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Abstract

A hypergraph H has tree-width k (a notion introduced by Robertson and Seymour) if k is the

least integer such that H admits a tree-decomposition of tree-width k. We prove a compactness

theorem for this notion, that is, if every finite subhypergraph of H has tree-width < k, then H

itself has tree-width < k. This result will be used in a later paper on well-quasi-ordering infinite

graphs.

10



1. Introduction

In this paper hypergraphs may be infinite, but to avoid trivial problems each edge may be

incident only with a finite number of vertices. For other definitions see the end of this section. The

following notion is the key one.

Definition. (Robertson and Seymour [4]). A tree-decomposition of a hypergraph

(V, (We : e ∈ E)) is a couple (T,X), where T is a tree and X = (X t : t ∈ V (T )) is a family of sets

such that

(W1)
⋃

t∈V (T )

Xt ⊇ V ,

(W2) for each e ∈ E there exists t ∈ V (T ) such that We ⊆ Xt, and

(W3) Xt ∩ Xt′′ ⊆ Xt′ whenever t′ is on the path joining t and t′′ in T .

The tree-width of a tree-decompositon (T,X) is

sup
t∈V (T )

(|Xt| − 1).

The tree-width of a hypergraph H is the least w such that H admits a tree-decomposition of

tree-width w.

Originally, Robertson and Seymour introduced this notion for finite graphs only. The extension

to hypergraphs (also used in more recent work of Robertson and Seymour) is obvious and the

proofs are not more difficult for them. But the reader will lose nothing if he always assumes

that our hypergraphs are in fact graphs. However, we have found the extension to infinite graphs

(hypergraphs) important. In Section 2 we prove the following

Countable Tree-Width Compactness Theorem. Let H be an at most countable hypergraph and let

every finite subhypergraph of H have tree-width < w. Then H has tree-width < w.

This is then used in Section 3 to prove the general

Tree-Width Compactness Theorem. If H is a hypergraph such that every finite subhypergraph of H

has tree-width < w, then H itself has tree-width < w.

We were led to this by our aim to extend the results of Robertson and Seymour on well-

quasi-ordering finite graphs to infinite ones. In [6] we prove, using the Tree-Width Compactness
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Theorem, the following extension of a theorem from [5].

Theorem. Let G1 be a finite planar graph and let G2, G3, · · · be a sequence of graphs. Then

there are indices 1 ≤ i < j such that Gj contains a subgraph which can be contracted onto Gi.

In the rest of this section we introduce some terminology. We shall indicate that k denotes

a non-negative integer by writing k < ω. If S is an arbitrary set, then the sets of finite, at most

countable and non-empty subsets of S will be denoted by [S]<ω , [S]≤ω , [S]>0 respectively. We

define a division in a set V to be a set of disjoint non-empty subsets of V . A partition of V is a

division D in V such that V is the union of the members of D. If D,D ′ are divisions in V then

D∗ will denote ∪{[D]>0 : D ∈ D}, and D′ ≺ D will mean that D′ ⊆ D∗, i.e. that every member

of D′ is a subset of a member of D. For any set S and function f : D → S, we define a function

f∗ : D∗ → S by the rule that if ∅ 6= X ⊆ D ∈ D then f ∗(X) = f(D).

A hypergraph is a pair H = (V, (We : e ∈ E)), where V,E are arbitrary (possibly infinite) sets

and for each e ∈ E, We is a finite subset of V . The members of V and E are called the vertices

and edges of H respectively. If u, v ∈ We for some e ∈ E then we say that u, v are adjacent in H.

We define V (H) = V,E(H) = E. The hypergraph H is finite if the set V is finite and is at most

countable if the set V is at most countable. The hypergraph H is a graph if each We has cardinality

1 or 2. If V ′ ⊆ V,E′ ⊆ E, and We ⊆ V ′ for every e ∈ E′, then the hypergraph (V ′, (We : e ∈ E′))

is called a subhypergraph of H. If H = (V, (We : e ∈ E)) is a hypergraph and A ⊆ V , then H|A is

the hypergraph

(A, (We : e ∈ E and We ⊆ A))

and NH(A) (or simply N(A) if no confusion is likely) is the set

{v ∈ V : v ∈ We and We ∩ A\{v} 6= ∅ for some e ∈ E}.

Let T be a tree and t1, t2 ∈ V (T ). We denote by [t1, t2]T the path joining t1 and t2 in T , so

that {t1, t2} ⊆ [t1, t2]T ⊆ V (T ). (For the purposes of this paper, it is convenient to regard a path

in T as being a subset of V (T ).) The subscript T will be omitted if no confusion may arise. A

path-sequence in a tree T is a finite sequence t1, · · · , tn of distinct vertices of T such that t1, · · · , tn
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are the vertices of the path [t1, tn]T in the order of their occurrence as this path is described from

t1 to tn.

Let (T,X) be a tree-decomposition of a subhypergraph of H and let u, v ∈ V (H) and t ∈ V (T ).

We shall say that u is t-tied to v in (T,X) if there do not exist vertices r, s of T such that

u ∈ Xr, v ∈ Xs and t ∈ [r, s]T . If t, t′ ∈ V (T ) and S is a subset of V (H) and t′ ∈ [t, r]T for every

r ∈ V (T ) such that Xr∩S 6= ∅, then we shall say that t′ separates t from S in (T,X). If L = (T,X)

is a tree-decomposition of H and A is a set, then L|A will denote the tree-decomposition (T,X|A)

of H|A ∩ V (H), where X|A = (Xt ∩ A : t ∈ V (T )). We shall say that L is finite if the tree T is

finite.

If T and S are trees, then a mapping ϕ : V (T ) → V (S) is called an embedding of T into S if

(i) ϕ is 1-1, and

(ii) if t′ ∈ [t, t′′]T then ϕ(t′) ∈ [ϕ(t), ϕ(t′′)]S .

If ϕ is an embedding of a tree T into a tree S then f(T, S, ϕ) will denote the number of vertices of

the smallest subtree of S which contains all the vertices ϕ(t), t ∈ V (T ).

If (T,X) and (S, Y ) are tree-decompositions we write

(T,X) ≤ (S, Y )

to mean that there is an embedding ϕ of T into S which satisfies (i), (ii) and

(iii) Xt ⊆ Y ϕ(t) for every t ∈ V (T ).

If ϕ satisfies (i), (ii) and (iii) then it is called an embedding of (T,X) into (S, Y ). By

m((T,X), (S, Y )) we denote the minimum of f(T, S, ϕ) over all embeddings ϕ of (T,X) into (S, Y ).

In Section 2 we shall use the following immediate corollary of a well-known theorem of Kruskal.

Theorem (Kruskal [2]). If (T1,X1), (T2,X2), · · · is an infinite sequence of finite tree-decompositions

of some hypergraphs such that
∞
⋃

i=1

⋃

t∈V (Ti)

Xt
i is finite, then there exists a sequence i1 < i2 < · · ·

such that

(Ti1 ,Xi1) ≤ (Ti2 ,Xi2) ≤ · · · .

For a simplified proof see [3].

13



Acknowledgments. I would like to express my thanks to Professor C. St. J. A. Nash-Williams

whose suggestions considerably improved the presentation of this paper. After the results of this

paper were announced, a simpler proof of the Tree-Width Compactness Theorem was found by

Thomassen [7]. In [1] a yet different proof is given, relying on Thomassen’s alternative definition

of tree-width.

14



2. Proof of the Countable Tree-Width Compactness Theorem

Let H = (V, (We : e ∈ E)) be an at most countable hypergraph such that every finite

subhypergraph of H has tree-width < w. Let V1 ⊆ V2 ⊆ · · · be finite sets such that
∞
⋃

n=1
Vn = V .

(1) Claim. There is a sequence

(2) (T1,X1), (T2,X2), · · ·

of tree-decompositions such that for every positive integer n

(3) (Tn,Xn) is a finite tree-decomposition of H|Vn of tree-width < w and

(4) (Tn,Xn) ≤ (Tn+1,Xn+1).

Proof. By assumption each H|Vn has tree-width < w, and so it is easily seen that there exists

a sequence M1,M2, · · · such that Mn is a finite tree-decomposition of H|Vn of tree-width < w for

n = 1, 2, · · ·. By Kruskal’s theorem 1, 2 · · · has a subsequence i(1, 1), i(1, 2), · · · such that

Mi(1,1)|V1 ≤ Mi(1,2)|V1 ≤ · · ·

and i(1, 1), i(1, 2), · · · has a subsequence i(2, 1), i(2, 2), · · · such that

Mi(2,1)|V2 ≤ Mi(2,2)|V2 ≤ · · ·

and i(2, 1), i(2, 2) · · · has a subsequence i(3, 1), i(3, 2), · · · such that

Mi(3,1)|V3 ≤ Mi(3,2)|V3 ≤ · · ·

and so forth. The sequence

Mi(1,1)|V1,Mi(2,2)|V2,Mi(3,3)|V3, · · ·

satisfies (4), since for any k there exits ` > k such that

Mi(k,k)|Vk ≤ Mi(k,`)|Vk = Mi(k+1,k+1)|Vk ≤ Mi(k+1,k+1)|Vk+1,

which proves (1).

We choose a sequence (2) satisfying (3), (4) in a special way. First choose (T1,X1) such that it

is a first term of a sequence (2) satisfying (3), (4). Then choose a tree-decomposition (T2,X2) such
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that (T1,X1), (T2,X2) (in this order) are the first two terms of a sequence (2) satisfying (3), (4) and

m((T1,X1), , (T2,X2)) is the least possible. Then choose a tree-decomposition (T3,X3) such that

(T1,X1), (T2,X2), (T3,X3) (in this order) are the first three terms of a sequence (2) satisfying (3),

(4) and m((T2,X2), (T3,X3)) is the least possible. Then choose (T4,X4) · · · and so forth. Finally

we arrive at a sequence (2) satisfying (3), (4) which is minimal in the above sense.

For any n = 1, 2, · · · let ϕn be an embedding of (Tn,Xn) into (Tn+1,Xn+1) such that

f(Tn, Tn+1, ϕn) = m((Tn,Xn), (Tn+1,Xn+1)).

(5) Claim. For every n and for every edge {t, t′} ∈ E(Tn) there is a constant c such that for every

i > n the length of the path joining

ϕi−1(ϕi−2(· · ·ϕn(t) · · ·)) and ϕi−1(ϕi−2(· · ·ϕn(t′) · · ·))

in Ti is less than c.

Proof. Assume the contrary. Then starting with an edge {tn, t′n} ∈ E(Tn) we can find edges

{ti, t
′
i} ∈ E(Ti) and paths Pi in Ti such that

(6) Pi+1 = [ϕi(ti), ϕi(t
′
i)]Ti+1

i = n, n + 1, · · · ,

(7) ti, t
′
i ∈ Pi i = n + 1, n + 2, · · · ,

(8) |Pi| > 2 for infinitely many i.

From the definition of ≤ and from (W3) follows

X
tj

j ∩ X
t′j
j ⊆ X

ϕj(tj)
j+1 ∩ X

ϕj(t
′

j)

j+1 ⊆ X
tj+1

j+1 ∩ X
t′j+1

j+1

and since each of the above sets contains at most w elements, there exists j0 such that

(9) X
tj

j ∩ X
t′j
j = X

tj+1

j+1 ∩ X
t′j+1

j+1 (j ≥ j0).

By (8) there is k > j0 such that

(10) |Pk| > 2.

Let
rk−1 = tk−1, r

′
k−1 = t′k−1

rj+1 = ϕj(rj), r
′
j+1 = ϕj(r

′
j) (j ≥ k − 1).
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Using (W3), (9) and definition of ≤ we get

X
rj

j ∩ X
r′

j

j ⊆ X
tj

j ∩ X
t′j
j = X

tk−1

k−1 ∩ X
t′k−1

k−1 ⊆ X
rj

j ∩ X
r′

j

j (j ≥ k − 1)

and hence

(11) X
rj

j ∩ X
r′

j

j = X
tj

j ∩ X
t′j
j (j ≥ k − 1).

Let us define, for j ≥ k, T̃j to be the tree obtained from Tj by deleting the edge {tj , t
′
j} and adding

the edge {rj , r
′
j}.

(12) Claim. The sequence

(13) (T1,X1), (T2,X2), · · · , (Tk−1,Xk−1), (T̃k,Xk), (T̃k+1,Xk+1), · · ·

satisfies (3), (4).

Proof. To prove (3) it suffices to verify that (T̃j ,Xj) satisfies (W3) for j ≥ k. To this end and let

t, t′, t′′ ∈ V (T̃j) = V (Tj) be such that t′ ∈ [t, t′′]T̃j
but t′ 6∈ [t, t′′]Tj

. Then necessarily tj , t
′
j ∈ [t, t′′]Tj

and t′ ∈ [rj , r
′
j ]Tj

. Hence

Xt
j ∩ Xt′′

j ⊆ X
tj

j ∩ X
t′j
j = X

rj

j ∩ X
r′

j

j ⊆ Xt′

j

by (W3) and (11), which proves (3). Condition (4) is clear, because the embeddings ϕn apply for

(T̃n,Xn) as well. Thus (12) is proved.

By (10),

m((Tk−1,Xk−1), (T̃k,Xk)) ≤ f(Tk−1, T̃k, ϕk−1) < f(Tk−1, Tk, ϕk−1)

= m((Tk−1,Xk−1), (Tk,Xk)),

which contradicts the choice of (Tk,Xk). This proves (5).

We may assume that the trees T1, T2, · · · are chosen in such a way that ϕi(t) = t for t ∈ V (Ti)

and i = 1, 2, · · ·. Put

V (T ) =
∞
⋃

n=1

V (Tn),

E(T ) = {{t, t′} : there is n0 such that {t, t′} ∈ E(Tn) for n ≥ n0},

Xt =
∞
⋃

n=n1

Xt
n for t ∈ V (T ), where n1 is such that t ∈ V (Tn1

).

By (5) T is a tree. Hence (T,X) is clearly a tree-decomposition of H of tree-width < w.
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3. Proof of the Tree-Width Compactness Theorem

Let H = (V, (We : e ∈ E)) be a hypergraph such that every finite (and hence by the result of

Section 2 every countable) subhypergraph of H has tree-width < w. We start with the following

lemmas.

(14) Lemma. Let S be a subset of V and q be any specified object. For each A ∈ [V ]≤ω let

M(A) be a class of tree-decompositions of H|A such that q ∈ V (T ) and Xq ∩ S = ∅ for every

(T,X) ∈ M(A). Suppose that M(A′) ⊆ M(A) whenever A ⊆ A′ ∈ [V ]≤ω. Let a subset F of

S ×S be defined by the rule that an element (u, v) of S ×S belongs to F iff there exists B ∈ [V ]≤ω

such that u is q-tied tov in every tree-decomposition belonging to M(B). Then F is an equivalence

relation on S.

Proof. Let u ∈ S. If A ∈ [V ]≤ω and (T,X) ∈ M(A) and t′, t′′ ∈ V (T ) and u ∈ Xt′ , u ∈ Xt′′ then

u ∈ Xt for every t ∈ [t′, t′′]T by (W3), and therefore q 6∈ [t′, t′′]T since u ∈ S and Xq ∩ S = ∅.

Therefore u is q-tied to u in all tree-decompositions belonging to M(A), and so (u, u) ∈ F . It

is obvious that if (u, v) ∈ F then (v, u) ∈ F . Finally, suppose that (u, v) ∈ F and (v, w) ∈ F .

Then there exist C,D ∈ [V ]≤ω such that u is q-tied to v in every tree-decompositon belonging

to M(C) and v is q-tied to w in every tree-decomposition belonging to M(D). Let (T,X) be a

tree-decomposition belonging to M(C ∪D ∪ {v}). Then (T,X) ∈ M(C) and (T,X) ∈ M(D) and

so u is q-tied to v and v is q-tied to w in (T,X). Suppose that t′, t′′ ∈ V (T ) and u ∈ Xt′ , w ∈ Xt′′ .

Since (T,X) is a tree-decomposition of H|C ∪ D ∪ {v}, it follows that v ∈ Xr for some r ∈ V (T ).

Since u is q-tied to v and v is q-tied to w in (T,X), it follows that q 6∈ [t′, r]T ∪ [r, t′′]T and

therefore q 6∈ [t′, t′′]T . This proves that u is q-tied to w in every tree-decomposition belonging to

M(C ∪ D ∪ {v}), and so (u,w) ∈ F .

(15) Lemma. Let the notation be as in (14). If u, v ∈ S are adjacent in H, then (u, v) ∈ F .

Proof. Let e ∈ E be such that u, v ∈ We. We claim that u is q-tied to v in every tree-decompositon

belonging to M(We). Indeed, let (T,X) ∈ M(We) be such that u is not q-tied to v in (T,X).

Then u ∈ Xs, v ∈ Xr for some s, r ∈ V (T ) such that q ∈ [s, r]. By (W2) there is t ∈ V (T ) such

that We ⊆ Xt,and so q ∈ [t, s] or q ∈ [r, t]. Assume without loss of generality that the former case
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holds: then u ∈ Xt ∩ Xs ⊆ Xq by (W3), contradicting Xq ∩ S = ∅.

Definition. If the hypotheses of (14) are satisfied, and if F is the equivalence relation described

in (14), then the set of equivalence classes of F is a partition of S. This partition will be called

the partition of S determined by q and the classes M(A)(A ∈ [V ]≤ω).

We shall now construct a sequence D0 � D1 � D2 � · · · of divisions in V and functions

Fk : Dk → [V ]<ω(k = 0, 1, 2, · · ·). The division Dk and function Fk will be defined by induction on

k.

First let D0 = {V }. Choose a subset F0(V ) of V maximal subject to the requirement that

for every A ∈ [V ]≤ω there exists a tree-decomposition (T,X) of H|A of tree-width < w such that

F0(V ) ⊆ Xt for some t ∈ V (T ).

Define D(S, 0) to be V and t(S, 0) to be the ordered pair (V, 0) for every S ∈ [V ]>0 = D∗
0 .

If A ∈ [V ]≤ω let M0(A, V ) be the class of all tree-decompositions of H|A of tree-width < w such

that (V, 0) ∈ V (T ) and X(V,0) = F0(V ). Observe that if A ∈ [V ]≤ω then, by the definition of

F0(V ), there exist a tree-decomposition (S, Y ) of H|A of tree-width < w and a vertex s of S such

that F0(V ) ⊆ Y s. We can clearly choose (S, Y ) so that (V, 0) 6∈ V (S). If we now construct a tree

T from S by adjoining a new vertex (V, 0) and an edge joining (V, 0) to s, and let X s = Y s for

s ∈ V (S),X(V,0) = F0(V ), then this yields a tree-decomposition (T,X) ∈ M0(A, V ), thus showing

that there exists a (T,X) ∈ M0(A, V ) with |V (T )| ≥ 2. Let D1 be the partition of V \F0(V )

determined by (V, 0) and the classes M0(A, V ) (A ∈ [V ]≤ω). For each R ∈ D1 choose a subset

F1(R) of R ∪ (N(R)∩ F0(V )) maximal subject to the requirement that for every A ∈ [V ]≤ω there

exists a tree-decomposition (T,X) ∈ M0(A, V ) such that F1(R) ⊆ Xt for some t ∈ NT ((V, 0)).

Such a choice is possible because we have seen that M0(A, V ) always has at least one element

(T,X) with |V (T )| ≥ 2 and so F1(R) can at least be ∅ if no other subset of R ∪ (N(R) ∩ F0(V ))

meets our requirements. In fact F1(R) is always nonempty but we do not need this fact.

To continue our construction, for S ∈ D∗
1 let D(S, 1) be the member of D1 which contains S

and t(S, 1) be the ordered pair (D(S, 1), 1). If A ∈ [V ]≤ω and R ∈ D1, let M1(A,R) be the class of

all tree-decompositions (T,X) of H|A of tree-width < w such that t(R, 0) = (V, 0), t(R, 1) = (R, 1)
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are adjacent vertices of T and t(R, 1) separates t(R, 0) from A ∩R in (T,X) and X t(R,0) = F0(V )

and

Xt(R,1) ∩ [R ∪ (N(R) ∩ F ∗
0 (R))] = F1(R).

For each R ∈ D1, let DR
2 be the partition of R\F1(R) determined by t(R, 1) and the classes

M1(A,R) (A ∈ [V ]≤ω). Let D2 = ∪{DR
2 : R ∈ D1}. For each R ∈ D2 choose a subset F2(R)

of R ∪ (N(R) ∩ (F ∗
0 (R) ∪ F ∗

1 (R))) maximal subject to the requirement that for every A ∈ [V ]≤ω

there exists a tree-decomposition (T,X) ∈ M1(A,D(R, 1)) such that F2(R) ⊆ Xt for some t ∈

NT (t(R, 1))\{(V, 0)}. [Such a choice is clearly possible unless there exists an A ∈ [V ]≤ω such that

NT (t(R, 1)) = {(V, 0)} for every (T,X) ∈ M1(A,D(R, 1)), in which case let F2(R) = ∅.]

In general, let k be a positive integer and suppose that we have defined divisions D0 � D1 �

· · · � Dk in V and functions Fi : Di → [V ]<ω (i = 0, 1, · · · , k). For each S ∈ D∗
k and each

i ∈ {0, 1, · · · , k} let D(S, i) be the member of Di which contains S and let t(S, i) = (D(S, i), i). For

R ∈ D∗
k we denote by P (R, i) the set

D(R, i) ∪ (N(D(R, i)) ∩
i−1
⋃

j=0

F ∗
j (R)) (i = 1, · · · , k)

and put P (R, 0) = V.

If A ∈ [V ]≤ω and R ∈ Dk let Mk(A,R) be the class of all tree-decompositions (T,X) of H|A

of tree-width < w such that the sequence

t(R, 0) = (V, 0), t(R, 1), · · · , t(R, k − 1), t(R, k) = (R, k)

is a path-sequence in T , and

(16) t(R, i) separates (V, 0) from A ∩ D(R, i) in (T,X) for i = 1, · · · , k, and

(17) Xt(R,i) ∩ P (R, i) = F ∗
i (R) for i = 0, 1, · · · , k.

Then it is easy to see that

(18) Mk(A′, R) ⊆ Mk(A,R) whenever A ⊆ A′ ∈ [V ]≤ω.

For each R ∈ Dk let DR
k+1 be the partition of R\Fk(R) determined by t(R, k) and the classes

Mk(A,R) (A ∈ [V ]≤ω). Let Dk+1 = ∪{DR
k+1 : R ∈ Dk}. For each R ∈ Dk+1, choose a subset
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Fk+1(R) of P (R, k+1) := R∪(N(R)∩
k
⋃

j=0

F ∗
j (R)) maximal subject to the requirement that for every

A ∈ [V ]≤ω there exists a tree-decomposition (T,X) ∈ Mk(A,D(R, k)) such that Fk+1(R) ⊆ Xt

for some t ∈ NT (t(R, k))\{t(R, k − 1)}. [Such a choice is clearly possible unless there exists an

A ∈ [V ]≤ω such that NT (t(R, k)) = {t(R, k − 1)} for every (T,X) ∈ Mk(A,D(R, k)), in which

case let Fk+1(R) = ∅.] Having thus defined Dk, Fk for k = 0, 1, · · · , we let

V (T̂ ) = (D0 × {0}) ∪ (D1 × {1}) ∪ (D2 × {2}) ∪ · · ·

E(T̂ ) = {{(R, k), (S, k + 1)} : k < ω,R ∈ Dk, S ∈ Dk+1, R ⊇ S}

X̂(R,k) = Fk(R) for (R, k) ∈ V (T̂ )

X̂ = (X̂(R,k) : (R, k) ∈ V (T̂ )).

We shall show that (T̂ , X̂) is a tree-decomposition of H of tree-width < w. Clearly its tree-width

is < w, and so it remains to show that it satisfies (W1)-(W3). We proceed in a series of claims.

If u, v are distinct vertices of a tree T then VT−u(v) will denote the set of vertices of the

component of T − u which includes v.

(19) Claim. If k < ω,R ∈ Dk and A ∈ [V ]≤ω then Mk(A,R) 6= ∅.

Proof. We proceed by induction on k. For k = 0, we have M0(A, V ) 6= ∅ since we showed above

that there exists (T,X) ∈ M0(A, V ) with |V (T )| ≥ 2. Now assume the inductive hypothesis that

Mk(A′, R′) is non-empty for all A′ ∈ [V ]≤ω, R′ ∈ Dk; and let A ∈ [V ]≤ω , R ∈ Dk+1. We will show

that Mk+1(A,R) 6= ∅. To this end, choose a set B ∈ [V ]≤ω such that

(20) A ∪ F ∗
0 (R) ∪ F ∗

1 (R) ∪ · · · ∪ F ∗
k (R) ∪ Fk+1(R) ⊆ B,

(21) for every v ∈ Fk+1(R) ∩ N(R) there is an e ∈ E such that v ∈ We ⊆ B and We ∩ R 6= ∅,

(22) B ∩ R 6= ∅.

(Of course, (22) is an automatic consequence of (21) if Fk+1(R) ∩ N(R) 6= ∅.) Let Q = D(R, k).

We note that t(R, k) = t(Q, k) = (Q, k) : denote this by q. For any (S, Y ) ∈ Mk(G,Q), where

G ∈ [V ]≤ω, let NS denote NS(q)\{t(Q, k − 1)} if k > 0 and NS(q) if k = 0. Since R ∈ Dk+1

it follows that R belongs to the partition DQ
k+1 of Q\Fk(Q) determined by q and the classes

Mk(G,Q) (G ∈ [V ]≤ω). Therefore for any u, v ∈ R there exists C(u, v) ∈ [V ]≤ω such that u is
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q-tied to v in every tree-decomposition belonging to Mk(C(u, v), Q). By the inductive hypothesis,

Mk(B,Q) 6= ∅ and so we can choose an (I,Λ) ∈ Mk(B,Q). If we construct a tree J from I by

adjoining a new vertex a and an edge joining a to q and if we let Γv = Λv for v ∈ V (I),Γa = ∅

then this shows that Mk(B,Q) has an element (J,Γ) such that NJ 6= ∅. This and the definition

of Fk+1(R) imply that

(i) for every G ∈ [V ]≤ω there exist (S, Y ) ∈ Mk(G,Q) and s ∈ NS such that Fk+1(R) ⊆ Y s,

(ii) for every v ∈ P (R, k + 1)\Fk+1(R) there exists A(v) ∈ [V ]≤ω such that for every (S, Y ) ∈

Mk(A(v), Q) and every s ∈ NS we have {v} ∪ Fk+1(R) 6⊆ Y s.

Let

C = B ∪
⋃

{A(v) : v ∈ B ∩ P (R, k + 1)\Fk+1(R)} ∪
⋃

{C(u, v) : u, v ∈ B ∩ R}.

By (i), we can choose (T,X) ∈ Mk(C,Q) and t1 ∈ NT such that Fk+1(R) ⊆ Xt1 .

Since Q = D(R, k), it follows that D(Q, i) = D(R, i) therefore t(Q, i) = t(R, i) for i = 0, · · · , k.

Since (T,X) ∈ Mk(B,Q) by (18), we infer from (17) that

(23) F ∗
i (R) = F ∗

i (Q) ⊆ Xt(Q,i) = Xt(R,i)(i = 0, · · · , k).

By (18), (T,X) ∈ Mk(C(u, v), Q) for all u, v ∈ B ∩ R and so u is q-tied to v in (T,X) for all

u, v ∈ B∩R. Therefore there exists t2 ∈ NT (q) such that all vertices t of T for which X t∩B∩R 6= ∅

belong to VT−q(t2) (and there is at least one such t by (W1) since ∅ 6= B ∩ R ⊆ C = V (H|C)).

Since (T,X) ∈ Mk(B,Q) by (18), it follows that q separates (V, 0) from B ∩Q in (T,X) and so, if

k > 0, then Xt ∩ B ∩ R = ∅ for every t ∈ VT−q(t(Q, k − 1)) and therefore t2 6= t(Q, k − 1). Hence

t2 ∈ NT . Let Z = (Zt : t ∈ V (T )), where Zt = B∩Xt for every t ∈ V (T ). If R∩Fk+1(R) 6= ∅ then

(since Fk+1(R) ⊆ B and Fk+1(R) ⊆ Xt1) we have Xt1 ∩ B ∩ R 6= ∅ and so t1 = t2 and therefore

Fk+1(R) ⊆ Xt2 . If R ∩ Fk+1(R) = ∅ then Fk+1(R) ⊆ N(R)∩
k
⋃

i=0

F ∗
i (R). Therefore if v ∈ Fk+1(R)

then by (21) v ∈ We ⊆ B and We ∩ R 6= ∅ for some e ∈ E and We ⊆ Xr for some r ∈ V (T ) by

(W2), so that Xr ∩ B ∩ R 6= ∅ and therefore r ∈ VT−q(t2) and so

v ∈ Xr ∩
k
⋃

i=0

F ∗
i (R) ⊆ Xr ∩

k
⋃

i=0

Xt(R,i) ⊆ Xt2
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by (23) and (W3). Hence, whether R∩Fk+1(R) = ∅ or not, we have Fk+1(R) ⊆ Xt2 . Moreover, if

v ∈ B ∩P (R, k + 1)\Fk+1(R) then (T,X) ∈ Mk(A(v), Q) by (18) and so {v} ∪ Fk+1(R) 6⊆ Xt2 by

(ii) and therefore v 6∈ Xt2 . It follows that B∩P (R, k+1)∩Xt2 = Fk+1(R), i.e. Zt2 ∩P (R, k+1) =

Fk+1(R). It can now be checked that the tree-decomposition (T,Z) of H|B becomes an element

of Mk+1(B,R) if we replace the vertex t2 of T by t(R, k + 1) (or interchange t2, t(R, k + 1) if

t(R, k + 1) is already a vertex of T ). Therefore Mk+1(B,R) 6= ∅ and so Mk+1(A,R) 6= ∅ by (18).

Now we shall assume that (T̂ , X̂) does not satisfy (W1) and obtain a contradiction. So let

V0 =
∞
⋃

k=0

⋃

R∈Dk

Fk(R).

Then V0 =
⋃

(R,k)∈V (T̂ )

X̂(R,k) and so our assumption that (T̂ , X̂) does not satisfy (W1) implies that

V0 6= V . Let V1 be a maximal subset of V \V0 satisfying

(24) for any two vertices u, v ∈ V1 there are vertices u0 = u, u1, · · · , un = v ∈ V1 and edges

e1, · · · , en ∈ E such that ui−1, ui ∈ Wei
(i = 1, · · · , u).

Then V1 6= ∅ since V0 6= V . It follows from the maximality of V1 that

(25) If v1, v are adjacent in H and v1 ∈ V1 then v ∈ V0 ∪ V1.

(26) Claim. For every k < w the set V1 belongs to D∗
k.

Proof. We proceed by induction. For k = 0 the statement is true since V1 6= ∅: so assume that

V1 ⊆ R for some R ∈ Dk and consider the partition DR
k+1 of R\Fk(R) determined by t(R, k) and

the classes Mk(A,R)(A ∈ [V ]≤ω). If u, v ∈ V1 are adjacent in H, then they belong to the same

element of DR
k+1 by (15), and, since V1 is assumed to satisfy (24), the same is true for any two (not

necessarily adjacent) elements of V1.

It follows from (26) that the expressions D(V1, k) and F ∗
k (V1) make sense for every k < ω.

(27) Claim. If v0 ∈ V0 is adjacent to some vertex of V1, then there exists k(v0) < ω such that

v0 ∈ F ∗
k (V1) for every k ≥ k(v0).

Proof. Let v0 be adjacent to v1 ∈ V1, say {v0, v1} ⊆ We for e ∈ E. Let p be the least integer such
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that v0 ∈ Fp(R) for some R ∈ Dp, then

v0 ∈ Fp(R)\

p−1
⋃

i=0

F ∗
i (R) ⊆ P (R, p)\

p−1
⋃

i=0

F ∗
i (R) ⊆ R.

We claim that R = D(V1, p). Indeed, D(R, 0) = V = D(V1, 0) and assuming that D(R, `) =

D(V1, `) for some ` < p we have v0 ∈ R ⊆ D(R, ` + 1) and v1 ∈ V1 ⊆ D(V1, ` + 1) and hence

D(R, ` + 1) = D(V1, ` + 1) by (15). Thus we have R = D(R, p) = D(V1, p).

We put k(v0) = p + 1. Now let k ≥ k(v0) be given. In order to show that v0 ∈ F ∗
k (V1) we

can by (19) choose a tree-decomposition (T,X) ∈ Mk(We,D(V1, k)). By (W2) there is a t ∈ V (T )

such that {v0, v1} ⊆ We ⊆ Xt.

Since (T,X) ∈ Mk(We,D(V1, k)) it follows that

(i) t(V1, 0) = (V, 0), t(V1, 1), t(V1, 2), · · · , t(V1, p) = (R, p), t(V1, p+1), · · · , t(V1, k) is a path-sequence

in T ,

(ii) t(V1, k) separates (V, 0) from We ∩ D(V1, k) in (T,X),

X(R,p) ∩ P (D(V1, k), p) = Xt(D(V1,k),p) ∩ P (D(V1, k), p)(iii)

= F ∗
p (D(V1, k)) = Fp(R),

Xt(V1,k) ∩ P (D(V1, k), k) = Xt(D(V1,k),k) ∩ P (D(V1, k), k)(iv)

= F ∗
k (D(V1, k), k) = F ∗

k (V1).

Since v1 ∈ We ⊆ Xt and v1 ∈ V1 ⊆ D(V1, k), it follows from (ii) that t(V1, k) ∈ [(V, 0), t]

and so, by (i), t(V1, k) ∈ [(R, p), t] and therefore X(R,p) ∩ Xt ⊆ Xt(V1,k) by (W3). Moreover

Fp(R) = Fp(D(V1, k)) = F ∗
p (V1) and Fp(R) ⊆ X(R,p) by (iii). Furthermore

N(D(V1, k)) ∩
k−1
⋃

j=1

F ∗
j (V1) = N(D(V1, k)) ∩

k−1
⋃

j=1

F ∗
j (D(V1, k))

⊆ P (D(V1, k), k).
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Therefore

v0 ∈ Fp(R) ∩ Xt ∩ N(V1) ⊆ X(R,p) ∩ Xt ∩ N(D(V1, k)) ∩
k−1
⋃

j=0

F ∗
j (V1)

⊆ Xt(V1,k) ∩ P (D(V1, k), k) = F ∗
k (V1)

by (iv).

From (27) it follows that

(28) there are at most w vertices v1, · · · , vm ∈ V0 which are adjacent to a vertex from V1.

We put

k0 = max(k(v1), · · · k(vm)) + 1.

(29) Claim. For every k ≥ k0 the set V1 belongs to Dk.

Proof. Let k ≥ k0. Suppose that V1 6∈ Dk. From this and the fact that V1 ∈ D∗
k by (26), it follows

that we can choose u ∈ V1, v ∈ D(V1, k)\V1. Let R = D(V1, k− 1), q = t(R, k− 1). Let A ∈ [V ]≤ω .

Let A ∪ {u, v} = C. We shall construct a tree-decomposition (S, Y ) ∈ Mk−1(C,R) such that u is

not q-tied to v in (S, Y ).

By (19), we can choose a tree-decomposition (T,X) ∈ Mk(C,D(V1, k)). Let B be the tree

T |VT−q(t(V1, k)), let B′ be an isomorphic copy of B such that V (B ′) ∩ V (T ) = ∅ and let t 7−→ t′

be the corresponding isomorphism. Let S be the tree obtained from T by adjoining the tree B ′

and an edge joining q to t(V1, k)′. We put

Y t =

{

Xt ∩ C for t ∈ V (T )\V (B)
Xt ∩ C ∩ (V1 ∪ {v1, · · · , vm}) for t ∈ V (B)

Y t′ = Xt ∩ C\V1 for t ∈ V (B)

Y = (Y s : s ∈ V (S)).

We claim that (S, Y ) in the desired tree-decomposition. Clearly (S, Y ) satisfies (W1). To

prove that (S, Y ) satisfies (W2) let e be an edge of H|C. Then We ⊆ C and, since (X,T ) satisfies

(W2), We ⊆ Xt for some t ∈ V (T ). Therefore We ⊆ Xt ∩C. If t 6∈ V (B) then We ⊆ Xt ∩C = Y t.

If t ∈ V (B) and We ∩ V1 6= ∅ then We ⊆ V1 ∪ {v1, · · · , vm} by (25) and (28) and so We ⊆ Y t. If

t ∈ V (B) and We ∩ V1 = ∅ then We ⊆ Y t′ .

To prove (W3) let s1, s2, s3 ∈ V (S) be such that s2 is on the path between s1 and s3 in

S. For i = 1, 2, 3 let ti ∈ V (T ) be such that ti = si if si ∈ V (T ) and t′i = si otherwise.
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If {s1, s3} ⊆ V (T ) or {s1, s3} ⊆ (V (T )\V (B)) ∪ V (B′) then Xt1 ∩ Xt3 ⊆ Xt2 because (T,X)

satisfies (W3) and from this it easily follows that Y t1 ∩ Y t3 ⊆ Y t2 . We may therefore assume that

s1 ∈ V (B), s2 ∈ V (B) ∪ V (B′) ∪ {q} and s3 ∈ V (B′).

Since (T,X) ∈ Mk(C,D(V1, k)), it follows from (17) that F ∗
k−1(D(V1, k))

⊆ Xt(D(V1,k),k−1), i.e. F ∗
k−1(V1) ⊆ Xq. Moreover for i = 1, · · · ,m we have k − 1 ≥ k0 − 1 ≥ k(vi)

and so vi ∈ F ∗
k−1(V1). Therefore {v1, · · · , vm} ⊆ Xq and so, since (T,X) satisfies (W3), we have

Y s1 ∩ Y s3 ⊆ ({v1, · · · , vm}\V1) ∩ C ∩ Xt1 ∩ Xt3

⊆ ({v1, · · · , vm}\V1) ∩ C ∩ Xt1 ∩ Xt3 ∩ Xq

⊆ ({v1, · · · , vm}\V1) ∩ C ∩ Xt2 ⊆ Y t2 ,

which completes the proof that (S, Y ) satisfies (W3).

Thus (S, Y ) is a tree-decomposition of H|A and since (T,X) ∈ Mk(C,D(V1, k)) it is not hard

to see that (S, Y ) ∈ Mk−1(C,R). By (W1) applied to (T,X) there exist vertices t(u), t(v) of T such

that u ∈ Xt(u), v ∈ Xt(v). Since (T,X) ∈ Mk(C,D(V1, k)) it follows that t(V1, k) separates (V, 0)

from C ∩D(V1, k) in (T,X). From this and the fact that u ∈ X t(u)∩C ∩V1 ⊆ Xt(u)∩C ∩D(V1, k)

and v ∈ Xt(v) ∩ C ∩ D(V1, k) it follows that t(u), t(v) ∈ V (B). Since u ∈ V1 and v 6∈ V1 it follows

that u ∈ Y t(u), v ∈ Y t(v)′ and so u is not q-tied to v in (S, Y ). Since (S, Y ) ∈ Mk−1(C,R) ⊆

Mk−1(A,R) by (18), it is not true that u is q-tied to v in every tree-decomposition belonging to

Mk−1(A,R). Since A was arbitrary, this shows that u, v cannot belong to the same member of the

partition of R\Fk−1(R) determined by the classes Mk−1(A,R)(A ∈ [V ]≤ω), which contradicts the

fact that u, v ∈ D(V1, k). Thus the assumption that V1 6∈ Dk leads to a contradiction, and (29) is

proved.

Since we have seen that V1 6= ∅, we can choose a particular u0 ∈ V1. For u0 ∈ A ∈ [V ]≤ω we

let

d(A) = min{card[(V, 0), t]T : (T,X) ∈ Mk0
(A, V1), t ∈ V (T ), u0 ∈ Xt}

(30) Claim. There exists a constant K < ω such that d(A) ≤ K for every A ∈ [V ]≤ω such that

u0 ∈ A.
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Proof. By (18),

(31) d(A) ≤ d(B) whenever u0 ∈ A ⊆ B ∈ [V ]≤ω.

If (30) is false then for every n < ω there exists An ∈ [V ]≤ω such that u0 ∈ An and d(An) > n.

But then (31) implies that d(A0 ∪ A1 ∪ A2 ∪ · · ·) > n for every n < ω, which is impossible .

For k = k0, k0 + 1, · · · and A ∈ [V ]≤ω we let Nk(A) = {(T,X) ∈ Mk(A, V1) :

card [(V, 0), t]T ≤ K for some t ∈ V ((T ) such that u0 ∈ Xt}.

Clearly

(32) Nk(A′) ⊆ Nk(A) for A ⊆ A′ ∈ [V ]≤ω.

(33) Claim. If k ≥ k0 and u0 ∈ A ∈ [V ]≤ω then Nk(A) 6= ∅.

Proof. We proceed by induction on k. For k = k0 the statement follows from (30). Now assume

the inductive hypothesis that Nk(A′) is non-empty for all A′ ∈ [V ]≤ω such that u0 ∈ A′; and let

u0 ∈ A ∈ [V ]≤ω. We will show that Nk+1(A) 6= ∅. To this end, choose a set B ∈ [V ]≤ω such that

(34) A ∪ F ∗
0 (V1) ∪ F ∗

1 (V1) ∪ · · · ∪ F ∗
k (V1) ∪ Fk+1(V1) ⊆ B,

(35) for every i = 1, · · · ,m there exits an edge ei ∈ E such that vi ∈ Wei
⊆ B and Wei

∩ V1 6= ∅,

(36) B ∩ V1 6= ∅.

(Of couse, (36) is an automatic consequence of (35) if m > 0 but in any case B can be chosen so as

to satisfy (36) since V1 6= ∅.) We note that t(V1, k) = (V1, k): denote this by q. Since V1 ∈ Dk+1 it

follows that V1 belongs to the partition DV1

k+1 of V1 = V1\Fk(V1) determined by q and the classes

Mk(G,V1)(G ∈ [V ]≤ω). Therefore for any u, v ∈ V1 there exists C(u, v) ∈ [V ]≤ω such that u

is q-tied to v in every tree-decomposition belonging to Mk(C(u, v), V1). From the definiton of

Fk+1(V1) it follows that

(37) for every v ∈ P (V1, k + 1)\Fk+1(V1) there exists A(v) ∈ [V ]≤ω such that for every (S, Y ) ∈

Mk(A(v), V1) and every s ∈ NS(q)\{t(V1, k − 1)} we have {v} ∪ Fk+1(V1) 6⊆ Y s. Let

C = B ∪
⋃

{A(v) : v ∈ B ∩ P (V1, k + 1)\Fk+1(V1)} ∪
⋃

{C(u, v) : u, v ∈ B ∩ V1}.

By the inductive hypothesis, Nk(C) 6= ∅, so we can choose (T,X) ∈ Nk(C). By (18), (T,X) ∈

Mk(C(u, v), V1) for all u, v ∈ B∩V1 and so u is q-tied to v in (T,X) for all u, v ∈ B∩V1. Therefore
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there exists t2 ∈ NT (q) such that all vertices t of T for which X t∩B∩V1 6= ∅ belong to VT−q(t2) (and

there is at least one such t by (W1) since ∅ 6= B ∩ V1 ⊆ C = V (H|C)). Since (T,X) ∈ Mk(B, V1)

by (18), it follows that q separates (V, 0) from B ∩ V1 in (T,X) and so Xt ∩ B ∩ V1 = ∅ for every

t ∈ VT−q(t(V1, k − 1)) and therefore t2 6= t(V1, k − 1). Let Z = (Zt; t ∈ V (T )), where Zt = B ∩Xt

for every t ∈ V (T ). For i = 1, · · · ,m we have vi ∈ F ∗
k (V1) since k ≥ k0 > k(vi) and there is by (35)

and edge ei ∈ E such that vi ∈ Wei
⊆ B and Wei

∩ V1 6= ∅. Then Wei
⊆ Xri for some ri ∈ V (T )

by (W2), so that Xri ∩ B ∩ V1 6= ∅ and therefore ri ∈ VT−q(t2) and so

vi ∈ Xri ∩
k
⋃

j=0

F ∗
j (V1) ⊆ Xri ∩

k
⋃

j=0

Xt(V1,j) ⊆ Xt2 by (W3).

Hence

Fk+1(V1) ⊆ P (V1, k + 1) ∩ V0 ⊆ N(V1) ∩ V0 = {v1, · · · , vm} ⊆ Xt2 .

Moreover, if v ∈ B ∩ P (V1, k + 1)\Fk+1(V1) then (T,X) ∈ Mk(A(v), V1) by (18) and so {v} ∪

Fk+1(V1) 6⊆ Xt2 by (37) and therefore v 6∈ Xt2 . It follows that B ∩P (V1, k + 1)∩Xt2 = Fk+1(V1),

i.e. Zt2 ∩ P (V1, k + 1) = Fk+1(V1). It can now be checked that the tree-decomposition (T,Z) of

H|B becomes an element of Nk+1(B) if we replace the vertex t2 of T by t(V1, k+1) (or interchange

t2, t(V1, k+1) if t(V1, k+1) is already a vertex of T ). Therefore Nk+1(B) 6= ∅, and so Nk+1(A) 6= ∅

by (32).

Now we are ready to complete the proof of the fact that (T̂ , X̂) satisfies (W1). Let us take

(T,X) ∈ Nk0+K({u0}) and let t ∈ V (T ) be such that u0 ∈ Xt and card [(V, 0), t] ≤ K. Since

t(V1, k0 + K) separates (V, 0) from {u0} in (T,X) we have t(V1, k0 + K) ∈ [t, (V, 0)], which implies

card[(V, 0), t] ≥ card [(V, 0), t(V1, k0 + K)] ≥ K + 1, a contradiction. Hence (T̂ , X̂) satisfies (W1).

To prove that (T̂ , X̂) satisfies (W2) let e ∈ E and let We = {u1, · · · , un}. We may assume

that n ≥ 1, since otherwise We = ∅ ⊆ X̂(V,0). For i = 1, · · · , n let si be the least integer such

that ui ∈ Fsi
(Ri) for some Ri ∈ Dsi

(there is at least one such integer since we have shown that

(T̂ , X̂) satisfies (W1)). We may assume without loss of generality that s1 ≥ s2 ≥ · · · ≥ sn. Since

Fsi
(Ri) ⊆ Ri ∪

⋃si−1
j=0 F ∗

j (Ri), it follows from the minimality of si that ui ∈ Ri . We will show

that We ⊆ X̂(R1,s1). By (19) we can choose (T,X) ∈ Ms1
(We, R1) arbitrarily. By (W2) there
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is a t ∈ V (T ) such that We ⊆ Xt. Let i ∈ {2, · · · , n}. Clearly D(R1, 0) = V = D(Ri, 0). If

D(R1, p) = D(Ri, p) for some p < si, then, since u1 ∈ R1 ⊆ D(R1, p + 1), ui ∈ Ri ⊆ D(Ri, p + 1),

we have D(R1, p + 1) = D(Ri, p + 1) by (15). Hence D(R1, si) = D(Ri, si) = Ri. Thus t(Ri, si) =

(Ri, si) ∈ V (T ) and ui ∈ Fsi
(Ri) ⊆ Xt(Ri,si) and ui ∈ Fsi

(Ri) = Fsi
(D(R1, si)) = F ∗

si
(R1). Since

(R1, s1) separates (V, 0) from We ∩ R1 we have

(R1, s1) ∈ [t, t(V, 0)]T ,

hence

(R1, s1) ∈ [t, (Ri, si)]T (i = 1, · · · , n).

Now using (W3) we get for si < s1

ui ∈ Xt ∩ X(Ri,si) ∩ N(R1) ∩ F ∗
si

(R1) ⊆ X(R1,s1) ∩ N(R1) ∩
s1−1
⋃

j=0

F ∗
j (R1)

⊆ X(R1,s1) ∩ P (R1, s1) = Fs1
(R1) = X̂(R1,s1)

and for si = s1 clearly ui ∈ Fs1
(R1) = X̂(R1,s1). Hence We ⊆ X̂(R1,s1), as desired.

To prove that (T̂ , X̂) satisfies (W3) let u ∈ X̂(R,r)∩X̂(S,s) = Fr(R)∩Fs(S) for R ∈ Dr, S ∈ Ds.

Let p be maximal such that D(R, p) = D(S, p). We may assume without loss of generality that

r > p, for if r = p = s then there is nothing to prove. We have u ∈ Fr(R) ⊆ (R ∪
r−1
⋃

j=0

F ∗
j (R)) ⊆

(D(R, r − 1) ∪
⋃r−2

j=0 F ∗
j (R)) ⊆ · · · ⊆ (D(R, p + 1) ∪

p
⋃

j=0

F ∗
j (R)).

If s > p then a similar argument gives u ∈ D(S, p + 1) ∪
p
⋃

j=0

F ∗
j (S) = D(S, p + 1) ∪

p
⋃

j=0

F ∗
j (R)

and therefore u ∈
p
⋃

j=0

F ∗
j (R) since D(R, p + 1) ∩ D(S, p + 1) = ∅. If s = p then u ∈ Fs(S) =

Fp(D(S, p)) = Fp(D(R, p)) = F ∗
p (R) ⊆

p
⋃

j=0

F ∗
j (R).

Since u ∈
p
⋃

j=0

F ∗
j (R), u ∈ Fr(R) ⊆ R ∪ (N(R) ∩

r−1
⋃

j=0

F ∗
j (R)) and R ∩

r−1
⋃

j=0

F ∗
j (R) = ∅ it follows

that u ∈ N(R). Let i ∈ {0, 1, · · · , p} be such that u ∈ F ∗
i (R). To conclude the proof it is

sufficient to show that u ∈ X̂t(R,k) for any k ∈ {i + 1, · · · , r}, the proof for S being similar. So let

k ∈ {i+1, · · · r} and for an arbitrarily chosen A ∈ [V ]≤ω we can by (19) take a tree-decomposition
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(T,X) ∈ Mr(A,R). We have u ∈ Fr(R)∩F ∗
i (R)∩N(R) ⊆ Xt(R,r)∩Xt(R,i)∩N(R)∩

i
⋃

j=0

F ∗
j (R) ⊆

Xt(R,k) ∩ N(D(R, k))∩
k−1
⋃

j=0

F ∗
j (R) ⊆ F ∗

k (R) = X̂t(R,k),which completes the proof of the theorem.
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