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WELL-QUASI-ORDERING INFINITE GRAPHS WITH
FORBIDDEN FINITE PLANAR MINOR

ROBIN THOMAS

ABSTRACT. We prove that given any sequence Gy, G,,... of graphs, where G,
is finite planar and all other G; are possibly infinite, there are indices 7, j such
that i < j and G; is isomorphic to a minor of G;. This generalizes results
of Robertson and Seymour to infinite graphs. The restriction on G; cannot
be omitted by our earlier result. The proof is complex and makes use of an
excluded minor theorem of Robertson and Seymour, its extension to infinite
graphs, Nash-Williams® theory of better-quasi-ordering, especially his infinite
tree theorem, and its extension to something we call tree-structures over QO-
categories, which includes infinitary version of a well-quasi-ordering theorem of
Friedman.

1. INTRODUCTION

By a graph we shall mean in this paper a possibly infinite, undirected graph
which may have loops and multiple edges. A graph is a minor of another if
the first can be obtained from a subgraph of the second by edge contraction.
A set Q, on which a quasi-ordering (i.e., reflexive and transitive relation) <
is defined, is said to be well-quasi-ordered (wqo) if for every infinite sequence
4,,4,, ... of elements of Q there are indices i, j such that / < j and
q,<4,.

The well-quasi-ordered sets have been studied for a while, but we mention
the history and development very briefly, as this is well covered in [7]. The
early years of wqo theory are closely tied with the following two conjectures of
Vazsonyi.

(1.1) Conjecture. All trees, finite or not, are wqo by the homeomorphic embedding
(i.e., by the quasi-ordering < such that T < S if there is a homeomorphic
embedding V(T) — V(S)).

The finite version of this conjecture was established by Kruskal [6], the proof
was then simplified by Nash-Williams [12]. The general case was proved by
Nash-Williams in [13] using his theory of better-quasi-ordering (bqo). This
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theorem and theory are of fundamental importance for this paper, but as both
are discussed later on, we pass to the second Vazsonyi conjecture.

(1.2) Conjecture. The set of finite graphs will all degrees < 3 is wqo by the
homeomorphic embedding.

The restriction to graphs with degrees < 3 in (1.2) is necessary, for otherwise
it is easy to construct counterexamples. Namely, for n > 3 let G, be the graph
with n vertices v,,...,v, = v, and with two edges joining v, and v,
(0<i<n-1). Then forno 3 < i < j is there a homeomorphic embedding
of G, into G .

Since for graphs G, H with degrees < 3, G is homeomorphically embed-
dable into H if and only if G is isomorphic to a minor of H , the following
conjecture, named after K. Wagner, is a strengthening of (1.2).

(1.3) Wagner’s Conjecture. The set of all finite graphs is wgo by minors, i.e., by
the quasi-ordering < such that G < H if G is isomorphic to a minor of H .

There was only a little progress [11] on (1.3) in the past decades until its
recent solution by Robertson and Seymour, which is being published in a series
of lengthy papers under the collective title Graph minors.

There are some features of (1.3) and to a lesser extent of wqo theory itself
which are worth mentioning.

(i) The truth of (1.3) implies the truth of a Kuratowski-type theorem for
general classes of graphs. Recall that Kuratowski’s theorem can be reformulated
as “a finite graph is planar if and only if it has no K or K, minor.” Now
let & be any class of graphs for which such a statement is in principle possible;
that is, any minor of a member of & again belongs to & . Then it follows easily
from (1.3) that there is a finite list L of graphs such that a graph belongs to
Z if and only if it has no minor isomorphic to a member of L.

(ii) (1.3) also has interesting algorithmic aspects. For example, if & is as
above then there is a polynomially bounded algorithm to test the membership
of % . As this is not a paper about algorithms we refer to [16] or [17] for more
on this story.

(iii) Finally, (1.3) is very attractive from the metamathematical point of
view, because its finite miniaturization yields a statement of finite combinatorics
which is unprovable in Il:-CA0 or |J,ID,, that is, relatively strong fragments
of second-order arithmetics [2].

In this paper we are concerned with the analogue of (1.3) for infinite graphs.
The only results known for infinite graphs so far were Nash-Williams’ proof of
(1.1) and the author’s weaker version of (1.4) below (with H, = K,) [26]. Re-
lated results are Laver’s extension of (1.1) to a certain class of order-theoretical
trees [9] and his order type theorem [8] (see also [21]). Since (1.3) is false in
general as shown in [23], we are looking for some suitable class of infinite graphs
for which (1.3) is true. We prove the following theorem.
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(1.4) Theorem. Let H,, be a finite planar graph. Then the class of all (finite or
not) graphs with no minor isomorphic to H is wqo by minors.

In fact, we prove that this class is better-quasi-ordered and even “well be-
haved,” which is a technical strengthening of bqo defined in §4. Let us first re-
duce this theorem to another one. In [19], [20] Robertson and Seymour proved
the following (for the definitions see next section).

(1.5) Theorem. For every finite planar graph H,, there exists an integer w such
that every finite graph with no minor isomorphic to H, admits a linked tree-
decomposition of width < w .

A slightly stronger version of (1.5) (and with a better constant) is proved in
[25]; this version is then used for extension of (1.5) to infinite graphs in [5].
To summarize:

(1.6) Theorem. If G is such that its every finite subgraph admits a linked tree-
decomposition of width < w, then G itself admits a linked tree-decomposition
of width < w .

Using (1.5) and (1.6) it is easily seen that in order to prove (1.4) it is sufficient
to prove the following:

(1.7) Theorem. For any integer w, the class of graphs which admit a linked
tree-decomposition of width < w is wqo by minors.

This theorem is proved for finite graphs in [18], but our proof is completely
independent of that paper. Our proof of (1.7) is self-contained; we obtain it as
a corollary of a general theorem on QO-categories (Theorem (4.13)) which says
that if a graph category . is well behaved, then the graph category %" of
all graphs which admit a “w-bounded” linked tree-decomposition “over & ”
is well behaved. The main idea of the proof is to use the tree structure of the
graphs involved and to imitate the Nash-Williams’ proof of Conjecture (1.1).
But there are several complications to this.

First we need a labeled version of Nash-Williams’ result. The most natural
labeling theorem was proved by Laver in [8], but we need a more general one.
Each vertex ¢ of our tree 7 is labeled by some graph from a “nice” class, but
this graph is again labeled, this time by some possibly unbounded number of
labels, each label corresponding to an edge of 7" incident with ¢.

The second complication is that we need not only the labeling of vertices as
described above but also an infinitary version of a result proved by Friedman
for finite trees [22], when the edges are numbered from a finite set of num-
bers. When a tree is homeomorphically embedded in another tree, each of its
edges is represented by a path of the second tree. We need to insist that for
each edge e of the first tree, its number should not exceed any number on the
corresponding path P of the second tree and that the first and last edges of
P should have numbers equal to the number of e. In fact we label vertices
rather than edges, but that makes little difference. Since we have to build in
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these ingredients simultaneously, Theorem (8.2) includes them both. The pure
extension of Friedman’s result to infinite graphs is then derived in §9.

These two complications occur even in the finite case and are already treated
in [18]. Hence the above project can be described by saying that we need to
extend the method of Robertson and Seymour to infinite graphs. However,
there are two more complications which are peculiar to infinite graphs.

The third one is that the methods of wqo theory alone are insufficient to
obtain wqo results of infinite objects. We clarify this a bit more in §3.

Finally, the last complication is in fact caused by the second one. Namely,
since we proceed by reversed induction on the tree-width, we need a stronger
induction hypothesis than bqo. This is why we introduce the concept of “well
behaved,” which provides the suitable induction hypothesis. Some slight im-
provements of Nash-Williams’ idea enable us to show that this property is pre-
served on each step (see also (10.1) for a discussion on the extensions of bqo).

§2 contains all definitions and notation; §3 introduces the bgo theory and
presents the basic results. The exposition is self-contained and also includes an
introduction to wqo as a motivation for bqo as well as an explanation of why
the bqo theory is needed. In §4 we introduce the central notion of our study—
the notion of QO-category—and the basic constructions (e.g., the QO-category
of tree structures over a QO-category) and the notion of a well-behaved QO-
category. We formulate the Main Theorem and derive (1.7) from it there. In §§5
and 6 we prove two auxiliary lemmas. Lemma (5.3) reduces the Main Theorem
to proving that (< w, > 0)-structures (i.e., tree structures with bounded “amal-
gamation size”) over a well-behaved QO-category are well behaved. Lemma
(6.2) reduces the investigation of (< w, > k)-structures over . to the study
of (< k, > k)-structures over (< w, > k + 1)-structures over & . This makes
our reversed induction work and all we need is to show that (< k, > k)-
structures over a well-behaved QO-category are well-behaved. This is done in
§7, which is the cornerstone of the paper. Here the second complication does
not occur and we may basically use the Nash-Williams’ method. In §8 we prove
the Main Theorem, in §9 the extension of Friedman’s result to infinite graphs.
Some conjectures are mentioned in §10.

Acknowledgement. 1 would like to express my thanks to Jaroslav Nesetftil for his
encouragement and to Igor Kfiz for suggesting the notion of a QO-category.

2. DEFINITIONS

(2.1) The letter Q will always stand for a set on which a quasi-ordering < is
defined. If V is any set then V" denates the set of all injective sequences
of elements of V. If p = (v,,...,v,) € V", then set(p) denotes the set
{v,,...,v,} € V. By expV we denote the set of all subsets of V. As usual,
w denotes the first limit ordinal. If X ,Y are sets, then XUY denotes the
disjoint union of X and Y. It will sometimes be convenient to introduce a
































































































