STRUCTURAL DESCRIPTIONS OF
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ABSTRACT. A lower ideal of trees is a set Z of finite trees
such that if T € Z and T topologically contains S then S € Z.
We prove that every lower ideal of trees 7 has a structural
description, a finite set of rules which describes how to construct
an arbitrary element of Z.
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1. INTRODUCTION

Trees in this paper are non-null, finite, rooted, directed away from the root, and

for technical reasons the vertices are assumed to be integers. More precisely,

a tree is a triple T = (V, E,r), where V, the set of vertices, is a non-empty

finite set of integers, F, the set of edges, is a subset of V' x V', and r, the root

of T, is a member of V', such that for every ¢t € V there is a unique directed
walk from r to t. (A sequence tg,t1,...,t, is a directed walk from tg to t, if

(ti—1,t;) € E for all ¢ = 1,2,...,n.) We write V(T) =V, E(T) = E, and

root(T) = r. The height of T is the maximum number of edges in a directed

walk in T. For s,t € V(T'), let s At denote the last vertex of the directed walk
from root(T") to s which belongs to the directed walk from root(T") to t. We say
that T5 topologically contains T, or that T3 is topologically contained in T if
there exists a 1-1 mapping f : V(T1) — V(T2), called a tree-embedding, with
the property that f(sAt) = f(s) A f(t) for every two elements s,t € V(T1). Let
7 be a set of trees such that if T' € 7 and T topologically contains S then S € 7.

We say that Z is a lower ideal of trees, or a tree ideal for short. A tree ideal Z

is proper if some tree does not belong to Z. A tree ideal Z is coherent if Z # ()

and for every T7,Ts € Z there exists T' € 7 such that T topologically contains

both 77 and T5. For notational convenience we introduce a formal symbol T,

called the null tree. We define V(T') = E(T') = 0, and if T is a tree or I we say

that T is topologically contained in 7.

If Ty, Ts,..., T, (n > 0) are vertex-disjoint trees or I we define a new tree
Tree(Ty,To, ..., Ty). Its vertices are V(Th) UV (Tz) U---UV(T,) U{to}, where
to € V(T1)UV(To)U---UV(T,) is a new vertex. Tree(T1,Ts,. .., T,) has root
to and edges E(T1) U E(T3) U --- U E(T,) U {(to,root(T3)) : 1 <i <n,T; #T}.

We say that B = (Z1,...,Zn;k;Z0) is a bit if n,k > 0 are integers,
Ti,...,Z, are coherent tree ideals and Zy is a tree ideal. The tree ideals
To,I1, ..., I, will be called the lower ideals of B, and k will be called the
width of B. Two bits are considered identical if they differ only by a permuta-
tion of 73, ...,Z,. Let B be a set of bits. We define I(B) to be the intersection
of all tree ideals Z that satisfy the following condition:

(*) If (Il,...,In;k;Io) eB, T, fori=1,2,...,n, Ty EIU{F} for i =
1,2,...,k, j > 0and Thint1,-- s Thgntj € Zo, then Tree(Th,. .., Thtnts)
belongs to Z.

We remark that I(B) is a tree ideal satisfying (*), and that if B # () then

every one-vertex tree belongs to I(B). We offer the following examples. Let

J be the tree ideal consisting of all one-vertex trees. Then J = I({(;0;0)}).

Further, 7({(;2;0)}) is the tree ideal of all trees with out-degree at most two,

and I({(J;1;0)}) is the tree ideal of all trees obtained from a directed walk by

gluing a directed edge to some of its vertices. As a last example we consider
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I({(;2;0),(;0;J)}). Every element of this tree ideal is obtained from an arbi-
trary tree with out-degree at most two by gluing stars onto a set of vertices of
out-degree zero.
Let B = (11,21a,...,In; ki 1o), B' = (21,125, ..., 1), K'; Z)) be bits and let
7 be a tree ideal. We say that B is Z-dominated by B’ if there exist a set
S C{1,2,...,n} and a mapping f : {1,2,...,n} =S — {0,1,...,n'} such that
(D1) |S| < k' —k (and hence k < k'),
(D2) Z; C T for every i € S,
(D3) fori,j€{1,2,...,n} =S, if f(i) = f(j) > 0 then i = j, and
(D4) Zo € I, and Z; C T}, for every i € {1,2,...,n} — S.
Let 7 be a tree ideal. A name of 7 is a finite set B of bits such that
(N1) if (Zy,...,Zn;k;Zo) € Bthen Z; € Iy for all 4 = 1,2,...,n and Z; is a
proper subset of Z for all 1 =0,1,...,n,
(N2) I(B) =T,
(N3) no bit of B is Z-dominated by a bit of B other than itself, and
(N4) if B € B has width zero and I({B}) C 7’ for a lower ideal 7’ of a bit
B’ € B, then B = B’ = (7';0;0).

The following is the main result of this paper.
(1.1) Every proper lower ideal of trees has a unique name.

There is a trivial difficulty that the lower ideal of all trees does not have a name.
This could be overcome for instance by allowing k& to be co. However, we chose
not to do so. A related result, in terms of finite automata, for lower ideals in
the minor containment relation was obtained by Gupta [1].

We now put this result into the context of well-quasi-ordering. A quasi-
ordering is a reflexive and transitive relation. Let @) be a set and let < be
a quasi-ordering on ). We say that @) is quasi-ordered. We say that @ is
well-quasi-ordered (wqo) if for every infinite sequence q1, gz, ... of elements of
@ there are indices ¢, j such that ¢ < j and ¢; < g;. The following is a theorem
of Kruskal [3]; for a simple proof see [4].

(1.2) The set of all trees quasi-ordered by topological containment is well-
quasi-ordered.

A Jower ideal in Q is a set I C @ such that if g € I and ¢’ < ¢ then ¢/ € I. We
say that a sequence ¢, g2, . . . of elements of @) is nondecreasing if ¢; < g; for all
1 < j. The following is easy to see.

(1.3) Let @ be wqo. Then
(i) every infinite sequence of elements of ) contains an infinite nondecreasing
subsequence, and
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(ii) there is no infinite strictly decreasing sequence Iy D I D - - - of lower ideals
in Q.

It should be noted that if B = (Z1,Zs,...,Zs; k;Zo) belongs to the name
of a lower ideal of trees, then each Z; also has a name, expressed in terms of
finitely many smaller lower ideals. Thus the name of a lower ideal of trees can
be regarded as a finitely branching structured tree. It follows from (1.2), (1.3ii)
and Konig’s lemma that this structured tree is finite. This is the structural
description we were referring to in the title and in the abstract. Given the
structural description of two lower ideals of trees Z;,7Zs one would like to be
able to test if Z; C Zy. It follows from (2.3) and (2.6) that this can be done. We
remark that conditions (N3) and (N4) are only needed to guarantee uniqueness.

Another remark that needs to be made is that it follows from (1.2) that for
every lower ideal of trees Z there exists a finite set of trees € such that T' ¢ 7
if and only if T topologically contains some member of 2. Thus both Q and
the name are “finite descriptions” of Z. However, there is a difference in how
Q) and the name describe Z; namely, (2 describes the structure of non-members
of 7, whereas the name describes the structure of members of 7.

In the rest of this section we state several lemmas. Let @) be quasi-ordered.
A lower ideal I in Q is said to be coherent if I # () and for every ¢, ¢ € I there
exists ¢’ € I such that ¢ < ¢” and ¢’ < ¢”. Thus () is a lower ideal, but not a
coherent lower ideal. We need the following lemma.

(1.4) Let Q be wqo and let I be a lower ideal in Q. Then there exists a unique
finite set {I1, I2, ..., I, } of coherent lower ideals such that [y Ul U---UI, =1
and I; Z I for all 4,5 =1,2,...,n with ¢ # j.

Proof. We first prove that every lower ideal in ) can be represented as a finite
union of coherent lower ideals. Suppose to the contrary that there is a lower
ideal I in @ which is not expressible as a finite union of coherent lower ideals.
By (1.3ii) we may choose I in such a way that every proper lower subideal of
I is expressible as a finite union of coherent lower ideals. Since, in particular,
I is not coherent, there are q1,q2 € I such that there is no g € I with ¢1 < ¢
and g2 < q. For i = 1,2 let I; be the set of all ¢ € I such that ¢; £ ¢q. Then
I Ul, = I, and both I; and I> are proper lower subideals of I. Since both
I;,I5 can be expressed as a finite union of coherent lower ideals, so can I, a
contradiction.

To prove uniqueness we assume that there are coherent lower ideals Iy,
Ip,.. I, 11,15, ..., I, such that y UL, U...UI, =I{UILU...UI', =1 and
Ii & I for alli,j = 1,2,...,n with i # j and I] Z I} for all 4,5 = 1,2,...,n’
with ¢ # j. Let ¢ € {1,2,...,n}. Since I; is coherent there exists an integer
m(i) € {1,2,...,n'} such that I; C I;T(i). Similarly there exists an integer
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j € {1,2,...,n} such that I;T(i) C I, and so i = j and thus I; = I;T(i). We
deduce that n = n/, and that 7 is a permutation of {1,2,...,n}, as desired. O

If Ih,I5,..., I, are as in the above lemma we say that {I1,ls,...,I,} is the
coherent lower ideal decomposition of I.

Let Q1,Q2, ..., @, be quasi-ordered. The Cartesian product @1 xQ2Xx...x
Q@ is quasi-ordered by the coordinatewise quasi—ordering, that is, (q1,qa,. ..
co @) < (g1 &by q,) i i < ¢ in Q; for every i = 1,2,...,n. The following
lemma follows easily from (1.3i).

(1.5) If Q1,Q2,...,Q, are wqo, then Q1 X Q2 X ... X Q@ is wqo.

Let @ be quasi-ordered. We denote by Q< the set of all finite sequences of
elements of ) quasi-ordered by the rule that (g1, ¢2,...,qn) < (¢}, 45, -, q,/) if
there exists a strictly increasing function f: {1,2,...,n} — {1,2,...,n'} such

i

that ¢; < q’f( )- The following lemma is due to Higman [2].
(1.6) IfQ is wqo then Q<% is wqo.

We say that a set I C @ is generated by a sequence ¢1, ¢a, . .., or that the
sequence qi, g, . . . generates I if I is the set of all ¢ € @ for which there exists
an integer ¢ > 1 with ¢ < ¢;. The following is easy to see.

(1.7) Let @Q be a countable quasi-ordered set and let I C Q. Then I is a
coherent lower ideal if and only if I is generated by a nondecreasing sequence.

2. UNIQUENESS

In this section we prove that every proper lower ideal of trees has at most
one name. Let T be a tree, and let I3 be a set of bits. We say that T" conforms to
B if there exists a bit B = (Z1,Zs,...,Zn; k;Zo) € B such that either T € Ty U
T1U...UZ,, or there exist an integer m > 0 and trees 11, ..., T 4+k+m such that
T, e U{T}fori=1,2,...,n,Tpy; € IB)UT}fori=1,2,...,k, Thirti € Lo
for i = 1,2,...,m and such that T is isomorphic to Tree(T1,Ts, . . ., Tktntm)-
We also say that T conforms to B in B. We omit the (easy) proof of the

following lemma.

(2.1) Let B be a set of bits, and let T' be a tree. Then T belongs to I(B) if
and only if it conforms to some B in B.

We say that a set B of bits is coherent if B is nonempty, finite, and either
B contains at most one bit of width zero or B contains a bit of width at least
two. We need the following lemma.
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(2.2) Let B be a set of bits. If B is coherent, then I(B) is a coherent lower
ideal of trees.

Proof. Let B be coherent. Since B is non-empty we see that I(B) is non-empty.
Suppose for a contradiction that 7,7’ € I(B) are such that there is no tree in
I(B) that topologically contains both T, 7', and, subject to that, the sum of
the heights of T and 7" is minimum. Since Tree(T,T") topologically contains
both T and 7", we deduce that

(1)  Tree(T,T’) ¢ I(B).
From (1) we deduce that B contains no bit of width two or more, and
therefore contains at most one bit of width zero.

@) IfB = (T1,2s,....Tx:k:To) € Band T € Ty UZy; U--- UZ,, then
T ¢ TyUIyU---UZ, and k = 0.

This follows from (1) and the fact that Z; is a coherent tree ideal for all
1=1,2,...,n.

Let B = (11,1, ..., In: k;1o), B' = (11,15, ..., 1),;k';Zy) € B be such
that T' conforms to B in B and T’ conforms to B’ in B. Then k, k" < 1. Let
T =Tree(T1, T2, ..., Tniktm), where m > 0, and for i =1,2,... ,n+ k+m, T;
is a tree or I in such a way that either T € ZoUZ; U---UZ,, or T; € Z; U{T}
fori=1,2,...,n, Thy; € IB)U{T} for i = 1,2,.... k, and Ty, 1x4: € o for
i=1,2,...,m. Let T" =Tree(T7,Ts, ..., T} s\ p) similarly.

Ifk=1,then T ¢ ZoUZ1 U---UZ, by (2). By the choice of T and T’ there
exists a tree T” € I(B) which topologically contains both T},4+1 and 7’. Then

Tree(Tlv TQ} cee 7T’n.a TI/7 Tn+2; Tn+3a B aTn+k+m)

belongs to I(B) and topologically contains both T and 7", a contradiction.
Because of the symmetry between k and k’ we may therefore assume that k =
k' =0. Then B = B’, and we deduce from (2) that {7, 7'} € ZoUZ; U---UZ,.
From the symmetry we may assume that T ¢ Zo UZ; U ---UZ,. We wish to
define T} for every ¢ = 1,2,...,n. We choose T/' € Z; in such a way that if
R e {T;,T],T7'} NT;, then T} topologically contains R. Such a choice is clearly
possible, because Z; is a coherent tree ideal for every i = 1,2,...,n. Let Tog = T"
if 7" € Iy, and let Ty = I" otherwise. If T € ToUZy U --- UZ, then

1 1 1
Tree(Tl 7T2 g aTn ) Tn+1a Tn+27 R Tn+k+m; TO)

belongs to I(B) and topologically contains both 7" and T”, and if T/ ¢ ZoUZ, U
-+ UZ, then

" " " / !/ /
Tree(Tl ,T2 gesey T’Il 5 Tn+17Tn+27 NN 7Tn+k+man/+1) jﬂ’n/_,’_27 NN 7Tn/+k’+m/)
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belongs to I(B) and topologically contains both T and T”, a contradiction in
both cases. O

(2.3) Let B, B’ be finite sets of bits such that B is coherent. Then I(B) C I(B’)

if and only if for every bit B € B there exists a bit B’ € B’ such that either
(i) B is I(B')-dominated by B’, or

(ii)) I({B}) C I’ for some lower ideal T' of B’, and if B has positive width then

I(B)CT.

Proof. We first prove the “if” part. Let T' € I(B), and assume that no tree
of smaller height belongs to I(B) — I(B’). By (2.1) T conforms to some B in
B; let B = (71,Zs,...,Z,;k;Zp). Then either T € o UZ3 U ... UZ,, or T
has the form Tree(Ty1, T, ..., Tntkt+m), where T; € Z, U{T'} for i = 1,2,...,n,
Thii € I(B)U{T} for i = 1,2,....k, and Tpgyi € Zp for i = 1,2,...,m.
By the minimality of the height of T it follows that 7,4, € I(B') U {T'} for
i=1,2,...,k. By the hypothesis there exists a bit B’ € B’ such that (i) or (ii)
holds.

We assume first that (i) holds. Then there exist a set S and mapping f
satisfying (D1)-(D4). It is now routine to verify that T € I(B’). So we may
assume that (ii) holds. Let I’ be as in (ii). If B has positive width, then
T eI(B)CI' CI(B'), and if B has width zero then T € I({B}) CZ’' C I(B').
This completes the proof of the “if” part.

To prove “only if” let B = (Z1,Z2,...,Zn;k;Z0) € B. For j =1,2,...,n
let, by (1.7), {Tji}izl be a nondecreasing sequence that generates Z;, for j =
n+1,n+2,...,n+k let, by (1.7) and (2.2), {T}}i>1 be a nondecreasing
sequence that generates I(B), let T, ., Th , ,.... be a sequence that con-
tains infinitely many isomorphic copies of every element of Zj, for ¢ > 2 and
j>n+k+1let Tf = le, and for i > 1 let T = Tree(T}, T4, ... ,Tf;JrkH). Then
T? € I(B) C I(B), and hence T conforms to B’. Since B’ is finite, by (2.1)
we may assume (by taking a subsequence) that there exists a bit B’ € B’ such
that T conforms to B’ in B’ for alli = 1,2,.... Let B’ = (Z},75,... 2 ,; k'; Z}).
There are two cases.

We assume first that T € Z,UZ;U- - -UZ!, for all i > 1. Since the sequence
T1,T?, ... is nondecreasing, we deduce that there exists j € {0,1,...,n'} such
that 77 € IJ’- for all i > 1. Since the sequence {T};>1 generates an ideal that
contains I({B}) it follows that I({B}) C Z. Moreover, if k£ > 0 then {T"};>1
generates I(B), and hence I(B) C Z;. Thus (ii) holds.

We now assume that (ii) does not hold. In particular, T ¢ ZjUZ;U---UZ,
for some i > 1. By taking a subsequence we may assume that 7% ¢ Z) UZ] U
---UZ, for all i > 1. We claim that

(1) o C Iy
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Indeed, let T € Zy and let i be so big that at least n + k + 1 of the trees
Tviz+k+17 Tvi+k+2= e 7T7i1+k+i are isomorphic to T. Since T? conforms to B’ in
B and T" ¢ T, UZ; U...UZ!, we deduce that T € Zj. This proves (1).

Since T* conforms to B’ in B’ and T% ¢ Z{, UZ; U---UZ/, there exists a
function f; : {1,2,...,n+k} — {-1,0,1,...,n'} such that
(@) IS (=D <F,

(b) Tj € I(B') for all j =1,2,...,k +n with f;(j) = -1,

(c) forall j,57/ =1,2,...,k+mn, if fi(j) = fi(y/) > 0 then j = j/, and

(d) T; € Iy forall j=1,2,... k+n with f;(j) > 0.

By taking a subsequence we may assume that f;(j) is constant for every fixed
j=12,...,n+k. Let f(j) denote this common value.

(2) fG)=-1lforj=n+1,n+2,...,n+k.

Indeed, let f(j) >0 for some j € {n+1,n+2,...,n+k}. Since {T}}i>1
generates I(B), it follows from (d) that I(B) C T} ;), contrary to our assumption
that (ii) does not hold. This proves (2).

Let S be the set of all integers j such that 1 < j < n and f(j) = —1. From
(1), (2) and (a)-(d) it follows that S and the restriction of f to {1,2,...,n} =S
satisfy (D1)-(D4), because {T}};>1 generates Z; for j = 1,2,...,n. Thus (i)
holds. O

(2.4) Let B,B’ be names of some tree ideals, let B € B, B’ € B’ and let T
be a tree ideal. If B is T-dominated by B’ and B’ is T-dominated by B then
B =B

Proof. Let B = (11,13, ...,Iy; k;Zo) and B = (Z},75,...,Z),; k; 7). From
the fact that B is Z-dominated by B’ there exist a set S C {1,2,...,n} and a
mapping f:{1,2,...,n} — {0,1,...,n'} such that (D1)-(D4) hold. Similarly,
from the fact that B’ is Z-dominated by B there exist a set S’ C {1,2,...,n'}
and a mapping f’ : {1,2,...,n'} — {0,1,...,n} such that (D1)-(D4) hold
with B, S, f replaced by B, S’, f'. Thus k=K', Zo =7, S=5"=0, f(i) >0
for every i = 1,2,...,n (because otherwise Z; C I C Z, contrary to (N1)),
f'(#) > 0 for every i = 1,2,...,n’ and n = n’. Since bits that differ by a
permutation of Z7,Zs,...,Z, are considered equal, it follows that B = B’, as
desired. O

(2.5) Let B,B’' be names of a tree ideal Z, and assume that both B,B’ are
coherent. Then B = B'.

Proof. Let B; denote the subset of B consisting of all bits of B of positive width,
and let B} be defined similarly. We first prove the following.

1) By =B,
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Indeed, let B € B have positive width. By (2.3) there exists B’ € B’ such
that either B is Z-dominated by B’, or I(B) is a subset of one of the lower
ideals of B’, say Z'. The latter case is impossible, because then 7 = I(B) C
7' CI(B') =Z, and hence 7' = Z, contrary to (N1). Thus B is Z-dominated by
B’, and, in particular, B" has positive width. Similarly there exists B” € B such
that B’ is T-dominated by B”. Since Z-domination is transitive we see that B
is Z-dominated by B”, and hence B = B” by (N3). Thus B is Z-dominated
by B’ and B’ is Z-dominated by B, and so B = B’ by (2.4). This proves (1).

(2)  For every bit B € B of width zero there exists a bit B’ € B’ as in (2.3)
of width zero.

Indeed, let B € B have width zero, let B’ € B’ and suppose that B’ has
positive width. Then B’ € B by (1). From (N3) we deduce that B is not Z—
dominated by B’, and from (N4) it follows that I({B}) is a subset of no lower
ideal of B’. Hence B’ satisfies neither (i) nor (ii) of (2.3). Thus if B’ € B’ is
as in (2.3) we see that B’ has width zero. By (2.3) at least one such bit exists,
and (2) follows.

From the symmetry we deduce that

(3)  For every bit B' € B’ of width zero there exists a bit B” € B as in (2.3)
of width zero.

(4)  For every bit B € B there exists a bit B' € B’ such that B is T-dominated
by B'.

Indeed, let B € B. We may assume that B has width zero, because oth-
erwise the result follows from (1). Let B’ € B’ be as in (2); we may assume
that I({B}) is a subset of one of the lower ideals of B’, because otherwise we
are done. Let B” be as in (3). Since B” has width zero, it follows that I({B})
is a subset of one of the lower ideals of B”, say Z, and so I({B}) = Z;, and
B" = B = (Z1;0;0) by (N4). Similarly B’ = (Z1;0; (), and so B is Z-dominated
by B’, as desired. This proves (4).

It follows similarly that

(5)  for every bit B’ € B’ there exists a bit B” € B such that B’ is T—
dominated by B”.

Now we are finally ready to finish the proof of (2.5). Let B € B, let
B’ € B be as in (4), and let B” € B be as in (5). Then B is Z-dominated by
B”, and so B = B” by (N3). Consequently, B is Z-dominated by B’ and B’ is
Z-dominated by B, and hence B = B’ by (2.4). Thus B = B’, as desired. O

Let B be a finite set of bits. We define a set {B1, Ba, ..., By, } of finite sets of
bits, called the coherent decomposition of B, as follows. If B is coherent then we
define the coherent decomposition to be {B}. Otherwise we let By, Bo, ..., By,
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be all the elements of B of width zero, and for i = 1,2,...,m we put B; =
(B—-{B1,Ba,...,By,})U{B;} and define the coherent decomposition of B to
be {81, BQ, N ,Bm}.

(2.6) Let B be a name of a tree ideal Z, and let {B1,Ba,...,B,,} be the
coherent decomposition of B. Then I(B1) UI(B2)U---UI(B,,) is a coherent
lower ideal decomposition of T.

Proof. It follows from the definition that each B; is coherent, and hence each
I1(B;) is a coherent lower ideal by (2.2). To prove that I(B;) € I(B;) for i,j
with 1 < 4,5 < m and ¢ # j we suppose the contrary and note that (since then
m > 1) B; contains exactly one bit of width zero, say B and that B ¢ B;. Then
I{B}) C I(B;) C I(Bj) CZ. By (2.3) there exists a bit B’ € B; C B— {B}
such that either B is I(B;)-dominated by B’, or I({B}) is contained in some
lower ideal of B’. The latter is impossible by (N4), and so B is Z-dominated
by B’, contrary to (N3). This proves that I(B;) € I(B;) for i # j.

Finally, we must show that Z = 7', where 7' = I(B1)UI(B2)U---UI(By,).
Since obviously Z' C Z, it remains to prove that Z C Z’. We may assume
that m > 1, for otherwise the equality Z = 7’ is trivial. Then B contains only
bits of width zero and one. Let T € 7 and assume that no tree of smaller
height belongs to Z —Z’. Since T € T = I(B) it conforms to some B in B; let
B = (T1,Io,...,Zn; k; Zp), where k = 0 or 1. Then either T' € ZoUZ; U+ --UZ,,
or T has the form Tree(Th,T5,...,Thtk+p), Where p > 0, T; € Z; U{T'} for
i=1,2,...,n, Ty € ZU{l'} and Tpypyj; € Io for j =1,2,...,p. We define
1e{1,2,...,m} as follows. If either k =00or T € ZoUZ; U---UZ, we let [ be
such that B € B;. Otherwise T,,+1 € Z' U{T'} by the induction hypothesis, and
we let [ be such that T,,11 € I(B;) U {T'}. We remark that B € B, because if
k =1 then B belongs to every B; for i = 1,2,...,m. In either case we see that
T conforms to B in B;, and hence T € 77, as desired. O

(2.7) Every lower ideal of trees T has at most one name.

Proof. Let B, B’ be two names of a lower ideal of trees Z, and let {By, Ba,. ..

B}, {B1,Bs, ..., B, } be their respective coherent decompositions. From
(1.4) and (2.6) we deduce that k = k' and that we may choose our notation so
that I(B;) = I(B) for all i = 1,2, ..., k. By (2.5) B; = B, for alli = 1,2, ..., k,
and hence B = B’, as desired. O

3. EXISTENCE

In this section we complete the proof of (1.1) by showing that every proper
lower ideal of trees has at least one name. We need the following lemma.
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(3.1) Let B be a set of bits, let B € B have width zero and assume that
I({B}) C T for alowerideal 7' of a bit B € B. If B= B’ let B’ = (B—{B})U
{(Z’;0;0)}, and otherwise let B’ = B — {B}. Then I(B) = I(B’).

Proof. Assume first that B # B’. Then clearly I(B’) C I(B). To prove the
converse let T € I(B) and assume that every tree in I(B) of smaller height
belongs to I(B’). By (2.1) T conforms to some Bj in B. If B; # B it follows
that T € I(B'); if By = B then (since B has width zero) T € I({B}) C 7' C
I({B'}) C I(B'), because B # B’. This completes the proof in the case when
B+ DB

We may therefore assume that B = B’. We first show that I(B’) C I(B).
Let T € I(B’) and assume that every tree in I(B’) of smaller height belongs to
I(B). By (2.1) T conforms to some By in B'. If By # (Z';0; () then it follows
that T € I(B); otherwise T' € I({(Z’;0;0)}) C I({B'}) = I({B}) C I(B). This
proves that I(B’) C I(B). To prove the converse inequality let T' € I(B), and
assume that every tree in I(B) of smaller height belongs to I(B’). By (2.1) T
conforms to some Bs in B’. If B3 # B then it follows that T' € I(B’); otherwise
(since B has width zero) T € I({B}) = I({B’}) C I{(Z';0;))}) C I(B'), as
desired. O

We say that (T1,Tz,...,Tn;k; M) is a germ if n,k > 0 are integers, 71,
Ts,..., T, are trees, and M is a finite set of trees. If g = (T1,Ta, ..., Tp; k; M)
is a germ and 7 is a lower ideal of trees, we denote by H(g,Z) the set of
all trees isomorphic to Tree(T},T3,..., T, ;. ,,), where m > 0, T/ is " or
i € ZUA{T} for
4ryi 18 a tree topologically contained in some member

a tree topologically contained in T; for ¢ = 1,2,...,n, T}
i=1,2,...,k and T

of M for i = 1,2,...,m. A germ g is a germ of a lower ideal of trees T if
H(g,T) C T.

We order germs as follows: (Th,Ts, ..., Tn; ks M) < (T{,T5,..., T, k'; M")
if there exists a set S C {1,2,...,n} and a mapping f : {1,2,...,n} — S —
{0,1,...,n'} such that
() 18] < k' — k,

(ii) every element of M is topologically contained in some element of M’,

(iii) for 4,5 € {1,2,...,n} — S, if f(i) = f(j) > O then i = j,

(iv) forevery i € {1,2,...,n} =S, if f(i) > 0 then T; is topologically contained
in T;'(i)v and if f(¢) = 0 then T; is topologically contained in some member

of M'.

It follows from (1.5) and (1.6) that germs are well-quasi—ordered. We say that
agerm g = (T1,To,...,Tn; k; M) of a lower ideal of trees Z is reduced if there
is no germ ¢’ = (17,1y,...,T},;k'; M) of T with g < ¢’ and n > n’. Clearly
for every germ g of 7 there exists a reduced germ ¢’ of Z with g < ¢’.
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(3.2) Every proper lower ideal of trees has at least one name.

Proof. Let Z be a proper lower ideal of trees and let G be the set of all germs of
Z. Let G = G1UGaU- - -UG), be the coherent lower ideal decomposition of G. Let
us fix I € {1,2,...,p}. By (1.7) G, is generated by a nondecreasing sequence,
say g1, 92, - . ., where g; = (T{, T3, ..., T} ; k;i; M;). We may assume without loss
of generality that each g; is reduced. (To see this, we may assume by taking a
subsequence that g1 ¢ |, G; and then consider g; = (T§,T%, ... ,T%i; ki; M) €
G with g; < g; and subject to that with 72; minimum.) Let S;, f; be a set and
a mapping witnessing that g; < g;+1. The sequence {k;} is bounded (because
T is proper), and so we may assume (by taking a subsequence) that {k;} is
constant; let k& denote the common value. It follows that S; = @) for every ¢ > 1,
and since each g; is reduced we deduce that f;(n) > 0 for all i = 1,2,... and
all n =1,2,...,n;. We may therefore assume that each f; is the identity. We

now claim that
(1)  the sequence {n;};>1 is bounded.

To prove (1) suppose that the sequence {n;};>1 is unbounded. By taking
a subsequence we may assume that nq > 1, that {n;};>1 is strictly increasing
and that, by (1.2) and (1.3i), {77 }i>1 is a nondecreasing sequence of trees.
We claim that g = (T}, 7%, ..., Tr _y;k; My U{T} }) is a germ of Z. Indeed,
let T € H(g,Z). Then T = Tree(T1,Ts, ..., Tn,+k+m+t), Where m,t > 0, for
j=12,...,n1 —1,T;is I or a tree topologically contained in le, T, =T,
Tpi4j € ZUALT} for j =1,2,...,k, Th,4+r+j is topologically contained in T

for j =1,2,...,m and T}, 4 k+m+; is topologically contained in some member
of My for j =1,2,...,t. Let j € {1,2,...,m} and put n(j) =n1 +k+j. In
the sequence Ty, 4+, Tor 1 T,ZEJ j)) , T&SZ’]} each term is topologically contained in

the next (the last containment holds because g,,(j) < gn(m) and all the f;’s are
assumed to be the identity). It follows that T' € H(gy(m),Z), and hence T' € Z.
Thus g is a germ of Z, contrary to the fact that g; is reduced, since obviously
g1 < g. This proves (1).

By (1) we may assume by choosing a subsequence that {n;};>1 is constant;
let n denote the common value. We have thus arrived at a sequence gi1,¢2 ...
of elements of G;. This sequence will be later referred to as a fundamental
sequence of G;, and the notation g; = (T¢, Ty, ..., T:; k; M;) will be assumed.
Let Zy be the lower ideal generated by J;~,; M;, and for j =1,2,...,n let Z;
be the coherent lower ideal generated by T;l, Tj27 e

(2) Zo,Th,...,I, are proper lower subideals of T, and T; ¢ Ty for all i =
1,2,....n.

The proof of (2) is very similar to the proof of (1), and so we just sketch

it. If Z, = 7 for some ¢ = 1,2,...,n, say for ¢ = 1, then it can be shown
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that (T3,T4,..., T} ;k+ 1; M;) is a germ of Z, contrary to the fact that g; is

ni?
reduced. Similarly, if Z; C Z; for some i = 1,2,...,n, say for ¢ = 1, then it can
be shown that (T3, T3, ..., T s k; My U{T}}) is a germ of Z. Finally, if Zy = Z,

then it can be shown that every tree belongs to Z, contrary to our assumption
that 7 is a proper lower ideal of trees. This completes the sketch of the proof
of (2).

We now define B; = (71, 2o, ..., In; k; Zp) and put By = {B1, Ba, ..., B,}.
We will modify By to obtain a name of Z. We need the following three claims.

(3) Forl,l' € {1,2,...,p}, if B; is IT-dominated by By then G; C Gy .
To prove (3) let B; = (Z1,Za,...,Zn; k;Zo) and let By = (29,25, ..., 2. ;

k';Z}). By the assumption there exist a set S C {1,2,...n} and a mapping
fA{n2,...,n} — {0,1,...,n'} such that conditions (D1)-(D4) hold. We
may assume that there are integers m, ¢ such that f(i) = for i =1,2,...,m,
f@ =0fori=m+1,m+2,...,¢t,and {t+1,t4+2,...,n} = S. Let g1, g2, . ..
be a fundamental sequence of G;; we must show that g; € Gy for every integer
i > 1. To this end let i > 1 be an integer. Then g; = (T¢, T4, ..., T¢; k; M;),
where T]? €I for j =1,2,...,n and M; C Zy. It follows that Tj € T for
J=12,...om, AT} 1, Ty i0, -, TP }UM; CZ) and k+n—t < k'. We deduce
that g; € G, as desired. This proves (3).

4) T CIBo).

We prove (4) by induction on height. Let T' € Z, and assume that every tree
in Z of strictly smaller height belongs to I(By). Let T =Tree(Ty, T, ..., T}).
Then g = (T4, Tz,...,Tt;0;0) is a germ of Z, and so g € G; for some | =
1,2,...,p. Let g1,92,... be a fundamental sequence of G;. Then g < g; for
some integer ¢ > 1. Thus there exist a set S C {1,2,...,t} and a mapping
f{1,2,..,t} =S — {0,1,...,n} satisfying (i)-(iv). Since T} € Z; for j =
1,2,...,n, M; C Iy and T; € I(By) for j € S by the choice of T, we deduce
that T € I(By), as desired. This proves (4).

(5)  I(Bo) CT.

Again, we prove (5) by induction on height. Let T € I(Bp), and as-
sume that every tree in I(By) of strictly smaller height belongs to Z. Let [ €
{1,2,...,p} be such that T conforms to B; in By, and let B; = (Z1,Za,...,Zy;
k;Zp). Then either T € Zo UZy U...UZ,, or T has the form Tree(Ty,Ts,. ..
ooy Tntktm), where m >0, T; € Z;U{T} fori = 1,2,...,n, Thy; € I(By) U{T'}
fori=1,2,...,kand T, 1y, € Lo fori =1,2,...,m. In the former case T € Z,
and so we assume the latter. Let g1, g2,... be a fundamental sequence of G;.
Then there exists an integer 7 > 1 such that T is topologically contained in
Tji for j = 1,2,...,n and T4, is topologically contained in some member
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of M; for j = 1,2,...,m. By the induction hypothesis T,y; € Z U {T'} for
j=1,2,...,k. Thus T € H(g;,Z) C Z, as desired. This proves (5).

It follows from (2), (3), (4), (5) that By satisfies (N1), (N2) and (N3). Let
us call a bit B proper if B has width zero and is not of the form (Z;;0; 0), where
7, = I({B}). We choose a finite set of bits B such that

(i) B satisfies (N1), (N2) and (N3),

(ii) subject to (i), |B| is minimum, and
(iii) subject to (i) and (ii), the number of proper bits in B is minimum.
Such a choice is possible, because By satisfies (i). We claim that B satisfies
(N4). Indeed, let B € B have width zero, and let I({B}) C I’ for some
ideal 7’ of a bit B’ € B. We must show that B = B’ and that B is not
proper. If B # B’ we put B’ = B — {B}; then I(B’) = Z by (3.1), and
hence B’ satisfies (N1), (N2) and (N3), contrary to (ii). Thus B = B’. Now
T CI{(Z;0;0)}) CI({B'}) = I({B}) C Z’; hence equality holds throughout
and thus (Z'; 0; §) is not proper. If B is is proper let B = (B—{B})U{(Z’;0;0)},
and again, using (3.1) we see that B’ satisfies (i), contrary to (iii). This proves
that B = B’ and that B is not proper, and hence B satisfies (N4), as desired.
a
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