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Abstract. A quasi-ordered set 4 (i.e. one equipped with a reflexive and transitive relation <) is
said to be well-quasi-ordered (wqo) if for every infinite sequence a,, a,, ... of elements of A4 there
are indices i, j such that i < jand g; < q..

Various natural wqo sets Q admit “labelling” by another wqo 4 yielding another quasi-ordered
set Q(A), which may or may not be wgo. A suitable concept covering this phenomenon is the
notion of a QO0-category. We have two conjectures about QO-categories in the effect that labelling
QO-categories by a wqo set can always be reduced to labelling by ordinals. We prove these
conjectures for a broad class of QO-categories and for general QO-categories we prove weaker
forms of these conjectures.

1. Introduction

Let 4 be a quasi-ordered set (ie. one equipped with a reflexive and transitive
relation<). A finite or infinite sequence (a;,a,,...) of elements of 4 is called good
if there are indices i, j such that i < Jjand a; < a;, and is called bad otherwise, The
set of bad sequences will be denoted by Bad(A). The set A is called well-quasi-
ordered (wqo)if every infinite sequence of elements of 4 is good, i.e., Bad(A) contains
no infinite sequence.

The concept of well-quasi-ordering has been studied for quite a while. The major
achievements in the field are Higman’s Finite Sequence Theorem [4]), Kruskal’s
Tree Theorem [9] and recently Robertson and Seymour’s proof of Wagner’s con-
Jecture [13]. We do not wish to go into details of the history, we refer the interested
reader to e.g. [10].

In our opinion, there are at least four reasons to be interested in wqo theory,
‘namely
(D itis fun,

(i) it implies “Excluded minor theorems”, for example it implies Kuratowski type
theorems for higher surfaces [14],
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