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Abstract—This paper studies the application of MUtiple SIgnal
Classification (MUSIC) algorithm on Multiple Measurement
Vector (MMV) problem for the purpose of frequency parameter
estimation while s true frequencies are located in the continuum
of a bounded domain and sensors are randomly selected from a
Uniform Linear Array (ULA). The MUSIC algorithm amounts
to identifying a noise subspace from measurements, forming a
noise-space correlation function and searching the s smallest
local minima of the noise-space correlation function. Under the
assumption that the true frequencies are separated by at least
one Rayleigh Length (RL), we show that with high probability
the noise-space correlation function is stably perturbed by noise
if the number of sensors n ∼ O(s) up to a logarithmic factor by
means of a compressive version of discrete Ingham inequalities.
As the theory implies, our numerical experiments demonstrate
that the reconstruction error of MUSIC with n random sensors
makes little difference once n is above a point of transition.

Index Terms—MUSIC, joint frequency parameter estimation,
random sensing, compressive discrete Ingham inequalities

I. INTRODUCTION

Multiple Measurement Vector (MMV) problem addresses
the recovery of a set of signal vectors that share common
nonzero support. Specifically, let N,M and s be positive
integers. In the MMV context, s, N + 1 and M denote
signal sparsity, the number of sensor elements and snapshots,
respectively. For a sensing matrix Φ ∈ C(N+1)×s, the ob-
servation matrix Ȳ ε ∈ C(N+1)×M , contaminated by noise
Ē ∈ C(N+1)×M , is generated from signal Z ∈ Cs×M via

Ȳ Ē = Ȳ + Ē = ΦZ + Ē. (1)

Here every row of Z is nonzero and the sensing matrix Φ is
unknown.

In this paper we explore a special kind of MMV problem
for joint frequency parameter estimation which has wide
applications in spectral estimation [26], array imaging [20]
and inverse scattering [8]. Let T = [0, 1) be the torus with
wrapped distance d(ωj , ωl) = minn∈Z |ωj + n− ωl|. For any
ω ∈ T we define the imaging vector at ω as

φ(ω) = [1 e−2πiω e−2πi2ω . . . e−2πiNω]T ∈ CN+1. (2)

Columns of Φ are composed of imaging vectors at an unknown
support set S = {ω1, . . . , ωs}, i.e.,

Φ = [φ(ω1) φ(ω2) . . . φ(ωs)] ∈ C(N+1)×s (3)

and our objective is to estimate the support set S. We assume
ωj 6= ωl,∀j 6= l. In the context of signal processing and array
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Fig. 1. Uniform Linear Array (ULA).

imaging, the model formulated in (1)(2)(3) corresponds to a
ULA sensing geometry where sensors are placed on a one
dimensional equispaced lattice as depicted in Figure 1.

The field of compressive sensing [2], [9] provides us with
a new technology of reconstructing a sparse signal from a
small of number of random linear measurements. The idea of
saving data with probabilistic sensing suggests us explore the
MMV problem with a random sensing geometry, i.e., using a
few sensors randomly selected from the ULA [1], [16], [23],
[33], [36]. Specifically, let N be a subset of {0, 1, . . . , N}
indicating the sensor indices being selected and let PN be the
operator of selecting rows indexed to N . Denote n = |N |,
ΦN = PNΦ and φN (ω) = PNφ(ω). Data collected in the
compressive sensing regime are

Y E = Y + E = ΦNZ + PN Ē, (4)

where Y = ΦNZ and E = PN Ē.
An important quantity in frequency parameter estimation

is Rayleigh Length (RL) [7] which is mathematically de-
fined to be the distance between the center and the first
zero of the Dirichlet kernel DN (ω) =

∫ N/2
−N/2 e

2πitωdt =

(sinπωN)/(πω). Hence 1 RL = 1/N .
The MUSIC algorithm, proposed by Schmidt [24], [25],

has been widely applied to the MMV problem in various
settings. In this paper we focus on the stability analysis of
MUSIC in the random sensing regime. Among existing works
on stability analysis of MUSIC, [12], [22] are mostly related
to the present work. In [12], a stability criterion is given in
the random sensing regime when true frequencies are assumed
to be located exactly on a grid of spacing ≥ 1 RL. However,
gridding error on this coarse grid can be very large [6], [11],
[13], [14]. In order to allow for frequencies distributed on a
continuum, we derived a perturbation estimate on noise-space
correlation function for MUSIC in [22] where the gridding
barrier is overcome by discrete Ingham inequalities. Theory
in [22] gives rise to a stability analysis of MUSIC for MMV



problem when the sensing geometry follows a standard ULA
and sparsity information is not utilized. The main contribution
of this paper is to develop a stability analysis of MUSIC with
sparsity of signals exploited to reduce the number of sensors.

In literature there has been a lot of work on frequency
parameter estimation in the form of Single Measurement
Vectors (SMV) [3], [4], [5], [10], [11], [14], [15], [22], [29].
In this paper, we focus on the MMV problem which has wide
applications in array imaging [20] and inverse scattering [8].

The paper is organized as follows. We introduce the MUSIC
algorithm in Section II, discuss its stability in the com-
pressive sensing regime in Section III, perform numerical
simulations in Section IV and conclude in Section V. Some
notations are defined here. For p ∈ (0,∞) and v ∈ Cn,
‖v‖p = (

∑n
j=1 |vj |p)1/p. For matrix A ∈ Cm×n, AT

and A∗ is the transpose and conjugate transpose of A.We
use σmax(A), σmin(A) and σj(A) to denote the maximum,
minimum nonzero and the j-th singular value of A. Frobenius
norm ‖A‖F = (

∑m
j=1

∑n
l=1 |Ajl|2)1/2 and spectral norm

‖A‖2 = σmax(A).

II. MUSIC ALGORITHM

For the MMV problem formulated in (2)(3)(4), MUSIC
is performed through identifying a noise subspace from Y E ,
forming a noise-space correlation function and searching the s
smallest local minima of the noise-space correlation function.

In the noiseless case, Y E = Y = ΦNZ. The following
lemma is the key of MUSIC.

Lemma 1. If the following three conditions are satisfied
1) rank(Z) = s,
2) rank(ΦN ) = s,
3) rank([ΦN φN (ω)]) = s+ 1 for all ω /∈ S,

then Range(Y )=Range(ΦN )=span{φN (ω1), . . . , φN (ωs)}
and the support set S can be identified through the criterion:

ω ∈ S if and only if φN (ω) ∈ Range(Y ).

In practice, MUSIC algorithm is realized through extracting
peaks of the imaging function. If conditions in Lemma 1 are
satisfied, let the Singular Value Decomposition (SVD) of Y
be

Y = [ U1︸︷︷︸
n×s

U2︸︷︷︸
n×(n−s)

] diag(σ1, . . . , σs, 0, . . .)︸ ︷︷ ︸
n×M

[ V1︸︷︷︸
M×s

V2︸︷︷︸
M×(M−s)

]∗,

where σ1 ≥ σ2 ≥ . . . ≥ σs > 0. The column space of U1

and U2 are called signal space and noise space, respectively.
Signal space is the same as Range(Y ) and noise space is the
null space of Y ∗. Let P1 and P2 be the orthogonal projection
onto signal space and noise space. For any v ∈ Cn,

P1v = U1(U∗1v) and P2v = U2(U∗2v).

Suppose conditions in Lemma 1 are satisfied. Then ω ∈
S if and only if P2φ

N (ω) = 0. Therefore the noise-space
correlation function

R(ω) =
‖P2φ

N (ω)‖2
‖φN (ω)‖2

=
‖U∗2φN (ω)‖2
‖φN (ω)‖2

,

vanishes and the imaging function J (ω) = 1/R(ω) peaks
exactly on S.

In the presence of noise, Y E = Y + E = ΦNZ + E.
Suppose the SVD of Y E is

Y E = [UE1︸︷︷︸
n×s

UE2︸︷︷︸
n×(n−s)

] diag(σE1 , . . . , σ
E
s , . . .)︸ ︷︷ ︸

n×M

[ V E1︸︷︷︸
M×s

V E2︸︷︷︸
M×(M−s)

]∗.

The noise-space correlation function and imaging function
become

RE(ω) =
‖PE2 φN (ω)‖2
‖φN (ω)‖2

=
‖UE2

∗
φN (ω)‖2

‖φN (ω)‖2
and J E(ω) = 1/RE(ω) where PE1 and PE2 stand for the
orthogonal projection onto the column space of UE1 and UE2
respectively.

In the MUSIC algorithm, recovered support Ŝ =
{ω̂1, . . . , ω̂s} is identified through the s smallest local minima
of RE(ω) or the s largest local maxima of J E(ω).

III. STABILITY OF MUSIC WITH COMPRESSIVE
MEASUREMENTS

Let p � N be a prime integer. In this section we assume
that true frequencies {ωj} are located on a fine grid with grid
spacing ` = 1/p, i.e., S ⊂ L =

{
0
p ,

1
p , . . . ,

p−1
p

}
. If true

frequencies are not exactly located on L, we can approximate
them by the nearest grid points and the gridding error, to be
incorporated in E, is small while p� N [14, Figure 1].

In the noiseless case, s+ 1 sensors guarantees a successful
recovery of s distinct frequencies.

Theorem 1. Suppose E = 0, rank(Z) = s and S ⊂ L. Let
R(ω) and J (ω) be evaluated on L. If n ≥ s+ 1, then ω ∈ S
if and only if R(ω) = 0 and J (ω) =∞.

Proof: The proof is based on [2, Lemma 1.2], [30, Corol-
lary 1.4], which implies that when p is a prime and n ≥ s+1,
rank(ΦN ) = s and ∀ω ∈ L, rank([ΦN φN (ω)]) = s + 1 if
and only if ω /∈ S.

Performance of MUSIC in the presence of noise relies on
how much the noise-space correlation function is perturbed
from R(ω) to RE(ω). This question is answered by the
following Lemma in [22].

Lemma 2. Suppose ‖E‖2 < σs. Then

|RE(ω)−R(ω)| ≤ 4σ1 + 2‖E‖2
(σs − ‖E‖2)2

‖E‖2. (5)

Remark 1. Lemma 2 implies that for every ωj ∈ S, there
exits a local minimum of J E(ω), denoted by ω̂j , such that
ω̂j → ωj as ‖E‖2 → 0. The rate of convergence depends on
σ1, σs and the function R2(ω) in the neighborhood of ωj [22,
Theorem 4].

To make the bounds (5) explicit and meaningful, we provide
an upper bound of σ1 and a lower bound of σs while
frequencies in S are separated above 1 RL and the number
of sensors n ∼ O(s) up to a logarithmic factor.



As σ1 = σmax(ΦNZ) ≤ σmax(ΦN )σmax(Z) and σs =
σmin(ΦNZ) ≥ σmin(ΦN )σmin(Z), the key is to estimate
singular values of ΦN .

We are motivated by the classical Ingham inequalities [17],
[19], [35, (pp.162-164)] which studies the stability of complex
exponential sums in the system {e−2πiωjt, t ∈ [0, T ], ωj ∈
R, j = 1, . . . , s} while {ωj} satisfies a gap condition.
A discrete version of Ingham inequalities corresponding to
discrete samples t = 0, 1, . . . , T was proved in [22, Theorem
2]. A main result here is the following compressive version of
discrete Ingham inequalities whose proof is in the appendix.

Theorem 2. Suppose N > 10 and S satisfies the gap

q = min
j 6=l

d(ωj , ωl) >
1

N

√
2

π

(
2

π
− 4

N

)− 1
2

. (6)

Denote

A(q,N) =
2

π
− 2

πN2q2
− 4

N
,

B(q,N) =





4
√

2
π +

√
2

πN2q2 + 3
√

2
N N even

(
1 + 1

N

) (
4
√

2
π +

√
2

π(N+1)2q2 + 3
√

2
N+1

)
N odd.

Let τ ∈ (0, A(q,N)). If the index set N of size n is selected
uniformly at random from {0, . . . , N}, then

1

n
σ2

min(ΦN ) ≥ A(q,N)− τ, (7)

1

n
σ2

max(ΦN ) ≤ B(q,N) + τ (8)

with probability at least 1− ε provided n > 8s
τ2 log 4s

ε .

Theorem 2 leads to a perturbation estimate of the noise-
space correlation function with respect to noise E in the
random sensing regime while S satisfies the gap condition
(6).

Theorem 3. Suppose N > 10 and S satisfies the gap
condition (6). Let τ ∈ (0, A(q,N)). Suppose

‖E‖2√
n

< σmin(Z)
√
A(q,N)− τ .

If the index set N of size n is selected uniformly at random
from {0, . . . , N}, then

|RE(ω)−R(ω)| ≤
4σmax(Z)

√
B(q,N) + τ + 2‖E‖2√

n(
σmin(Z)

√
A(q,N)− τ − ‖E‖2√

n

)2 ·
‖E‖2√
n

(9)
with probability at least 1− ε provided n > 8s

τ2 log 4s
ε .

In the case of sensing with a complete ULA where n =
N + 1, one can expect

|RE(ω)−R(ω)| ≤
4σmax(Z)

√
B(q,N) + 2‖E‖2√

n(
σmin(Z)

√
A(q,N)− ‖E‖2√

n

)2 ·
‖E‖2√
n
.

Theorem 3 demonstrates that similar stability bound is
achieved with high probability while sensors are randomly
selected from a ULA with size n ∼ O(s) up to a logarithmic
factor. We conclude that for sparse signals the strategy of
saving data with random sensing applies to the MUSIC
algorithm.

IV. NUMERICAL EXPERIMENTS

In this section we provide some numerical experiments
about σmax(ΦN )/

√
n, σmin(ΦN )/

√
n and the performance

of MUSIC as n increases.
Let N = 128. We fix two support sets with sparsity

s1 = 10, gap q1 > 1/N and s2 = 50, gap q2 > 1/N ,
respectively. Figure 2 shows the average σmax(ΦN )/

√
N

and σmin(ΦN )/
√
N in 100 trails for two support sets as n

increases from s + 1 to N + 1. The upper bound
√
B(q,N)

and lower bound A(q,N) in Theorem 2 are represented by
dotted lines.
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(b) s = 50

Fig. 2. σmax(ΦN )/
√
n and σmin(ΦN )/

√
n versus n.

Next we fix s = 50, M = 70, N = 128 and then
RL = 1/128. A signal Z ∈ R50×70 is generated with
i.i.d. random entries Zjl ∼ Normal(0, 1/M) and a support
S is fixed with sparsity s = 50 and gap q ∈ (1, 2) RL.
Noise matrix E contains i.i.d. random normal variables, i.e.,
Re(Ekj) ∼ Normal(0, σ2) and Im(Ekj) ∼ Normal(0, σ2).
Noise to Signal Ratio (NSR) is defined as E‖E‖F

‖Y ‖F = σ
√

2nM
‖Y ‖F .

The recovered support Ŝ is identified through the s largest
local maxima of J E(ω). Reconstruction error is measured
by the Hausdorff distance between S and Ŝ, i.e., d(S, Ŝ) =
max

{
maxω̂∈Ŝ minω∈S d(ω, ω̂),maxω∈S minω̂∈Ŝ d(ω, ω̂)

}
.

Let n sensors be randomly selected from a ULA. For NSR
= 50%, 60%, 70%, we vary n from s+ 1 to N + 1 and record
the average reconstruction error d(S, Ŝ) in 100 trials. Figure
3 shows the average reconstruction error in the unit of RL
versus n. It is clear that the reconstruction error with n random
sensors is similar to the error with a complete ULA once n is
large enough.

V. CONCLUSIONS

We have provided a stability analysis and numerical exper-
iments of the MUSIC algorithm for joint frequency parameter
estimation in the random sensing regime. In comparison with
existing analysis of MUSIC [18], [21], [27], [28], [31], our
theory features an explicit estimate of the singular values of the
matrix ΦN due to compressive discrete Ingham inequalities.
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APPENDIX

Proof of Theorem 2 combines discrete Ingham
inequalities[22] and matrix Bernstein inequalities[32].
The proof is composed of two parts. In Section A, we
use a technique in [2] to translate results from a Bernoulli
probability model into results for the uniform probability
model. Let P∆ be the operator of randomly selecting rows of
Φ using the Bernoulli model. Singular values of 1√

n
P∆Φ are

estimated in Section B.

A. The Bernoulli model

We consider a subset ∆ of {0, . . . , N} sampled using the
Bernoulli model. We first create a sequence

δk =

{
1 with probability p
0 with probability 1− p , p =

n

N
, k = 0, . . . , N.

and then set ∆ = {k | δk = 1, k = 0, . . . , N}. Define
Failure(N ) as the event where (7)(8) in Theorem 2 fail on N .
The argument in [2, pp. 496] shows that P(Failure(N )) ≤
2P(Failure(∆)) and then it suffices to prove that singular
values of 1√

n
P∆Φ satisfy (7)(8) with probability at least

1− ε/2.

B. Singular values of 1√
n
P∆Φ

Denote R = 1
n (P∆Φ)∗(P∆Φ). We define

rk = [e−2πikω1 e−2πikω2 . . . e−2πikωs ] ∈ Cs,

Rk =
1

n
δkr
∗
krk, k = 0, . . . , N.

R =

N∑

k=0

Rk, ERk =
1

N
r∗krk, ER =

N∑

k=0

ERk =
1

N
Φ∗Φ.

We first recall discrete Ingham inequalities [22, Theorem
2] which provide an estimate of eigenvalues of ER and then
apply matrix Bernstein inequalities to show that R deviates
little from ER.

Lemma 3. Suppose S satisfes the gap condition (6). Then

A(q,N)‖c‖22 ≤
1

N
‖Φc‖22 ≤ B(q,N)‖c‖22, ∀c ∈ Cs.

In other words,

λmax(ER) ≤ B(q,N) and λmin(ER) ≥ A(q,N).

Lemma 4 (Matrix Bernstein Inequality [32, Theorem 1.6.2]).
Let R0,. . .,RN be s×s independent random matrices. Assume
that each matrix has bounded deviation from its mean: ‖Rk−
ERk‖2 ≤ F, for k = 0, . . . , N. Form R =

∑N
k=0Rk and

σ2 = max{‖E[(R − ER)(R − ER)∗]‖2, ‖E[(R − ER)∗(R −
ER)]‖2}. Then

P(‖R− ER‖2 ≥ τ) ≤ 2s exp

(
−τ2/2

σ2 + Fτ/3

)
for all τ ≥ 0.

Applying matrix Bernstein inequality on R yields:

Lemma 5. Suppose N > 10 and S satisfies the gap condition
(6). If τ ∈ (0, 3), we have ‖R − ER‖2 ≤ τ with probability
at least 1− ε/2 provided n > 8s

τ2 log 4s
ε .

Proof: We first compute the quantities necessary for the
application of Lemma 4.

‖Rk − ERk‖2 = ‖ 1

n
(δk − p)r∗krk‖2 ≤

1

n
‖r∗krk‖2 =

s

n
.

σ2 = ‖E[(R− ER)(R− ER)]‖2

=

∥∥∥∥∥E
[
N∑

k=0

1

n
(δk − p)r∗krk

][
N∑

k′=0

1

n
(δk′ − p)r∗k′rk′

]∥∥∥∥∥
2

=

∥∥∥∥∥
1

n2

N∑

k=0

E(δk − p)2‖rk‖22r∗krk

∥∥∥∥∥
2

=
Np(1− p)s

n2

∥∥∥∥∥
1

N

N∑

k=0

r∗krk

∥∥∥∥∥
2

.

According to Lemma 3,
∥∥∥ 1
N

∑N
k=0 r

∗
krk

∥∥∥
2

= 1
N ‖Φ

∗Φ‖2 ≤
B(q,N) < 3 when q > 1

N and N > 10. As a result

σ2 ≤ 3Ns(1− p)p
n2

=
3s(1− p)

n
≤ 3s

n
.

Applying Lemma 4 yields

P(‖R− ER‖2 ≥ τ) ≤ 2s exp

(
−τ2/2
3s
n + sτ

3n

)

≤ 2s exp

(
−τ2/2

4s
n

)
while τ < 3 = 2s exp

(
−nτ

2

8s

)
≤ ε

2
,

if n > 8s
τ2 log 4s

ε .
Combining Lemma 3 and Lemma 5 gives rise to:

Lemma 6. Suppose N > 10 and the gap condition (6) is
satisfied. Let τ ∈ (0, A(q,N)). Then

1

n
σ2

min(P∆Φ) ≥ A(q,N)− τ,
1

n
σ2

max(P∆Φ) ≤ B(q,N) + τ

with probability at least 1− ε/2 provided n > 8s
τ2 log 4s

ε .

Proof: According to Weyl Theorem [34], λmin(R) ≥
λmin(ER)− ‖R− ER‖2 and λmax(R) ≤ λmax(ER) + ‖R−
ER‖2. Lemma 3, Lemma 5 and Weyl Theorem give rise to
Lemma 6.

Finally Section A and Lemma 6 in Section B give rise to
Theorem 2.
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