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ABSTRACT

Tutte made the conjecture in 1966 that every 2-connected cubic graph not containing
the Petersen graph as a minor is 3-edge-colourable. The conjecture is still open, but we
show that it is true in general provided it is true for two special kinds of cubic graphs

that are almost planar.



1. INTRODUCTION

The following well-known conjecture is due to Tutte [9]:

(1.1) (Conjecture) FEvery 2-connected cubic graph with no Petersen minor is 3-edge-

colourable.

(All graphs in this paper are finite and loopless; H is a minor of G if H can be ob-
tained from a subgraph of G by contracting edges; and Petersen means the Petersen
graph.)

This extends the four-colour theorem (Tait [8] showed that the four-colour-theorem
is equivalent to the statement that every planar 2-connected cubic graph is 3-edge-
colourable.) It also implies that certain non-planar graphs are 3-edge-colourable. Let
us say G is apex if G\v is planar for some v (we use \ to denote deletion); and G is dou-
blecross if it can be drawn in the plane with crossings, but with at most two crossings, and
with all the crossings on the boundary of the infinite region. Both apex and doublecross

graphs have no Petersen minor, so (1.1) implies:

(1.2) (Conjecture)

(i) Every 2-connected apex cubic graph is 3-edge-colourable, and

(ii) Ewvery 2-connected doublecross cubic graph is 3-edge-colourable.

Both the conjectures of (1.2) are still open, but since both kinds of graphs are almost
planar, there is hope of modifying a proof of the four-colour theorem to prove (1.2).
Indeed, preliminary work by Dan Sanders and Robin Thomas appears to indicate that

this is feasible.



It is the objective of this paper to prove the equivalence of (1.1) and (1.2). That follows
immediately from the following. (A minimum counterezample means a 2-connected cubic

graph G with no Petersen minor which is not 3-edge-colourable, with |V(G)| minimum.)

(1.3) Ewvery minimum counterexample is either apex or doublecross.

If X C V(G) we denote by §(X) or dg(X) the set of edges of G with exactly one
end in X. We say a cubic graph G is cyclically 5-connected if |V (G)| > 8 (to avoid some
trivialities) and [6(X)| > 5 for every X C V(G) with |X|,|[V(G) — X| > 3. We say
G is theta-connected if it is cubic and cyclically 5-connected, and |0¢(X)| > 6 for every
X CV(G) with |X|,|V(G) — X| > 7. The main theorem of [5] asserts:

(1.4) Let G be theta-connected, with no Petersen minor. Then either G is apez, or

G s doublecross, or G is isomorphic to Starfish.

(Starfish is one particular cubic graph with twenty vertices, described in [5]. Here, all
we need about Starfish is that it is 3-edge-colourable, which can easily be verified.) Con-

sequently, (1.3) follows from (1.4) and the following.

(1.5)  Every minimum counterexample that is not theta-connected is apex.

Proving (1.5) is therefore the objective of the paper.

2. PRELIMINARIES

Let G be a cubic graph. A shore of G is a subset X C V(G) with () # X # V(G) such
that no two edges in §(X) have a common end. Provided that |V (G)| > 8, it is easy to

see that G is cyclically 5-connected if and only if |§(X)| > 5 for every shore X.

A matching of G means a set ' C E(G) so that no two members of F' have a common
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end. Let X be a shore of a cubic graph G. An X-colouring of G means a set {F, F», F3}
of three matchings of G, pairwise disjoint, so that Fy U F» U Fj is the set of edges of G
with at least one end in X. A §(X)-colouring means a multiset {M;, My, M3} of three
matchings of G, pairwise disjoint, with union 6(X). (This is a multiset rather than a set,
because two of the M;’s may be equal, but only if they are both null.) Now if {F}, F», F3}

is an X-colouring, the multiset
{F1N6(X), F,Na(X), F3no(X)}
is a §(X)-colouring, and the set of all multisets that arise in this way is denoted by C(X).
We need the following folklore result, whose proof we omit.
(2.1) Let X be a shore of a cubic graph G, and let { My, My, M3} € C(X). Then

We also shall sometimes need the following strengthening of (2.1), essentially due to

Tait [8] (again, we omit its proof).

(2.2) Let X be a shore of a cubic graph G, and let {My, My, M3} € C(X). Then there is
a partition of My U My into sets By, ..., By each of cardinality 2, such that

(i) there are k paths Py, ..., Py of G|X, pairwise disjoint, so that for 1 < i < k

both ends of P; are incident with edges in B;, and

(ii) for any I C My U My expressible as a union of some of By,..., By, C(X)
contains

{(My = 1)U (M), (MyNI)U (M — 1), Ms}.



3. CYCLIC 5-CONNECTIVITY

A minor H of G is proper if H is not isomorphic to G. By a minimal counterexample
we mean a 2-connected cubic graph G that is not 3-edge-colourable and has no Petersen
minor, such that every 2-connected cubic proper minor of GG is 3-edge-colourable. (Later
we shall need the stronger hypothesis that GG is a minimum counterexample, but we shall
avoid this as long as possible.) The next theorem is related to results of Goldberg [2] and

Isaacs [3].

(3.1) Ewvery minimal counterexample is cyclically 5-connected.

Proof. Let G be a minimal counterexample, and suppose it is not cyclically 5-connected.
Certainly |V (G)| > 8, and so there is a shore X with |§(X)| < 4. Choose X with [6(X)]
minimum. Let 6(X) = {ey,...,er}, let Y = V(G) — X, and let e; have ends z; € X and

y; €Y (1 <i<k). Since G is not 3-edge-colourable, we obviously have

(1) ¢(xX)nc(y) = 0.

Now certainly k& > 2 since G is 2-edge-connected. Suppose that £ = 2. Let H
be obtained from G|X by adding the edge x1z5. Then H is 2-connected, cubic and

isomorphic to a proper minor of G, and so H is 3-edge-colourable. Consequently,

{{617 62}7 (2)7 Q)} S C(X)
Similarly it belongs to C(Y'), contradicting (1). Thus, £ > 3. In particular, G is simple
and 3-connected.

Suppose that £ = 3. Let H be obtained from G|X by adding a new vertex v and three

new edges vry, vry, vrs. Then H is 2-connected, cubic and isomorphic to a proper minor



of G, and so H is 3-edge-colourable. Consequently,

{{ea}, {ea}, {es}} € C(X).

Similarly it belongs to C(Y'), contradicting (1). Thus k > 4.

To complete the proof, we suppose for a contradiction that k = 4. Let ag, a1, s, a3

be the 0(X)-colourings

ap = {{e1,e2,e3,e4},0,0}
ar = {{e1,e2}, {e3, 4}, 0}
ay = {{e1,es}, {e2, e}, 0}
as = {{e1,ea}, {e2, €5}, 0}

If {a,b,c,d} = {x1, 22, 23,24} and there are two disjoint paths P, @ of G|X such that P
has ends a and b, and @ has ends ¢ and d, we say that (a, b, c,d) is feasible in G| X.
(2) If (x1, 9,3, 4) 15 feasible in G| X then
C(Y)N{ag, a1} # 0 #C(Y) N {2, as}
If (1, x3, 29, x4) is feasible in G|X then
CY)N{ag,az} #0 #C(Y)N{ag,asz}.
If (1, x4, 29, x3) is feasible in G|X then
CY)N{ag,az} #0 #C(Y)N{ag, az}.

Subproof. Suppose that (x1,xe, z3,x4) is feasible in G| X. Let H; be obtained from G|Y
by adding the edges y1y2 and ysys. Then H; is 2-connected, cubic, and isomorphic to a
proper minor of G, and so H; is 3-edge-colourable. By (2.1), C(Y) N {ag, a1} # 0.
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Let H; be obtained from G|Y by adding two new vertices u, v and five edges uv, uyy, uys,
vys3,vys. Then Hy is isomorphic to a proper minor of G since G| X is connected; and so as
usual, Hj is 3-edge-colourable, and hence by (2.1), C(Y) N{as, a3} # (). The other claims
follow by symmetry. This proves (2).

Let m = (21, %9, %3, 24), T2 = (21,3, %2, 24), T3 = (21,24, o, x3). By Menger’s the-
orem (since k > 4), there are two disjoint paths of G|X from {x,x2} to {z3, 24}, and
so either 7y or 73 is feasible in G|X. Similarly one of 71, 73 and one of 7, 7y is feasible.
Consequently, at least two of 7y, mo, 3 are feasible in G|X. From (2), C(Y') contains at

least two of ag, ay, an, ag, and similarly so does C(X). By (1), we may assume that

C(X) = {ao,}
ClY) = {a,a3}.
From (2.2), m; is feasible in G| X, contrary to (2).

Hence k& > 5, and the result follows. [ |

4. COLOURINGS OF A 5-CUT

In view of (3.1), to complete the proof of (1.5) we need to examine the case of shores
X with |§(X)| = 5. In this section we examine the possibilities for C(X) and C(V(G)— X)
with such a shore X. Our approach is similar to that of [1,2,4].

Thus, let G be a minimal counterexample. Let X C V(G) be a shore with |6(X)| = 5,
and let Y = V(G) — X. Let K be the complete graph with vertex set §(X). It is helpful
to associate edges of K with members of C(X). Let L(X) be the subgraph of K in which

(i) an edge ef of K is an edge of L(X) if and only if

{0(X) = {e, [ e} {f1} e C(X)



(ii) L(X) has no vertices of degree 0.

By (2.1) there is a one-to-one correspondence between the members of C(X) and the edges

of L(X). Define L(Y') similarly.

(4.1) E(L(X)NL(Y)) =0, and L(X) and L(Y') both have minimum degree > 2.

Proof.  The first claim follows since C(X) N C(Y) = 0, and the second follows from
(2.2). [

(4.2) L(X) and L(Y') both have > 4 vertices.
Proof.  Since X is a shore, it follows that G|X has a circuit. Since G is cyclically

5-connected, we may number 6(X) = {ey,...,e5} so that (letting each e; be incident with

x; € X and y; € Y'), Hy is isomorphic to a minor of G, where H; is obtained from G|Y

by adding five new vertices vy, ..., vs and edges v1y1, VoY, V3Y3, UVsYs, VsYs, U1V, VU3, U3ly,
U405, V105. Suppose that some two of ey, ..., e5 are not vertices of L(Y'), say e;, e;. From
the rotational symmetry of ey, ..., e5 we may assume that 7,5 € {1,2,3}. Let Hjy be

obtained from G|Y by adding a new vertex v and edges vy, vy, vys, ysys. Then Hy is
2-connected and cubic, and isomorphic to a proper minor of H; and hence of G. Hence
Hj; is 3-edge-colourable, and so one of ejeq, eje3, eae3 € E(L(Y)), contradicting that two

of e, eq, €3 are not vertices of L(Y'). The result follows. |

We deduce

(4.3) Either

(i) L(X) and L(Y) are complementary circuits of K, both of length 5, or



(ii) one of L(X), L(Y) consists of a circuit of length 4, and the other is its com-

plement in K.

Proof. Suppose that L(X) has a circuit of length 3, with vertex set {e1, ez, e3} say, where
3(X) = {e1,...,e5}. By (4.2) L(X) has at least one more edge, and by (4.1) we may
assume that ejey € E(L(X)). Hence e; has degree > 3 in L(X), and therefore does not
belong to L(Y') by (4.1). By (4.1), e; and e3 both have degree > 2 in L(Y), and since
eqes € E(L(Y)) it follows that egey, eses, eseq, eses € E(L(Y')). Hence

{6162, €1€3, €2€3, 6164} Q E(L(X)) Q {6162, €1€3, €2€3, €1€4, €1€5, 6465}

and so by (4.1), the second inclusion is an equality; and therefore (ii) holds.

Consequently we may assume that neither L(X) nor L(Y) has a circuit of length 3.
Since L(X) and L(Y') both have circuits by (4.1) and (4.2), and these circuits are edge-
disjoint, it follows that (i) holds. |

5. THETA-CONNECTIVITY

Theorem (4.3) was proved under the assumption that G is a minimal counterexample,

but now we need to strengthen that; in this section it will be a minimum counterexample.

We need the following theorem of Seymour and Truemper [7].

(5.1) Let C be a circuit of length 5 of a cubic graph H. Suppose that H has a Petersen
minor, and there is no X C V(H) — V(C) with |X| > 3 and |6(X)| < 4. Then H has a
subgraph P with C C P, such that P is a subdivision of Petersen.

We deduce from (5.1) that

(5.2) Let G be a minimum counterexample, and let X,Y, K etc. be as in section 4.



If | X|,|Y| > 7 then L(X) is not a circuit of length 5.

Proof.  Suppose that L(X) is a circuit of length 5, with vertices eq,...,e5 in order

say. By (4.3), L(Y) is also a circuit of length 5, with vertices ey, e3, 5, €2, €4 in order.

Let H; be obtained from G|X by adding five new vertices uq, ..., us and edges

Uo7y, U2Tg, UT3, UgLy, UsT5, UTUZ, U3Us, U2Us, U2Ug, U1 U4.

Let Hs be obtained from G|Y by adding vertices vy, ..., vs and edges

V1Y1, Y2Y2, V3Y3, V4lY4, UsYs, V1V2, UaVU3, U3Vy4, UV4Us, V1V5 .

Since the only edges of L(X) are ejey, eses, eseq, ege5 and eqes, it follows that Hy is not
3-edge-colourable, and similarly neither is H,. Since |V(H;)| < |[V(G)| and H; is 2-
connected, it follows that H; has a Petersen minor, and similarly so does Hy. Let C' be
the circuit of H; with vertex set {uy,...,us}. Since G is cyclically 5-connected, it follows
from (5.1) applied to H; and C that there is a subgraph P of H; with C' C P which is a
subdivision of Petersen. But in Petersen, the subgraph obtained by deleting the vertex set
of any 5-circuit is another 5-circuit in “opposite” order. Consequently Hj is isomorphic

to a minor of G, a contradiction since Hs has a Petersen minor and G does not. The

result follows. [
A candidate (G, x1,...,x5) consists of a graph G and five distinct vertices x1, ..., z5
of GG, such that x1,..., x5 have degree 2 in (G, and every other vertex has degree 3.

Let (G, x1,...,x5) be a candidate. A policy of (G, xq,...,x5) is a tree of G expressible
in the form PUQ U RU S, where P is a path from z; to z3, @ is a path from x5 to
x4, PN Q is null, R is a path from some vertex of P to some vertex of () with no other
vertices in PUQ), and S is a path from an internal vertex of R to x5 with no other vertex

in PUQU R.
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A left wing of (G, x1,...,x5) is a subgraph of G expressible in the form PUQURU S,
where P, @), R, S are paths of GG, pairwise disjoint except for their ends, and for some

vertex t, P is from x; to t, Q) is from x5 to t, R is from x5 to ¢, and S is from x5 to z4.

A right wing is defined similarly, except that P is from x4 to ¢, @ is from x4 to t, R is
from x5 to t, and S is from z; to x3. Thus both left and right wings are forests with two

components. See Figure 1.

X X
o1 20y
X5
oM X0 0% *20
X %5
405 (@
OX3 . O Ox, x,0

Figure 1: apolicy, aleft wing, and aright wing (the lines represent paths, not edges).

11



To avoid repetition, let us extract the following hypothesis, common to several state-

ments that follow.

Hypothesis J. Let G be a minimum counterexample, and let X C V(G) be a shore
with [0(X)| =5, 0(X) = {e1,...,e5} say. Let Y =V (G) — X, and for 1 <i <5 let ¢;
have ends x; € X and y; € Y. Let K, L(X) and L(Y') be defined as section 4, and let

L(X) be a circuit of K with vertices ey, es, €3, €4 in order.

(5.3) Under hypothesis J, (G| X, x1, x2, x3, 4, T5) is a candidate with no policy.

Proof.  Clearly it is a candidate, since GG is cubic and X is a shore. Suppose it has

a policy. Let H be obtained from G|Y" by adding three new vertices u, v, w and edges

uv, VW, Uy, uys, WYz, Wy4, VyYs -

Then H is 2-connected, cubic and isomorphic to a proper minor of G, and hence is 3-edge-
colourable. Consequently, C(Y) contains a 0(X)-colouring {{a}, {b}, {e1,...,es} —{a,b}}
where a € {e1,e3} and b € {ey, e4}; that is, one of the edges ejes, eses3, e3e4, €124 is an edge

of L(Y'). But all such edges belong to L(X), contrary to (4.1). |

(5.4) Under hypothesis J, |Y| < 7.

Proof. Let H be obtained from G|X by adding seven new vertices vy, ..., v; and edges
V121, V22, U3T3, V4ly, UsTs, V1 V2, U2Vs, U3Us, U3V4, U4U7, U1VU7, UsUg, UsU7 .

Let C be the circuit of H with vertex set {vy, ve, vg, vs, v7}.

Suppose that H has a Petersen minor. By (5.1), there is a subgraph P of H with
C C P which is a subdivision of Petersen. But this contradicts (5.3).
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Hence H has no Petersen minor. But it is 2-connected and cubic, and not 3-edge-

colourable (we leave checking this to the reader). Since G is a minimum counterexample,

[V(H)| > |V(G)], and so |Y| < 7, as required. |

In passing, we note:

(5.5) Let G be a minimum counterexample, and let X C V(G) be a shore with [6(X)| < 5.
Then |0(X)| =5, and either | X| <7 or |[V(G) — X| < 7.

Proof.  From (3.1), [0(X)| = 5. From (4.3) we may assume that L(X) is a 4-circuit
or a b-circuit, and L(Y) is its complement where Y = V(G) — X. By (5.2) if L(X) is a
5-circuit then either | X| =5 or |Y| =5, as required. By (5.4), if L(X) is a 4-circuit then

Y| < 7, as required. [ |
|
yl y2
O O
Y5

O O O

O O

Y, Y

Figure 2 : adomino

We say a candidate (G, y1, Ya, Y3, Ya, Us) is a domino if |V(G)| =7, V(G) = {y1,...,y7}
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say, and

Y1Y2, Y2Ys, Y3Ye, Y3Ya, YalYr, Y1Y7, YsYs, Ysyr

are edges. (See Figure 2.) It is a turned domino if (G, y1,y4, Y3, Y2, y5) is a domino.

(5.6) Under hypothesis J, (G|Y, y1, Yo, Y3, Y, ys) is either a domino or a turned domino.

Proof.  Since Y is a shore and [0(Y)| = 5, it follows that |Y| > 5 and Y includes
the vertex set of a circuit of G. Also, [6(Y)| is odd and so |Y]| is odd. By (5.4), either
Y| =5o0r |Y] =7 If |[Y| =5 then L(Y) is a circuit of length 5, contrary to (4.3).
Thus |Y| = 7. Since [6(Y)] = 5 and every circuit of G has length > 5 (by (3.1)), it
follows that G|Y is a subdivision of K»3, and indeed {y1,...,y5} = {¥i,,- .-, yi;} wWhere
(G|Y, Yiy, - -, ¥is) is a domino. Consequently L(Y') is the complement of a 4-circuit with
vertex set e;,, €;,, €y, €;, in order. But L(Y') is the complement of a 4-circuit with vertex
set ey, eg, €3, €4 in order, by (4.3). Hence i5 = 5, and we may therefore assume that i; = 1;

and consequently (io, i3,14) is either (2, 3, 4) or (4, 3, 2). The result follows. [ |

(5.7)  Under hypothesis J, the candidate (G|X,x1,x9,x3, 74, 25) has a left wing and a
right wing.

Proof. 'We shall prove it has a left wing; then by symmetry it also has a right wing.

(1) Let {y1,---ys} = {y1, ..., ys}; then either (G|Y,y1, s, Y3, ys, y5) has a left wing or
(GIY, Y1, 5, Ys, v, yy) has a left wing.

Subproof.  From (5.6), (G|Y,y1,Y2, Y3, Vs, ys) is either a domino or a turned domino,
and the result follows by checking all possibilities for 1, ..., y.. This proves (1).
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Now | X| > 5 since X is a shore, and | X| # 5 since L(X) is not a 5-circuit, and | X| # 7
since L(X) is not the complement of a 4-circuit. Thus |X| > 9. Suppose that z;, x5 are
adjacent. Then X — {x,z3} is a shore, and so by (5.5), | X| = 9, which easy case analysis

shows to be impossible. Thus xy, x3 are not adjacent.

Let H be obtained from G| X by adding a new vertex v and four edges vxs, vy, vrs, T1T3.
Then H is 3-connected (since x1, x5 are not adjacent in G). Moreover, since ejes, €se3, €3€4, €1€4
are the only edges of L(X) it follows that H is not 3-edge-colourable. Since |V (H)| <
|[V(G)| and G is a minimum counterexample, it follows that H has a Petersen minor.

By [7, theorem (2.2)] there is a subgraph P of G which is a subdivision of Petersen, so
that v € V(P) and v has degree 3 in P. Since G has no Petersen minor it follows that
rz3 € E(P).

An arc of P means a path of P with at least one edge so that its ends have degree 3

in P and all its internal vertices have degree 2 in P. Thus, P has precisely fifteen arcs.
Now certainly vazs, vay, vrs belong to different arcs of P. Suppose that () is an arc of
P containing z1x3 and one of vy, vy, vrs, say vr, where {xo, x4, x5} = {4, Ty, ve}. Let

{1,2,3,4,5} — {a,b,e} = {c,d}

where x4 lies in ) between v and z,. (we recall that the edge z.xy = z123 belongs to Q).
Let T be a connected subgraph of G|Y with y,, ys, y. € V(T'), minimal with the property;
then T'U (P N (G| X)), together with the edges e, €, €., form a subgraph of G which is a

subdivision of Petersen, a contradiction.

Thus, vrs, vy, vrs, x1x3 all belong to different arcs of P. Let x1x3 belong to the arc
@ say; and suppose that some arc R has a common end u with @, and contains one of

VT, VT4, VT, SAY VT, where {za, x4, T5} = {x4, Tp, T }. Let
{1,...,5} —{a,b,e} = {c,d}
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where x4 lies in @) between u and z.. By (1), one of

(G|Y7 Yar Yey Yv, Yd, ye)

(G|Y7 YarYecy Yv, Ye, yd)
has a left wing 7" say; and then 7T'U (P N (G| X)), together with the five edges in d(X),

form a subgraph of G which is a subdivision of Petersen, a contradiction.

Thus, the arc containing x;x3 has no common end with any of the arcs containing
v. There remain six possibilities for the arc containing x;x3 (in fact fewer, with use of
symmetry); and we leave the reader to check that in each case, there is a subgraph of

PN (G|X) which is a left wing of (G| X, x1, z2, x3, 24, T5), as required. [ |

A candidate (G, 1, %9, 3, T4, x5) is strong if for every Z C V(G) which includes the
vertex set of a circuit,

0(Z)] +1Z " {an, .. s} 25,

and if equality holds then either |Z| < 7 or Z = V(G).

(5.8) Under hypothesis J, (G| X, x1, xa, x3, 4, T5) 18 Strong.

Proof. Let Z C V(G|X) = X, including the vertex set of a circuit. By (3.1), [0¢(Z)| > 5,
and so

|5G’(Z)| + |Z N {$1,$2,I3,I4,x5}| 2 57

where G’ = G|X. Suppose equality holds. Then Z is a shore of G with |[05(Z)| = 5, and
so either |Z] < Tor |[V(G)—Z| <7, by (5.5). If |Z] <7 we are done, so we assume that
|\V(G) — Z| < 7. Then since |Y| =7 by (5.6), and Y C V(G) — Z, it follows that Z = X

as required. [}

To complete the proof of (1.5) we need one more lemma, which is proved in the next

section. But to motivate it, let us deduce (1.5).
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Proof of (1.5), assuming (6.1).

Let G be a minimum counterexample that is not theta-connected. By (3.1), (4.3) and
(5.2) we may assume that hypothesis J holds. By (5.3), (5.7) and (5.8), (G| X, x1, x2, x3, T4, T5)
is a strong candidate with a left wing and a right wing but with no policy. By (6.1),
(G|X)\x5 can be drawn in a disc with zy, x9, x3, 24 on the boundary in order. By (5.6),
G|Y can be drawn in a disc with yi, ys, y3, y4 on the boundary in order. Consequently,

G\ x5 is planar, and so G is apex. [ |

6. CANDIDATES WITH NO POLICY

In this section we prove the following.

(6.1) Let (G,x1,x9, 23,24, x5) be a strong candidate with a left wing and a right wing
but with no policy. Then G\x5 can be drawn in a disc with x1,xs,x3, x4 on the boundary

i order.

Before the proof, let us see that this can really happen. Let (G,zi,...,x5) be a
candidate such that G\z5 can be drawn in a disc with zy, 9, z3, 24 on the boundary in
order. Then it is easy to see that (G, zy,...,2s5) has no policy; but in general it has a
left wing and a right wing, and it can be arranged to be strong. Thus, (6.1) has a sort of

converse.

Our proof of (6.1) is in three steps, and for the first we need another definition. Let
(G,x1,...,x5) be a candidate. A backer for it is a subgraph

RiU...UR;USU...USUT U...UTs

of GG, where for some distinct vertices aq,...,as,bq,...,bs of G,
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(i) Ry,...,R7,S1,...,8y, Th,...,T5 are paths of G, pairwise disjoint except for

their ends

(ii) T1,...,Ty; may have no edges, but Ry,..., R7,S1,...,5, T all have at least

one edge

(iii) the paths join the pairs of vertices indicated in one of the two graphs of Figure

3.
X
1
O 0 %2
T, T,
a &
1
S, S
R1 R,
b,
by
R
6
T5 *s5

3
by
Rq
ay S 4 a,
X30 O %, %30 O *4

Figure 3 : the two posssibilities for a backer

We first prove:

(6.2) Let (G,x1,...,x5) be a strong candidate with a backer. Then (G,x1,...,x5) has a

18



policy.

Proof.  Choose a backer H = R{U...UR,US;U...U S4UT;U...UT;5 and ver-
tices aq,...,as, by, ..., by labelled as above, with R; U Rg U Ry U T5 minimal. Let

X == V(R5 U R6 U R7 U T5) - {bl, bg, bg, b4}

Y=V(RIURUR;UR;USUSyUS3US;UTYy UTo UT3UTy) — {b1,bo,bs,by}.

We suppose, for a contradiction, that (G, z1, ..., xs) has no policy.

(1) There is no path in G\{b1,bs,bs,bs} from X to Y.

Subproof.  Suppose that P is such a path, with ends z € X and y € Y say; we may
assume V(P)N(XUY) = {z,y}. We examine the possible positions of x and y. Since x is
incident with an edge of G not in H and all vertices of G’ have degree < 3, it follows that
x#asand y # ay,...,a4. Also, z,y # by, ..., by since P is a path of G\{b1,bo, b3, by}.

From the symmetry we may assume that
yGV(RlLJRQUSlUSQUTlUTg).
But then z € V(R5 U Rg) from the minimality of Rs U Rg U R; UTs, and x &€ V(R; U T5)
since (G, x1,...,x5) has no policy, a contradiction. This proves (1).

From (1), there exists Z C V(G) — {by,...,bs} with X C Z and ZNY = (), such
that there is no edge of G from Z to V(G) — (ZU{by,...,bs}). Since by, ..., by each have
at least two neighbours in Y C V(G) — Z and hence at most one in Z, it follows that
10(Z)] < 4. Let zy = x5, and choose a sequence zg, z1,. ..,z of vertices of G, with k

maximal such that

(i) 20,-.., 2 are all distinct
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(11) Ry Rk ¢ V(H>

(iii) for 1 <i <k, z; is adjacent in G to z;_q.
Since z1,...,2r # by, ..., by it follows that z1,..., 2 € Z. Let 2,11 be a neighbour of z
different from z;_; (or, if & = 0, different from the vertex adjacent to zg in 75). From

the maximality of k, either zp41 € {21,..., 21} or zx11 € V(H). Now 2,41 € V(R5) since

(G,x1,...,x5) has no policy, and so
Zr+1 € V(R6 U R7 U T5) U {Zl, R Zk—l}-

Consequently there is a circuit C' of G with V(C') C Z — V(R5). Since [0(Z)| < 4 and
hence

D)+ 1Z0{z, . a5} <5,

and (G, z1,...,xs5) is strong, it follows that |0(Z)| =4 and |Z| < 7. But |V(C)| > 5 and
so |ZNV(R5)| < 2. Also, since (G, xy, ..., x5) is strong, it follows that [6(Z -V (R5))| > 4,
and so |Z NV(R5)| = 2. Hence

|ZNV(R¢UR;UT5)| <5,
and since |V(C)| > 5 it follows that
ZNV(ReURUT5) =V(C).
Hence C' is unique, and so one of Rg, R7; has no internal vertices, say R7; and

V(O) = {21,..., 2y UV(T5) U (V(Rg) — {b2}).

Now the two vertices in V(R5) N Z both have neighbours in Z — V(R5) = V(C), say

c1 and co. But ¢q, o are not adjacent since every circuit of G has length > 5; and

C1,Co € (V(T5) — {(15}) U {Zl, ey Zk}
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since (G, x1,...,xs5) has no policy. Consequently,
C1,Co € V(RG) — {bg,a5},
and since they are non-adjacent it follows that £ = 0 and one of ¢y, ¢y is 21, which is

impossible since it has degree 3. The result follows. [

If x,y are vertices of a path P, we denote the subpath from z to y by Plz,y]. Next,

we prove:

(6.3) Let (G,xq,...,x5) be a strong candidate. If there is a left wing Hy and a right
wing Hy so that x5 has degree 1 in at least one of Hy, Hy, then (G, xq,...,x5) has a policy.

Proof.  'We suppose for a contradiction that (G, 1, ..., x5) has no policy. Consequently

neither does (G, z3, T2, 1, x4, x5). From (6.2) we deduce

(1) (G,z1,...,x5) and (G, x3, x2, 1, T4, T5) both have no backer.

Choose Hi, H, as in the theorem with H; U H, minimal. Let H; = P, UQ; U Ly where
Py is a path from x; to z3, Q1 is a path from x5 to x4, P, N @y is null, and L; is a path
from x5 to some vertex t; of P;, and L; has no vertex in P, U @)y except t;. Similarly, let
Hy = P, U Q5 U Ly, where P, has ends x1, x3, Q2 has ends x5, x4, and Ly has ends x5 and

some ty € V(Q2). At least one of Ly, Ly has at least one edge.

An Hi-arc means a path in Hy with distinct ends both in V(H;) and with no edge or

internal vertex in Hy. An Hs-arc is defined similarly.

(2) FEwvery Hy-arc P with ends x,y has either

(i) one of x, y in V(Q1) and the other in V(Py), or
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(ii) one of z, y equal to x5 and the other in V(Py), and Ly C H,.

Subproof. 1If x,y € V(Q1) then Q[x,y] € Hs (because Hy has no circuit), and so by
replacing Q[z,y] by P we contradict the minimality of H; U Hs. Thus we may assume
that € V(P U Ly). If y € V(Q1) then since (G, z1,...,25) has no policy, it follows
that € V(P;) and (i) holds, so we may assume that z,y € V(P, U Ly). If z,y € V(L)
then by replacing L[z, y] by P we contradict the minimality of H; U Hy. Thus we may
assume that © € V(Py), say x € V(Py[x1,11]). From the minimality of H; U Hs it follows
that y € V(P,), and so y € V(Ly). If L[y, t;] € Hs, then replacing it with P contra-
dicts the minimality of Hy U Hy. Thus L[y, t1] C Hs, and so Py[z,t1] € Hy since Ho
has no circuit. If y # x5 then we may replace P;[x,t;] by P, a contradiction to the min-

imality of HyUH,; and so y = x5, and Ly = L[y, t;] C Hs, and (ii) holds. This proves (2).

(3) Ll Q H2 and L2 g Hl.

Subproof. Suppose that Ly € Hs. Then by (2), no Hi-arc has an end in V' (Lq) — {t1}.
Since Hs contains a path @) from x5 to x,, it follows that L; C @Q C Hs, a contradiction.

Thus Ly C Hy, and Ly € H; by symmetry. This proves (3).

From (3) it follows that either L; C Ly or Ly C Ly, and from the symmetry we
may assume that Ly C L;. Hence ty € V(L;), and so @y includes at least two Hi-
arcs. Let S»,.5; be the first and last Hi-arcs in (02, with ends as, by and ay, by, so that
To, A9, by, by, ay, x4 are in order in ()s.

Now L; C Hy by (3), and =5 and z; belong to different components of Hs, so
Pilx1,t1] € Ha, and similarly Py[z3,t1] € Hy. Thus by (2) there are at least two Hi-
arcs in P, one with an end in Pj[xy,t;] and another with an end in P;[z3,t]. Let S, .S3

be the first and last Hi-arcs in P, with ends a1, by and as, b3, so that x1, a1, b1, b3, as, x3 are

in order in P». It follows that a; € V(Py[zy,t1]) and ag € V(Pi[x3,t1]). Since x5 & V(P)
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it follows from (2) that by, b3 € V(Q1). Since

Q1[z2, as] U Q1]x4, as] € Q2

we deduce that

by, by € V(Q1laz, as]) — {az, as}.

Also, from (2), by and by belong to V(P;). Not both of them belong to V(P |xy,t])
since (G, x1,...,x5) has no policy, and similarly not both belong to V(P;[x3,t]). Since

Pz, a1] U Py[z3,a3] C Py

it follows that one of by, by belongs to V' (Py[ay, t1])—{a1, t1} and the other to V(P [as, t1])—
{as,t1}. Hence H is a backer of one of (G, x1,...,x5), (G, 3, %9, 71,24, x5), contrary to

(1). The result follows. |

Proof of (6.1).

Let (G, x1,...,x5) be a strong candidate with a right wing and a left wing, and with

no policy. By (6.3), x5 has degree > 2 in every right wing and in every left wing.

Suppose that there are two disjoint paths P, Q of G\z5 from x; to z3 and x5 to .
Since G is connected (because G,xq,...,x5) is strong) there is a path R from x5 to
V(PUQ). Choose a minimal such path R. Then PUQ U R is either a left or right wing,

and x5 has degree 1 in it, a contradiction.

Hence such paths P, @ do not exist. By [6, theorem (2.4)], G\z5 can be drawn in a

disc with x4, ..., 24 on the boundary in order. [ |
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