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1 Introduction

There have been extensive investigations on traveling waves and the asymp-
totic (long-time) behavior in terms of asymptotic speeds of spread for various
evolution systems arising in applied sciences, see, e.g., [1]-[4], [6], [10]-[13],
[18]-[20], [22]-[26], [29] and references therein. Asymptotic speed of spread (in
short, spreading speed) was first introduced by Aronson and Weinberger [2] for
reaction-diffusion equations. This concept has proved to be very important in
the study of biological invasions and disease spread. There is an intuitive inter-
pretation for the spreading speed c¢* in a spatial epidemic model: if one runs at
a speed ¢ > ¢, then one will leave the epidemic behind; whereas if one runs at a
speed ¢ < ¢, then one will eventually be surrounded by the epidemic. Recently,
the theory of asymptotic speeds of spread and traveling waves for monotone
semiflows has been developed by Liang and Zhao [11] in such a way that it can
be applied to various autonomous evolution equations admitting the comparison
principle.

It is well known that interactive populations often live in a fluctuating envi-
ronment. For example, physical environmental conditions such as temperature
and humidity and the availability of food, water, and other resources usually
vary in time with seasonal or daily variations. Therefore, more realistic models
should be nonautonomous systems. In particular, if the data in a model are

periodic functions of time with commensurate period, a periodic system arises;



if these periodic functions have different (minimal) periods, we get an almost
periodic system. There are a few results on traveling waves for such systems:
Alikakos, Bates and Chen [1], Bates and Chen [3], and Shen [20] established the
existence and global stability of periodic traveling waves for periodic local, non-
local and lattice equations with bistable nonlinearities, respectively; Shen [18]
and Chen [6] also discussed almost periodic traveling waves for almost periodic
local and nonlocal equations in the bistable case; and Shen [19] showed, among
other things, the existence of a family of almost automorphic traveling waves for
a class of almost periodic KPP-type reaction-diffusion equations. However, it
seems that there are at present no exact results for asymptotic speeds of spread
for periodic and almost periodic evolution systems with monostable nonlineari-
ties. Our purpose in the current paper is to study spreading speeds and periodic
traveling waves for monotone periodic semiflows in the monostable case and to
apply the obtained results to three types of periodic evolution systems. Our
results show that the spreading speed coincides with the minimal speed for
monotone periodic traveling waves under reasonable assumptions.

Our approach is to apply the abstract results of [11] on monotone operators
to the Poincaré (period) map associated with a given periodic semiflow. We
should also point out that in the case of the continuous spatial habitat, the com-
pactness of the operator with respect to the compact open topology is needed
for the existence of traveling waves in [11] (see also [24, 10]). We will show that
this compactness condition can be replaced with a much weaker one: the map
is a contraction with respect to the Kuratowski measure of noncompactness
(see Remarks 2.1 and 2.3). This new observation makes the developed theory
applicable to some evolution systems consisting of reaction-diffusion equations
coupled with ordinary differential equations (see, e.g., section 3).

The organization of this paper is as follows. In section 2, we summarize the
abstract results for monotone maps (Theorems A, B, C and D) based on [11]. In
order to weaken the compactness condition in [11], we present some properties
of the Kuratowski measure of noncompactness on a Banach space (Lemma 2.1)

and prove the asymptotic precompactness of a sequence of sets associated with



the monotone map (Lemma 2.2). Then we show the existence of spreading speed
(Theorem 2.1) for a monotone periodic semiflow, and its coincidence with the
minimal wave speed for monotone periodic traveling waves (Theorems 2.2 and
2.3). In the rest of the paper we apply the general results of section 2 to three
types of periodic differential systems: in section 3 to a periodic system modeling
man-environment-man epidemics; in section 4 to a periodic time-delayed and
diffusive equation; and in section 5 to a periodic reaction-diffusion equation on

a cylinder.

2 Periodic semiflows

Let (X, || -||) be a Banach space over R or C. For a bounded subset B of X, the

Kuratowski measure of noncompactness of B is defined as
a(B) =inf {r > 0: B has a finite cover of diameter < r}.

Let B be covered by a finite number of subsets {Mj, -, M;,} of X each with
diameter < r. Then B = U™,(M; N B) with the diameter of M; N B < 7.
Thus, in the definition of a(B), we can always assume that each set in the finite
cover is a subset of B. For various properties of the Kuratowski measure of
noncompactness, we refer to [14]. The following lemma is a generalization of

[14, Lemma 1.5.3]. For the completeness, we provide a proof of it below.

Lemma 2.1. Let d be the distance induced by the norm || - || on X. For two
bounded subsets A, B of X, denote 6(B, A) := sup,cpd(x, A). Let {A,},> | be
a non-increasing family of non-empty, bounded and closed subsets (i.e., m >n
implies A, C A,). Assume that a(A,) — 0 as n — +o00. Then A = [ 4An

n>1
is non-empty and compact, and §(An, Ax) — 0 as n — +o0.

Proof. Given a sequence of points {z,} with z, € A,, Vn > 1. Since
a({xn}nzl) = a({mn}nzm) < a(Am) — 0, asm — oo,

we have a({z,}n>1) = 0. It follows that {z, : n > 1} is compact, and hence

{z,} has a convergent subsequence. Since each A,, is nonempty, we can choose



a sequence of points y, € A,. It follows that there is a subsequence n; —
oo such that kli}n;O Yn, = Yo. Thus, the closedness and monotonicity of A,
imply that yo € As, and hence Ao, # (. Clearly, A is closed. Given a
sequence of points {z,} C A, we have z, € A,, Vn > 1. By what we have
proved, {z,} has a convergent subsequence. So A, is compact. Assume, by
contradiction, that JLII;O 0(A,, Ass) # 0. Then there exist a number ¢y > 0, a
sequence of integers mjy — oo, and a sequence of points wy,, € A,,, such that
d(Wpm, , Aso) > €o for all k > 1. Again by what we have proved, without loss of
generality, we may assume that klir{)lo Wy, = wo. Then we have wy € A, and
hence klin;o d(Wm,, Aoo) = d(wp, Aso) = 0, a contradiction. O

Let 7 be a nonnegative real number and C be the set of all bounded and
continuous functions from [—7,0] x H to R*, where H = R or Z. Clearly, any
vector in R¥ and any element in the Banach space C := C([—7,0],R¥) can be
regarded as the functions in C.

For u = (u', - ,u¥),v = (v',--- ,o¥) € C, we write u > v(u > v) provided
u'(0,2) > v'(0,2)(u'(0,2) > v'(0,x)),Vi = 1,---k,0 € [-7,0,z € H; and
u > v provided u > v but u # v. For any two vectors a, b in R* or two functions
a,b € C, we can define a > (>,>>) b similarly. For any r € C with r > 0, we
define C, :={ucC:r>u>0yand C, :={u€cC:r>u>0}.

We equip C with the maximum norm topology and C with the compact open
topology, that is, v™ — v in C means that the sequence of functions v™ (6, x)
converges to v(6, z) uniformly for (6, z) in every compact set. Moreover, we can
define the metric function d(-,-) in C with respect to this topology by

(o'} <]?‘193X 0 |’U,(9,CC) - 1}(97I)|
d(u,v) = Z [ol<h.fel7.0] o7 , Yu,vel
k=1

such that (C,d) is a metric space.
Define the reflection operator R by R[u](¢,z) = u(f,—z). Given y € H,
define the translation operator T, by T, [u]( =u(f,z —y).

0,x)
Let 8 € C with 3> 0and Q = (Q1,-+,Qr) : Cs — Cg. Assume that

(A1) Q[R[u]] = RIQ[u]], T,[Qul] = Q[Ty[u]l, Vy € H.



(A2) @ : Cs — Cg is continuous with respect to the compact open topology.
(A3) One of the following two properties holds:

(a) {Qu](-,x) : u € Cg,x € H} is a family of equicontinuous functions
of 0 € [—1,0].

(b) There is a nonnegative number ¢ < 7 such that Q = S + L, where

u(0,2), -7 <0 < —¢

S[u] (0, z) =
Q[u](97x)7 <6< 0,

is a continuous operator on Cg and {S[u](-,z) : u € Cg,xz € H} is a
family of equicontinuous functions of § € [—7,0], and

u(@+¢,z) —u(0,z), -7 <0< —¢
0,—¢<6<0.

Llu)(0, z) =

(A4) Q: Cz — Cp is monotone (order-preserving) in the sense that Q[u] > Q[v]

whenever © > v in Cg.

(A5) Q: Cg — Cs admits exactly two fixed points 0 and 3, and for any positive
number ¢, there is @ € Cg with ||| < € such that Q"[a] — 3 and Q[a] >

Q.

Theorem A. ([11, Theorems 2.11 and 2.15 and Corollary 2.16]) Suppose that
Q satisfies (A1)-(A5). Let ug € Cg and up, = Qup—1] for n > 1. Then there is

a real number c¢* such that the following statements are valid:

(1) For any ¢ > c*, if 0 < ug < B and uo(-,xz) = 0 for x outside a bounded

interval, then lim  w,(0,z) =0 uniformly for 6 € [—7,0].

n—oo,|z|>nc
(2) For anyc < c* and any o € Cg with o >> 0, there exists T, > 0 such that if
ug(-, ) > o(-) for x on an interval of length 2r,, then ~ lm  wu,(0,z) =
n—oo,|z|<nc

B(0) uniformly for 0 € [—7,0]. If, in addition, @Q is subhomogeneous on
Cgs, then v, can be chosen to be independent of o > 0.



Remark 2.1. Note that the assumption (A3)(a) is equivalent to that the set
{Q[u](-,z) : u € Cg,x € H} is precompact in C. In the case where @ has the
translation invariance property in (A1), we have Ty[Cg) = Cg for anyy € H. It
then follows that {Qu](-,z) : v € Cg} = {Qu](-,0) : u € Cg} for any x € H,
and hence {Q[u](-,z) : u € Cg,x € H} = {Q[u](-,0) : v € Cg}. Theorem A is
still valid if we replace (A3)(a) with the following weaker assumption (A3)(d):

(¢/) There is a number I € [0,1) such that for any A C Cg and z € H,
a({Qu](,z) : uw e A}) < la({u(-,z) : uw € A}), where « is the Kura-

towski measure of noncompactness on the Banach space C.

To prove Theorem A in this case, it suffices to show that for any s € R the set
{a,(c;+,8) : n > 0}, as defined in [11], is precompact in C. This can be done
easily with the use of Lemma 2.1. For some details, see Lemma 2.2 and the

arguments in Remark 2.3.

Recall that a map @ : Cg — Cg is said to be subhomogeneous if Q[pv] > pQ[v]
for all p € [0,1] and v € Cg. We call ¢* in Theorem A the asymptotic speed
of spread (in short, spreading speed) of a discrete-time semiflow {Q"}52,
on Cg. In order to estimate the spreading speed, we introduce the following
notations and assumptions.

Let M : C — C be a linear operator with the following properties:
(C1) M is continuous with respect to the compact open topology.
(C2) M is a positive operator, that is, M[v] > 0 whenever v > 0.

(C3) M satisfies (A3) with Cg replaced by any subset of C consisting of uni-

formly bounded functions.
(C4) M[R[u]] = RIM[ul], T [M[u]] = M[T,[u]],Vu € C,y € H.

(C5) M can be extended to a linear operator on the linear space C of all function

v € C([-,0] x H,R¥) having the form

v(0,x) = v1(0,2)e"” + vy(0, x)e!?" v1,vg € C, 1, u2 € R,



such that if v,,v € C and v,(0,2) — v(f,z) uniformly on any bounded

set, then M{v,](0,xz) — M[v](#, ) uniformly on any bounded set.

We note that the hypothesis (C4) implies that M[v] € C whenever v € C,
and hence, M is also a linear operator on C.

Define the linear map B, : C —Chby
B,[o](8) = M[ae™"*](6,0), V0 € [—-T,0].

In particular, By = M on C. If a,,a € C and o, — a as n — oo, then
apn(0)e " — a(f)e™#* uniformly on any bounded subset of [—7,0] x H. Thus,
Bulan] = M[a,e#*](-,0) — M[ae #*](-,0) = B,[a], and hence B,, is continu-

ous. Moreover, B, is a positive operator on C. We assume that

(C6) For any p > 0, B, is a positive operator, and there is ny such that

B> = Byo--- 0By, is a compact and strongly positive linear operator
—_———

no

onC.

It then follows from [11, Lemma 3.1] that B, has a principal eigenvalue A(1)
with a strongly positive eigenfunction. The following condition is needed for

the estimate of the spreading speed c*.
(C7) The principal eigenvalue A(0) of By is larger than 1.

Theorem B. ([11, Theorem 3.10]) Let Q) be an operator on Cg satisfying (A1)-
(A5) and c* be its asymptotic speed of spread. Assume that the linear operator
M satisfies (C1)-(C7) and that either M has compact support, or the infimum
of ®(p) = %ln M) is attained at some finite value p* and ®(+o00) > ®(u*).

Then the following statements are valid:
(1) If Q[u] < M[u] for all u € Cg, then ¢* <inf,~0 ®(p).

(2) If there is some n € C with n > 0 such that Q[u)] > M|[u] for any u € C,,
then ¢* > inf,,~o (1).



Remark 2.2. Theorem B is still valid if we replace (C6) with the following

assumption:

(C6') For any i > 0, B, is a positive operator, and there exist ny and l € [0, 1)

such that B} = By, 0--+ o By, is a strongly positive linear operator on C

no
and a(B};°(A)) < la(A) for any bounded subset A of C.

To prove Theorem B in this case, it suffices to show that B, has a principal

eigenvalue. But this can be done by the use of a generalized Krein-Rutman

theorem (see [16]).

Recall that M is said to have compact support provided there is some p such

that for any « € C, M[a](0,x) only depends on the value of « in [—7,0] x [z —
P, T+ pl.
For any real number ¢, we define the set

D.:={x—mc: z€H,meZ}

We say that W (0,2 — nc) is a traveling wave of the map @ with the wave
speed c if W : [-7,0] x D, — R* and Q"[W](6,z) = W (0, x —nc). We say that
W (0, z — nc) connects § to 0 if W(-, —o0) = § and W (-, 00) = 0.
Theorem C. ([11, Theorem 4.1]) Let Q satisfy (A1)—(A5), and c* be its asymp-
totic speed of spread. Then for any ¢ < ¢*, Q has no traveling wave W (0, x —nc)
connecting 3 to 0.

In order to obtain the existence of the traveling wave with the wave speed

¢ > ¢*, we need to strengthen the hypothesis (A3) into the following one.
(A6) One of the following two conditions holds:

(a) QICg] is precompact in Cg.

(b) There is a nonnegative number ¢ < 7 such that Q[u](0, z) = u(f+¢, )

for —7 < 0 < —g, the operator

u(0,2),—7 <6< —¢

Slu)(8,x) :=
Qlu)(0,2),—c <0 <0,



is continuous on Cg, and S[Cg| is precompact in Cg.

We note that (A6) is stronger than (A3) and if H is discrete, then the

hypothesis (A3) on @ implies the hypothesis (A6). Moreover, if (A6)(b) holds
and there is an integer n such that ng > 7, then {Q™[u] : u € Cg} is precompact
in Cg.
Theorem D. ([11, Theorem 4.2]) Let Q satisfy (A1)-(A6), and c* be its asymp-
totic speed of spread. Then for any ¢ > ¢*, @ has a traveling wave W (0, xz — nc)
connecting 3 to 0 such that W (0, z) is nonincreasing in . Moreover, if H = R,
then W (0, x) is continuous in (6, x).

Given a function ¢ € Cs and a bounded interval I = [a,b] C H, we define a
function ¢; € C([—7,0] x I, R¥) by ¢;(6,z) = ¢(0, x). Moreover, for any subset
D of Cg, we define

Dy := {¢; € C([-7,0] x I,R¥) : ¢ € D}.

Remark 2.3. Note that the assumption (A6)(a) implies that for any interval
I = [a,b] of the length r, the set (Q[Ca])r is precompact in the Banach space
C([-7,0] x I,R¥), and hence a((Q[Cs])r) = 0. Theorem D is still valid if we
replace (A6)(a) with the following weaker assumption (A6)(d’):

(d') For any number r > 0, there exists | = I(r) € [0,1) such that for any
D C Cg and any interval I = [a,b] of the length r, we have a((Q[D])r) <

la(Dy), where o is the Kuratowski measure of noncompactness on the

Banach space C([—T,0] x I,RF).

Let ¢ and an(c,k;0,s) be defined as in the proof of [11, Theorem 4.2]. Let
Ay = Cs and A; = B RenlAia] for i > 1. To prove Theorem D in this
case, it then suffices 7;leshow that the sequence of functions a(c,1/k;-), k > 1,
has a convergent subsequence in Cg. For any interval I = [a,b] of the length r,
we define A5 = N2, (A,)1, where the closure is taken in C([—7,0] x I,RF).
By Lemma 2.2 below, it follows that Ap+1 C Ay and nh_)rrgo a((An)r) =0. Then
Lemma 2.1 implies that A% is a nonempty and compact set in C([—,0] x I, RF)

10



and that Jlrlgoé((An)I,A}) = 0. Note that an(c,1/k;-) € Ay for all k > 1
and hence (an(c,1/k;-))1r € (Ap)1. Since for each k and x € R, ayn(c,1/k;x)
converges to a(c,1/k;x), it follows from the compactness and attractivity of A}
that a(e,1/k;-); € A% for all k > 1. Thus, the family of functions a(c,1/k;-)
with parameter k > 1 is equicontinuous for (0,s) in any bounded subset of
[—7,0] x R. In particular, the standard diagonal method implies that there exist

km — 00 such that the subsequence a(c,1/k.y,;-) converges with respect to the

compact open topology.

Lemma 2.2. Let the assumption (A6)(d’') hold, and ¢ € Cg be fixed. For any
c €R and k € (0,1], define an operator R, on Cg by

Rc7ﬁ[a](97 z) == max{rp(0,s), T_.[Q[a]](0, x)}.

Let Ao =Cp and A; = J Re/nlAi1] fori>1. Then A; C Aj for any i > j,
n=1
and o((A;)r) < I(r)ia((Ao)r) for any interval I = [a,b] of the length r and

1> 1.

Proof. The conclusion A; C A; for i > j follows easily from the induction
argument. Let [ = [(r) and m = a((Ag)r). Since lim ¢, = ¢ in Cg im-

plies lim (¢,)r = ¢; with respect to the maximum norm, we have (A;); C
n—oo

U (ReajmlAd)r.

n=N
Assume, by induction, that the conclusion holds for 4, that is, a((A;)1) < I'm

for any interval I of length r. Now, we consider i+ 1. First, by our assumption,
a((Q[Ai])r+e) < I'HIm, where I + ¢ = {z € R,z —c € I}. This implies
a((T_.[Q[A]])1) < 1P 1m. Since

Reaplals = {max (251) s g1 e (ool

@1 o1 _
{ 2 —2|-f1 N 1< . frl Cfr e (T_C[Q[Ai]])l}’

we have (R, 1/, [Ai])1 < I im.
By the discussion above, we can suppose that for any € > 0, (T-.Q[A;])s is

covered by a finite number of sets with diameter less than [**1m + e. Denote

11



these sets by By, -+, Bp. Moreover, there is some N such that ||¢| < NI*Fim,
that is,
wc{6(0,5)/ : 2 € 10 € [-r,0)) < 1

We claim that the diameter of the set B; = | {u = max(v,¢;/n),v € B;}

n=

_ o0 po_
is also less than [“'m + ¢, and hence | (Re/mlAil)r € U Bi. Moreover,
n=N i=1

U (Re,1/n[Ai])r is covered by a finite number of sets with diameter less than

n=
I"tm + e. Since € is arbitrary, we have

’ ( Y (RC’”"[AZ'])I> -« ( U <Rc,1/n[Ai])z> S

n=N n=N

and hence, our lemma holds. It remains to prove our claim. For any w1, us € B;,
there is some v, v2 € B; and nq,ne > N such that u; = max(vj, ¢r/n;),j =1,2.
Then |v1(6,z) — v2(6,2)| < 1T'm,0 € [-7,0],z € I. For any 0 € [-7,0],z € I,

one of the following three cases holds:

(1) U1 (97 I) > max(d)l (95 Z‘)/?’Ll, 1}2(9, I))

(2) ’02(97 I) > max(d)l (95 Z‘)/?’Ll, U1 (97 I))

(3) ¢1(0,z)/n1 > max(vy (6, x),v2(0, )).
For case (1), u1(8,2) = v1(0,2) and hence |ui(0,z) — va(0,2)| = |v1(0,x) —
vo(0, )| < 1Ftm. For case (2), |va(0,2) — u1(0,7)] < |va(0,2) — va(0,2)| <
I Im. For case (3), |v2(0,2) — u1(6,2)| < |pr(x)|/n1, and if n > N, then
|’L)2(9, ‘T) - ul(ev‘rﬂ < li+1m-

Furthermore, we also have one of the following three cases:

(a‘) 02(97 1’) 2 max(qﬁl (9, x)/”?u ul(ea (E))

(b) U1 (9, CE) = max(¢1(97 1’)/77,2, U?(ea (E))

(C) ¢I(97 x)/”? > maX(ul(ea I)a V2 (95 I))
By similar arguments as above, we obtain |uz(6,z) — u1(6,z)| < I**1m. Thus,

our claim holds. O

12



Let w > 0 and r € C with r > 0 be given. A family of mappings {Q:}2,
is said to be an w-periodic semiflow on C, provided @Q; has the following

properties:
(i) Qolv] = v, Vv €C,.
(il) Qirwlv] = Qi[Qu[v]],Vt > 0,v €C,.
(iii) Q(t,v) := Qq(v) is continuous in (£,v) on [0,00) x C,.

The mapping @, is called the Poincaré map associated with this periodic semi-
flow.

It is easy to see that the property (iii) holds if Q(-,v) is continuous on [0, +00)
for each v € C,, and Q(t,-) is continuous uniformly for ¢ in bounded intervals
in the sense that for any vy € C,, bounded interval I and e > 0, there exists
0 = 0(vo,I,€) > 0 such that if d(v,vp) < 9, then d(Q[v], Q:[vo]) < € for all
tel

Theorem 2.1. Let {Q.}2, be an w-periodic semiflow on C, with two
x-independent w-periodic orbits 0 < ((t). Suppose that the Poincaré map
Q = Q. satisfies all hypotheses (A1)-(A5) with = ((0), and Q: satisfies
(A1) for any t > 0. Let c* be the asymptotic speed of spread for Q.. Then the

following statements are valid:

(1) For any ¢ > c*/w, if v € Cg with 0 < v < B, and v(,x) = 0 for x
outside a bounded interval, then lil|n|> Q+[v](8,2) = 0 uniformly for
t—o0,|x|>tc

0 € [-7,0].

(2) For any ¢ < ¢*/w and o € Cg with o > 0, there is a positive number r,
such that if v € Cg and v(-,x) > o(-) for x on an interval of length 2r,,
then tﬂoii,ﬁcﬂgtc (Q¢[v](8,z) — B(t)(0)) = 0 uniformly for 8 € [—7,0]. If, in
addition, Q,, is subhomogeneous, then v, can be chosen to be independent

of 0 > 0.

Proof. First, it is easy to see that for any v, — 0, Q¢[v,] — 0 uniformly for

t € [0,w]. In other words, for any ¢ > 0 and any bounded interval I, there

13



exist 4 > 0 and a sufficiently large positive number r such that if v(0,z) < §
for z € [-r,r],0 € [—7,0], then |Q:[v](0,z)| < € for any x € I,6 € [—7,0], and
t € [0,w]. In particular, since Q; satisfies (A1), for any ¢ > 0 we can find a
sufficiently large positive number r such that for any 2o € R, if v(6,z) < § for
x € [=r + zo, T + mo)], 0 € [—7,0], then |Q;[v](0,z0)| < € for any 6 € [—7,0] and
t € 0,w].

By Theorem A, it follows that for any v € Cg with 0 < v < S and v =0
outside a bounded subset of [—7,0] x R and any ¢ > ¢*/w, we have

lim  Qnu[v](f,z) =0

n—o0,|z|>nwe

uniformly for 6 € [—7,0]. Hence, for the positive number § fixed above, we can
find an integer N such that if n > N, then |Qn.[v](0, )| < ¢ for any 6 € [—, 0]
and |z| > nwe. Therefore, |Q.[v](0,z)] < € for any n > N,t € [nw, (n + 1)w]
and 0 € [—7,0], |x| > nwc+r. For any p > 0, there is an integer N’ such that if
n > N"and t € [nw, (n+1)w], then t(c+p) > nwe+r. Thus, |Q[v](6, z)| < € for
any t > max(N, N') -w and |z| > t(c+ p). Since ¢ > ¢*/w,p > 0 are arbitrary,

the conclusion (1) holds. The conclusion (2) can be proved in a similar way. O

We say that W(6,t,z — ct) is a periodic traveling wave of the w-periodic
semiflow {Q;}£2, if the vector-valued function W (8, , z) is w-periodic in ¢ and
Q:[W(-,0,)](6,2) = W(0,t,x — ct), and that W(0,t,x — ct) connects [(t) to
0 if W(-, ¢, —o0) = 3(t) and W (-, t,400) = 0.

Theorem 2.2. Suppose that Q = Q. satisfies the hypotheses (A1)—(A5) with
B = B(0), and let ¢* be the asymptotic speed of spread of Q.. Then for any 0 <
¢ < c*jw, {Q}52y has no w-periodic traveling wave W (0,t,x — ct) connecting

B(t) to 0.

Proof. If the periodic semiflow Q) has a periodic traveling wave W (0,t,x — ct),
then W (6,0, — cwn) is a traveling wave for @,,. Thus, Theorem C implies that

@: admits no periodic traveling wave. O
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Theorem 2.3. Suppose that H = R and Q,, satisfies hypothesis (A1)-(A6)
with 8 = B(0), and let ¢* be the asymptotic speed of spread of Q.. Moreover,
assume that Q satisfies (A1) and (A4) for each t > 0. Then for any ¢ > ¢*/w,
{Qi}2 has an w-periodic traveling wave U(0,t,x — ct) connecting B(t) to 0

such that U(0,t,s) is continuous, and nonincreasing in s € R.

Proof. Given w-periodic semiflow Q¢, t > 0, we define P, = T_;Q¢,t > 0. Then

we have
(1) Pylv] = ToQolv] = v for any v € Cg.

(2) PtJru.) - T—c(t-i-w)Qter - chtchthQw - chtQtchwa - PtPu.) since
(A1) holds for any ¢ > 0.

(3) P(t,v) = Pi(v) = T—t[Q+[v]] is continuous in (¢, v).

Thus, P;,t > 0, is an w-periodic semiflow on Cg. Since cw > ¢*, Theorem
D implies that @, admits a traveling wave W (6, x — cwn), that is, Q" [W] =
W (0, —cwn),¥n > 0. Then Q [W] = Teo[W], that is, P,[W] = T_cQu[W] =
W. Thus, W is a fixed point of the Poincaré map, P,, of the periodic semiflow
P

It follows that P,[W] is an w-periodic orbit of Py, that is, Py, [W] = P.[W].
Let U(0,t,x) := P,[W](0,x),Vt > 0. Clearly, U(0,t,z) is continuous in (6, x).
We then have Q:[W](0,x) = T+ P [W](0,z) = U(0,t,x — ct). Since W(6, ) is
nonincreasing in « and connects 3 to zero, and @, satisfies (A1) and (A4), it

follows that U(0,t, ) is nonincreasing in = and connects 3(t) to 0. O

Remark 2.4. The above theorems are still valid provided that the interval
[—7,0] is replaced with a compact metric space and that the hypotheses (A3)
and (A6) are replaced with (A3)(d') and (A6)(d ), respectively.
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3 A periodic epidemic model

We consider the following reaction-diffusion system modeling man-environment-

man epidemics (see, e.g., [5])

uy(z,t) d62u1 (z,t)
ot - [2)

L — anua (o, 1) + argua (e, t)

(3.1)
Quaet) — (@, ) + g(t, ua (2, 1))

where d,a11,a12 and age are positive constants, uq(x,t) denotes the spatial
density of infectious agent at a point x in the habitat at time ¢ > 0, and ua(z,t)
denotes the spatial density of the infective human population at time ¢, 1/aqq is
the mean lifetime of the agent in the environment, 1/a9s is the mean infectious
period of the human infectives, a1 is the multiplicative factor of the infectious
agent due to the human population, and ¢(t, z) is the force of infection on the
human population due to a concentration z of the infectious agent. In view of
seasonal variations, we assume that ¢g(t + w, z) = g(t, z) for some w > 0. Note
that system (3.1) models random dispersal of the pollutant while ignoring the
small mobility of the infective human population. Mathematically it suffices to

study the following dimensionless system

8“18(:”5) = dQQ%Iw(;’t) —uy(z,t) + aus(z,t)

Qualed) — _ By (a,t) + g(t, ua (1)

with

a Qa
a2 g 02

2
an ai

Motivated by the biological interpretation of g, we assume that
(G1) g € CH(R%,Ry), ¢(-,0)=0, and 282 >0 v(t,2) € RZ.

Let p be the principal Floquet multiplier of the linear periodic cooperative

and irreducible system

U = —u1 + aug

(3.3)
. _5’”2 + azg(ta O)”la

<
S
I
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that is, p is the principal eigenvalue of the strongly positive matrix U(w), where
U(t) is the fundamental matrix solution of (3.3) with U(0) = I. In order to get

a monostable case, we further make the following assumptions on g(t, 2):

|

(G2) p>1,and g(z) < g for some z > 0, where g(z) = Irfg,x]g(th).
te|0,w

(G3) For each t > 0, g(t,-) is strictly subhomogeneous on R in the sense that
g(t,sz) > sg(t,z), V2 > 0,5 € (0,1).

It is easy to see that u(t) = @ := (Z, Z/a) is an upper solution of the periodic

cooperative and irreducible system

u) = —ug + aus

uhy = —PBug + g(t, uy).

(3.4)

By [28, Theorem 2.3.4], as applied to the Poincaré map associated with (3.4)
on the order interval [0,u] C R (see also [28, Theorem 3.1.2]), it follows that
(3.4) has a positive w-periodic solution u*(t), which is globally asymptotically
stable in [0, @] \ 0.

Let C be defined as in section 2 with 7 = 0, H = R and k£ = 2, that is,
C is the space of all bounded and continuous functions from R to R? with the
compact open topology. Let T (¢) be the semigroup generated by

M = dAus (t, z) —ui(t, ),
ot

and Ty(t)pa2 = e Py, Then T(t) = (T1(t),To(t)) is a linear semigroup on C.
Note that the reaction system (3.4) is cooperative. Using the standard linear
semigroup theory (see, e.g., [17, 15]), we see that for any ¢ € Cgz, (3.2) has
a unique solution u(t, ¢) with w(0,¢) = ¢, which exists globally on [0, +00).
Define Q:(¢) = u(t, ). It then follows that @ is a monotone periodic semiflow
on Cy (see, e.g., [15, Corollary 5] and the proof of [22, Theorem 2.2]). By the
comparison method (or the integral form of (3.2)), we can further show that
for each t > 0, Q) is subhomogeneous on Cz. Let Qt be the restriction of @

to [0,4]. It is easy to see that @ is the periodic semiflow on [0, @] generated

by the periodic cooperative and irreducible system (3.4). Thus, for each ¢ > 0,
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Q@+ is strongly monotone on [0,@]. As mentioned before, (3.4) has a positive
w-periodic solution u*(t), which is globally asymptotically stable in [0, @] \ 0.
By the Dancer-Hess connecting orbit lemma (see, e.g., [9, Proposition 2.1]), the
map Qw admits a strongly monotone full orbit connecting 0 to u* := u*(0).
Thus, assumption (A5) holds for the map Q.. The following result shows that
Q. satisfies assumption (A6)(a’) on Cy».

Lemma 3.1. For any D C Cz and any bounded interval I = [a,b], we have

a((Q:D)r) < e Pla(Dy).
Proof. Define a linear operator
S0 = (0.T2(0)6n), 6 = (61,62) €€,
and a nonlinear map
000 = (1(t.0). [ Talt= ohous(s.00)ds ), 6= (61.60) €
It is easy to see that
Quo = S0+ U)o, V6 € Ca 120

Let || - |7 be the maximum norm associated with the Banach space C(I,R?).

Since ||(S(t)p)r]lr < e P o111, we have a((S(t)D);) < e Pta(D;). Note that

t
ui(t,-, ¢) = Ti(t)p1 + a/ Ty (t — s)usa(s, -, @)ds.
0

Since for each ¢ > 0, T1(¢) is a compact map with respect to the compact open
topology, so is U(t) : Cz — Cgz. This implies that (U(¢)D); is precompact in
C(I,R?), and hence o((U(t)D);) = 0. Thus, we have

a((Q:D)r) < a((S()D)1) + «((U(t)D)1) < e (D), V¢ > 0.
This completes the proof. O

Since Q. satisfies (A1)-(A6) with 7 = 0 and 8 = u*, Theorem A implies
that @, admits a spreading speed c*. Next we use Theorem B to obtain an

explicit expression for c*.
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Let p() be the principal Floquet multiplier of the linear periodic cooperative

and irreducible system

uf = (dp?® — ug + au

1= (dp” = Dus + auy (3.5)
ub = —Pug + 9.9(t,0)uy.
Let v(t,w) be the solution of (3.5) satisfying v(0, w) = w € R2. It is easy to see
that u(t, ) = e " v(t,w) is the solution of the linear periodic system

aula(tz’t) = dQQ%;(;’t) —uy(z,t) + aus(z,t)

(3.6)
Quatl) —  Buy(x,t) + D.g(t, 0)us (,1).
Let M; be the solution map associated with (3.6), and BZ be defined by M; as
in section 2. By above observation, it is easy to see that BfL is just the solution
map of the linear ordinary differential equation (3.5) on R2. It follows that p(u)
is the principal eigenvalue of B};.

Define ®(u) := w. In order to use Theorem B, we show that ®(c0) = oco.
Let M(u) = % In p(p). By the Floquet theory, there exists a positive w-periodic
function w(t) such that v(t) = e*Wtw(t) is a solution of (3.5). Since v (t) >
(dp? — 1)v(t), it follows that

1(t)

w1 (t)

g

>dp® — 1 — \p), vt >0,

and hence

Thus, we have

which implies that ®(co) = oco.

Since ¢(t, ) is subhomogeneous on R, we have
2
gt ) < D.g(t,0)z, W(t,2) € Y.

Then the comparison principle implies that Q¢ < M, ¢ for all ¢ € Cy+. Thus,

Theorem B (1) implies that ¢* < inf,,5¢ Inp(p) pu(#)'
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For any e € (0,1), there exists z. > 0 such that
g(ta Z) Z (1 - 6)3zg(ta O)Za v(t7 Z) € RJF X [Oa ZE]'

Let p(u) be the principal Floquet multiplier of the linear periodic cooperative

and irreducible system

uy = (dp? — Duy + aug

(3.7)
uh = —Pus + (1 —€)d.g(t,0)uy,

and let M{ be the solution map associated with the linear periodic system

du ) dazual(z’t) —uy(z,t) + aug(z,t)

ot 2
(3.8)
% = _BUQ(xvt) + (1 - 6)3zg(t,0)u1(:c,t).

By the comparison principle, there exists 1 > 0 in R? such that for any ¢ € Cys
Qt(d))(‘r) S u(tan) S (Zéazé)a VCC S R7 t € [0,&)]7

where u(t,n) is the solution of (3.4) with u(0,n) = n. Thus, we have Q:(¢) >
Mf(¢), VYo € Cy, t € [0,w]. By an analysis similar to that of (3.6), it follows

from Theorem B (2) that ¢* > inf,~¢ np"W - and hence, letting € — 0, we

n
In p(p)
o

. Consequently, ¢* = inf,~¢ In Z(“).

Note that if u(t,z) is a solution of (3.2) with 0 < u(0,z) < u*,Vz € R, and

obtain ¢* > inf,~

u(0,-) # 0, then u(t,z) > 0,Vt > 0,z € R (see, e.g., the proof of [26, Lemma
3.1]).
As the consequences of Theorems 2.1, 2.2 and 2.3 with Remark 2.3, we have

the following results.

Theorem 3.1. Assume that (G1)-(G3) hold. Let ¢* = inf,>g lni(“) and
u(t,z, ) = u(t,@)(x), ¢ € Cy=. Then the following two statements are valid:

(1) If ¢(x) = 0 for x outside a bounded interval, then for any ¢ > c*/w,
lim  w(t,z,¢) =0.

t—o0,|z|>tc

(2) If p(x) £ 0, then for any ¢ < ¢*/w,  lim  (u(t,x,d) —u*(t)) =0.

t—o0,|z|<tc
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Theorem 3.2. Assume that (G1)-(G3) hold, and let c¢* be defined as in The-
orem 3.1. Then for any ¢ > ¢*/w, (3.2) has a periodic traveling wave solution
U(t,z—tc) such that U(t, s) is nonincreasing in s € R, and SEEHOO U(t,s) =u*(t)
and slggo U(t,s) = 0. Moreover, for any ¢ < c*/w, (3.2) has no traveling wave
U(t,z — tc) connecting u*(t) to 0.

We note that the autonomous version of system (3.2) was studied earlier in

[29] for traveling waves and in [23] for spreading speeds and traveling waves.

4 A periodic delayed and diffusive equation

Let 7 > 0 be fixed and C := C([—7,0],R). For any u € C([-7,0) x R,R) with
o >0, and any (t,z) € [0,0)x € R, we use u;(-,z) to denote the member of C
defined by

u(0,2) = u(t+0,z), Vo € [—7,0].

Consider a periodic delay differential equation with diffusion on R:

Ou(t,r) d82u(t, x)
o Ox?

+ f(tu(t, ), ut —7,2)), t>0,zeR, (4.1)

where d > 0, f € C'(R3,R), and f(t,u,v) is w-periodic in ¢ for some w > 0. We
need the following assumption on f to study the spreading speed and periodic

traveling waves for (4.1).

(F) f(-,0,0) = 0, W > 0, V(t,u,v) € R%, and there is a real number
L > 0 such that f(¢t,L,L) < 0 and for each ¢t > 0, f(¢t,-,-) is strictly
subhomogeneous on [0, L]? in the sense that f(¢,au,av) > af(t,u,v)

whenever a € (0,1), 0 < u, v < L.

Define f: R, x C — R by

F(t,0) = f(t,6(0),6(~7)), V(t,4) € Ry xC.

Then it is easy to see that for each ¢t > 0, f(t7 -) is quasimonotone on C in the

sense that f(t,$) < f(t,v) whenever ¢ <1 in C and $(0) = ¥(0).
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Let C be defined as in section 2 with H = R and k£ = 1, that is, C is the
space of all bounded and continuous functions from [—7,0] x R to R with the
compact open topology. Using the semigroup generated by the heat equation
and [15, Corollary 5] (see, e.g., the proof of [22, Theorem 2.2]), we can show

that (4.1) generates a monotone periodic semiflow Q; : C, — Cy, defined by
Qt(¢)(9u (E) = Ut(97$7 ¢)7 V(eu l‘) € [_T7 0] X R7 (b € CL7

where u(t, z, ¢) is the unique solution of (4.1) satisfying ug(-,-, ¢) = ¢ € Cy.
Let Qt be the restriction of @; to Cr. It is easy to see that Qt :Cr — Cp,
is the periodic semiflow generated by the following periodic delay differential

equation
du(t)
dt

= f(t,u(t),u(t —7)), t >0, (4.2)

with initial date ug = ¢ € Cr. By the nonautonomous version of [21, Theorem
5.3.4], it follows that the map Q. is strongly monotone for ¢ > 27. Let ro be the
spectral radius of the Poincaré map associated with the linear periodic delay
differential equation

du(t)
dt

= f1(t,0,0)u(t) + f1(t,0,0)u(t —7), t > 0. (4.3)

Assume that 79 > 1. Then [27, Theorem 2.1] implies that system (4.2) has
a positive w-periodic solution 3(t), which is globally asymptotically stable in
Cr \ {0}. By the Dancer-Hess connecting orbit lemma (see, e.g., [9, Proposition
2.1]), the map Q,, admits a strongly monotone full orbit connecting 0 to 3 :=
B3(0). Thus, assumption (A5) holds for the map Q..

Define the linear operator L(t) : C — C, t > 0, by the relation

ot +0,2) —p(0,2), t+6<0,zeR
0, t46>0, —71<6<0,z€R.

L(t)$(0,x) =

Clearly, L(t) = 0 for t > 7. Define S(t) := @ — L(t), t > 0. By the smoothing
property of the semigroup associated with the heat equation, it then follows

that @, satisfies (A6)(a) for ¢t > 7, and (A6)(b) with ¢ =t for ¢ € (0,7) (see also
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the proof of [8, Theorem 6.1]). Now it is easy to see that the map Q. satisfies
all assumptions (A1)—(A6).

Let r(u) be the spectral radius of the Poincaré map associated with the
following linear periodic delay differential equation

ﬂ%ﬁ:dﬁww+ﬁ@&mmw+ﬂaﬂﬁwu—ﬂ- (4.4)

Then [27, Theorem 2.1] implies that r(x) > 0. Furthermore, we have the fol-
lowing result on the spreading speed c¢* of the Poincaré map @, associated with
(4.1).

Lemma 4.1. Let ¢* be the asymptotic speed of spread of the map Q.. Then

. 1
c* =inf,>o n;(‘u).

Proof. Since f(t,-) is subhomogeneous on [0, L]?, it follows from [28, Lemma

2.3.2] that
ft,u,v) < f'(t,0,0)u+ f(¢,0,0)v, ¥(u,v) € [0, L]*.

We fix a positive number « such that o + f/(¢,0,0) > 0, V¢t € [0,w]. Let
ft,u,v) := au+ f(t,u,v). Then f’(¢,0,0) >0, f(¢,0,0) >0, Vt € [0,w]. Tt is
easy to see that for any € € (0, 1), there exists 6 = d(e) € (0, L) such that

Ft,u,v) > (1 =€) fL(t,0,0)u+ (1 —€)f(t,0,0)v, V(u,v) € [0,
Since f(t,u,v) = —au + f(t,u,v), we further have
ft,u,v) > [(1—€)f'(t,0,0) — eau+ (1 —€) f(¢,0,0)v, V(u,v) € [0,

Let v(t,¢) be the solution of the linear periodic equation (4.4) satisfying
vg = ¢ € C. Tt is easy to see that u(t,r) = e “v(t,¢) is the solution of the
linear periodic delay differential equation with diffusion

Ou _ da%(m)
o Ox?

Let M; be the solution map associated with (4.5), and BZ be defined by M; as

+ fL(£,0,0)u(t, ) + f(t,0,0)u(t — 7, 2). (4.5)

in section 2. By above observation, it is easy to see that BZ is just the solution

map of the linear functional differential equation (4.4) on C.
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By the proof of [27, Theorem 2.1], it follows that there exists a positive w-
periodic function w(t) such that v(t) = e}Mtw(t) is a solution of (4.4), where

Mu) = 21nr(u). Define ¢ € C by () = e*Wo%uw(0), Vo € [—7,0]. Clearly,

T w

v(t,h) = eMWhy(t), V¢ > 0. Then we have
_ _ At A ()8
BL(4)(0) = v(t + 0,9) = XA y(t 1 60), Vo € [-7,0], t > 0.
By the w-periodicity of w(t), it follows that
By (9)(6) = XWeri(9) = X (6), V6 € [-,0],

that is, By} (W) = eMmwq) This implies that e*(®« is the principal eigenvalue

of B)] with positive eigenfunction ¢. Then we have

D(p) = l In (eA(“)‘”) = M = lnr(,u)'
I I 1
By a similar argument as in section 3, we can show that ®(co) = oco. Thus,
Theorem B (1) implies that ¢* < inf,,5¢ w
For any € € (0,1), let () be the spectral radius of the Poincaré map

associated with the linear periodic delay differential equation

dil—gf) = dpv(t) + [(1 — €)f(t,0,0) — eav(t) + (1 — €) f(t,0,0)v(t — 7).

By an analysis similar to that of (4.4), it follows from Theorem B (2) that

c¢® > inf,~o W, and hence, letting ¢ — 0, we have ¢* > inf,~o %
Consequently, c* = inf,,~¢ w O

By Theorems 2.1, 2.2 and 2.3, we then have the following result.

Theorem 4.1. Assume that (F) holds and ro > 1. Let ¢* be defined as in

Lemma 4.1. Then the following statements are valid:

(1) For any ¢ > c*/w, if ¢ € Cg with 0 < ¢ <K B, and ¢(-,x) = 0 for x outside

a bounded interval, then lim  wu(t,z,¢) =0.
t—o0,|x|>tc

(2) Foranyc<c*,if ¢ € Cg withd £0, then  lim  (u(t,z,¢)—pB(t)) = 0.

t—o0,|z|<tc
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Theorem 4.2. Assume that (F) holds and ro > 1. Let ¢* be defined as in
Lemma 4.1. Then for any ¢ > ¢*/w, (4.1) has a periodic traveling wave solution
U(t, z—ct) connecting B(t) to 0 such that U(t, s) is continuous and nonincreasing
in s € R. Moreover, for any ¢ < c¢*/w, (4.1) has no traveling wave U(t,x — ct)

connecting 3(t) to 0.

5 A reaction-diffusion equation in a cylinder

We consider the w-periodic reaction-diffusion equation in a cylinder

% = %+Ayu+u9(tay7u)7 $€R7y:(yl"' 7ym)€Q7t>Oa

(5.1)
% =0 onR x 902 x (0, +00),

where Q is a bounded domain in R™ with smooth boundary 9Q, A, = 3 8‘9—:_2,
i=1 i

and v is the outer unit normal vector to 92 x R. Assume that

(G) g € C'(Ry x O xRy, R), w-periodic in t, 32 < 0,V(t,y,u) € Ry x A xRy,
and there is K > 0 such that g(¢,y, K) < 0,Y(¢,y) € Ry x Q.

Let ug be the principal eigenvalue of the periodic-parabolic eigenvalue prob-

lem
9v = Ayv +vg(t,y,0) + v, y € Q,

% =0 on 012, (5.2)
v w — periodic in ¢

with a positive eigenfunction ¢(t,y), w-periodic in ¢t (see [9, Section II.14]).

Assume that pg < 0. By [28, Theorem 3.1.5], it then follows that the reaction-

diffusion equation

9u — Nyu+ug(t,y,u), y € Qt >0, 55
% =0 on 9Q x (0, +00),

admits a unique positive periodic solution 3(¢,y), which is globally asymptot-
ically stable in C(2,Ry) \ {0}. Moreover, the Dancer-Hess connecting orbit
lemma (see, e.g., [9, Proposition 2.1]) implies that the Poincaré map associated

with (5.3) admits a strongly monotone full orbit connecting 0 to 8 := 3(0, -).
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Let C be the set of all bounded and continuous functions from R x Q to R.

We consider the linear equation

9u — Oy 4 Ayu, x € R,y €Qt>0,

(5.4)
% =0on R x 90 x (0, +00).
Let G(t,y,w) be the Green function of the equation (see, e.g., [7])
u — Au, yeQt>0,
or = Syt ¥ (5.5)

% =0 on 00 x (0,400).

z—z)2
Then it is easy to verify that e~ e G(t,y,w) is the Green function of equation

(5.4), that is, the solution of (5.4) with initial value u(0,-) = ¢(-) € C can be

expressed as

z—2)

[e'S) _( 2
u(tamay7¢) = \/%fj_oo er amt G(t7y,W)¢(Z,w)dde

Define T'(t)¢ = u(t,-, @), V¢ € C. It then follows that {T'(t)}$2, is a linear
semigroup on the space C with respect to the compact open topology. For any
a,b € C, define [a,blc :=={¢p € C,a < ¢ < b}. For any t > 0 and a,b € C, it is
easy to verify that T'(¢)[a, b]c is a family of equicontinuous functions.

Now we write (5.1) subject to u(0,-) = ¢ € C as an integral equation

u(t,z,y) = T(O)[¢)(2,y) + fy T(s)f(t — s,y,ult — 5,2,7))ds, (5.6)

where f(t,y,u) = ug(t,y,u). Using the standard linear semigroup theory (see,
e.g., [17, 15]), we see that for any ¢ € Ck, (5.1) has a unique solution wu(t, ¢)
with u(0,¢) = ¢, which exists globally on [0,+00). Define Q:(¢) = u(t, d).
With the expression of the semigroup T'(¢) and (5.6), we can show that {Q:}52,
is a subhomogeneous w-periodic semiflow on Cx. Moreover, for each ¢t > 0,
Q: satisfies hypotheses (A1),(A2), (A3)(a), (A4), (A5) and (A6)(a) with [—7, 0]

replaced by (.

Let {M;}2, be the periodic semiflow associated with the linear equation
3 = % + Ayu+ug(t,y,0), x € R,y € Q,t >0,

%:OonRx@QX(OfFOO)'

(5.7)
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Since g(t,y,0) > g(t,y,u), we have M;[¢] > Q.[¢] for any ¢ € Cg. Let My be

the periodic semiflow associated with the linear equation

gu — % +Ayu+ (1 —e€ug(ty,0), zeRyeQ,t>0,
%ZOORRX@QX (0, +00).
Then for any e, there is a § > 0 such that Mf[@] < Q.[¢] for any ¢ € Cs and

t € [0,w].

(5.8)

Let p € R be a parameter. It is easy to see that if 7(¢,y) is a solution of the

linear equation
9u = Ayu+ug(y,0) + pu, y € At >0, 59
%zOon@Qx(O,—Foo), '

then w(t, z,y) = n(t,y)e P* is a solution of (5.7). Define

B;[a](y) = M[a(y)e ?*](0,y), Va€C:=C(Q,R), ye.

It follows that BZ is the solution map associated with (5.9). Let p, = po — p2.

It is easy to verify that e #rlp(t,y) is a solution of (5.9). Thus, we have
BL[p(0,)] = e Peto(t, ), Yt >0,

and hence
By [p(0,)] = e ¥ p(w, ) = e p(0,).
This implies that e”##* is the principal eigenvalue of B} with positive eigen-

function (0, -). Define

In e #o¥
D(p) i=—— = (p— @) w.
P P

Clearly, ®(00) = oo. Let ¢* be the spreading speed of Q,,. Note that that M,
satisfies (C1)-(C7). By similar arguments as in sections 3 and 4, it follows from
Theorem B that ¢* = fi)r>1%<1>(p) == 2w/~ 0.

Note that if u(t, z,y) is a solution of (5.1) with 0 < u(0,z,y) < B(y),Vy €
Q,z € R, and u(0,z,y) £ 0, then u(t,z,y) > 0,Vt > 0,y € Q,xz € R (see, e.g.,
the proof of [26, Lemma 3.1]).

As the consequences of Theorems 2.1, 2.2 and 2.3 with Remark 2.4, we have

the following results.
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Theorem 5.1. Assume that (G) holds and po < 0. Let u(t,z,y) be a solution
of (5.1) with u(0,-) € Cz. Then the following two statements are valid:

(1) If u(0,z,y) = 0 for y € Q and x outside a bounded interval, then for any
¢ > 2\/— o, lim  wu(t,z,y) =0 uniformly for y € Q.
t— tc

oo, |z|>

(2) Ifu(0,z,y) £ 0, then for any ¢ < 2v/—po, lim  (u(t,z,y) — B(t,y)) =

t—o0,|z|<tc

0 uniformly for y € Q.

Theorem 5.2. Assume that (G) holds and po < 0. For any ¢ > 2v/—po,
(5.1) has a periodic traveling wave solution U(t,x — tc,y) such that U(t, s,y) is
nonincreasing in s € R, and SEEHOO Ul(t,s,y) = B(t,y) and Slingo Ul(t,s,y) =0
uniformly fory € Q. Moreover, for any ¢ < 2/—ug, (5.1) has no traveling wave
U(t,z — te,y) connecting S(t,-) to 0.

We should mention that some autonomous parabolic equations in cylinders
were studied earlier in [4, 13] for traveling waves and in [11] for spreading speeds

and traveling waves.

Acknowledgment: X.-Q. Zhao would like to thank Georgia Institute of
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