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problem formulation

a, b � vectors in Zw

a 6 b if ai 6 bi for all

coordinates i = 1, . . . ,w

a, b are k-crossing if there are

two coordinates i , j such that

ai − bi > k and bj − aj > k

f (k ,w) = the maximum size of

a family of pairwise incomparable

and non-k-crossing vectors in Zw

Problem

f (k ,w) = ?

k k
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motivation

A,B � maximum antichains in a poset P

A 6 B if B ⊆ ↑A or equivalently A ⊆ ↓B

P is (k + k)-free if it does not contain two totally incomparable

chains of size k

g(k ,w) = the maximum width of the lattice of maximum

antichains in a (k + k)-free poset of width w

g(k ,w) = the maximum size of a family of pairwise incomparable

antichains in a (k + k)-free poset of width w

Problem

g(k ,w) = ?
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motivation (continued)

g(k ,w) = the maximum width of the lattice of maximum

antichains in a (k + k)-free poset of width w

bounded width is necessary

· · ·

w

→ Boolean lattice 2w

(k + k)-freeness is necessary

→
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reduction

Theorem

g(k + 1,w) 6 f (k ,w)

Dilworth partition into w chains → w coordinates

maximum antichain → vector

comparable antichains ↔ comparable vectors

(k + 1) + (k + 1) ← k-crossing vectors
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upper bounds

Proposition

f (k ,w) 6 kw

F � family of pairwise incomparable non-k-crossing vectors in Zw

F(r1, . . . , rw ) := {a ∈ F : a1 ≡ r1, . . . , aw ≡ rw (mod k)}
|F(r1, . . . , rw )| 6 1 ⇒ |F| 6 kw

Theorem

f (k ,w) 6 kw − (k − 1)w

f (k ,w) 6 kw − k2(k − 1)w−2 (w > 2)

f (k ,w) 6 wkw−1/3
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lower bound

Proposition

f (k ,w) > kw−1

{
(a1, . . . , aw ) ∈ {0, . . . , k − 1}w−1 × Z : a1 + . . .+ aw = 0

}

other completely di�erent examples

Conjecture (Felsner, Krawczyk, Micek)

f (k ,w) = kw−1
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exact bounds

Conjecture

f (k ,w) = kw−1

f (k , 1) = 1 (trivial)

f (1,w) = 1 (trivial)

f (k , 2) = k

f (k , 3) = k2 (to be presented)

f (k ,w) = ? (k > 2, w > 4)
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case w = 3

Theorem

f (k , 3) = k2

F � family of pairwise incomparable non-k-crossing vectors in Z3

minimizing max{|a3 − b3| : a, b ∈ F}

levels: Fi = {a ∈ F : a3 = i}

con�ict digraph on F :
a→ b if increasing a3 by 1 yields:

comparability of a, b (1 level up)

k-crossing of a, b (k − 1 levels down)

a

b

k

k − 1

a

b

1 there is a path from the bottom to the top nonempty level

2 there is an up-path from level i to level i + k

3
∑

i≡r (mod k) |Fi | 6 k
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case w = 3 (continued)

Claim

|Fi |+ |Fi+k | 6 k

there is an up-path from level

i to level i + k

#black > k + 2

#black+#blue+#red 6 2k

|Fi |+ |Fi+k | =
#blue+#red+ 2 6 k
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summary

f (k ,w) = the maximum size of a family of pairwise incomparable

and non-k-crossing vectors in Zw

g(k ,w) = the maximum width of the lattice of maximum

antichains in a (k + k)-free poset of width w

Theorem

kw−1 6 g(k + 1,w) 6 f (k ,w) 6

kw − (k − 1)w

kw − k2(k − 1)w−2 (w > 2)

wkw−1/3

Conjecture

g(k + 1,w) = f (k ,w) = kw−1 true for k = 1 or 1 6 w 6 3

Theorem

g(3,w) = f (2,w)
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