of Ty with V(I's) = V(T'y) and |E(T's)| > $|E(Ts)|. But |E(I';)| = |E(Ty)| = |F|, and
so |E(I's)| > $|F|. Let C be a circuit of I's which is non-null-homotopic in . Then there

is a circuit C” of 'y, non-null-homotopic in ¥, with
V() Nn{v.:re S CV(O).
Since I' is (20)-representative it follows that |U(C") NU(I")| > 20. But
vcHnulT) cul,)nu(l) cz
and so |V(C") N Z| > 20. Moreover, since I'y is bipartite,
V(C) N Z| = [V(C)n{or:r € S}
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and so [V(C)| > 20. Let
6 =|ET3)|/IV(Ts)| = |F]/(4]S]).
Since x(X) > 0, we deduce from (2.2) that § < 6x(X)Y/?, and so
7] < 24(8)V71S],

as required. [ |

(2.4) Let ' be a simple 3-connected (20)-representative drawing in a surface ¥, where
k(X) >0 and 0 > 2 is an integer. Let S C R(I"), and let C be a set of circuits of I' such
that

(i) for each C' € C, there is no closed disc in 3 bounded by C, and every edge of

C' 1s incident with a region of I' in S, and

(i) every edge of T belongs to at most two members of C.

Then |C| < 2407 k(2)Y7 |S].

Proof.  Define F and Z as in (2.3). Now let C' € C. Since every edge of C' is inci-
dent with a member of S, and since I' is (20)-representative, there are at least 20 distinct
regions in § incident with an edge of C'. For each one of them, say r, there are at least
two vertices v of C' such that exactly one (f, say) of the two edges of C' incident with v
is not incident with r. Since f is therefore incident with a member of S — {r} it follows
that v € Z and therefore that (v,r) € F. Consequently, there are at least 40 members
(v,7r) € F such that v € V(C) and r is incident with one of the edges of C' incident with
v. By summing over all C' € C, we deduce that there are at least 40|C| triples (v,r, C)
such that (v,7) € F,C € C,v € V(C), and r is incident with an edge of C.
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On the other hand, for any given (v,r) € F, there are at most four C' € C such that
(v,7,C) is such a triple, since every edge of I' is in < 2 members of C and there are only
two edges incident with v and with r. Consequently, there are at most 4|F| such triples,

and so 40|C| < 4|F|. The result follows from (2.3). |

3. THE MAIN THEOREM

In this section we prove (1.2)(i), but first we need some more definitions. Let I' be
a drawing in a surface ¥, and let v € V(I'). A triple (e,r, f) is an angle of I' at v if
e, f € E(I') are distinct and both incident with v, and r € R(T'), and there is a closed
disc A CrUeU fU{v,z,y}, where x and y are the other ends of e and f, with ANU(I)
equal to the union of e, f and their ends (or, in less formal terms, if e, f are consecutive

in the cyclic order of edges at v and r is the region between them).

(38.1) Let I' be a loopless drawing in a surface ¥, and let v € V(I'). Let ey, ...,ex be
distinct edges all incident with v where k > 2, and for 1 < i < k let (e;_1,7;,€;) be an

angle at v, where eg = ey. Then either v has valency k, or k =2 and ry = ro.
The proof is clear.

A walk W in a drawing I is a sequence vy, €1, V1, ..., €k, Up Where vg, vy, ..., v € V([),
e1,....,ex € E(I'), and for 1 < i < k, e; has ends v;_1 and v;. Its lengthis k. If 0 < a <
b < k, the walk

Va,s 6a+1a Ua-i—la <oy €, Up
is a subwalk of W. We say W is closed if v, = vg. It is simple if vy, vy, ..., vy are all distinct
(except possibly vy = vg) and ey, ..., e; are all distinct. (The last condition is redundant

unless k£ = 2 and vy = vg.) If W is a walk in I', I'|WW denotes the subdrawing of I" formed

by the vertices and edges in W.



If r is a region of a 2-cell drawing I' in X, then bd(r) is connected since r is home-
omorphic to an open disc; and there is a closed walk of I' tracing the boundary of r in
the natural sense. (Indeed, there are several, depending on the choice of initial vertex
of the walk, and on whether the boundary is being followed in a clockwise or anticlock-
wise direction.) We call such a walk W a perimeter walk of r. Every edge e incident
with 7 occurs once (if e is also incident with another region) or twice in W; and if W is
Vo, €1, V1, €2, ..., Vp_1, €k, Uk = Vg, then each triple (e;, 7, e;41) is an angle at v;; and if all
vertices of I' have valency > 3, then all these angles are distinct. (Note that the perimeter

walk of a region need not be simple.)

Let us restate (1.2)(i).

(3.2) Let T be a drawing in a surface ¥, let 0 > 2 be an integer so that (0/48)7 > k(X),
and let T be (20)-representative. There is no drawing isomorphic to T' in any surface of

complexity < k(X%).

Proof. ~ We define the magnitude of I' to be |V(I')| + |E(I")| + 2|R(I")|, and we pro-

ceed by induction on the magnitude of I'.

(1) We may assume that, for every closed disc A C ¥ with bd(A) N U((I') € V(I
and |bd(A) NU(T)| < 3, such that each vertex in bd(A) is incident with an edge included
in A:

(i) if [bd(A)NU(T)| <1 then ANU(T) =)

(ii) if [bd(A) N U(L)| = 2 then I' N A consists of a single edge with ends the two
vertices in bd(A)

(iii) if |bd(A) N U(L)| = 3, then either I' N A consists of the three vertices in
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bd(A)NU(T") and two or three edges joining pairs of them, or there is a unique
vertez z in A —bd(A) and I' N A contains precisely three edges, each with one
end z and the other end in bd(A).

Subproof. 1f (i) is false for some A, the result follows from the inductive hypothesis applied
to the drawing obtained from I" by deleting the part of I' in A — bd(A). We assume then
that (i) holds for all A. If (ii) is false for some A, then by (i) there is a path P in
I' N A between the two vertices in bd(A); and hence the result follows from the inductive
hypothesis, applied to the drawing obtained by deleting all of I' in A — bd(A) except P,
and contracting all edges of P except one. We assume then that (ii) holds for all A.

If (iii) is false for some A, let bd(A) NU(T") = {a, b, ¢, }. Since (iii) is false, there is a
vertex d € A —bd(A); and by (i) and (ii), there are three paths Py, Py, P3 of 'M A from d
to a, b, ¢ respectively, vertex-disjoint except for d. Let I be obtained from I' by deleting
all of T" inside of A — bd(A) except Py U P, U P3, and for i = 1,2, 3 contracting all edges
of P; except one. It is easy to see that I' is (20)-representative, and therefore the result

follows from the inductive hypothesis applied to I. This proves (1).

Now suppose for a contradiction that I' is a drawing in a surface ¥’ with x(X') < &,

and that a : I' — I is an isomorphism.

(2) T is simple and 3-connected; and we may assume that for every circuit C of T' of

length 3, C bounds a region of I', and a(C) does not bound a region of T".

Subproof. If T" is not simple, it has a circuit C' of length < 2. Since I' is 3-representative,
C bounds a disc in 3, contrary to (1). Thus I' is simple. By (1), I' is 2-cell and hence
connected. By (1)(i), every region of I' is bounded by a circuit, and so I' is 2-connected.
If I" is not 3-connected, it is an easy exercise to show that there is a disc violating (1)(ii),

because I' is 3-representative; and so I' is 3-connected. Let C' be a circuit of I' of length

11



3. Since I' is 4-representative, C' bounds a disc in ¥, and hence by (1)(iii), C' bounds a
region r in X. Let I'y be obtained from I' by deleting the three edges of C', and adding
a new vertex d and three new edges joining d to the three vertices of C, so that d and
the new edges are all drawn within r. Then I'; is (20)-representative, as may easily be
verified, and it has magnitude less than that of I'. Suppose that «(C') bounds a region r’
of I". Then, similarly let I'] be obtained from " by deleting the edges of a(C') and adding
a new vertex adjacent to the vertices of o(C'), all drawn within r’. The result follows from

the inductive hypothesis applied to I'; and I'}. This proves (2).

Let us choose IV and ¥’ so that x(X') is as small as possible. It follows that

(3) TV is 2-cell in ¥'.

Subproof.  Since I' is connected and I' is isomorphic to I”, it follows that I' is con-
nected. Consequently, if I is not 2-cell, there is a subset F© C ¥/, homeomorphic to a
circle, disjoint from U(I"), such that ' bounds no closed disc in ¥'. Let 3" be obtained
by: cutting ¥ along F'; taking the connected component of the result that contains U(I")
(this exists since [ is connected); and pasting one or two discs onto the boundary of this
component, to obtain a surface " with x(X") < k(X'). This contradicts the minimality

of k(¥'). Hence (3) is true.

Let C be the set of all circuits of I that bound regions of I'. Let A be the set of all
C' € C such that «(C') bounds a region (necessarily an open disc, by (3)) of I in ¥'. For

fixed I', ¥ and ¥, let us choose I'" and « to maximize |A|.

(4) Let W be a simple closed walk in T', such that U'|W bounds a disc in ¥. Suppose
that a(W) is a subwalk of a perimeter walk of a region of I''. Then T'|\W bounds a region
of I'.

12



Subproof. Let W be

Vs €15 U1y evey €y Up, = Vg
then n > 3, by (1). Let A C ¥ be a closed disc bounded by I'|WW, and let D be the
set of all C' € C with U(C') C A. Let r’ be a region of I so that «(W) is a subwalk of

a perimeter walk of 7. Since a(vy),...,a(v,) are all distinct and a(eq), ..., a(e,) are all

distinct, there is a closed disc A’ C 7’ U bd(r’) such that
bd(A)YNUT) = {a(vy), ..., a(v,) U aler) U ...ale,) .

Let v : A — A’ be a homeomorphism so that v(v;) = a(v;) for 1 < i < n, and y(e;) =
ale;) for 2 < i < n. Let I' be obtained from I" by replacing a(x) by ~(z), for every
vertex and edge x of I" that belongs to A —bd(A); and let 3 : ' — I'” be the isomorphism
defined by ((z) = () if  belongs to A — bd(A), and f(x) = a(x) otherwise. Note that
since I'" is a drawing in ¥’ isomorphic to T, it is necessarily 2-cell, by (3). Let B be the
set of all C' € C such that G(C) bounds a region of I'”. From the choice of I, |A| > |B],
and so
A—B|>|B—Al.

Let C be the circuit of I' bounding the region of I' included in A and incident with e;.
From the choice of I, D — {C4} C B.

Now suppose that C' € A — B; we shall investigate the possibilities for C. Since
C € A, there is a closed disc D C ¥/ bounded by «(C), with D N U(I") C bd(D). Since
D — bd(D) is not a region of I (because C ¢ B), either U(C) N (A — bd(A)) # 0, or
(D = bd(D)) N A" # (. In the first case U(C') C A, and since C' € A and hence C € D it
follows that C' = C (for every other circuit of D belongs to B). In the second case, o(C)
bounds 7/, and so since (W) is a subwalk of some perimeter walk of 7/, it follows that
LW = C. But C € C, and so I'|W bounds a region of I', as required. We have shown,
therefore, that we may assume that A — B C {C}.

13



Choose C* € D as follows. If C; € A— B, let C* = C,. If C; € A— B, choose C* € D
so that
(B—A)NDC{C"}

(this is possible since |B — A| < 1). We claim that in either case, D C AU {C*}. For if
Cy ¢ A— B then A— B = () and hence B — A = (), that is, A = B; but D — {C} C B,
and so D C AU {C*}. On the other hand, if C; € A — B, then since D — {C;} C B and

(B—A)NDC{C)

it follows that D — {C,} C AU {C*}; and since in this case C; € A we have again that
D C AU{C*}.

Since T is 3-connected and (we may assume) U(T') N (A —bd(A)) # 0, there is a vertex
v € bd(A) — V(C*) with a neighbour in I' not in A. Let the edges of I" in A incident with
v be g1, ..., g, in their cyclic order according to I', where g; and g; belong to E(T'|IV).
For 1 <i < k, let F; € C contain g; and g;41. Since each F; € D C AU {C*}, and F; # C*
since v € V(C*), it follows that F; € A, and hence there is a region r; of IV bounded by
a(F;) such that (a(g;),r:, a(gi+1)) is an angle of I''. From (3.1) applied to the sequence

(a(g1), 1, (g2)), -, ((gr-1), i1, (gi)), (alge) 775 a(g1))
we deduce that one of the following holds:
(i) k=2and r; =1/
(ii) «(v) has valency k in I, or

(iii) (a(gx),r’,a(g1)) is not an angle of T at «(v).

First let us dispose of (i). Since F; € C and hence F} is an induced subgraph of I'

(because I' is simple and 3-connected), and since we may assume that I'| W & C, it follows
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that V(I'|W) € V(F;). Choose u € V(I'|W) — V(F}). Then a(u) is a vertex of a(W)
and hence belongs to bd(r’), and a(u) € V(a(F1)). Consequently, a(F7) does not bound
r’. Since a(F;) bounds ry, it follows that m # r/, and so (i) is false. Now (ii) is false,
because v has valency > k in I" from the choice of v. It follows that (iii) holds. We recall

that W is the simple closed walk
Vo, €1, V1, -y €, Up = Vg ,

and that a(W) is a subwalk of a perimeter walk W' of 7. If v = v; where 1 < i < n, then
since a(W) is a subwalk of W', the walk

a(vi—1), ale;), av), a(eir), a(vig)
is also a subwalk of W’ and hence (af(e;), 7', a(e;41)) is an angle of I at a(v;) = a(v);
and since {e;, e;+1} = {g1, g}, this contradicts (iii). Consequently v = vy = vy,.
We have shown therefore that vy is the only member of V(I') N A that is not in
V(C*) and that has a neighbour not in A; and in particular vy ¢ V(C*) and C* # (4,

and therefore C; € A — B. It follows easily that there is a closed disc D C ¥ with
bd(D)NU(T') CV(I), [bd(D) N V(I')| = 3, and with

DNUM) =lU(C): CeD—-{C*}).
By (1), |D| = 2 and C* = () (since C* # (), and C; has length 3. But C; € ANC,
contrary to (2). This proves (4).

Now let (R1,R2, R3) be a partition of R(I"”), defined as follows. Let Ry be the set of
all ¥ € R(I"”) such that r" is bounded by «a(C') for some C' € C. Let Ry be the set of all
r" € R(I"") — Ry with a perimeter walk W’ such that for every simple closed subwalk "
of W' of length > 1, a=Y(I"|W”) bounds a disc in 3. Let Rz = R(I') — (R; UR»).

An envelope is a pair (C,r’) such that C' € C,r" € R(I"), and there is a simple closed
walk W in I' with I'|W = C such that a(W) is a subwalk of some perimeter walk of r’.
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Now let ' € Ry UR,. We claim there is at least one envelope (C,r’), and more than
one if 7’ € Ry. Let W’ be a perimeter walk of »'. If W' is a simple closed walk, then since
a~Y(T"|W’) bounds a disc in X, it also bounds a region of T" by (4), and so r’ € Ry, and
(a1 (T"|W’),r’) is the desired envelope. We assume therefore W' is not simple. Let T’
be

Vo, €1,V1y ...y En, Up = Vo
say. Since W’ is not simple, we may assume that vy = v, = v, for some k with 1 < k <

n —1. Choose a1, b; with 0 < a; < b; < k and with b; — a; minimum, such that v,, = vy, .

It follows that b; > aq 4+ 3 since I is simple and 2-connected; and

Vays €a1+15 Vag+15 +-+5 €byy Uby

is a simple closed subwalk W7 say of W’. Choose ag, by with & < as < by < n and with
Vay = Up,, similarly, and let W5 be the corresponding subwalk of W’. Since r’ € Ry U Ra,
a~L(T"|WW;) bounds a disc in X, and hence by (4), a 1 (T"|WW;) € C and (o }(I"|W1),r’) is
an envelope; and so is (™' (I"|W,),r’). They are distinct, as we see as follows.

As we observed earlier, for 1 < i <n (e;,7’,e;41) is an angle at v; (where e, 11 = e7),

and by (2) all these angles are distinct. Consequently, there is only one value of ¢ with

1 <4 < n such that {e;, e;11} = {€a,+1, €a, 42}, namely i = a; + 1. In particular, the walk

Vais €ar+15 Vay+15 €a1+25 Va,+2

is not a subwalk of Wy, and neither is its reverse. Hence I'|WW; # T'|W,, and so
(a1 (W), r"), (a ' (T"|Ws),r") are distinct envelopes, as required. We deduce that

the number of distinct envelopes is at least |Rq| 4+ 2|Rs.

On the other hand, for each C' € C there is at most one r’ € Ry UR, such that (C,r’) is
an envelope. For let 7,7} € Ry URy, such that (C,r]) and (C,14) are envelopes; we shall

show that 7| = . Let W) be a simple closed walk of I' with I'|W; = C such that (W)
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is a subwalk of a perimeter walk of 7}, and define W5 similarly. Since |V (C)| > 3, there
exists v € V(C) which is not the initial vertex of W; and not the initial vertex of Wj. Let
e1, €2 be the two edges of C incident with v; then (af(ey), 7], a(e2)) and (a(ey), 75, a(ez))
are both angles of I at a(v). Since a(v) has valency > 3 in I (because I is 3-connected)
it follows from (3.1) that r] = 7%, as required. Hence the number of envelopes is at most
|C|. Consequently,

Rl +2[Re| < [C] -

Now let us use (2.4) to get an upper bound for |R3|. For each ' € R, let W, be a
simple closed subwalk of a perimeter walk of r/, with length > 1, such that the circuit
C, = a~YT"|W,+) does not bound a disc in X. Now for all distinct r}, 7, € R3, the walks
Wy, W,, have no common subwalk of length 2 (since I has minimum valency > 3) and

so the circuits C, are all distinct. Let C' = {C}. : ' € R3}; then |C'| = |R3].

Now every edge of I" belongs to at most two members of C’, because every edge of I
is incident with at most two regions of I'. Moreover, let S be the set of all r € R(T'),
bounded by a circuit C' € C such that a(C') does not bound a region of I'V. We claim
that for each r’ € Rj3, every edge e € E(C,/) is incident with a member of S. For let
r1, 79 be the regions of I' incident with e; they are distinct, since I' is 2-connected and 2-
representative. For i = 1,2, let C; be the circuit of I bounding r;. If 1,75 € S then a(Ch)
and «(Cy) both bound regions of I'" incident with a(e), and these regions are distinct since
Cy # Cy. But 1’ is also a region of I incident with a(e), and so 7’ is bounded by one of
a(Ch), a(Csy), contradicting that " € R3. This proves our claim that each edge of F(C,)

is incident with a member of S.

From (2.4), we deduce that

! — o 1
[Rs| = C'] < 2407 '5(2)7|S] < IS -

17



But |S| 4 |R1| = |C] and |R4| + 2|R2| < |C], and so
2[Rs| + (IS] + [Ral) + (IRa] + 2[R2|) < |S] +2[C].
Hence |Ry| + |R2|+ |Rs| < |C|. But by (2.1),
[R()| = [R(I)| = (%) = £(X) >0,

and so |Rq| + |Rz|+ |R3| — |C| > 0, a contradiction.

Thus there is no such IV, Y, o, as required. [

4. 3-REPRESENTATIVE DRAWINGS

In this section, we prove (1.2)(ii) and (1.2)(iii). Let us restate the latter:

(4.1) Let T be a simple, 3-connected, (20)-representative drawing in a surface X, where
k(X) > 0 and o > 2 is an integer. Let a be an isomorphism from I' to a 3-representative
drawing I in a surface X'. Define € = 240~ k(X)7, and let e < 1. Then either there is
a homeomorphism ¥ — Y extending o, or k(X') > k(X) + 2 ¢ (1 — ).

Proof.  The proof is similar to that of (3.2). Define C,S, R1,R2, R3 as in the proof
of (3.2).

(1) Rz =0.

Subproof. Suppose that ' € Ry. Since IV is 2-connected and 2-representative, there
is a circuit C” of I'” bounding 7’. Since I is 3-connected and 3-representative, C’ is in-
duced. Let C = o~ (C"). Since v’ ¢ R3, C bounds a closed disc A in ¥. Since r’ € R,
UT) N (A —bd(A)) # (. Since k(X) > 0 and T is l-representative and hence 2-cell,

18



U) € A. Let

X = {veV(l) : ve A—-0bd(A)}

Y = {veV(I) : vgA}
then X, Y # () and (X,Y,V(C)) is a partition of V(T"). Let X' = a(X),Y’ = a(Y); then
X'UY’' =V({I") —V(C). Since C" bounds a region of I'" in ¥’ (and deleting the closure
of this region does not disconnect '), and C’ is an induced subgraph of I, there is a
region 7 of " incident with a vertex x in X’ and with a vertex y in Y'. Let C” be the
circuit of IV bounding 7”. Since every path of I' from X to Y meets V(C'), and hence
every path of I'' from X' to Y’ meets V(C"), it follows that both components of C"\{x, y}
have a vertex in V(C"). Hence there exist distinct u,v € V(C") NV (C”), non-adjacent in
C”. But C" and C” both bound regions of I, and the latter is simple, 3-connected and

3-representative, which is impossible. This proves (1).

Now let @ be the set of all quadruples (C], C}, e, e5) such that C7, Cy € R3, C] # CY,
er € E(C)),eq € E(CY), e1 # es, and e; and ey have a common end. For any choice of
distinct C], C4 € R3 there are at most six choices for (e, e2) so that (C], Ch, e1,e2) € Q,
because |V (C]NCY)| < 2, and if equality holds then € and C} have an edge in common;
and so |Q| < 6|R3|>. On the other hand, for each r € S, if e € E(T) is incident with r,
then not both the regions of I incident with a(e) are in Ry, and so by (1) a(e) is incident
with a member of R3; and since no member of R is incident with a(e) for every e € E(T")
incident with 7, it follows that there are at least four members (C7, C}, eq,e2) € Q with

e1, 2 both incident with r. Hence |@Q| > 4|S|. Consequently,
4]S| < 6|Rs|* .

Writing s = |S| and ¢t = |R3|, we have s < 3t?/2, and as in the proof of (3.2), t < es.
Hence

s < 3t7/2 < 36%5%/2.
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If s =0 then t =0 and Ry = R(I") and the conclusion of the theorem holds, and so we

may assume that s > 0. Hence s > 36_2. By (2.1), and since € < 1,
2
kK(X)—k(E)=s—t=s(1—1t/s) > ge_z(l —€)
as required. [ |

Here is an example, due to Thomassen [5], that shows that (4.1) is not far from best
possible. Let X be a torus, let ¢ > 2, and let I' be a drawing in ¥ of a toroidal grid with
40? vertices {(i,7) : 1 < i,j < 20}, where (4,7) and (¢, ') are adjacent if either i = ¢/
and |j/ —jl=1,ori=7¢and |j/—j|=20—1,0r j=j and |/ —i| =1, or j = j’ and
|i" —i] = 20 — 1. It can be shown that I' is 4-connected and (20)-representative. Now
take a black and white chessboard colouring of the regions of I'. Then the boundaries of
the white squares, together with the circuits with vertex sets {(i,7) : 1 < i < 20} (for all
fixed j) and {(7,7) : 1 < j < 20} (for all fixed i) form the set of region boundaries of a 4-
representative drawing of the same graph in another surface ', with x(¥') = 20% — 40 +2.
Our theorem (4.1) implies that for o large, any such surface ¥’ must satisfy x(X') > Co?,
where C' > 0 is a constant; and so the quadratic complexity of Thomassen’s example is

necessary.

Here is another example, to show that in (4.1), IV being 3-representative cannot be
replaced by being 2-representative. Let I' be the toroidal grid, as before. Let C; be the

circuit with vertex set
(1,1),(1,2),(20,2),(20,3),(1,3),(1,4), ..., (1,20 — 1), (1, 20), (20, 20), (20, 1), (1, 1)
and let Cy be the circuit with vertex set
(1,1),(20,1),(20,2),(1,2),(1,3),(20,3), ..., (20,20), (1,20), (1,1) .

The regions boundaries of I" that use no edge of the form (1,4) — (20,1), together with C}
and (', form the region boundaries of a 2-representative drawing of the same graph in a

surface of complexity 20 — 2; thus, the conclusion of (4.1) does not hold.
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Finally, let us deduce (1.2)(ii).

Proof of (1.2)(ii).

Let '3, k,0, 1", % a be as in (1.2), let k(X)) = &, let € < %, and let T" be simple,
3-connected, and (20 + 2)-representative. Suppose first that I is not 3-representative.
There exists X’ C V(I") with | X'| < 2 and a subset F' C ¥ homeomorphic to a circle, such
that F N U(I"\X’) = () and F bounds no disc in ¥X'. However, I" is 3-connected and so
I'"\ X" is connected, and there is therefore a component of ¥’ — F' including U (I"\ X”). Let
X = a }X'); it follows that I'\ X is isomorphic to a drawing in a surface of complexity
< K. Yet I'\X is (20)-representative in 3, contrary to (3.2). We deduce that I'" is 3-

representative; but then the result follows from (4.1). |
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