
Section 4.2 : Theory of Second Order
Homogeneous Equations

Chapter 4 : Second Order Equations

Math 2552 Differential Equations

”At the end of eleventh grade, I took the measure of the situation, and
came to the conclusion that rapidity doesn’t have a precise relation to
intelligence. What is important is to deeply understand things and their
relations to each other ... the fact of being quick or slow isn’t really

relevant”

- Laurent Schwartz, Field’s Medal Winning Mathematician
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Section 4.2

Topics
We will cover these topics in this section.

1. Existence and uniqueness of second order linear DEs

2. Reduction of order

Objectives
For the topics covered in this section, students are expected to be able to
do the following.

1. Determine intervals where a second order IVP will have a unique
solution.

2. Apply the method of reduction of order to identify solutions of
differential equations.

The textbook introduces the differential operator notation, and describes
how we can apply Abel’s theorem to evaluate the Wronskian and use it
to determine whether a set of functions are a fundamental set.
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Motivation

This section reviews the uniqueness questions that we explored for 1st

order DEs.

Given an initial value problem (IVP),

1. does the IVP have a unique solution, and if so, where?

2. do a set of solutions form a fundamental set?

We explore these questions for first order systems, and for second order
linear differential equations.

Note: 2nd order DEs are a special case 1st order linear systems.
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Recall: Existence and Uniqueness

If p, q, and g are continuous on open interval I, t0 ∈ I, then there is
a unique solution to the IVP

y′′ + p(t) y′ + q(t) = g(t), y(t0) = y0, y′(t0) = y1

Theorem

Example: determine the largest interval in which the solution to the IVP
is certain to exist.

(t− 2)2y′′ + ty′ +
√
t y = 0, y(1) = 1, y′(1) = 2
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Recall: Fundamental Set of Solutions

Let y1, y2 be solutions of

y′′ + py′ + qy = 0

on an interval, I, in which each p is continuous.

If for some t0 ∈ I their Wronskian is non-zero, then every solution of
the DE, φ(t), can be written as

φ(t) = c1y1 + c2y2

Theorem
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Reduction of Order

Given one solution, y1, to a 2nd order linear homogeneous differential
equation, the reduction of order method allows to derive y2 such that
{y1, y2} are a fundamental set.

Example: y1(t) = t is a solution to

y′′ − 1

t
y′ +

1

t2
y = 0

Use the reduction of order procedure to determine another linearly
independent solution for t > 0.
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