TRAVELLING WAVE SOLUTIONS IN A TISSUE INTERACTION MODEL FOR
SKIN PATTERN FORMATION

SHANGBING Al, SHUI-NEE CHOW, AND YINGFEI YI

ABSTRACT. We discuss the existence and the uniqueness of travelling wave solutions for a tissue
interaction model on skin pattern formation proposed by Cruywagen and Murray. The geometric

theory of singular perturbations is employed.

Dedicated to Professor Victor A Pliss on the occasion of his 70th birthday

1. INTRODUCTION

The skin of vertebrates, as the largest organ of the body, forms many specialized struc-
tures, for example, hair, scales, feathers, and glands, which are distributed over the skin in
highly ordered fashion. The mechanisms involved in the formation and distribution of these
appendages are not well understood, and, various mathematical models have been proposed
for the purpose of the understanding of these mechanisms (see [11] and references therein).

Vertebrate skin is composed of two layers — the epidermis and the dermis. There is sound
biological evidence that skin organ formation typically occurs due to interaction between these
two layers. Based on this fact, Cruywagen and Murray [3] proposed a tissue interaction model
for vertebrate skin pattern morphogenesis by using a mechanochemical mechanism to describe
epithelial sheet motion and a reaction-diffusion-chemotaxis mechanism to model the dermal
cell movements. Tissue interaction is introduced by the morphogens produced separately in
the dermis and the epithelium. Those morphogens diffuse across the basal lamina, which sep-
arates the epidermis and the dermis, and induce cell movements and deformation. The model
consists of seven coupled nonlinear partial differential equations: four to describe the produc-
tion, degradation, and diffusion of the chemicals within and between layers, two conservation
equations for dermal and epidermal cell densities, and a force balance equation for modelling
stress in the epithelium. While the full system is too complicated to render any useful mathe-

matical analysis, a special case of the model in one space dimension was considered in [3, 4, 5]
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where the full model is reduced into a system of two partial differential equations, which, after

non-dimensionalization, has the form:

9% 9 9% 5 9 f TR (1.1)
art Mooz T 9x2 T T Ba2 1+v(1—6) ’
Pn on . o [.0 ([1-0

where 6 stands for the epithelial dilation, 7 stands for the dermal cell density, and 3, u, p, 7, v, o,y
are positive constants. We refer the readers to [3, 4, 5] and the references therein for a detailed
derivation of the model and its biological background.

As a natural biological object in tissue interactions, the phenomenon of travelling waves
for the system (1.1)-(1.2) was first investigated by Cruywagen, Maini and Murray [4]. The
travelling wave fronts (6(%),7(2)) satisfy a system of ordinary differential equations in Z and

a pair of boundary conditions at zZ = 4o0:

d*o B30 d20 - d? 7l

w1 - e T _a = Y - ~_ 1.
Oaat e~ am T T {1+u(1—9)}’ (1.3)
2n dn d d [1-6
e r a1l - =a—{n— 14
gz~ Cgz Tl o) =ag {”dz <1+fm> } (14)

lim (6,7) = (0,0), lim (6,7) = (0,1), (1.5)

where Z = 2+ ¢t and ¢ > 0 is a travelling wave speed. Note that if a = 0, then (1.4) decouples
from (1.3) and becomes the classical Fisher equation which is known to exhibit travelling
wave solutions only with wave speed ¢ > 2. Based on this observation and the local stability
analysis at the equilibria of (1.3)-(1.4), it was conjectured in [4] that (1.3)-(1.5) admit solutions
for sufficiently large c¢. This motivates the re-scalings:

06)= 500, #(E)=n(s), s=cz =g

which reduce the equations (1.3)-(1.5) into the following singularly perturbed system:

d*0 0 d*0 d? n

2

e = p—0 1.

pe i R A po Pz {1 +v(1l —erpb) } ’ (16)
d’n  dn d d (1—eTp6

Eﬁ—g—kn(l—n)—eaa {na <71+7n >}, (1.7)
lm (6,n) = (0,0),  lim (6,n) = (0,1) (18)
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where p; = 1/p and ¢ is sufficiently small. By using regular series expansions of the form

0(z) =00(z) +eb1(2) + -+, n(z) =ng(z) +eni(z) +---,

an approximation to the solutions of (1.6)-(1.8) is obtained in [4], provided that they exist. In

particular, the O(1) terms of the above approximation read

1 d2n0 d’I’LO
0o = —— o =mno(l—no). 1.
0T T4 d2? dz no(L — o) (1.9)
Hence with the initial condition ng(0) = %,
no(z) = e*/(1+€*). (1.10)

Based on the contraction mapping principle, a rigorous proof of the existence of solutions
(0:,n:) to (1.6)-(1.8) was recently obtained in [1]. However, it was unknown that whether
the wave solutions obtained in [1] are biologically meaningful in the sense that the density n.
should always stay between 0 and 1, and, the dilation 6. should not tend to 0 in an oscillatory
manner as z — +oo. The non-oscillatory behavior of (6.,n.) is also an important issue when
the stability of (6., n.) is considered, because an oscillatory wave solution can be unstable even
in the sense of weighted norms (see Chapter 5 in [8]).

In this paper, we will use the geometric theory of singular perturbations to give a new proof
for the existence of (A, n.). Not only is the new proof much simpler than that in [1] but also it
provides more physical and geometrical insight into the wave solutions. For instance, we will
actually show that 0 < n. < 1 on (—o00,00) and 6. is non-oscillatory as z — +oo. Using the
geometric theory, we will also obtain a global uniqueness result for v = 0 within the class of
physical solutions.

The main result of the paper is the following:

Theorem. Let 6y and ng be as in (1.9), (1.10) respectively. Then the following holds for e

sufficiently small.
(i) There is a unique solution (0.,n.) to (1.6)-(1.8) that satisfies n(0) = 3, n. > 0 on

(—00,00), and

(0 -ne)|<ce [Ge-me)|<on o
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for all z € (—o00,00) and j =0,1,---, where, for each j, Cj >0 is a constant indepen-

dent of €. Moreover, (0-,n:) has the following asymptotic behavior:

0-(z) 0 1 1
9::(2) 0 )\2_ )\3_
0Z(2) 0 A A3 A A3 A
~ 1o eM % 4o e % +c3_ e3=~# 1.12
wo |~ | o - ar (1.12)
ne(z) 1 0 0
nL(z) A 0 0
as z — —o00, and,
95(2’) d1_|_
0.(2) diy Ary
9" d /\2
€(Z) ~ C1+ 1+ 1+ e)\1+z’ (113)
07 (2) di+ AT
ne(z) —1 1
nZ(z) ALt

as z — 00, where, cj—, \j— (j =1,2,3), ci4, dit, M4+ are constants such that ci— > 0,

|C2—| + |C3—| 75 0; 14+ < 0}

— (1+'7)2 d1+:A%+_L)‘€1+ _% 750
1492+ ay’ ML ’
and, as € — 0,
Mo~1, d~l i~ B A~ (1.14)
JE e

Hence 6. is non-oscillatory as z — +oo.

(ii) If v = 0, then the solution to (1.6)-(1.8) is globally unique in the class of physical
solutions, that is, if (0z,n.) and (6z,7.) are two solutions of (1.6)-(1.8) with0 < n. < 1,
0 < e <1 and 7.(0) = n(0), then (0-,7c) = (0, ne).

The geometric theory of singular perturbations has proven to be a powerful tool in the study
of the existence of connecting orbits in singularly perturbed systems (see [9] and the references
therein). However, although solutions to (1.6)-(1.8) are connecting orbits for (1.6)-(1.7), their
existence does not directly follow from the geometric theory, due to the appearance of multiple
time scales in our problem. A key idea in the proof of our main result is to apply the geometric

theory of singular perturbations twice, in order to separate different fast time scales in our



TRAVELLING WAVE SOLUTIONS 5

system. We refer the readers to [2, 6, 8, 9, 10, 12] and the references therein for general
literature of the geometric theory of singular perturbations and its applications.

The rest of the paper is devoted to the proof of our main result. In Section 2, we reformulate
the system (1.6)-(1.8) into an equivalent system. The problems of existence and uniqueness of
solutions for the new system will be treated in Section 3 and Section 4 respectively. Our proof
for the uniqueness of solutions is motivated by that of [7], along with the application of two

lemmas proved in [1]. For the reader’s convenience, we include these lemmas in the Appendix.

2. AN EQUIVALENT SYSTEM

Let v:= [*_ ffoo 0(n) dndé. Then it is to be seen that the system (1.6)-(1.8) is equivalent

to the following system:

d4'U d3’U d2'U on
2
Z e - = 2.1
e 7 usd 3 Edzz + pv T+ o(l—erpio”)’ (2.1)
d’n  dn d d (1—eTpv”
- = l—-n)=eca—<{n— | ——— 2.2
‘@2 dz +n(l—n) iz {ndz < 14+n >}’ (22)
1
z—1>r—noo(v7n) (070)7 Zi)n;o(v,n) <1—|—I/7 ) ( 3)

Consequently, our main result stated in the previous section can be re-formulated with respect

to the new system as follows.
Theorem 2.1. Let vg = ng/(1 + v) and € be sufficiently small. Then the following holds for
(2.1)-(2.3).

(i) There exists a unique solution (ve,n.) which satisfies nc(0) = & and

@ @

7 (Ug(z) - vo(z))‘ < Cje, ‘@ (ng(z) - no(z)> < Cje, (2.4)
for all z € (—o0,00) and j =0,1,---, where, for each j, Cj > 0 is a constant indepen-
dent of €. Moreover, n. >0, v. >0, v. >0 on (—o0,0), and

(1+0(e))=
0e(2) = "9 L o), nu(e) = —° o0 < 2 < 0. (2.5)

14 T 1+ (0@’

(il) Ifv =0, then the solution (ve,nc) is globally unique within the class of physical solutions

in the sense that whenever (ve,n.) and (0g,ne) are two solutions of (2.1)-(2.3) with
0<n:<1,0<n: <1 and n:(0) = n(0), then (Vs,nc) = (ve, Ne).

Theorem 2.1 does imply our main result except the formulas (1.12) and (1.13). We note

that a solution (v.,nc) of (2.1)-(2.3) given in part (i) of Theorem 2.1 clearly yields a solution

(0,n:) == (vZ,n:) of (1.6)-(1.8) which satisfies (1.11). Conversely, if (6,n) is a solutions
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to (1.6)-(1.8), then (v,n), where v = [~ ffoo 0(n) dndg, is a solution to (2.1)-(2.3). This
assertion follows from the fact that lim, .., v = 1/(1+ v), which follows from Lemma 5.1 with
f= anpl@)‘ Thus, the uniqueness results in both parts of our main result follows from
the corresponding parts in Theorem 2.1.

The formulas (1.12) and (1.13) follow from a local analysis at the equilibria of (1.6)-(1.7)

similar to [1]. The fact ¢4+ < 0 simply follows from the property that n. < 1.

3. EXISTENCE

In order to apply the geometric theory of singular perturbations, we first write (2.1)-(2.2)

into the following first order system:

| = v,
vl = vs,
Svh = vy,
33/ ) pn (31)
0°v) = —puy + dvz + pvg + TFo—srpios)’
n' =m,
\ 53m/ = G(Ul, V2,V3, Vg, 1,1, 5)7
where § := £1/3,
1 53a7'p1mv4
G(v1,v9,v3,04,n,m,0) := {—nl—n +m-—
( 1,02,03,04 ) (1+G1(U3,TL,5)) ( ) 1+’yn
B Baym?(1 — p1ov3)  2arprymnddvy  2av283m2n(1 — Tp1dvs3)
(14 n)? (1 +7my)? (1+7n1)?
aTpin on
~Tranl e J}
1+9n pUL T OUs T fiva T+ 14+ v(1 —67pyvs)
1-9
G (v, 8) -= 2L = 0701v5)
(1+9n)
Let x = (vg,m), y = (v1,v2,v3). The above system becomes
53'1;/ = f(l'7 y7 n’ 6)7
3y = g(z,y,n,9), (3.2)

n/ - h(x7 y; n, 5)7
where f,g,h are defined by the right-hand sides of (3.1) respectively. We note that z is the

slow variable and z and y are fast variables, however, of different scales with respect to small
0, that is, z is faster than y.
One important component of the geometric theory of singular perturbations is the Fenichel’s

invariant manifold theorem which requires the normal hyperbolicity of the critical manifold
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in a singularly perturbed system ([6]). Due to the appearance of two time scales, the critical
manifold associated to (3.2) fails to be normally hyperbolic. To resolve this problem, we first

introduce the new independent variable z; := 2/6% to reduce (3.2) to

54 — f(z,y,m,9),
jzyl = dg(x,y,n,d), (3.3)
5; = 62h(x,y,n,6),

in which = becomes the only fast variable and (y,n) is the slow variable. Let ¢ = 0 in (3.3).

The associated critical manifold can be solved from f(x,y,n,0) = 0 which yields

o= o) = (2= )t = m).

Consider the following bounded portion of this manifold:

Xo={(e,y.m): @ =aoly.n), [or — 2 <1 feol S0, fos <1, m<m<2),
where 7] is chosen to be a small (but fixed) positive number that satisfies 1 +yn > 1/2 and
1+ (1+“m ((E=Tie 1/2 when n > —n. Such choice of 1 ensures the smoothness of G in (3.1) in the

vicinity of Xy. Since

I 0
Dwf(x7y7n70) = % 1 )

S
1+ t )2

X satisfies the normal hyperbolic condition required by the Fenichel’s theorem, and hence

there exists a normally hyperbolic invariant manifold Xy of (3.3), called slow manifold, such
that

Xs = {(x7y7n) T = m(y,n), ’Ul 1 T
where z;5(y,n) := (va(y,n,0),m(y,n,d)) = xo(y,n) + O(4). In order to obtain (2.5) we need a

more accurate formula for zs5. By the (local) invariance of flows of (3.3) on X, we have

U 1/2’7—2 UQTL
va(y,m,0) = E(v1 — ) — 1 [1 + (1"1")2}035 + = [p—2 - ﬁ] 62+ 0(8%),

m(y,n,0) =n(l —n)+ ‘(xfi?yz) 62 4+ 0(8%).

Since the equilibria (0,0,0,0,0,0) and (1/(1 + v),0,0,0,1,0) of (3.3) have to lie on the slow
manifold X5, v4(0,0,0,0,8) = m(0,0,0,0,0) = v4(2,0,0,1,6) = m(:=—,0,0,1,6) = 0 for all
small 4.

Next, we restrict (3.3) to Xs with |v; —
yields the slow flow

—| <1, |v] <1, |ug| <1, —n<n<2}

(3.4)

14+v? 1+v?

ol <1 Jue <1, Jus] <1, =y < n < 2. This

jzyl = 5g($5(y,n),y,n, 6)7
Ccllznl - 52h(x5(y7n)7y7 n75)7
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which, in term of the original independent variable z, reads

5% = g(z5(y,n), y.n,9), .
& = h(zs(y,n),y,n,0). :

The system (3.5) is again a singularly perturbed system with the fast variable y and the slow

variable n, whose critical manifold Yj is determined by g(xo(y,n),y,n,0) = 0. Since

V2
g(wo(y7n)7y7n70) = % ) DyQ(%(%”),y,n, 0) =

Elor— 1)

T O O
o O =
(e =)

we have that

1+v

which is also normally hyperbolic. An application of the Fenichel’s theorem again yields a slow

o= { () sy = ol = (25.0.0). n < n < 2.

manifold Yj for (3.5) near Yy having the form

n
1+v

o= { () sy = wstn) = (T +000).00),00)) - < n < 2.

Using the local invariance of Y5 to (3.5) we obtain a more accurate formula for ys(n) =
(Ul(n76)702(n75)7v3(n?5)):

'Ul(nv(s) = HLV + 0(53)7
va(n, 6) = M1 4 O(8%), (3.6)
v3(n,8) = “ITA=20) 52 4 (%),

Since (0,0,0,0) and (1/(1 + »),0,0,1) are equilibria of (3.5), it follows that v1(0,d) = O,
v1(1,6) =1/(1 4+ v), and v;(0,6) = v;(1,0) =0 (i = 2,3) for ¢ sufficiently small.
Now, using (3.4) and (3.6), the restriction of (3.5) on Yj reads
dn
dz
where N(n,§) = O(6%) for sufficiently small 6. Since n = 0 and n = 1 are equilibria of (3.7),
N(0,6) = N(1,6) = 0 for all sufficiently small §. It follows from the smoothness of N with
respect to both n and & that N(n,d) = O(63)|n(1 — n)| for —n < n < 2 and sufficiently small
d. Hence, for 0 <n <1, (3.7) can be written as
dn
dz

Now any solution n of (3.8) with 0 < n(0) < 1 exists on (—00,00) and satisfies the properties

=n(l —n)+ N(n,0), (3.7)

= n(1 —n)[1 + O(6%)]. (3.8)

that 0 <n <1, n' > 0, on (—00,00), lim,_._sn(z) =0, and lim,_n(z) = 1. In particular,
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the one with n(0) = 1/2 is given by

e(1+0(6%))2
ns(z) = [ —00 < z < 0. (3.9)
Thus, (z,y,n) = (zs5(ys(ns),ns), ys(ns),ns) is a heteroclinic orbit of (3.1) connecting the

equilibrium points (0,0,0,0,0,0) and (H%,O, 0,0,1,0) at z = —oo0 and z = oo respectively.

Next, we show that v175,vi’5 > (0 on (—o00,00). We note by (3.6) that, on the manifold Yy,

n
v1(n,0) = 110 + Vi(n,9),

where V1(n,8) = O(6%) is a smooth function of (n,d). Since v1(0,8) = 0 and vy (1,9) = H%

for all sufficiently small 6, we have V1(0,d) = Vi(1,6) = 0 for all sufficiently small §. Clearly,
Vi(n,0) = 0 and therefore (0V1/9n)(n,0) = 0 for all 0 < n < 1. It follows that

V4 _rotvo
)= | gan 9= 00,
from which, we have

Hence

B 1 dvis oy dns dng
vig = <1+—IJ +0(5) ) s, b — (1 n %(ng,a)) = - (1+0) 20, (3.0

Now let (ve,ne) := (v15,ns). We have by (3.1), (3.4), (3.6), (3.9), (3.10), and & = £'/3 that

7

ve = 2=+ 0(e) = (1% + O(e'/?))n.,

dve _1;;:(1—%) ;rsu _ 1/3Y ) dne
de = 2elln) 1 O(e2) = (14 0(eV?) ) &,
2 T oy

ne(z) = Tre@ 0@z’
dd% =n:(1—n)[1+ O(g)].

Therefore, (ve,n.) is a solution of (2.1)-(2.3) satisfying (2.5) and that n.(0) = 3, n. > 0, v. > 0,
vl > 0 on (—00,00). The uniqueness of such a solution follows from the local uniqueness of
slow manifolds Xs and Y5 and the uniqueness of ns. A similar argument used in [1] shows the

inequalities in (2.4). This completes the proof of part (i) of Theorem 2.1.
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4. GLOBAL UNIQUENESS

In this section we present a global uniqueness result for (2.1)-(2.3) which is more general
than that stated in (ii) of Theorem 2.1. A condition for such uniqueness is the following a

prior uniform boundedness on v with respect to e.

Assumption A. There is a constant M > 0 such that if ¢ is sufficiently small and (v,n) is
a solution of (2.1)-(2.3) with 0 <n <1 on (—00,00), then

lw(2)] + 3 (2)] + 23" (2)] + e|v™ (2)] < M, —00 < z < 0.

Remark 4.1. Under the Assumption A, we have

In(2)] < M, —00 < z < 00,

for some constant M’ which depends only on M. To see this, we note that n'(£o0) = 0 implies
that |n'| reaches its mazimum at some point in (—oo,00) where n” =m' = 0. It follows from
(3.1) that G = 0 at the maximum point, from which n’ = m can be solved as ¢ is sufficiently

small. The desired assertion now follows from Assumption A.

Remark 4.2. The Assumption A is satisfied when v = 0. This follows from Lemma 5.1 in the
Appendix and the fact that the right-hand side of (2.1) is bounded by p which is independent of
any particular solution (v,n) of (2.1)-(2.3) with 0 < n < 1. This fact together with Theorem
4.1 below shows part (ii) of Theorem 2.1.

Theorem 4.1. Assume the Assumption A. If € is sufficiently small, then the solution to (2.1)-
(2.3) is globally unique in the sense that if (v,n) and (v,n) are two solutions with 0 < n < 1,
0 <n <1 and n(0) =n(0), then (0,7) = (v,n).

Proof. Let (v,n) := (ve,ne) be a solution to (2.1)-(2.3). Then (v1,v2,v3,v4,n,m) With vy := v
satisfies (3.1). Again let © = (v4,m) and y = (v1,v2,v3). Then (x,y,n) satisfies (3.2) and
(3.3).

Let Xy be the slow manifold defined in Section 3. We claim that for any given small
neighborhood U of X, if § is sufficiently small, then (x,y,n) lies in U.
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By introducing the new independent variable £ = 21 /4, (3.3) becomes

( '1')1 = 52'02,
"(.12 = 52U37
o £2
U3 = 07y, (4.1)
n = 53771,,
S Sva + S U/ S—
Vg4 = —pU1 + 0V3 + UUg 1+v(1—-d7p1v3)’
m = G(Ula V2,V3,V4, M, M, 6)’

where - =d/d&;. Let
{ Ky = —pv1 + pvg + {55,
Ko =m—n(1l—n).

Then the critical manifold X is given by K; = Ko = 0. Thus, in order to show the above
claim, it suffices to show that for any given small neighborhood V' of (0,0), (K1, K3) lies in V
provided that § is sufficiently small.

By Assumption A and Remark 4.1 we have |z| + |y| + |n| < M + M’ for sufficiently small
. Hence, |K1| + |K2| < M; for sufficiently small §, where M; > 0 is a constant independent
of (z,y,z) and . It follows from (4.1) that (K7, K2) satisfies the equations

Ky = uK; + 0(5),

KQ - aym _ananl + K2} + 0(5)7

(4.2)
I+ am? { 1+

where |O(d)| < Mad, and My > 0 is a constant independent of (K, K2) and . By writing out
the explicit solution form of (4.2), we see easily that if ¢ is sufficiently small and (K1, K2) were
not in the interior of V', then there would exist a time 7 at which |K;(m)| + [Ka(m1)| = 2M;.
This leads to a contradiction, thereby proving the claim.

It follows from the above claim and the Fenichel’s theorem that the connecting orbit (z,y, 2)
has to lie on X for sufficiently small §, and therefore, its (y,n) components satisfy (3.5) on
(—00,00).

Similarly, by introducing the new independent variable £ = z/d, (3.5) becomes

{ W = g(as(y.n),y.n.0),

(4.3)
9 = h(ws(y,n),y,n,0).

Let K3 = v1 — 13- Clearly, |K3| < M3 for some constant Mz > 0. From (4.3) we have

% = v9 + 0(5),

ddig = U3, (44)

ds — 2Ky 4 O(5).
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Note that the slow manifold Y} is given by K35 = vo = v3 = 0. A similar argument as above
shows that (K3, vs,v3) has to lie in a small neighborhood of {K3 = vs = vy = 0} for all
¢ € (—o00,00). Namely, (y,n) has to lie in a small neighborhood of Yy and hence lie on Yj.
This shows that the component n satisfies (3.8) on (—o0, 00).

We note that all constants M; (i = 1,2, 3) involved in the above arguments are independent
of any particular connecting orbits (v,n) to (2.1)-(2.3) with 0 < n < 1. Therefore, if (v,n)
and (0,n) are two different such solutions with n(0) = n(0) = 1/2, then their corresponding
system counterparts (x,y,n) and (Z,g,n) lie on Xs, (y,n) and (g,7n) lie on Yy, with both n
and n satisfying (3.8) which is a first order autonomous scalar equation of n. Since n =7, we
have y = ¢ and « = Z by the local uniqueness of X5 and Ys. Hence, v = . This completes the
proof of part (ii) of Theorem 2.1. O

5. APPENDIX

Lemma 5.1. There exists a constant M > 0 such that if € is sufficiently small, then for any

[ € C(—00,00) with SUP,¢(_oo o) |f(2)| < 00 the equation

9 d4 d3v d2v

el B

+ pv = f(2) (5.1)

has a unique bounded solution v on (—oo, 00), which satisfies

| + 3| + 23| + | < M max  |f(z)]. (5.2)

2€(—00,00)

Furthermore, if im, . f(2) = foo exists, then

lim,—oo(v, ', 0",0")(2) = (fs/p,0,0,0). (5.3)

We first proof the following lemma.
Lemma 5.2. For ¢ sufficiently small, the equation p(\) := Be?A* — peX3 —eX2 +p = 0

admits two complex conjugate eigenvalues \1 = Ay and Xy = a + ib, and two real eigenvalues

(a=—4y/£(1+06),

@3 £<1+O 1/3>

f\f/%<1+0 1/3)

M= 4(1+006)).

0 < A3 < A4, satisfying

as € — 0. (5.4)
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Proof. Let ¢ be sufficiently small. Then, p()\) = e\? [ﬁs)\ —u+ O(s)] on the interval [2557 i ]

and p(\) = —pue [/\3 - ﬁ(l + 0(51/3))] on [% 3/%,2,3/%} respectively. Hence by the in-
termediate value theorem, M4 and A3 exist in the intervals [ﬁ, %—‘;] and [% {Vﬁﬂﬁ/%]
respectively, and satisfy the asymptotic formulas in (5.4). Similarly, for A in the region

‘)\ ( Vo —i—z\[ 3/ L )‘ < 1/ on the complex plane, p(\) = —pue |:)\3—£(1+O(€1/3))].
Hence, by the Rouche’s theorem )\2 exists in this region and satisfies the asymptotic formula

n (5.4). The proof of the lemma is now completed by letting A; = Ao. O

Proof of Lemma 5.1. We first write (5.1) as the equivalent system
¢' = Ap+ F(2), (5.5)

where ¢ := (v,v,v",v"")7, A is the corresponding 4 x 4 coefficient matrix whose entries are
independent of z, and F(z) = (0,0,0, ’;—(EZ})T The eigenvalues of A are \; (i = 1,2,3,4) as

described in Lemma 5.2 with the associated eigenvectors (1, \;, A2, A?)T. Therefore,

a b 0 0 1 0 1 1

T 'AT = A = —ba 00 , where T' = “ b Az A
0 X3 O a’® — b? 2ab DAY

0 0 0 M a® —3ab® 3a?b—0> A3 A3

We note that the first two columns of T are the real and the imaginary parts of the complex
eigenvector (1, X, A2, A3)T respectively.

Let ¢ = Tx and = = (21,22, 23,24) . Then (5.5) becomes

) = axy + brg + %f(z),
= —bxy +az2 + 3% f(2),

,2 (5.6)
ry = A3w3 + 55 f(2),
r) = Mz + 55 f(2),
where (a1, as, a3, a4)" is the last column of T~ given by
A+A3—2a
a1 (O —aP 22013 ~a* 7] 0
o ()\3 a))\4 al3+a— 0
2 .= 71, = | TOw=a +b2i[(/\3 a)? +b2] . with e4 = (5.7)
3 a7 0
QY 1 1

(A1=X3)[(Aa—a)?+b?]
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It follows that (5.6) admits a unique bounded solution over (—oo, 00) given by

1(2) = % /_ OO e[y cosb(z — s) + apsin b(z — s)]f(s) ds, (5.8)
Ta(2) = é /_ OO =)o sinb(z — 5) + s cos b(z — )] f(s) ds, (5.9)
2a(2) = — 5% / M=) f(g) ds, (5.10)
= / M=) £(5) ds. (5.11)

Furthermore, if lim, o, f(2) = foo exists, then

z(z) — —%A_I(Oél,az,ag,az;f as z — oo. (5.12)

From (5.4) and (5.7) it follows that, as € — 0,

1 )\3 —a
MOs—a)Z+0] T (s — a2 107
-1 1
Ms—a)2 07 U

aq

Qg ~
and hence there is a constant M > 0 independent of € such that if ¢ is sufficiently small, then
1]+ Jaa| + o] < Me3,  Jaa| < M.

This together with (5.8)-(5.11) yields that, on (—o0, 00),
1|+ 22| + |23] < M|flo,  |za] < Me|flo, (5.13)

where |flo = SUP.¢(_oo 00 [f(2)] and the constant M might be changed but still independent
of € and f.

Using the transformation between v and z, (5.4) and (5.13), we have, on (—o0, 00),

[v| < |zq] + |z3| + 2] < M| flo,
0| < M (75 |21| + €5 o] + & 5|as| + & Yaa]) < Me™53|flo,
0| < M(e75 a1 | + &3 |ma| + £ 5 |wg| + e 2|aal) < Me 5| flo,

0" < M(e™ | + 7 |wa| + e as| + e fau]) < MeT flo,
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that is, (5.2) holds. Finally, (5.3) follows from (5.12) and the limit that

6(2) = Te(z) — —%m—l(al,%ag,%f _ _%

_ _%A—@ _ —%(— %2,0,0,0)T = (%’O,O,O,O)T,

as z — 00. This completes the proof of Lemma 5.1.

(A7) (T ey)
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