ALMOST PERIODICALLY FORCED CIRCLE FLOWS

WEN HUANG AND YINGFEI YI

Abstract. We study general dynamical and topological behaviors of minimal sets in skew-
product circle flows in both continuous and discrete settings, with particular attentions paying
to almost periodically forced circle flows. When a circle flow is either discrete in time and unforced
(i.e., a circle map) or continuous in time but periodically forced, behaviors of minimal sets are
completely characterized by classical theory. The general case involving almost periodic forcing
is much more complicated due to the presence of multiple forcing frequencies, the topological
complexity of the forcing space, and the possible loss of mean motion property. On one hand,
we will show that to some extent behaviors of minimal sets in an almost periodically forced
circle flow resemble those of Denjoy sets of circle maps in the sense that they can be almost
automorphic, Cantorian, and everywhere non-locally connected. But on the other hand, we will
show that almost periodic forcing can lead to significant topological and dynamical complexities
on minimal sets which exceed the contents of Denjoy theory. For instance, an almost periodically
forced circle flow can be positively transitive and its minimal sets can be Li-Yorke chaotic and
non-almost automorphic. As an application of our results, we will give a complete classification
of minimal sets for the projective bundle flow of an almost periodic, sl(2, R)-valued, continuous
or discrete cocycle.

Continuous almost periodically forced circle flows are among the simplest non-monotone,
multi-frequency dynamical systems. They can be generated from almost periodically forced
nonlinear oscillators through integral manifolds reduction in the damped cases and through
Mather theory in the damping-free cases. They also naturally arise in 2D almost periodic Floquet
theory as well as in climate models. Discrete almost periodically forced circle flows arise in the
discretization of nonlinear oscillators and discrete counterparts of linear Schréodinger equations
with almost periodic potentials. They have been widely used as models for studying strange,
non-chaotic attractors and intermittency phenomena during the transition from order to chaos.
Hence the study of these flows is of fundamental importance to the understanding of multi-
frequency-driven dynamical irregularities and complexities in non-monotone dynamical systems.

1. Introduction

Through out the paper, we let T = R or Z. Consider a skew-product circle flow (SPCF for short)
(S x Y, T) = (S* x Y, {A:}+e1) With a compact base (or forcing) flow (Y, T) = (Y, {0 }seT), i€\,
for each t € T the following diagram

Slxy M, glyy

| |
y 2 Y
commutes, where 7 : S' x Y — Y denotes the natural projection. Let yo -t = (o), ¥(s0,%0,t) =

MA:(s0, y0), where I : S' x Y — S* denotes the natural projection. The SPCF can be expressed
more explicitly as A; : St x Y — St x Y

(11) /\t(807 yO) = (w(807y07 t)7y0 : t)u teT.
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In particular, when T = Z, the discrete flow A; is generated by the iteration of the skew-product
circlemap A: S'xY — St xY:

(1.2) A(s0,y0) = (f(50,%0), T'(0)),

where f(so,%0) = ¥(s0,%0,1) and T(yo) = yo - 1. Using angular coordinate ¢, € R' (mod 1), the
SPCF A, can be also expressed as

(1.3) Ac($0,90) = (3(d0, Y0, ), y0 - 1), t €T,

where e2m#¢(%0.v0,1) = 4)(s50, 10, 1) and e>™% = .

The present paper is mainly devoted to the study of dynamical and topological properties of
minimal sets in an almost periodically forced circle flow (APCF for short), i.e., a SPCF (S! x Y, T)
with an almost periodic base (or forcing) flow (Y, T). We refer an APCF as continuous APCF if
T =R and as discrete APCF if T = Z. In the case that the SPCF is discrete, we assume that the
generating skew-product circle map A is homotopic to the identity and fiber-wise monotone, i.e,
there is a homeomorphism A: R' x Y — R! x Y

A(zo,90) = (F(zo, y0), T(¥0)),

where for each yy € Y, f( Yo) is monotone and f(a:o +1,y0) = f(xo, yo) + 1, such that when both
f and xq are identified modulo 1 the identified map A is homeomorphic to A.

In the case that the SPCF (1.1) is either discrete and unforced (i.e., a circle map) or continuous
but periodically forced, it follows from the classical Poincaré-Birkho -Denjoy theory that a minimal
set of the SPCF is periodic if the rotation number is rational, and is either almost periodic or of
Denjoy type if the rotation number is irrational. It is also known that a Denjoy type of minimal
set has a Cantor structure and is almost automorphic.

But even if the SPCF (1.1) becomes an APCF, its minimal dynamics can be far more complex,
though it always admits zero topological entropy. Taking the continuous case for example, while
the majority existence of quasi-periodic dynamics in a parameter family of quasi-periodically forced
ordinary di erential equations on the circle is asserted by the Arnold-Moser theorem ([1, 47]) when
the forcing frequencies are Diophantine and the forcing functions are su ciently small, smooth
perturbations of a constant plus a deformation parameter, almost periodic dynamics are however
not generally expected in a continuous APCF. Even in the continuous APCF generated from the
projective bundle flow of a continous, almost periodic, si(2,R)-valued cocycle, it was shown by
Johnson ([30]) that if the cocycle is not uniformly hyperbolic and admits two minimal sets, then
both minimal sets are almost automorphic which are not necessarily almost periodic, and moreover,
if only one minimal set exists, then dynamics of the minimal set can be much more complicated
than being almost automorphic. For discrete APCFs, it was recently shown in [28, 29] that even
with one forcing frequency the flows can be topologically transitive.

Besides the presence of multiple forcing frequencies and the topological complexity of the forcing
space, much of the dynamical complexity in an APCF (1.1) is governed by the loss of the so-called
mean motion property. Let

= lim ¢(($07 Yo, t)

t—oo

be the rotation number associated with the APCF (1. 1) or (1.3), where gb(gbo, Yo, t) denotes the lift

of #(¢o, v0,t) in R! satisfying ¢(¢0 +1 y0,t) = ¢(¢0,y0, t)+1. The limit exists and is independent
of orbits. Di ering from the unforced discrete case and periodically forced continuous case, there
are general cases in which

(L4) sup (o, yo, 1) — pt| = +oo

teT
for some (ao,yo) € R! x Y. We say that the APCF (1.1) admits mean motion (Or bounded mean
motion) if

(1.5) sup |¢(¢o, o, ) — pt| < +00
teT
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for all (50, yo) € R x Y. In the opposite case, we say that the APCF (1.1) admits no mean motion
(or unbounded mean motion). It is well-known that if the APCF (1.1) has an almost periodic orbit,
then it always admits mean motion. In fact, as suggested by works [28, 29, 58, 67], dynamics of an
APCF (1.1) with mean motion should resemble more closely to the unforced discrete case or the
periodically forced continuous case, while dynamics of an APCF (1.1) without mean motion should
be considerably di erent than those with mean motion. Indeed, in the case that an APCF (1.1) is
continuous in time and admits mean motion, a translation x = 5— pt will readily transform the
APCEF into an almost periodically forced totally monotone system and an application of results in
[60] shows that each of its minimal set is almost automorphic.

In the present paper, we will employee techniques from topological dynamics and ergodic the-
ory to study minimal sets in an APCF (1.1) with particular attentions paying to their general
(dynamical and topological) complexities, structures, and topological classifications. We will also
investigate in other fundamental dynamics issues for an APCF such as the the existence of almost
automorphic minimal sets and su cient conditions for the validity of the mean motion property.
We will obtain a set of general results for an APCF including the following:

a) Each minimal set is either point-distal or residually Li-Yorke chaotic;

b) Any minimal set is either an almost finite to one extension of the base, or the entire phase
space, or a Cantorian;

c¢) If the flow admits more than one minimal set, then each minimal set is an almost finite
cover of the base;

d) If the flow admits mean motion, then each minimal set is almost automorphic;

e) If the flow admits no mean motion, then each minimal set is either the entire phase space
or is everywhere non-locally connected.

In the case that the forcing is quasi-periodic, the following more concrete results will be obtained:

f) If the rotation number is rationally independent of the forcing frequencies, then the flow
admits a unique minimal set and the minimal set is either the entire phase space or is
everywhere non-locally connected;

g) If the flow admits no mean motion, then it is positively transitive and admits a unique
minimal set, and consequently, if the flow has more than one minimal sets, then it must
admit mean motion and each minimal set is almost automorphic.

We remark that, except in those involving rotation number and mean motion, our results above
actually hold for a general discrete APCF without assuming its generating skew-product map to
be homotopic to identity.

Based on our general results and works [6, 30], we will also give a complete classification of
minimal sets for the projective bundle flow (P! x Y,T) of an almost periodic, si(2,R)-valued,
continuous (i.e., T = R) or discrete (i.e, T = Z) cocycle.

APCFs are among the simplest but fundamental models of non-monotone, multi-frequency sys-
tems in which interactions of (both internal and external) frequencies are expected to generate
rather complicated dynamics. First of all, APCFs arise naturally in the study of almost periodi-
cally forced nonlinear oscillators and their discretizations. Consider an almost periodically forced,
damped, nonlinear oscillator

(1.6) "+ F(z,2’,y-t)=0, € R', yeY.

Such an oscillator admits both internal and external frequencies, and due to damping, its oscilla-
tions all lie in a compact global attractor. According to the classical oscillation theory, not only
are almost periodic oscillations rare in a such system, but also the global attractor can become
complicated especially when the damping is weak. In particular, even in quasi-periodically forced
nonlinear oscillators as simple as Van der Pol and Josephson junction, numerical studies have dis-
covered the existence of so-called strange, non-chaotic attractors (SNAs) which are geometrically
strange but admit no positive Lyapunov exponent (see e.g., [23, 55]). There have been many the-
oretical and numerical studies on SNAs with respect to both quasi-periodically forced nonlinear
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oscillators and their discretizations. It is well believed that a SNA typically lies in the intermittency
during the transition from order to chaos. An almost periodically forced, damped, nonlinear oscil-
lator (1.6) can be often reduced through an integral manifolds reduction to an almost periodically
forced scalar ordinary di erential equation of the form

(17) ¢I=f(¢7yt)a ¢€R17 yEYa
where f(¢ + 1,y) = f(o,y) (see [58, 67] for the case of almost periodically forced Van der Pol
and Josephson junction oscillators). When both the solution ¢(¢g, yo,t) and the initial value ¢q
corresponding to y = yo are identified modulo 1, the equation (1.7) clearly generates an APCF
containing the SNA. In fact, much of the study on SNAs has been made with respect to such
reduced quasi-periodically forced circle flows and their discrete counterparts (we refer the readers
to [13, 21, 28, 29, 38] for recent progresses on the subject). But besides the case of (1.7) with mean
motion property in which minimal sets are known to be almost automorphic ([58, 67]), dynamical
and topological structures of SNAs in general situation are yet to be understood.

In the case that an almost periodically forced nonlinear oscillator is damping-free, it becomes
an almost periodically forced, one-degree-of-freedom Hamiltonian system of the form

(1.8) " +Vy(r,y-t) =0, zeR', yev,

where V(z + 1,y) = V(z,y). Due to the conservative nature, oscillations of a such system spread
over the entire phase space. It is known that if (1.8) is quasi-periodically forced with Diophantine
frequencies, then associated with high “energy” the system becomes nearly integrable and an
application of KAM theory shows the existence of a positive Lebesgue measure set of quasi-periodic
invariant tori with Diophantine frequencies. But it is also known that these quasi-periodic tori tend
to disappear if either the system become less integrable or the frequencies are close to resonance.
Instead, the so-called Mather sets (or Cantori) supporting minimizing measures can be shown to
exist in the phase space R' x S' x Y based on the Mather theory ([42, 44]). An application of the
Mather theory further shows that dynamics on each projected Mather set in S x Y is topologically
conjugated to that of the corresponding Mather set (see e.g., [27, 43]). More precisely, consider the
Lagrangian L = ”2—2 — V(x,y -t) associated with (1.8). Then for each € R!, minimizing measures
oy eXist, i.e., each p, is an invariant measure for the skew-product flow (R! x S* x Y, R) generated
from (1.8) and satisfies

/ (L = n)duy = inf (L —n)dpu,
RixSixY H JRIxS1xY

where the infimum is taken over all Borel probability measures on R' x S' x Y. The set M, =
Uy, SUpp f, is called Mather set, which is a compact invariant set of (R' x S* x Y,R). Let
71 R'x S'xY — S x Y be the natural projection and i1, = wM, be the projected Mather
set. Then = : M, — MM, is a homeomorphism. It follows that the projected flow on A1, as a
subflow of an APCF, is topologically conjugated to that defined on M,,. When (1.8) is periodically
forced, the projected Mather sets are just the well-known Aubry-Mather sets which have the basic
structure of Denjoy sets supporting 2-frequency almost automorphic dynamics. However, not much
is known on dynamical and topological properties of Mather sets in situations involving more than
two frequencies.

The second, APCFs arise naturally in the spectral theory of 2D linear systems with almost
periodic coe cients. For instance, as the projective bundle flows of s/(2, R)-valued, almost periodic,
continuous or discrete cocycles, they play an essential role in 2D almost periodic Floquet theory
and the spectral problem of linear Schrodinger equations/operators and their discrete counterparts
(such as Harper’s equations and almost Mathieu operators) with almost periodic potentials ([5, 30,
37]). In particular, for the 2D almost periodic Floguet problem, it was a remarkable observation
due to Johnson ([30]) that, with the general unavailability of an almost periodic strong Perron
transformation which transforms an almost periodic linear di erential system into a canonical
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form, one can often introduce an almost automorphic transformation instead, provided that an
almost automorphic minimal set exists in the reduced continuous APCF.

The third, as recently shown by Pliss and Sell ([51]), continuous APCFs arise in oceanic dynamics
and climate models through invariant manifolds reductions and high frequency averaging. Hence
they can be used as basic models to explain complicated oceanic dynamics in particular the nature
of turbulence.

In addition, in the case that the forcing flow is quasi-periodic, (1.1) becomes a toral flow or map
whose rotation set is a singleton. Dynamics of toral flows and maps have been extensively studied
for cases with convex rotation sets, but the case with “thin” rotation set is more or less open.

Linking to these important problems and applications, our primary goal for the present study is
to make a preliminary understanding of frequency-driven dynamical irregularity and complexity in
non-monotone, multi-frequency systems. It is our hope that the present study on APCFs will lead
to some deep insights on dynamics and structures of SNAs and Mather sets in almost periodically
forced, nonlinear oscillators in the damped and damping-free case respectively, on the spectral
problem of almost periodic Shrodinder-like operators, on dynamics of toral flows and maps with
“thin” rotation sets, on the nature of turbulence in oceanic flows, and on intermittency phenomenon
during the transition from order to chaos. We remark that smooth dynamical systems theory plays
a less role in the general problems which we are studying. First of all, due to the general almost
periodic time dependence, the forcing space of an APCF need not be smooth. Secondly, even if the
forcing space is smooth, APCFs arising in applications need not be smooth at all. For instance,
for a quasi-periodically forced, damped nonlinear oscillator, it is well-known that the weaker the
damping is, the less smoother an integral manifold becomes ([66]). While for a quasi-periodically
forced, damping-free nonlinear oscillator, the torus which a projected Mather set is embedded into
is only Lipschiz in general even in the periodically forced case ([12, 42]).

The rest of the paper is organized as follows. In Section 2, we will give precise statements of
our main results with respect to APCFs along with some discussions. Section 3 is a preliminary
section in which we will review basic concepts and results from topological dynamics and ergodic
theory to be used in later sections. Our main results will be proved in Sections 4-8 based on some
general results which we will prove for compact flow extensions, as well as for general SPCFs. More
precisely, in Section 4, we will give an ordering condition under which a compact flow extension
preserves topological entropy. In Section 5, we will show that if a minimal flow is a proximal
extension of another minimal flow which is not almost 1-1, then it must be Li-Yorke chaotic. In
Section 6, we will classify the general topological structures of minimal sets in a SPCF. In Section 7,
we will study the nature of minimal sets of a SPCF which are almost finite to one extensions of
the base space. In Section 8, we will study dynamical and topological behaviors of minimal sets in
a SPCF in connection with the validity of the mean motion property. In particular, we will show
that if a SPCF is positively transitive, then it has a unique minimal set. We then consider the case
with locally connected base and show that if the SPCF admits no mean motion, then it must be
positively transitive. In Section 9, we generalize results in [3, 6, 30] to give a complete classification
of minimal dynamics of the projective bundle flow generated from a (continuous or discrete) almost
periodic, sl(2, R)-valued cocycle of all four basic types: elliptic, parabolic, partially hyperbolic, and
hyperbolic.

2. Main results

In this section, we will state our main results with respect to APCFs which are the main
motivations for the present study, though most of these results actually hold for more general
SPCFs (see Sections 4-8 for more details).

Dynamical and topological structures of minimal sets of an APCF (S! x Y, T) seem to depend
on various factors: the number of minimal sets, local connectivity of minimal sets, validity of the
mean motion property, and the topological nature of the forcing space. Hence our main results lie
in several categories which particularly include cases for general Y as well as for Y being locally
connected (e.g., Y is a torus). A special example of the later case is when (1.1) is quasi-periodically
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forced. As to be seen from the proofs of these results, both the validity of mean motion property
and the local connectivity of Y seem to be essential for a minimal set of an APCF to be better
behaved in general.

Let 7 : S! x Y — Y denote the natural projection.

2.1. General dynamical complexities. General dynamical complexities of an APCF is charac-
terized in the following two theorems.

Theorem 1. An APCF always has zero topological entropy.

Theorem 1 may be proved by using an entropy inequality due to Bowen ([8]) for compact
flow extensions. In Section 4 we will give a self-contained proof of this theorem by providing a
general result on the preservation of topological entropy between flow extensions under an ordering
condition. Such a general result on preservation of topological entropy will also be useful to other
skew-product flows having certain fiber-wise order preserving properties.

Theorem 2. Let M be a minimal set of an APCF. Then precisely one of the following holds:
a) M is point-distal;
b) M is residually Li-Yorke chaotic.

Theorem 2 will be proved in Section 5 following a general result which says that if a minimal flow
is a proximal extension of another minimal flow that is not almost 1-1, then it must be Li-Yorke
chaotic.

The notion of Li-Yorke chaos is introduced based on the well-known work of Li and Yorke ([40]).
A compact metric flow (X, T) is called Li-Yorke chaotic if X contains an uncountable scrambled
set S - set in which any pair of distinct points {x,y} C S is a Li- Yorke pair, i.e.,

Iimiup d(x-t,y-t) >0 and Itimri(r;!c d(z-t,y-t) =0,
where d denotes the metric on X. It is known that if (X, T) admits positive topological entropy,
then it is necessarily Li-Yorke chaotic, but not vice versa ([7]).

Residual Li-Yokre chaos is a stronger notion than Li-Yorke chaos. A compact metric flow
extension 7 : (X, T) — (Y, T) is said to be residually Li-Yorke chaotic if there exists a residual
(i.e., dense Gy) subset Y, of Y such that each fiber 7= (y), y € Y., admits an uncountable scrambled
set.

Remark 1. 1) A point-distal minimal set (including almost automorphic minimal set), though
cannot be residually Li-Yorke chaotic, it can well be Li-Yorke chaotic.

2) Minimal sets in a circle map or a periodically forced continuous circle flow can never be
Li-Yorke chaotic.

3) Using Theorem 2, one can show that many APCFs admit Li-Yorke chaos. Consider a 2D
almost periodic linear system

(2.1) r=A(y-t)x, z€R? yey,

where trA = 0 and (Y, R) is an almost periodic minimal flow. The system naturally generates a
continuous APCF A{ on the projective bundle P! x Y. Let S, be the set of continuous matrix-
valued function A whose respective linear system (2.1) can be reduced to a system with skew-
symmetric coe cient matrix B(y) of zero mean via a strong Perron transformation. It was shown
by Johnson ([33]) (see also [45]) that there is a residual subset S of Sy such that for each A € S,
the entire phase space of A is minimal, strictly ergodic, and a proximal extension of Y. Now, for
each A € S, it follows from Theorem 2 that all minimal sets of A{* are residually Li-Yorke chaotic.
We note that with the non-existence of almost automorphic dynamics, the APCFs A with A € S
admit no mean motion.

We refer the readers to a recent work of Bjerklov and Johnson ([6]) for more concrete discussions
on Li-Yorke chaos in continuous, almost periodically forced projective bundle flows and to Section 9
of this paper for some general discussions in this regard.
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4) We expect that point-distality of minimal sets stated in Theorem 2 can be replaced by almost
automorphy in a generic sense. However, there are minimal sets of APCFs which are point-distal
but not almost automorphic. An easy example is as follows. Let (Y,RR) be an non-periodic, almost
periodic minimal flow and let a be a continuous function on Y with zero mean such that jot a(yo-s)ds
is unbounded for some yo € Y (such functions largely exist, see [31]). Then the almost periodically
forced circle flow defined by A (¢,y) = (<;5+f(f a(y - s)ds mod 1,y -t), is not almost periodic. Hence
A7 is distal (in particular, point-distal) but not almost automrphic, simply because a distal almost
automorphic minimal flow must be almost periodic.

5) In [30], concerning the 2D almost periodic Floguet problem, Johnson studied the APCF
(projective bundle flow) A generated from (2.1). Minimal sets of the flow were shown to be almost
periodic or almost automorphic for most cases except that the flow has only one minimal set M in
which no fiber over the base admits a distal pair. Using Theorem 2, we conclude that A is either
an almost 1-1 extension of the base (hence almost automorphic, see Theorem 3.2) or residually
Li-Yorke chaotic (see also [6]). Similar classifications can be made for the projective bundle flow of
a general si(2,R)-valued, almost periodic, continuous or discrete cocycle (see Section 9 for details).

2.2. Topological classification of minimal sets. In the case that an APCF is either discrete
and unforced or continuous but periodically forced (i.e., Y = S%), it follows from the classical
Poincaré-Birkho -Denjoy classification that if the rotation number is rational (the resonant case),
then each minimal set is a finite to one extension of S, and if the rotation number is irrational
(the non-resonant case), then a minimal set is either the entire phase space or of Denjoy type (in
the continuous case, each of its Poincaré section is a Denjoy Cantor set). Our next result shows
that one can have a similar topological classification of minimal sets for a general APCF.

Theorem 3. Let M be a minimal set of an APCF. Then precisely one of the following holds:

a) M is an almost N-1 extension of Y for some positive integer N ;
b) M=8'xY;
€) M is a Cantorian.

Theorem 3 will be proved in Section 6. A minimal set M of a SPCF (S' x Y, T) is said to
be a Cantorian if there exists a residual subset Y, of Y such that for each y € Yj, the fiber
M, =m"'(y) N M is a Cantor set.

Remark 2. 1) Cantorians can arise in APCFs with or without mean motions. The Denjoy
type of minimal set in a continuous, periodically forced circle flow is an example of Cantorian in
(topologically non-transitive) APCFs with mean motion. An example of Cantorian in (topologically
transitive) APCFs without mean motion is constructed in a recent work due to Béguin, Crovisier,
Jager, and Le Roux ([3]).

2) It is clear that a minimal set in the case a) of Theorem 3 cannot be residually Li-Yorke
chaotic, hence by Theorem 2 it must be point-distal. Still, such a minimal set can well be Li-Yorke
chaotic and topological complicated by being everywhere non-locally connected (see Remark 4 1)
below).

3) We believe that a Cantorian minimal set of an APCF is more topologically complicated in
the sense that it is not only a Cantorian but also everywhere non-locally connected.

4) According to the Poincaré-Birkho -Denjoy theory, dynamics of a minimal set M in a con-
tinuous, periodically forced circle flow can be completely classified according to its topological
nature: in the resonant case M is periodic, while in the non-resonant case M is either 2-frequency
almost periodic if it is the entire phase space or 2-frequency almost automorphic if it is of Denjoy
type. To the contrary, dynamics of minimal sets in a general APCF is too complicated to be
classified according to their topological natures. For instance, minimal sets in both cases b) and
c¢) of Theorem 3 can be either point-distal or residually Li-Yorke chaotic which need not be almost
automorphic. In fact, even in the case a) of Theorem 3 we believe that minimal sets need not be
almost automorphic in general.
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An almost N-1 extension of an almost periodic minimal flow need not be almost automorphic.
A such example can be constructed in symbolic flows as follows. Let 7 be the substitution on
{0,1} with 7(0) = 01 and (1) = 10. For any finite word w = wowy ---we—1 in {0,1}, define
T(w) = T(we)T(w) - - T(we—1) and 7i(w) = (" H(w)), i > 2. Let X C {0,1}* be the set of
all bi-infinite binary sequences = in X such that any finite word in z is a sub-word of 7¢(0) for
some ¢ € N, and let T be the left shift map on X. Then the discrete dynamical system (X, 7T
is a so-called Morse system which is known to be minimal and an almost 2-1 extension of its
maximal almost periodic factor ([41]). As an almost automorphic minimal flow is necessary an
almost 1-1 extension of its maximal almost periodic factor (see Theorem 3.2), (X, T) is not almost
automorphic. A suspension of (X, T) also leads to an example of continuous flows.

5) Unlike the periodically forced continuous case, the topological classification for general APCFs
given in Theorem 3 need not depend on the resonance type. For instance, case a) of Theorem 3
can happen when the rotation number is rationally independent of forcing frequencies, as shown
by an example of Johnson ([36]) in which an APCF admits a unique minimal set that is an almost
1-1 extension of the base, but the rotation number is not rationally dependent on the forcing
frequencies.

2.3. Almost finite to one extensions. We would like to exam cases of APCFs in which an almost
N-1 extension of the base becomes almost automorphic. We first give a structural characterization
of a minimal set if there are more than one minimal sets presented in an APCF-.

Theorem 4. Suppose that an APCF (S! x Y, T) has more than one minimal sets. Then the
following holds.

1) There exists a positive integer N such that each minimal set of (S' x Y, T) is an almost
N-1 extension of Y.

2) If one minimal set of (St x Y, T) is almost automorphic, then so are others.

3) IfY is locally connected, then all minimal sets of (S* x Y, T) are almost automorphic.

In the case that an APCF (S* x Y, T) admits more than one minimal sets, we feel that the
local connectivity of Y is essential for the minimal sets to be almost automorphic. In the case
that it only admits one minimal set which is an almost N-1 extension of Y for some N > 1, we
believe that even local connectivity of Y would not be su cient for the minimal set to be almost
automorphic. However, we do have the following result.

Theorem 5. Let M be a minimal set of an APCF (S* x Y, T) which is an almost N-1 extension of
Y for some N > 1. If M is not everywhere non-locally connected, then it is almost automorphic,
and moreover, for any y € Y, each fiber 7= 1(y) N M consists of exactly N connected components
which are either singletons or closed intervals, if it is not homeomorphic to S*.

Theorems 4, 5 will be proved in Section 7.

Remark 3. 1) A Denjoy type of minimal set in a continuous, periodically forced circle flow is an
almost 1-1 extension of a 2-torus with two points on each non-residual fiber. Hence by Theorem 5
it is everywhere non-locally connected.

2) In [35], Johnson constructed an example of continuous, quasi-periodically forced circle flow
which has a unique minimal set M with the following properties: i) M is an almost 1-1 extension
of the base torus (hence it is almost automorphic); ii) M is locally connected at every points on
singleton fibers; iii) M is not locally connected at all points; vi) there is a full (Haar) measure
set in the base torus over which all fibers are non-degenerate intervals. This gives an example of
Theorem 5. In fact, by Theorem 5, all non-singleton fibers in M are non-degenerate intervals.

2.4. Mean motion and dynamics. In the next two results, we describe the behavior and struc-
ture of a minimal set of an APCF in both the cases with and without mean motion. Theorem 6
below is more or less known in the continuous case ([58, 67]) but unknown in the discrete case.

Theorem 6. Suppose that an APCF (S x Y, T) admits mean motion. Then the following holds.
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1) Each minimal set of (S x Y, T) is almost automorphic whose frequency module is generated
by the rotation number and the forcing frequencies.

2) If a minimal set of (S* x Y, T) is an almost N-1 extension of Y for some positive integer
N, then N 1is the smallest positive integer whose multiplication to the rotation number is
contained in the frequency module of the forcing.

Theorem 7. Suppose that an APCF (S* x Y, T) admits no mean motion. Then the following
holds.

1) Each minimal set of (S! x Y, T) is either the entire phase space S' x Y or is everywhere
non-locally connected.

2) IfY is locally connected, then (S* x Y, T) is positively transitive and has only one minimal
set.

Theorems 6, 7 will be proved in Section 8 based on some general results on the connections
between the lacking of mean motion, positive transitivity, and the uniqueness of minimal set.
Theorem 7 2) is partially known for a quasi-periodically forced circle map with one forcing frequency
([28, 29]). But arguments in [28, 29], being crucially depending on the one-dimensional forcing
space, does not extend to the general situation completely.

Corollary. Consider an APCF (S' x Y, T) with Y being locally connected. Then the following
holds.

1) If (S' x Y, T) has more than one minimal set, then it admits mean motion.

2) If the entire phase space S* x Y is not minimal, then each minimal set of (S* x Y, T) is
either everywhere non-locally connected or almost automorphic.

3) If the rotation number is rationally independent of the forcing frequencies, then (S* x Y, T)
has a unique minimal set.

In the above Corollary, 1) follows immediately from Theorem 7 2), 2) follows immediately from
Theorem 6 1) and Theorem 7 1), and 3) follows immediately from Theorem 7 2), Theorem 4 1)
and Theorem 6 2).

Remark 4. 1) Consider the example of Johnson ([36]) in which an APCF admits a unique
minimal set that is an almost 1-1 extension of the base, but the rotation number is not rationally
dependent on the forcing frequencies. By Theorem 6, this example admits no mean motion, and,
by Theorem 7, the unique almost automorphic minimal set is everywhere non-locally connected.

Also consider the quasi-periodically forced circle flow constructed by Johnson ([35]) in which
the unique minimal set is not everywhere non-locally connected. Theorem 7 implies that this flow
does admit mean motion.

2) If an APCF has a minimal set which is residually Li-Yorke chaotic, then the minimal set
cannot be almost automorphic and hence by Theorem 6 the APCF admits no mean motion.

3) An almost automorphic minimal set often occurs as intermediate dynamics in a parameter
family of quasi-periodic forced circle flows. Consider a smooth family of quasi-periodically forced
equations

(2.2) ¢ =A+ef(py-1), oeR,

where f : R' x T — R' is su ciently smooth, f(¢ +1,9) = f(¢,y), y -t = y+wt, w € R¥ is
Diophantine, and A, ¢ are bounded parameters. We let X be the set of (A, ) whose corresponding
equation (2.2) is smoothly reducible to a pure rotation according to Arnold-Moser theorem ([1, 47]),
i.e., there is a smooth, near identity transformation ¢ = )+ hy (¢, y) with ||k c|| < 1, such that
the transformed equation becomes v/’ = X (hence the corresponding quasi-periodically forced circle
flow is quasi-periodic and Diophantine). Now consider a boundary point (Ao, o) of Z, i.e., thereis a
sequence (\n,€,) € £ — (Mo, €0)- Letyog € T*, ¢y € [0, 1) be given, and h,,(t) = hy, «,, (Yo, yo +wt)
converges uniformly on compact sets to some h..(t) according to the Ascoli theorem. Then ¢, (t) =
1o+ A\t + hy, () converges uniformly on compact sets to ¢, = 1o+ Aot + hoo(t) Which is a solution
of (2.2) corresponding to (Mg, o). Since ||hoolleo < 1, it follows that the quasi-periodically forced
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circle flow (2.2) corresponding to (Ao, p) admits mean motion (see Theorem 8.2 in Section 8) and
hence by Theorem 6 all its minimal sets are almost automorphic. The rotation number associated
with (g, g0) may well depend on w in a joint Liousville way so that the frequencies of the almost
automorphic minimal sets need not be Diophantine. Dynamics of the flow associated with (), ¢)
lying in the complement of > are expected to be more complicated due to the possible loss of mean
motion property. Similar intermittency phenomenon can be observed in the spectral problem of
an almost periodic Schrodinger operator (see Section 9 for detail).

For a general parameter family of APCFs, we believe that almost automorphic intermittency
(or bifurcation) may occur at the critical value when either almost periodicity is lost, or mean
motion property becomes invalid, or when Li-Yorke chaos tends to appear (order to chaos).

2.5. An extended Denjoy theorem. From Theorems 4, 7 and the Corollary above, we see
that local connectivity of Y plays an important role in the dynamics and topological structures
of minimal sets in the corresponding APCF (S! x Y, T). The case when Y is locally connected of
course includes that of a quasi-periodically forced circle flow. In fact, when Y is a torus, one can
have a more complete characterization on the topological structure of a minimal set. The following
result can be regarded as a quasi-periodic extension of the classical Denjoy theorem with respect
to the topological structure of minimal sets.

Theorem 8. Consider an APCF (S* x Y, T) with Y being a torus (e.g., (Y, T) is quasi-periodic)
and suppose that the rotation number is rationally independent of the forcing frequencies. Then
(S' x Y, T) has a unique minimal set M and M is cither the entire phase space S*' x Y or is
everywhere non-locally connected. If, in addition, the APCF admits mean motion, then M is
almost automorphic, and moreover, M is either the entire phase space S' X Y or an everywhere
non-locally connected Cantorian.

Theorems 8 will also be proved in Section 8.

Remark 5. 1) In light of Theorem 2, under the condition of Theorem 8, an everywhere non-locally
connected minimal set can be either a finite to one extension of the base or a Cantorian.

2) Our results give some information on possible topological and dynamical complexity of a SNA
in a quasi-periodically forced, damped nonlinear oscillator and Mather sets in a quasi-periodically
forced, damping-free nonlinear oscillator.

Consider a quasi-periodically forced, damped, nonlinear oscillator (1.6) in which a SNA exists.
If the damping is not too weak, then the attractor lies in a quasi-periodically forced circle flow
through an integral manifolds reduction. The complexity of a SNA is often reflected by that on its
minimal sets, because, using arguments in [59], such an attractor is made up by minimal sets and
their “connecting orbits”. Due to the geometric strangeness, the SNA is however not the entire
phase space if it is globally attracting. It follows from Theorem 3 that each minimal set in the
SNA is either an almost finite cover of the forcing space (a torus) or a Cantorian, which, by part 2)
of the Corollary, is almost automorphic and/or everywhere non-locally connected. In particular,
if the rotation number is rationally independent of the forcing frequencies, then it follows from
Theorem 8 that the SNA contains a unique minimal set which is everywhere non-locally connected
(which can be a Cantorian carrying almost automorphic dynamics). Of course, minimal dynamics
in a SNA can well be Li-Yorke chaotic or even residually Li-Yorke chaotic according to Theorem 2
(as shown in [21], a SNAs can exhibit certain mild chaotic behavior). All these actually suggest
that topologically a minimal set in a SNA should typically be everywhere non-local connected and
be either an almost finite cover of the forcing space or a Cantorian; and dynamically a minimal
set in a SNA should essentially be either almost automorphic or residually Li-Yorke chaotic (see
Section 9 for more discussions in this regard on almost periodically forced projective bundle flows).

We remark that the kind of complexity of SNAs described above for a quasi-periodically forced,
damped, nonlinear oscillator is particularly significant when the damping is weak, in which case the
reduced flow on the integral manifold becomes a less/non-smooth, quasi-periodically forced circle
flow. To the contrary, when the damping is strong, one can well have cases in which topological
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complexity of minimal sets plays a less role to the geometric complexity of a SNA in comparing
with its measure-theoretic complexity.

For a quasi-periodically forced, damping-free nonlinear oscillator (1.8), we note that the flow
on each projected Mather set is a (not necessarily smooth) skew-product flow lying in S! x Y for
which all our results above are applicable. Hence if dynamics on a projected Mather set is not
quasi-periodic, then similar topological and dynamical structures are expected for its minimal sets.

3. Preliminary

For simplicity, we assume that all T-flows, for T = R or Z, to be considered in the rest of the
paper are defined on complete separable metric spaces. We will use the same symbol |- | to denote
the cardinality of a set, the absolute value of a number, and the norm of a matrix or a function.
Also, for a compact metric space X, we let the set 2% of compact subsets of X be endowed with
the Hausdro metric.

We say that a flow (X, T) is compact if the phase space X is a compact metric space. Recall that
a nonempty compact invariant subset M of a flow (X, T) is minimal if it contains no nonempty,
proper, closed invariant subset. A compact flow (X,T) is said to be minimal if X itself is a
minimal set, to be strictly ergodic if it is both minimal and uniquely ergodic (i.e., it admits an
unique invariant probability measure), and to be positively transitive if for each pair of nonempty
open subsets U, V of X there exists ¢ > 0 such that U -t NV # (. If (X, T) is positively transitive,
then the set Tran™(X) of positive transitive points of X is a residual subset of X, and moreover,

Tran®(X) = ﬁ U U, -t,

n=1t>0

where {U,,}2°, is a countable basis of X.

3.1. Proximality, distality, and almost automorphy. Let (X, T) be a flow and d be the metric
on X. Two points z,y € X are said to be positively proximal if liminf,_ . d(z - t,2’ - t) = 0;
proximal if iminf,_ . d(z-t,2’ -t) = 0. For any x € X, we define

PR, (x) ={2’ € X : z,2’ are positively proximal};
PR(z) = {2’ € X : z,a’ are proximal}.

Now assume that (X, T) is a compact flow and consider the flow maps M, : X — X: My(z) =z - ¢,
t € T. Then {M; : ¢t € T} ¢ XX - the compact Hausdor space of self-maps of X endowed with
the topology of pointwise convergence. The space XX is also a semigroup under the composition
of maps on which the right multiplication p — ppo is continuous for all py € XX and the left
multiplication p — pop is continuous only if py is a continuous map. The Ellis semigroup E(X,T)
of X is simply defined as E(X,T) = {MN; : ¢t € T}, where the closure is taken under the topology
of pointwise convergence. Hence E(X,T) is compact and a sub-semigroup of XX with identity e
- the identity map, on which the right multiplication is continuous. We note that the flow (X, T)
also induces a natural compact flow (E(X,T),T) on E(X,T): ~-t = MNyy, v € E(X,T), t € T.
Let w(e) be the w-limit set of the identity e¢ in (F(X,T),T). It is clear that two points z,y € X
are proximal (resp. positively proximal) i there exists p € E(X,T) (resp. p € w(e)) such that
p(z) = p(y).

x € X is called a positive distal point (resp. distal point) if PRy (z) = {z} (resp. PR(z) = {x}).
A minimal flow (X, T) is called point-distal if it contains a distal point. It is well-known that if
(X, T) is point-distal, then the set X, of distal points of X is a residual subset ([63]).

It is clear that a distal point in a flow must be a positive distal point. In the following, we show
that the converse is also true.

Proposition 3.1. Let (X, T) be a minimal flow. Then a positive distal point in X is also a distal
point. In particular, if (X, T) is not point-distal, then for any x € X, PR (z) \ {z} # 0.
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Proof. Let w(e) be the w-limit set of e in the flow (E(X,T), T). Using continuity of the right
multiplication and the fact that e is the identity of £ (X, T), we have that E(X, T)w(e) = w(e) and
w(e) is a sub-semigroup of F(X,T).

Let = be a positive distal point. Since (X, T) is minimal, it is easy to see that for any y € X,
wEy = {p@) :p € w(e)} = X. Lety € X\ {z} and consider w, = {p € w(e) : p(y) = y}.
Since w(e)y = X, wy is nonempty. Since w, is a closed sub-semigroup of w(e) on which the right
multiplication is continuous, it follows from a general result due to Namakura [49] (see also [10,
Lemma 1]) that w, contains an idempotent point v, i.e., u> = u. Clearly u(y) = y.

Since u(x) = u(u(x)) and z is a positive distal point, z = u(z). Hence for any p € E(X,T),

(3.1) p(z) = pu(r) and p(y) = pu(y).

Since pu € E(X, Tw(e) = w(e) and z, y are not positively proximal, pu(xz) # pu(y). It follows from
(3.1) that p(x) # p(y). Since p is arbitrary, x,y are not proximal. This shows that PR(z) = {«},
i.e., x is a distal point. 1

A function f € C(T, X), where X is a complete separable metric space, is said to be almost
automorphic if whenever {t,} is a sequence such that f(t, +t) — g(¢t) € C(T, X) uniformly on
compact sets, then also g(t — t,) — f(t) uniformly on compact sets, as n — oo. An almost
automorphic function valued in a separable Banach space admits well-defined Fourier series which
are however not necessarily unique and only converge point-wise in general in term of Bochner-Fejer
summation ([61, 62]). But one can uniquely define the frequency module of an almost automorphic
function in the usual way as the smallest additive sub-group of R containing a Fourier spectrum
([61]). In this sense, both almost periodic and almost automorphic functions can be viewed as
natural generalizations to the periodic ones in the strongest and the weakest sense respectively.

A point z in a flow (X, T) is said to be almost automorphic if the orbit {x - ¢} is an almost
automorphic function in ¢t. A flow (X, T) is called almost automorphic minimal if X is the closure
of an almost automorphic orbit. An almost automorphic minimal flow is compact, minimal, point-
distal, and contains residually many almost automorphic points which are precisely the distal
points ([63]). Unlike an almost periodic minimal flow, an almost automorphic one can be non-
uniquely ergodic, topologically complicated, can admit positive topological entropy, and its general
measure-theoretic characterization can be completely random (see [4, 14, 16, 61, 67] and references
therein). Hence, though an almost automorphic minimal flow resembles an almost periodic one
harmonically, it can have certain dynamical, topological, and measure-theoretic complexities which
significantly di er from an almost periodic one.

Let (X, T) be aflow. A A-set S of T is the set of all increasing di erences in a sequence {s,}22 ,,
i.e., S ={sn, —sm :n >m}, and a A*-set is a subset of T which has nonempty intersection with
each A-set. A point z € X is called A*-recurrent if for every neighborhood V' of x, the recurrent
time set

N@,V)={teT:z-teV}
is a A*-set.
Almost automorphic points can be characterized by A*-recurrency as follows.

Theorem 3.1. A point x in a compact flow (X, T) is almost automorphic iff it is AN*-recurrent.

Proof. The theorem is a classical result of Furstenberg ([15]) when T = Z. For T = R, the proof is
completely similar. 1

3.2. Flow extensions. A flow extension (or a flow homomorphism or a factor map) 7 : (X, T) —
(Y, T) is a continuous onto map « : X — Y which preserves the flows. If such a flow extension
exists, then (X, T) (or X) is called an extension of (Y, T) (or Y) and (Y, T) (or Y) is called a factor
of (X, T) (X).

Let 7 : (X,T) — (Y, T) be an extension between compact flows. = is called prozimal (resp.
distal) if for each y € Y and any two points on 7~!(y) are proximal (resp. distal), called almost
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N-1 (resp. almost finite to one), if there exists a residual subset X, C X such that for any = € X,
7 1m(x) consists of N points (resp. 7 'm(x) is a finite set), called N-1 (resp. finite to one) if
7~ m(z) consists of N points (resp. 7~ 'x(z) is a finite set) for all z € X, called open if 7: X — Y
is an open map, and called semi-open if 7 : X — Y is a semi-open map, i.e., for any nonempty
open subset U of X the image n(U) has nonempty interior in Y. An 1-1 flow extension is also
called a flow isomorphism.

Let R, = {(x1,22) € X x X : w(x1) = 7(x2)}. The flow (X, T) induces a natural flow (R, T)
on R,. m is called positively weakly mixzing if the flow (R, T) is positively transitive.

Using the w-limit sets of (R, T), it is easy to see that if 7 is a proximal extension, then it must
be a positive proximal extension, i.e., for any z € X, any two points in 7!z (z) are positively
proximal.

The general structure of an almost automorphic minimal flow is characterized by the following
structure theorem due to Veech ([62]).

Theorem 3.2. A compact flow is almost automorphic minimal iff it is an almost 1-1 extension of
an almost periodic minimal flow.

By the above structure theorem, almost automorphic points in an almost automorphic minimal
flow are precisely those lying in singleton fibers of the corresponding almost 1-1 extension of an
almost periodic minimal flow. Hence an almost automorphic minimal set becomes almost periodic
i every point in the set is an almost automorphic point.

Proposition 3.2. Let 7 : (X, T) — (Y,T) be an extension between minimal flows. Then the
following holds.
1) If 7 is almost finite to one, then there is a positive integer N such that w is an almost N-1
extension.

2) If 7 is open and finite to one, then w is a distal and N -1 extension for some positive integer
N. If, in addition, (Y, T) is point-distal, then so is (X, T).

Proof. 1) We let Y, = {y € Y : |7~ !(y)| < +o0}. Since 7! : Y — 2X: y s 77 1(y) is upper
semi-continuous, the set Y; of all continuity points of 7! is a residual subset of Y. For any given
y« € Yy and yo € Yy, we let {¢,} C T be a sequence such that y. - ¢, — yo. It follows from the
continuity of 771 at yo that |7~ (yo)| < |77 (Y« -tn)| = |7 1(ys)| < +00. Hence Yy C Yi. Now, for
any yi,ys € Yo, the above argument yields that [7~'(y1)| < |7~ '(y2)| and |7~ (y2)| < |7~ (y1)],
i.e., the map Yo — N: y — |7~ 1(y)| is a constant, say N.

2) Since « is open, = ! is continuous, i.e., Yy = Y. It follows from the proof of 1) above that
the map Y — N: y — |7~ !(y)| is a constant N. The continuity of 7! also implies that there
cannot be any proximal pair on each fiber, for otherwise the number of points on some fiber would
be smaller than N.

A distal extension of a point-distal flow is easily seen to be point-distal. 1

Proposition 3.3. If 7 : (X,T) — (Y,T) is an open and prorimal extension between minimal
flows, then it is a positively weakly mizing extension.

Proof. We follow the arguments of the proof of Theorem 6.3, in [18]. We first show the following

Claim: If z1,x9,--- ,x, € X are such that n(z1) = w(z2) = --- = w(z,), then for any z € X there
is a positive increasing sequence {t,,} C T such that
3.2) lim z;-t,, =z, forall 1 <i<n.

Since (X, T) is minimal, the Claim clearly holds for n = 1. By induction, we assume that the
Claim is true for some n = k. Then for any = € X there exists a positive increasing sequence {t,, }
such that lim,, o x; - t,, = « for all 1 < i < k. Without loss of generality, we let xy; - t,,, be
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convergent, say to some 2’ € X. Then n(z) = w(x"), and hence liminf,_ ., d(xz-t, 2’ -t) = 0. Using
minimality of (X, T) we let {s;} be a positive increasing sequence such that lim;_ ., z-s; = « and
im0z’ -s; =z, ie.,

lim lim z; - (¢t +s;) =2, i=1,2,--- ,k+1.

Jj—00 mM—00
It follows that we can take a positive increasing sequence {r; = s; + t,,(;} for su ciently large
{m(j)} such that

lima;-rj=2,i=12,---  k+1

J—00
This proves the Claim.

Let W, W’ be two nonempty open subsets of R, = {(x1,22) € X x X : w(x1) = w(x2)}. Since
m is an open map, there exist nonempty open sets U, V;U’, V' of X such that n(U) = =(V),
mU)=a(V), WD UxV)NR, Z0,and W' D (U’ x V)N R, # 0.

For a fixed zp € n(U), we have by minimality of (X, T) that there are t1,t2,--- ,t, € T such
that |J_, V - ¢, = X. By relabeling the ¢;’s if necessary, we assume without loss of generality
that there is an integer 1 < m < n such that V- ¢; N7 (2) # 0 for all = 1,2,--- ,m and
UL,V -t; D7 *z). Foreachi=1,2,--- ,m, we let v; € V be such that v; - t; = y; € 7 (20).
Since 7(U) = w(V), there is a point u; € U with 7(u;) = w(v;). Denote z; = u;-t;, 1 =1,2,--- ,m.
Then it is clear that 7(z;) = 7(u; - t;) = 7(v; - t;) = 7(y;) = 20, i.€., z; € 7 (), i =1,2,--- ,m.

By the Claim, there exists ¢ > 0 such that z; -t €e U’ and t +¢; > 0 forall : = 1,2,--- ,m.
Since zp -t = w(x; - t) € 7(U") = n(V’), i = 1,2,--- ,m, we can take a point b € V' such that
m(b) = z-t. Thenb-(—t) e m'(20) CUL, V -t;. Hence b- (—t) € V - 4, ie, be V-t +t;)NV’
forsome 1 <i<m. Nowleta=uwz;-t. Thenw(a) = z9-tanda € U - (+t;)NU’. It follows that
(@) e((UxV)- ¢+t )NU xVYNR, Cc(W-({+t)NW'. 1

The following is a classical result of Auslander ([63]).

Proposition 3.4. If 7 : (X, T) — (Y, T) is an extension between minimal flows, then m is semi-
open.

It is well-known that every extension of minimal flows can be lifted to an open extension by
almost 1-1 modifications. To be precise, let 7 : (X, T) — (Y, T) be an extension between minimal
flows, and let Y, be the set of continuity points of 7= : Y — 2%X: y — 7~ (y). Recall that Yj is
an invariant residual subset of Y.

Let Y* =cl({m '(y) : y € Yo}) and (2, T) be the flow on 2% induced from (X, T). Then Y* is
an invariant closed subset of 2X. It is easy to see that for any y* € Y*, n(y*) is a singleton. Define
7:Y* — Y assuch that 7(y*) = n(z), z € y*. Then 7: (Y*,T) — (Y, T) is a flow extension.

Also let X* = {(z,y*) € X xY*:xz € Y*}. Then X* is a closed invariant subset of (X x Y* T).
Denote 7/ : X* — X and 7’ : X* — Y* as the natural projections.

Proposition 3.5. The following holds.
1. (X*,T) is a minimal flow and the following diagram

’

(X, T) ——— (X*,T)

commutes.

2. 7,7 are almost 1-1 extensions.
3. 7 is an open extension.

Proof. See Theorem 3.1 in [63] or Lemma 14.41 in [2]. 1
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3.3. Entropies. Let (X, T) be a compact flow and consider the time-1map 7 : X — X: z+— x-1.
We denote the discrete flow induced by 7" simply by (X, T).

Let Bx denote the collection of all Borel subsets of X. A cover of X is a finite family of Borel
subsets of X whose union is X. A partition of X is a cover of X whose elements are pairwise
disjoint. We denote the set of partitions of X by Px and the set of open covers of X by Cx. An
open cover U is said to be finer than V (denoted by ¢/ = V) if each element of ¢/ is contained in
some element of V. Letid vV ={UNV : U € U,V € V}. Given non-negative integers M, N
and U € Cx or Px, we let U, = \/fLM T—"U. Also, given U € Cx, we let N({) be the minimal
cardinality among all cardinalities of sub-open-covers of &/ and let

HU) = log N (U4).
Clearly, if there is another open cover V > U, then H(V) > H(U). In fact, for any two covers
U,V € Cx we have HU v V) < HU) + H(V). Consequently, for any open cover € Cx,
a, = H(L{{f_l) is a bounded sub-additive sequence, i.e., anim < an + am, n,m € N. Hence
lim,, .. %= exists and equals inf,,>; %=. This limit, denoted by h.,(T',U), is called the entropy of
U. The topological entropy hiop(X,T) of (X, T) is simply defined as

hiop(X,T) = sup hiop (T, U),
UeCx

and, the topological entropy hiop(X,T) of (X, T) is simply defined as hop (X, T).

Let M(X), M(X,T), and M*c(X,T), respectively, be the set of Borel probability measures on
X, the set of invariant Borel probability measures on X, and the set of invariant ergodic measures
on X, respectively. For given « € Px and p € M(X), define

Hy(0) = Y —p(A)log u(A).
A€ca
Now let 1 € M(X,T). Then for a given a € Px, H,(af™ ") is a non-negative sub-additive
sequence. The measure-theoretic entropy of u relative to « is defined by

— i 1 n—1y — ; 1 n—1
hy(T, o) = nILngo EH#(ozO )= 7gfl EH#(ozO ),
and the measure-theoretic entropy of 1 is defined by
h(X,T) = sup h,(T, ).

aEPx

The classical variational principle of entropy says that
hiop(X,T) = sup  hu(X,T)
HEM(X,T)

and the supremum can be attained by an invariant ergodic measure. We refer the readers to [9,

50, 65] for more information on the classical theory of measure-theoretic and topological entropies.
Given partitions «, 5 € Px, n € M(X) and o-algebra A C By, define

Hu(a|ﬁ) = Hu(a vV 3) - Hu(ﬁ)a

Hy(alA) =3 e, [x —E(LalA) log E(La|A)dp,

Hy(a|p v A) = H,(aV BlA) — Hu(B|A),
where E(14|.A) is the expectation of 14 with respect to A. Then H,(«|3) (resp. H,(c|.A)) increases
with respect to « and decreases with respect to 5 (resp. A).

Let n € M(X,T) and A be an invariant measurable o-algebra of X. It is not hard to see

that for a given a € Px, H,(ay '|.A) is a bounded sub-additive sequence. The measure-theoretic
conditional entropy of o with respect to A is defined by

0 1 n—1 o 1 n—1
hu (T, a|A) = nILmOO EHM(CM0 |A) = 7Ilr%fl EHH(aO |A),
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and the measure-theoretic conditional entropy of (X, T, ) with respect to A is defined by
h (X, T|A) = sup h,(T,alA).

a€Px
It is easy to see that h, (T, a|A) = H,(a| V2 (T ") V A).
Let 7 : (X,T) — (Y, 5) be an extension between compact discrete flows. For each o € Py, the
measure-theoretic conditional entropy of a with respect to (Y, .S) is defined by

.1 1
hu(Ta a|Y) = hu(T7 a|7T_1(By)) = JLrT;O EH;L(CVS 1|7T I(By)),

and the measure-theoretic conditional entropy of (X, T, i) with respect to (Y, .S) is defined by
hy(X,T|Y) = sup h,(T,alY).
acPx

When (Y, S) is the trivial flow, the above coincides with the measure-theoretic entropy of (X, T)
with respect to .

Let u € M(X,T) and A be an invariant sub-c-algebra of Bx. The relative Pinsker o-algebra
P,(A) is defined as the smallest o-algebra containing | J{¢ € Px : h, (T, A) = 0}. When A =
{0, X}, P,(A) coincides with P, — the classical Pinsker o-algebra of the system. It is easy to
see that P,(A) is invariant, P,(A) O P,V A, and P,(A, k) = P,(A) for any k € Z\ {0}, where
P,(A, k) denotes the smallest o-algebra containing | J{¢ € Px : h,(T*,&|A) = 0}. Given a € Px,
we let = =\, T %a and o = /> _T~a. Then a relative version of the classical Pinsker
formula (see [17, 20, 50]) says that if «, 5 € Px, then

(33) BT 0V BlA) = b (T, BlA) + H, (ol v a~ v A).

In particular, when A is trivial, h,(T,a V 8) = h,(T,3) + H,(a|fT vV a7).

Proposition 3.6. Let i1 and A be given as above. Then for each £ € Px,
h(T, €| Pu(A)) = Hyu(€lE™ V Pu(A) = Hu(€lE™ Vv A) = hy (T, ¢|A).

Proof. For any a. € Px and any invariant sub-c-algebra C of Bx, it is easy to see that h,(c, T|C) =
H, (a|a™ v C). Hence for each ¢ € Px, we have
h (T, €| Pu(A)) = H, (€€ V Pu(A)) and Hy,(€[§™ vV A) = b (T, €| A).

Now we fix £ € Px and let n C P,(A) be any finite measurable partition. It follows from (3.3)

that
Hy (€l v A+ Hu(nln~ v ETV A)

= hu (T, €JA) + H, (| v~ v A)
= hM(T,f \ 77|-A) = Hu(g \ 77|§_ /Y -A)
=H,l¢” v~ VAV + HL(E[E™ vy~ VA).
Since n C P,(A), we have H,(n|n~ vV A) = h,(T,n|A) =0,

3.4)

(3.5) H,(nln=veEr v A)=0, and H,(nln~ VE VAVE) =0.
Combining (3.4) and (3.5), we have
(3.6) H, (1€ v~ VA = Hu(€lE™ vV A).

Let , C P,(A) be an increasing sequence of finite measurable partitions of X such that \/"~ , 1, =
P,(A) (mod ). It follows from (3.6) that H,, ({6~ V Pu(A)) = H.(E|E Vv A).
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3.4. Measure-theoretic extensions. Let (X, B, ) be a standard Borel space, u be a regular
probability measure on X, and T : X — X be a measurable transformation. The quadruple
(X,B,u,T) is said to be a metric dynamical system (MDS for short) if T' is measure preserving,
i.e., u(B) = w(T~'B) for all B € B. If, in addition, T is bijective and T~! is also measure-
preserving, then (X, B, u, T) is said to be invertible. In the following, a MDS is always assumed to
be invertible. A MDS (X, B, 1) is said to be ergodic if whenever A € B is such that u(AAT-1A4) =0
then either pu(A) =0 or p(A) = 1.

Let (X,B,u,T) bea MDS and (Y, C, v, S) be a measure-theoretic factor of (X, B, u,T), i.e., there
exists a measure-preserving map = : X — Y, called a measure-theoretic factor map or extension,
such that m o T = S o 7 p-a.e.. It is well-known that p admits a v-a.s. unique disintegeration
uw = fy wydv(y) over (Y,C,v,S) ([15, Proposition 5.9]), where p,, y € Y, are Borel probability
measures on X satisfying

3.7 sy =Ty, v-a.e. yey.

Foreachi =1,2,--- ,n, let m; : (X;,B;, 1, T;) — (Y,C,v,S) be a factor map between MDSs
and p; = fy i ydv(y) be the disintegeration of p; over (Y,C, v, S). Define

(3.8) U1 Xy fo Xy« Xy fin =/ Wi,y X fhoy X oo X iy dV(Y).
Y

Then by (3.7), Ty x Ty x --- x T, preserves the measure p; Xy ps Xy -+ Xy pn. The MDS
(Xl X Xo X X Xp, By X By X -+~ xBn,,ul Xy fo Xy =+ Xy fhn, 11 X Ty X - - XTn) is called the
product of (X;, B;, ui, 13), i =1,2,--- ,n, relative to (Y,C, v, S).

Letr: (X,B,u,T)— (Y,C,v,S) be a factor map between ergodic MDSs and let i, = fy Hydv(y)
be the disintegeration of yx over (Y,C,v,S). « is said to be relatively weakly mizing if the MDS
(X x X,Bx B,uxy u, T xT)is ergodic, and is said to be compact if there exists a dense set F
of functions in L?(X, B, 1) with the following properties: for any f € F and § > 0, there exists a
finite set of functions g1, g2, - - , gx € L*(X, B, ) such that min,<i<. ||T"f — g;||12(,) < 9, v-a.e.
yeY, forall neZ.

Now consider a compact discrete flow (X,T). For p € M(X,T), we let P,(A) be the relative
Pinsker o-algebra of invariant o-algebra A of Bx and denote the completion of Borel o-algebra Bx
of X under by B,,. Then (X, B,, u,T) is a Lebesgue system. Let (Z, Z,n, R) be the Pinsker factor
of (X,B,,u,T)and 7 : (X,B,,1,T) — (Z, Z,n, R) be the measure-theoretic Pinsker factor map
with respect to A, i.e., 7 : X — Z is measure-preserving, moT = Ror p-a.e., and 71 Z = P,(A)
(mod p).

Let p = fz w1-dn(z) be the disintegration of p over (Z, Z,n, R). Then for each integer n > 2,

MA@ = [, ndn(z) is a T(-invariant measure on X (™), where

ug")=uz><uz><---><uz, X(")=X><X><---><X, T =T xTx-xT.
———— ———

n n n

Moreover, it follows from basic properties of disintegration ([15, 54]) that for any A, Ay, -+ , A, €
B, and a € Px,

(3.9) MM, A) = /X M B(LA| Py (A)) (@) dia(z)
and
H, (a| Py (A) = fX > e —E(@a|P.(A)(2) log E(L4| P, (A) (z)dp(z)
(3.10) = [ > aca —Hr(@)(A) 109 fir(o) (A)dp(z)
. = fz(fx Y aca —Hr(z) (A) 10 fir(z) (A)dp- (x)) dn(z)
= [, Hy.(@)dn(2).

The following result should be well-known. As we are not aware of a suitable reference for it, a
proof of the result is given for the sake of completeness.
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Theorem 3.3. Let (X,T) be a compact discrete flow, u € M(X,T), and A be a T-invariant o-
algebra of Bx . Let w1 (X, By, u, T) — (Z, Z,n, R) be the measure-theoretic Pinsker factor map with
respect to A and p = [, p.dn(z) be the disintegration of p over (Z, Z,n, R). If hy(X,T|A) > 0,
then

(1) p. is non-atomic for n-a.e z € Z;

(@) MA(w) is a T™-invariant ergodic measure on X ™).

Proof. (1) If (1) is not true, then the ergodicity of ;1 implies that there exists a positive integer &
such that p, is purely atomic with exactly & points in its support for n-a.e. z € Z. Hence for each
8 € Px and n-a.e. z € Z,
(3.11) H,.(8) < logk.
Now for any a € Px, we have by Proposition 3.6, (3.10), and (3.11) that
h(T, | A) = (T, 0| Pu(A)) = iMoo TH(ViZg T 0| Pu(A))
=1liMy—oo L [, H,. (Vi2y T a)dn(z) < lim, oo L [, log kdn(z) = 0.
Since « is arbitrary, h, (X, T|.A) = 0, a contradiction.
(2) We first claim that = : (X, B,,u,T) — (Z,Z,n,T) is a relatively weakly mixing extension.
If not, then by a classical result of Furstenberg and Zimmer ([15, 68, 69]) there exist (Y,C,v, S)
and factor maps m; : X — Y, my 1 Y — Z such that = = mym; and 75 is a non-trivial compact

extension. We note that 7, ‘7, ' Z = P,(A). Now, for any A € C, we have by Proposition 3.6 that

hy (T {m A L (Y A)}[A)

= hy(T {m A, w0 (Y \ A} Pu(A))

= hy (T, {my " Ay m ] (Y \ Ay 'y ' 2)

= h, (S, {A, Y\ A}|1, ' 2).
Since 75 is a compact extension, the conditional sequential entropy characterization of compact
extensions ([25]) implies that h, (T, {7, 'A, 7 (Y \ A)}.A) = 0. This shows that 7, ' A € P,(A).
Since A is arbitrary, 7; 'C C P,(A) (mody), and moreover, P,(A) = 7, 'n; 12 C w7 'C C Pu(A)
(mod ). Hence 7y 'my ' Z = 7 'C = P,(A) (mod ), i.e., 7y 'Z = C (modv). This shows that
is an isomorphism, a contradiction to the fact that 7 is a non-trivial compact extension. Hence
m (X, By, 1, T) — (Z,2Z,n,T) is a relatively weakly mixing extension.

Since M (i) = Xz pxz---xzp and p is ergodic, we have by Proposition 6.3 in [15] that

X B ) 7™) s ergodic, where B = Bx B x --- x B. 1
( ’ y K ) g
S——

4. Entropy and ordering

The main purpose of this section is to prove Theorem 1. While Theorem 1 should more or
less follow from an entropy inequality in [8], we will prove a general entropy preservation result
(Theorem 4.1 below) under an ordering condition which not only implies Theorem 1 but also
has the advantage of treating other zero entropy problems. For instance, applying our entropy
preservation result, one can similarly show that all almost automorphic minimal sets obtained in
[60, 61] for an almost periodically forced monotone system admit zero topological entropy.

4.1. Entropy preservation. Given a compact discrete flow (X, T, a finite subset A of X is called
a full scrambled set if for each map f : A — A there exists an infinite sequence {n;} C N such that
lim; ., Tz = f(x) for any x € A.

Lemma 4.1. Let 7 : (X, T) — (Y, 5) be an extension between compact discrete flows and p be
an ergodic measure of (X,T). If hy(X,T|Y) > 0, then for each integer n > 2 there exist y € Y
and x1,%9, -+ , Ty € T 1(y) such that x1,x2,- - ,x, are pairwise different and {x1,xa, -+ ,x,} is
a full scrambled set of (X,T).
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Proof. We follow the arguments in the proof of Theorem 2.1 in [7].

Let (Z, Z,n, R) be the Pinsker factor of (X, B,,, u, T) with respect to 7' By and p = fZ wodn(z)
be the disintegration of u over (Z, Z,n, R). For each integer n > 2, let A\, (1) = fz ui")dn(z) and
W™ = supp(A. (). Since p is ergodic and h,(X,T|Y) > 0, we have by Proposition 3.3 that (.
is non-atomic for n-a.e. z € Z and \,(u) is an ergodic measure. Hence (W",T() is transitive,
i.e., it contains a transitive point — point whose orbit is dense. Let W[, . denote the set of all
transitive points of (W, 7)) and G,, be the set of generic points in W with respect to \,, (1),
ie, Gn={weW": % vaz_ol OriTioxTi(w) — An(p) @ N — oo}. Since A, (u) is ergodic, we
have G,, C Wi, Then by Birkho ergodic theorem,

1=\ (u)(Ga) = /Z 100 (G dn ().

It follows that there exists a subset Z,, of Z with n(Z,) = 1 such that ui")(Gn) =1and u, is
non-atomic for all z € Z,,. For each z € Z,,, let S, = supp(u.). Then S, is a closed subset of X
without isolated points and

G,nSM cwr, NS =" where S =8, xS, x---x8,.

trans

n

since (G, N S™) =1, G, N ST is a dense subset of S, This shows that for each z € Z,,,

4.2) S0 = cl(L) C W,
Now, fix z € Z, and take (z1,z2,---,2,) € LT C W, ... By (4.1) and the fact that S, is
not a singleton, xy,zs,--- ,x, are pairwise di erent. Let A = {z,22,--- ,z,} and f: A — A be

any map. We have by (4.1) that (f(z1), f(z2), - , f(zn)) € S C W™. Since (z1, %2, ,2n) €

Wit.ns» there exists an infinite sequence {n;} C N such that
i (T, Tz, T0) = (f@1), f(@2) -+, F@a)),
i.e,, lim T™ix = f(x) for all x € A. This shows that A is a full scrambled set of (X, T).
Itl?eor%ains to show that there exists y € Y such that {z, x5, -- ,2,} C 7 1(y). If this is not

true, then there exist two disjoint nonempty open subsets U; and U; of Y such that {m(x;)}!, C
Uy UUz and {m(x;)}y NU; # 0,5 =1,2. Foreachi =1,2,--- n, take s(i) € {1,2} such that
x; € Uy Since (x1, @2, -+ ,xn) € supp(A, (1)) and N, 7~ 1Ty, is an open neighborhood of
(x1, 22, -+ ,2,), We have

/\n(luf)(n;l:lw_lUs(i)) > 0.
But by (3.9) and the facts that 7~ 'U,(;) € P, (7 'By), 7 'UiNa~'U; = 0, and {s(1),--- ,s(n)} =
{1, 2}, we also have

A (Mo 7 U i) = [ M B r10, | P (7 By)) (@) dpa()
= fX rl?:llﬁflUS(i) (‘T)d:u(‘r) = 07
which is a contradiction. 1

Lemma 4.2. Let 7 : (X,T) — (Y,5) be an extension between compact discrete flows. If
htop(X, T) > hiop(Y, S), then for each integer n > 2 there existy € Y and x1,T2,- -,y € T 1 (y)
such that x1,x9, -+ , T, are pairwise different and {x1,x2, -+ ,x,} s a full scrambled set of (X, T).

Proof. Since hyop(X,T) > hiop(Y;S), hiop(Y,S) < +oo. By the variational principle of entropy
there exists an ergodic measure p of (X, T) with h,(X,T) > hop(Y,S). Hence v = ¢p € Me(Y, S)
and h,(X,T) > h,(Y,5).

Let {a;}2, C Px, {#;}32, C Py be such that a; < az < ---, V2, = Bx (modp),
fr = B2 =+, and /72, B; = By (modv). We have by (3.3) that

(4.2) h(Ty 05V 77 B5) = BT, 7 3) + Hiuoal (7 85)" v (00)7).
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Since h, (T, 7~ 3;) = h,(S, 3;), (4.2) yields that
1 o\T _
(4.3) Hy (il (m ™1 8;) V(i) 7) = hu(T, i) = h (B, ) = hu(T i) — hu (Y, S).
Note that (w—lﬁj)T V()™ / 7 'By V(ay)” as j — oo. Taking j — oo in (4.3), we have by
Matingale theorem that H, (|7 ' By V (;)7) > h,(T, ;) — ho (Y, S). Hence
4.4 hu(X,TY) > hylei, T|Y) = Hy(oy|m By V(i) 7) > (T, i) — ho (Y, S).
Taking i — oo in (4.4), we have by Kolmogorov-Sinai theorem that
h#(Xa T|Y) Z h’#(Xv T) - hU(Ya S) > 0

The lemma now follows from Lemma 4.1. —1

When h,(Y,S) < +oo, it can be shown that »,(X,T|Y) = h,(X,T) — h,(Y,S). When
h,(Y,S) = +oo, we note that h,(X,T) = h,(Y,5) = +oco. But in this case, it can also hap-
pen that h,(X,T|Y) > 0. Therefore the condition ,(X,T|Y) > 0 in Lemma 4.1 is more general
than the condition h,(X,T) > h,(Y,S) in Lemma 4.2.

Given an integer n > 2, we denote by Per,(X) the set of all coordinate permutations on X ("),
AN n-partial order relation R on X is a subset of X (™ such that

a) 1o(R) N R =0 for some 7y € Per,(X);
b) R is essentially closed, i.e., for any {w}2, C R and w = (z1,x2, -+ ,2,) € XM, if
iMoo wy =wand x; Zx; for 1 <i# j <n, thenw € R.
We say that a compact flow (X, T) = (X, {[M; }+c1) preserves an n-partial order R if
ﬂtxl_ltx---xl_lt(R)gR
for all ¢ > 0. Also, we refer the relation PRZ(X,T) = {(z1,x2, - ,2n) i 2 Z 25,1 <i<j<
n, and liminf,_ . diam({zy-t,x2-t, - , 2z, -t}) = 0} as the proper n-proximal relation of (X, T).

Theorem 4.1. Let 7 : (X, T) — (Y, T) be an extension between compact flows. If for some
integer n > 2, the flow (X, T) preserves an n-partial order relation R on X and PR}(X,T) N
RY C U,cper,(x) T(R), where RY = {(z1,22, - ,z,) € XM (@) = - = 7w(w,)}, then
htop(Xa T) = htop(Ya T)

Proof. Let T and S be the time-1 maps of (X,T) and (Y,T) respectively. If hiyop(X,T) #
hiop(Y, S), then hyop (X, T) > hiop(Y,S). 1t follows from Lemma 4.2 that there exist y € Y

and z1,xa, -+ ,x, € 7 '(y) such that z; # z;, 1 < i # j < n, and {z1,22, - ,2,} is a full
scrambled set of (X, T). Clearly, (z1,z2,- - ,z,) € PRE(X, T)NR, C UTGPETH(X) 7(R). Without
loss of generality, we assume that (x1,z2, - - ,z,) € R. Since R is an n-partial relation, there
exists 7y € Per, (X) such that 7o(R) N R = (). Denote 7o(x1,z2, - ,xn) = (@), 25, - ,2,). Then

xp # o forall 1 <4 # j <n. Since {x1, 22, ,x,} is a full scrambled set of (X, T), there exists

a sequence {n;} C N such that

lim Tz, T wo, -+, T xy) = (2, 25, -+, 2)).

Note that (T"ixy, T xa, -+, T™x,) € R and x; # o for all 1 <4 # j < n. We have by the
essential closeness of R that (27,5, - ,2}) € R. Now (z},z5,--- ,x]) € 10(R), a contradiction
to the fact that 70(R) N R = (). Hence hop(X, T) = hiop(Y, S). 1

Corollary 4.1. Let (X, T) be a compact flow which preserves an n-partial order relation R on X
for some integer n > 2. If PR?(X,T) C UTEPern(X) T(R), then hiop(X,T) = 0.

Proof. It follows from Theorem 4.1 by taking (Y, T) as the trivial flow. 1
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4.2. Zero entropy of APCFs. The follows theorem immediately implies Theorem 1.
Theorem 4.2. For a SPCF (S X Y, T), hiop(S* X Y, T) = hip(Y, T).

Proof. Let . S* x Y — Y be the natural projection. Clearly, 7 : (S* x Y,T) — (Y, T) is a flow
extension. Consider

R={((e¥,y), (¥, y), (>, y)) : y €Y and ¢; < ¢2 < ¢3 < 1+ ¢1}.

Itis clear that R is a 3-partial relation on X = S* xY which is preserved by (X, T) and PR3(X, T)N
R} C Urepers(x) T(R). 1t follows from Theorem 4.1 that /o, (S* x Y, T) = hop(Y, T). -

5. Li-Yorke chaos and proximality

5.1. General conditions on the existence of Li-Yorke chaos. The following lemmas will be
needed in the proof of our general result on Li-Yorke chaos of a proximal extension.

Lemma 5.1. Let X and Y be compact metric spaces, m : X — Y be a semi-open, surjective,
continuous map, and K be a residual subset of X. Then

A=Ag ={yeY :Knn '(y) is a residual subset of 7 (y)}

is a residual subset of Y.
Proof. See Proposition 3.1 in [63]. 1

Let X be a compact metric space. A subset K C X is called a Mycielski set if it is a countable
union of Cantor sets. The following result is a special case of Mycielski theorem ([48]).

Lemma 5.2. Let X be a compact metric space with no isolated point. If R is a residual subset of
X x X, then there exists a Mycielski set K of X which is dense in X such that for any two distinct
points x,y in K, (z,y) € R.

Proof. See Theorem 1 in [48] or Lemma 2.6 in [7]. 1

The following result is more or less known for maps ([19]) but the proof does not automatically
carry over to the case of R-flows.

Theorem 5.1. Let 7 : (X, T) — (Y, T) be a proximal extension of minimal flows which is not
almost 1-1. Then there exists a residual subset Y. of Y such that each fiber 1= (y), y € Y., admits
an uncountable scrambled set. In particular, (X, T) is Li- Yorke chaotic.

Proof. Let Yy, Y*, X* and «/, 7,7 be as in Proposition 3.5. Recall that =’ is an open extension.
Let y* € Y* and z, 2’ € y*.

Since w(z) = w(z’) = 7(y*) and = is a proximal extension, x, =’ are proximal, so are (z, y*), (', y*).
This shows that 7’ is a proximal extension as well. It follows from Proposition 3.3 that (R,/, T)
is positively transitive. Thus Tran™(R,.) is a residual subset of R,.. Since p : Ry — Y™*:
((z,y™), (@', y*)) — y* is an open map, it follows from Lemma 5.1 that there is a residual subset
Y C Y* such that for every point y* € Y, Trant(R.) N (7)1 (y*) x (z')~(y*)) is a resid-
ual subset of (7')~1(y*) x (')~ (y*). Let Y. = 7(Y*). Since by Proposition 3.4 7 is semi-open,
Lemma 5.1 implies that Y, is a residual set.

Fix yo € Y. and let y; € Y,* be such that 7(y}) = yo, i.e., y5 C 7 (yo). We first claim that the
closed subset (')~ (y5) = {(z, y3) : = € y3} has no isolated point. Suppose for contradiction that
there exists = € y; such that (z, y3) is an isolated point of (7/) =1 (yg). Obviously, {((z,vg), (z,y3))}
is a relatively open subset of (7/)~1(y¢) x (7')~1(v), hence ((x, ), (x,v3)) € Trans™(R,) as
Transt™(R.) N (")~ (yg) x (=)~ 1(yg)) is a residual subset of (')~ (yg) x (7)1 (yg). It follows
that R, = {(z*,2*) : z* € X*}, i.e., «' is an isomorphism, and hence 7~!(y*) is a singleton for
each y* € Y*. In particular, 7—!(y) is a singleton for each y € Yj, i.e., 7 is an almost 1-1 extension,
a contradiction.
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Next, by applying Lemma 5.2 with R = Tran™(R,) N (") (yg) x (7)1 (y)), we obtain
a Mycielski set K C (")~ 1(yg) such that for any two distinct points z*, 2} in K., (z*,27) €
Tran™(R.).

Now let Ky, = {z € X : (z,y;) € K, }. Since K, and K are homeomorphic, K, C 7 (yo)
is also a Mycieski set hence it is uncountable.

It remains to show that K,, is a scrambled subset of (X, T). Let z,z; be any two distinct
points in K,,. We note that ((z, ), (z1,45)) € Tran*(Rx). Since both ((z,%). (z,;)) and
((x,y3), (z1,v5)) are in R/, there are positive increasing sequences t; — +oo, s; — +oo such that

IImZHOO((Ia ya)a (Ila ya)) tp = ((Ia ya)a (Ila ya))v

IImJﬂOO((IvyS)v (xlny)) : Sj = ((Ia ya)a (Ia ya))
This implies that lim;_(z,z1) - t; = (x,21) and lim;_o(x, 1) - s; = (x,2), ie., {z,x1} is a
Li-Yorke pair of (X,T). Hence K,, is an uncountable scrambled set of X. This completes the
proof. 1

An extension 7 : (X, T) — (Y, T) between compact flows is said to be positively asymptotic if for
each y € Y, any two points x, 2’ € 7~ !(y) are positively asymptotic, i.e., lim; ., o d(z-t, 2’ -t) =0,
where d is a compatible metric on X.

Corollary 5.1. Let 7 : (X, T) — (Y,T) be a positively asymptotic extension between minimal
flows. Then 7 is an almost 1-1 extension.

Proof. Obviously, 7 is a proximal extension. If 7 is not almost 1-1, then by Theorem 5.1 there
exists an uncountable scrambled set K, C 7~ !(y) for some y € Y. In particular, there exist
z1, 22 € K, C 7 1(y) which are not positively asymptotic, a contradiction. 1

5.2. A strict dynamical dichotomy of minimal sets. We now consider a SPCF (S* x Y, T) =
(S x Y, {A¢}eT) in the form (1.1), i.e.,

/\t(SOa yO) = (1/1(8073/01 t)7y0 : t)a teT.

We denote dy as a compatible metric on Y and 7 : S' x Y — Y as the natural projection.

For s; # sy € S, we denote [s1, so] as the closed arc from s; to s, oriented counter-clockwise,
and let (s1,s2) = [s1, s2] \ {51, 52}. We also denote [s, s] = {s} for any s € S'. For a fixed yo € Y,
consider the family of maps f; : St — S': s — 4(s,y0,t), t € T. Then each f; is an orientation
preserving homeomorphism of S*.

Lemma 5.3. Let s1 # so € S* and {t;} C T be such that lim;_ fi;(si) = s} for some s} € St
1 =1,2. Then the following holds.

1) If s} # sy, then lim;_ fi,([s1, 52]) = [s], s5] under the Hausdorff metric on 25",

(2) If 51 = s = s', then either lim;_. fi,([s1,s2]) = {s'} or lim;_ fi,([s2,51]) = {s'} by
taking subsequences if necessary.

Q) If s} = sh =5 and limsup; ., fi,([s1,52]) # S*, then lim; o fi;([s1,52]) = {s'}.

4) If limi_ oo | fi(s1) — fi(s2)| = O, then there exists to > 0 such that, as t > to, |fi(s7) —
(35| < |fe(s1) — fi(s2)| for either all s3,s5 € [s1, s2] or all 57, s5 € [s2,s1]. In particular,
liMi oo [ f:(s3) — fi(s3)| = 0 for either all s7,s5 € [s1,82] or all s%,s% € [s2,51].

Proof. (1), (2) and (3) are obvious.

(4) Denote A; = [s1,s2] and Ay = [s2,s1]. We let 0 < g < %@ be such that if |s — s'| < ¢
then |¥(s,y,7) — (s’ y,7)| < m%m forall y € Y and r € [0,1]. We also let ¢, > 0 be such
that |fi(s1) — fi(s2)| < € for all ¢t > ¢y. Then for any t > t,, there exists i(t) = 1 or 2 such that
diam(f,(A;) < |fi(51) — fi(s2)] < <o

Since diam(A; U A;) = diam(S!), we have

diam(f;(S" \ A;;))) > diam(S") — o > %diam(Sl)
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for all t > ¢y. In the following, we show that i(¢) equals a constant, say io = 1 or 2, on [tg, +o0) NT.
If this is not true, then there exist ¢, € [tp, +oo) NT and r € (0,1] N T such that i(¢t1) # i(t; + r).
On one hand, since i(t;) # i(t; + r), we have

. . . 2 .

diam(fe,-+-(Ai(r))) = diam(fe,+,(S* \ Airy 40))) > diam(s?) —¢o > §dlam(51)-
But on the other hand, since diam(f, (4;(:,))) < €0, we have
. . diam(S*
am(f, (A1) = diam({us, - 1,7 s € fr,(A))) < Tome ).
This is a contradiction.
Now for any si,s3 € A, and ¢ > to, we have |fi(s7) — fi(s3)] < diam(fi(4ir))) < |fe(s1) —

Ji(s2)l- L1

We now assume that base flow (Y, T) is minimal in the SPCF (S! x Y, T). Let X be a min-
imal set of (S' x Y, T), Y, be the set of continuity points of 77! : V¥ — 2¥%: y — 77 1(y),
and (X*,T),(Y*,T), 7,7, 7" be defined as in Proposition 3.5 with respect to the extension 7 :
(X, T) — (Y, T). Recall that Y; is an invariant residual subset of Y, Y* = cl{n~1(y) : y € Yo},
X* = {(z,y*) € X xY* : z € y*}, (X*,T) is a minimal flow, = : (Y*,T) — (Y,T) and
7 (X*,T) — (X,T) are almost 1-1 extensions (hence (Y*,T) is point-distal if (Y, T) is), and
' (X*,T) — (Y*,T) is an open extension.

Let Z = S x Y* and define the skew-product flow (Z,T) = (Z, {NZ},c1) by

I-ItZ(Sa y*) = (1/)(85 T(y*)v t)a y* ' t)
Consider p: X* — Z: ((s, 7(v*)), y*) — (s,y*) and let Z* = p(Z) endow with the metric
dz-((s1,97), (52,43)) = |s1 — s2| + dv~(y7,43), (51,97),(s52,93) € Z7,
where dy - is a compatible metric on Y*. Since for any ((s, 7(y*)),y*) € X* and ¢ € T,
p(((s, 7)), y™) - 1) = p(Ne(s, 7(y™)), y" - 1) = p((W(s, 7(y™), ), T(¥") - 1), y" - 1)
= (s, 7(y"), 0,y - ) = NE(s,97) = N7 (0((5, 7)), y7)),

we see that p : (X*,T) — (Z*,T) is a flow isomorphism. Hence (Z*,T) is a minimal flow. Let

m* . Z — Y™ be the natural projection and denote m; = 7*|z-.

Lemma 5.4. The following diagram
(X,T) —"— (X*,T) —2— (2*,T)
Lk b
Y, T) «——— (Y*,T) (Y*,T)

commutes, where 7,7’ are almost 1-1, ©’, 71 are open, and p is 1-1.

Proof. Since 7’ is open, so is m; =7’ o p~ L.
With Proposition 3.5, we only need to check the commutativity of the right half of the diagram.

Let ((s, 7(y*)),y*) € X* . Then

m1(p((s, 7(W")), ¥")) = mi(s, ") = y* = 7' ((s, 7)), ¥").
—1

Proposition 5.1. Suppose that the base flow (Y, T) of the SPCF (S* xY,T) is point-distal. If there
exists a second category subset Y.\ of Y* such that for each y* € Y, there exists no uncountable
scrambled set in 7 “(y*), then (Z*,T) is point-distal.
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Proof. Let A denote the collection of all proper, closed, sub-arcs of S with end points being roots
of unity and consider the set

D= {(11,12) 21,1 € Aand I, C |nt(11)}
It is clear that D is countable.
Since (Y*,T) is point-distal, the set Y; of distal points of Y* is a residual subset. Clearly,
Y =Y, NY] is asecond category subset of Y*.
For each y* € Y*, we let S(y*) = {s € S': (s,y*) € Z*}. Then S(y*) is a closed subset of S!.
Since 71 is open, the map 0 : Y* — 25" y* — S(y*) is continuous. Define

Y ={y" €Y, : S(y") contains an isolated point} and Y7 = Y7 \ V;*.

Since Y,; is a second category subset of Y, either Y;* or Y,* is a second category subset of Y.
There are two cases to consider.

Case 1. Y;* is a second category subset of Y.

We note that for each y* € Y;*, there exists (1%*,1;!*) € D such that S(y*) N If* =Sw*)nN Ig*
is a singleton. Thus the map @ : V;* — D: y* — (I{’*,I{) is well-defined.

Since Y* = U(h_lz)673 ®~1(I1, I2), D is countable, and Y;* is a second category subset of Y*,
there exist (17, 19) € D and a nonempty open subset U of Y* such that ®-1(19,19) O U. Using
the continuity of the map 6 : Y* — 25": y*  S(y*), we have that for each y* € o-1(19, 13),
S(y*)Nint(1Y) = S(y*)NIY is asingleton. In particular, for each y* € U, S(y*)Nint(IY) = S(y*)NIY
is a singleton. Let W = int(I?). Then W N S(y*) is a singleton for each y* € U.

Fix points y* € Y* and s € S(y*). Then (s,y*) € Z*. Since (W x U)N Z* is a nonempty open
subset of Z* and (Z*, T) is a minimal flow, there exists ¢, € T such that I'lg (s,y*) € WxU. Hence
there exists an open neighborhood V of s in S* such that I‘ItZO* (Vx{yHnzx)yc(W xU)Nnz*.
Since MZ" ((V x {y*H N Z*) C S(y* - to) x {y* - to} and y* - o € U, NZ ((V x {y*HN N Z*) C
(S - to) N W) x {y* - to} is a singleton, it follows that (V' x {y*}) N Z* is a singleton, i.e., s is an
isolated point of S(y*).

Thus, for each y* € Y*, S(y*) is a discrete closed subset of S!, hence a finite subset of S*. This
shows that m; : (Z*,T) — (Y*,T) is a finite to one and open extension of the point-distal flow
(Y*,T). By Proposition 3.2 2), (Z*,T) is point-distal.

Case 2. Y’ is a second category subset of Y*.

Let y;5 € Y, be fixed such that S(yg) contains no isolated point. Then S(yg) is a perfect subset
of S1. It is not hard to see that there exists so € S(yg) such that for any ¢ > 0 su ciently small,
[s0, 50€2™ 1N S(yg) and [soe =27, 0] NS (yg) are two uncountable sets. Clearly, 25 = (so,y3) € Z*.
Let yo = 7(yg) and f; : ST — St: s (s, 90, t)-

Suppose for contradiction that (Z*, T) is not point-distal.

Claim 1. There exists ¢y > 0 such that if (s1,y*), (s2,y*) € Z* are distal, then

SUP,>0[Y(s1, T(Y"), 1) — U(s2, T(y"), )] > eo.

Since (Z*,T) is not point-distal, we have by Proposition 3.1 that there exists z; = (s',y7) €
Z*\ {z4} such that =7,z are positively proximal. In particular, y7,y; are positively proximal.
Since yi € Y, yi = yg. Hence s’ # so and there exists a sequence ¢; — +oc and a point s” € S*
such that lim; . ft,(s") = lim;_« ft,(s0) = s”. It follows from Lemma 5.3 (2) that there exists a
subsequence {ix} C {i} such that either limy_.c fi, ([s', so]) = {s"} or limy_.c fi, ([s0,5]) = {s"}
under Hausdro metric. We let B = [, s0] or [so, s'] be such that for any s, s2 € BN S(y),

|tiLn+igof dz-((s1,95) - t, (s2,90) - ) = k“lgo | fti, (81) = fr;, (s2)| = 0.

By the choice of sg, B N S(yg) is an uncountable set.
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For each (s,y*) € Z*, we consider the set
ARy (s.y") = {s1 € S@) ¢ lim_dz-((s1,5") 1. (s.5) - ) = 0}.

Obviously, if s € S(yg), then AR (s,y5) = {s1 € S(g) : liMi— 100 | f2(s1) — ft(s)| = 0}. Hence for
any si, s2 € S(yg), either AR, (s1,y5) = ARy (s2,y8) or ARy (s1,y5) VAR (s2,ys) = 0. 1t follows
that there exists a set I C B N .S(yg) such that

(1) forany s € I, BN AR, (s,y3) # 0;

(2) forany s1 # s2 € I, ARy (s1,95) N ARy (s2,95) = 0;

) BN S5) = User (BN AR (5, 45))-
By (2) above, if s; # sy € I, then limsup,_, ,  dz-((s1,45) - £, (s2,95) - t) > 0, hence (s1,y5)
and (sq,;) form a Li-Yorke pair. This shows that T x {yi} C m;'(y¢) is a scrambled set of
(Z*,T). Since 7, *(y3) contains no uncountable scrambled set, I must be countable. Note that
BN S(yg) is uncountable. There must be a point s° € I such that BN AR, (s°, yg) is uncountable,
in particular, AR, (s°,yg) is uncountable. Let ¢ > 0 be given. Since AR, (s°,y¢) is uncountable,
there exist si, s3 € AR (s%,y3) such that [si, s3]N AR, (s°,y3) and [s3, s1]N AR, (s, yg) are both
uncountable. Using Lemma 5.3 (4) and the fact that lim;_, o dz-((s}, yg) - t, (s3,y8) - 1) =0, we
have that there exists to > 0 such that, as ¢ > to,

dz-((s1,95) - 1, (53, 95) - 1) < dz-((51,95) - 1, (52, 95) - 1) < €
for all s}, s, € [s{, s3] or s, s, € [s3,s1]. Let [s,s9] C [si, s3] or [s3, s1] be such that [s?, s3]NS(yg)
is an uncountable set, [s?,s5]1 N S(y5) € ARy (s0,y*), and sup,sq dz-((s},y*) - t,(sh,y*) - t) < €
for all 7, s, € [s9,s9]1 N S(yg). Also let sJ € (s9,59) N S(ys) and eo > 0 be such that {s € S! :
|s — 89| < 2e0} C (59, 59).

Let (s1,9%), (s2,y*) € Z* be distal. Since (Z*,T) is minimal, there exists a positive sequence
t, — oo such that NZ (s1,y*) — (s3,y5) and NZ (s2,y*) — (s4,yg) for some s§ € S(yg).
Since (s3,45), (s%,45) € Z* are also distal, s§ & (sY,59). Hence |s§ — s9| > 2¢o. It follows that
SUpP;>o Y (s1, 7(¥*), 1) — ¥(s2, T(y*), 1) > |s§ — s§| > €o. This proves Claim 1.

Claim 2. For each € > 0, there exist a nonempty open set U. C Y* and a point (I§,I5) € D
such that if y* € U, then S(y*) N Is # 0 and sup,sdz-((s},y") - t,(s4,y*) - t) < e for all
sh, 85 € int(I$) NS (y™).

Let y* € Y. Then S(y*) contains no isolated point and no uncountable scrambled set. Similar
to the proof of Claim 1 there are s; # s2 € S(y*) such that [s1, s2] N S(y*) is an uncountable
set, [Sla 82] N S(y*) C AR-{-(Say*) for some s € S(y*)a and SuptZO dz- ((Sllay*) -1, (8/273/*) : t) <e
for all si,s} € [s1,52] N S(y*). Hence there exists (I{’i, I%’*) € D such that I%‘* N S(y*) # 0 and
SUP>o dz-((s1,y*) - t,(sh,y*) - t) < e for any sy, s5 € I/ NS(y*). We define the map @, : Y, — D
as ©.(y") = (I, 1§ ), y* € ¥y,

Since Y, = U(hjz)GD ® (1, I2), D is countable, and Y, is a second category subset of Y, we
have that there exists (I5, I5) € D and a nonempty open subset U, of Y* such that dJ;l(If, 15) O U..

We note that for any y* € ® (I, I5), 15 N S(y*) # 0, sup,>qdz-((s1,y*) - t, (sh,y*) - t) < e
for any s},s5, € If N S(y*). It follows from the continuity of the map 6 : Y* — 2%yt e
S(y*) that for each y* € ®Z'(If, I5), S(y*) N Is # 0, and supodz-((s1,y") - 1, (s, y*) - 1) < e
for any s{,s, € int(Z{) N S(y*). In particular, for each y* € U., we have S(y*) N I§ # ¢ and
SUP;>o dz-((s1,y*) - 1, (s5,y*) - 1) < e for any s, s € int(I7) N .S(y*). This proves Claim 2.

Claim 3. If (s1,y*),(s2,y*) € Z* are proximal, then s; € AR, (s2,y*). Moreover, for each
(s,y*) € Z*, AR, (s,y™) is an open subset of S(y*).

Let (s1,y"), (s2,y*) € Z* be proximal. For any ¢ > 0, we let U. C Y* and (I{,15) € D be as in

Claim 2. Then for each yj € U, we have S(y1) N I5 # 0 and sup, dz-((s1,y1) - t, (5, 47) - 1) < €
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for all s7, s, € int(If) N S(y7). Since (Z*,T) is minimal and (int(I{) x U.) N Z* is an open subset
of Z*, there exists ¢; € T such that (s1,y*) - t1, (s2,y*) - t1 € (int(I5) x U) N Z*. Hence

Sgg dz«((s1,y7) - (t1 +1),(s2,97) - (t1 + 1)) <.
t>

Since ¢ > 0 is arbitrary, s; € AR (s2,y™).

For a fixed ¢ € (0,¢), we let y7 € Y* and s/, s, € int(Zf) N S(y7). We have by Claim 1 and
Claim 2 that (s}, y7), (sh,y}) are proximal. Repeat the above arguments for (s}, y7), (sh, y7) in
place of (s1,v*), (s2,y™) respectively, we conclude that s} € AR, (s5,y7). Hence int(Z{) N S(y}) C
AR, (s,y7) for each s € int(15) N .S(y7).

Let (s,y*) € Z* and ¢t € T be such that (s, y*)-t € (int(I7) x U )NZ*, i.e., P(s, 7(y*), t) € int(l5)
and y* -t € U.. Clearly, there exists an open neighborhood V of s in S* such that

{v(", 7(y"), 1) 18" € VN Sy} Cint(I)) NSy - 1) € AR ((s,y") - 1).
This implies that V N S(y*) € AR+ (s,y*), i.e., ARy (s,y*) is an open subset of S(y*).
Claim 4. m : (Z*,T) — (Y*,T) is a finite to one extension.

Since for any s1, s2 € S(yg), either AR, (s1,y5) = ARy (s2,y5) of AR (s1,y5) N AR (s2,y5) =
0, there exists J C S(yg) such that { AR, (s, y3)}ses is a partition of S(y). By Claim 3, for each
s € J, AR (s,yg) is an open subset of S(y5). So {AR4(s,y0)}ses IS an open cover and also a
partition of S(yg). Hence J must be a finite set, say, J = {s1,52,--,s,}. Foreachi =12,--- n,
since AR (si,y5) = S(yg) \ U,z AR+ (s;,y5), we see that AR (s;,y) is also a closed subset of
S(yg)-

If n = 1, then for any s}, s, € S(ys), (sh,v8), (sh,yg) are proximal. This implies that 7, is a
proximal extension. Since for each y* € Y, there exists no uncountable scrambled set in wl‘l(y*),
we have by Theorem 5.1 that 7; is an almost 1-1 extension. Hence there exists y; such that
IS(P)| = |77 (y7)| = 1. Moreover, since 0 : y* — S(y*) is continuous, |7 *(y*)| = |S(y*)| = 1 for
any y* € Y*, i.e., m is a flow isomorphism.

If n > 2, then there exists s’ € S(y3) \ AR+(s1,yg). Since AR, (s1,y) is closed, we can find
points a, b € AR.,.(Sl,yS) such that AR.,.(Sl,yS) - [al,bl] (If a1 = by, then [al,bl] = {al})
and s’ € S\ [a1,b1]. By Lemma 5.3 (4) and the fact that s’ ¢ AR, (s1,y3), We have that
[a1,b1] N S(yg) € ARi(s1,y5) and diam(fi([a1,b1])) < [fi(a1) — fe(b1)| as ¢ su ciently large,
where fi(s) = ¢(s,7(y3),t), t € T. Hence AR (s1,y3) = [a1,b1] N S(yS). Similarly, for each
i =2,3,---,n there exist points a;,b; € AR (s;,yg) such that AR, (s;,y5) = [ai, bi] N S(yg) and
diam(f:([as, biD) < |f:(a;) — fe(b)| as ¢ su ciently large.

Let ¢, — +oo be such that y; - ¢, — y§ and limg_ fi, ([ai, b:]) = {c;} for some ¢; € S(y3).
Using the continuity of 6 : y* — S(y*) and the fact that

S - 1) = £ (SW)) = | flAR (si. ) = | £illai, bl N S(5)), teT,
=1 1=1
we have

S@i) = Jim SG5 6= fim [ fo, (s b1 N0 S@) = {er, ez eal
i=1

By the continuity of # again, we have |7, *(y*)| = |S(y*)| = |S(y3)| for any y* € Y*. This shows
that 7 is a finite to one extension. The proof of Claim 4 is now complete.

Now, since (Y*, T) is point-distal and ; is finite to one and open, we have by Proposition 3.2 2)
that (Z*,T) is point-distal, a contradiction. 1

Theorem 5.2. Let X be a minimal set of a SPCF (S' x Y, T) with point-distal base flow (Y, T).
Then X 1is either point-distal or residually Li-Yorke chaotic.
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Proof. Let X*)Y*, Z* 7,7, p, 7,7, © be as in Lemma 5.4 for the present minimal set X.

We first consider the case that there exists a second category subset Y,* of Y* such that for
each y* € Y;* there exists no uncountable scrambled set in 7, *(y*). By Proposition 5.1, (Z*,T) is
point-distal. Since p: (X*,T) — (Z*,T) is a flow isomorphism, (X*, T) is also point-distal. Note
that 7/ : (X*,T) — (X, T) is almost 1-1. We conclude that (X, T) is point-distal in this case.

Next, we consider the case that there exists a residual subset Y_* of Y* such that for each y* € Y*
there exists an uncountable scrambled set in 7, '(y*). Let y; € Y and F be an uncountable
scrambled set in 7, ' (yg). Then there exists an uncountable subset S of S* such that F = {(s, y;) :
s € St Letyo = 7(y5) and F' = {(s,y0) : s € S}. Clearly, F’ is an uncountable set. Since
m =1 0p~t:(Z*T) — (X,T) is a flow extension and m(F) = F’, we have F' C 7~ (yo). Let
s1 # sg € S. Then (s1,y5), (s2,y$) form a Li-Yorke pair. Hence

ItILnlgof |1/J(Sla y07t) - w(827y01 t)| =0 and I;miup |1/J(Sla y07t) - w(827y01 t)| > 07

i.e., {(s1,%0), (s2,50)} is also a Li-Yorke pair. Therefore, F’ C 7~ 1(y) is an uncountable scrambled
set of (X, T).

Let Y. = 7(Y.). Since Y. is a residual subset of Y* and 7 is an almost 1-1 extension, Y, is
a residual subset of Y and there exists an uncountable scrambled set in 7—!(y) for each y € Y.
Hence (X, T) is residually Li-Yorke chaotic. 1

A point-distal or even an almost automorphic minimal set can also be Li-Yorke chaotic. But
our next theorem says that it cannot be residually Li-Yorke chaotic.

Lemma 5.5. Let X and Y be compact metric spaces, and w: X — Y be a semi-open, surjective,
continuous map. Then

Xo ={z € X : for any open neighborhood U of x, n(U) is a neighborhood of n(x)}
is a residual subset of X .

Proof. It follows from arguments of Lemma 3.1 in [63]. 1

Theorem 5.3. Consider a SPCF (S! x Y, T) with point-distal base flow (Y, T). If a minimal set

is point-distal, then it is not residually Li- Yorke chaotic.

Proof. We use the explicit expression (1.1) for a SPCF (S x Y, T) = (S* x Y, {A;}seT1). Suppose
for contradiction that the SPCF has a point-distal minimal set M which is also residually Li-Yorke
chaotic. Then the set M, of distal points of M is a residual subset. It follows from Lemma 5.5
that

Yy={yecY:Mygnn'(y) is a residual subset of 7= (y) N M}
is a residual subset of Y. Since M is residually Li-Yorke chaotic, there exists a residual subset Y,
of Y such that each fiber 7=1(y), y € Y., admits an uncountable scrambled set W,.

Fixy e YynY.and let B, = {s € S' : (s,y) € W,}. Then E, is an uncountable subset of
S! and it is not hard to see that there exists sy € E, such that for any ¢ > 0 su ciently small,
[s0, 50€2™1 N E,, and [spe =" 0] N E,, are two uncountable sets.

Consider the family of maps f; : S' — S': s — (s,y,t), t € T. Take s; € E, \ {so}. Then
(s0,%), (s1,y) are positively proximal. Hence there exists a sequence t; — +oo and a point s” € S!
such that lim;_ . fi,(s1) = lim;_ f:,(so) = s”. It follows from Lemma 5.3 (2) that there exists
a subsequence {i;} C {i} such that either lim;_, ftik([sl, so]) = {s”} or limy_. fi, ([0, 51]) =
{s”} under Hausdro metric. We let B = [s1, so] or [sg, s1] be such that for any s; € B,

liminf d((so,y) - £, (s2,9) - 1) = lim [fy, (s0) = fu,, (s2)| =0.
According to the choice of sy, BN E, is an uncountable set. Now since 7—*(y) N My is a residual

subset of 7=1(y) N M, there exists s; € int(B) N E, such that (s3,y) € M,. This is impossible
since liminf,_ 4 o d((so,y) - t,(s5,y) - t) = 0. 1
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Now Theorem 2 immediately follows from Theorems 5.2, 5.3 above.

6. A general topological classification of Minimal sets

In this section, we consider a SPCF (S x Y, T) = (S! x Y, {A;}+e1) with minimal base flow
(Y, T). We adopt the explicit form (1.1), i.e.,

Ne(s0,y0) = (¥(s0, Y0, 1), 90 - 1), €T,
and denote dy as a compatible metric on Y and 7 : S' x Y — Y as the natural projection.

Let M be a minimal set of the SPCF (S! x Y, T). For each y € Y, we denote M, = {s € S':
(s,y) € M}. Since M, is a closed subset of S!, each connected component of A, is either the
whole circle or a closed interval in the circle (which can be degenerate). Consider the function
(v Y — RU:

¢m(y) = sup{|B| : B is a connected component of M},
where |B| denotes the length of B. For each y € Y/, it is clear that there exists a component B in
M, such that ¢y (y) = |B|, i.e.,

¢m(y) = max{|B| : B is a connected component of M,}.

Lemma 6.1. The function (y; is non-negative and upper semi-continuous, i.e., Cyr(y) > 0 and
limsup, ., Cv(yn) < Cu(y) for each y €Y.

Proof. The lemma is clear because M is compact. 1

Let Yo(Cm) ={y € Y : Cu(y) = 0}
Lemma 6.2. Either infycy Car(y) > 0 or Yo(Car) is a residual subset of Y.

Proof. By Lemma 6.1, Yy(Car) is a Gs-set. Hence it is su cient to show that if inf,cy (ar(y) =0,
then Yy (Cay) is a dense subset of Y.

Assume that infycy (a(y) = 0 and let Y.(¢ar) be the set of points of continuity of (as. Since
Car is upper semi-continuous, Y.(Cas) is a residual set.

If Car(yo) > 0 for some yo € Y.((pr), then there exist open neighborhood U of yg and ¢ > 0
such that (y(y) > ¢ for all y € U. By the minimality of Y, we let ¢t; < ¢t5 < --- < ¢, be such
that |J;_, U -t; = Y. Since infycu Car(y) > 0, we have that ¢; =: inf,cy C(u(y - ;) > 0, for all

i=1,2,---,n. Hence infycy Cpmr(y) > min{c; : ¢ = 1,2,--- ,n} > 0, a contradiction to the fact
that inf,cy (ar(y) = 0. This shows that for any yo € Y.(((M)), Car(yo) = 0, i.e., Yo(Car) € Yo(Car).
Hence Yy((ys) is a residual subset of Y. 1

Recall that a minimal set M of a SPCF (S! x Y, T) is a Cantorian if there exists a residual
subset Y, of Y such that for each y € Yy, M, is a Cantor set.

The following theorem immediately yields Theorem 3.

Theorem 6.1. Let M be a minimal set of a SPCF (S' x Y, T) with minimal base flow (Y, T).
Then precisely one of the following holds:

a) M is an almost N-1 extension of Y for some positive integer N ;
b) M =5'xY;
€) M is a Cantorian.

Proof. By Lemma 6.2, there are two cases:

a) infyey Cu(y) > 0;
b) Yy(Car) is a residual subset of Y.

We first consider the case a). Let
A= {[e¥" 2™ r <l <1471 rlecQ})

Since A is countable, we can rewrite it as A = {[a;, b;]}ien. Since infycy (ar(y) > 0, we have that for
each y € Y, there exists i(y) € N such that [a;(,), bi,)] € M,. In particular, [a;,), b;,)]x {y} C M.
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Denote Y; = {y € Y :i(y) =i} fori € N. Then|J,. Yi =Y. Hence there exists i, € N such that
W =:int(Y,;,) # 0. Since [a;,,b;.] x Y;, € M and M is closed, we have that [a;, ,b; ] x Y; C M,
which implies that (a;,,b;,) x W C M.

Let y € Y and denote S(y) = {s € S' : (s,y) € M,}. For any s € S(y), since M is minimal,
there exists ¢ € T such that (s,y) -t € (a4, ,b;,) x W, which implies that s € intg:1(S(y)). It follows
that S(y) is an open subset of S'. Since S(y) is also closed, S(y) = S*. Since y is arbitrary,
M =U,ey SG) < {y} = ' x Y.

We now consider the case b). Let

Ye(M) = {yeY:M,isa Cantor set},
Y{(M) = {yeY:M, hasan isolated point}.

Since it is clear that M, is a Cantor set for any y € Yo(Car) \ YE(M), we have that Y¢(M) D
Yo(Car) \ YV (M).

If Ye(M) is a residual subset of Y, then by definition M is a Cantorian.

If Y(M) is not a residual subset of Y, then Y'(M) is of second category, or Y(M) 2 Yo(Car) \
Y?i(M) is a residual subset of Y since Yy(Cas) is a residual subset of Y.

Consider the countable set

D= {(11,12) 1L, I € A and I, C int(Il)}.

We note that for each y € Y(M), there exists (I}, 1Y) € D such that S(y) NI} = S(y) N 1Y is a
singleton. Thus the map ® : Y{(M) — D: y — (I{, I3) is well-defined.
Since Y¥(M) = Uh yen ®~1(I1, I5), D is countable, and Y?(M) is of second category, there

exist (I?,19) € D and a nonempty open subset U of Y such that ®—1(1?,19) D U. Since 6 : y —
S(y) is upper semi-continuous, the set Yy of all continuity points of 4 is an invariant residual subset
of Y. Let W = int(I)). For each y € UNY, C & 119, I9) N Yy, since S(y) Nint(1Y) = S(y) N I?
is a singleton, W N S(y) is also a singleton.

Fix y € Yo and s € S(y). Then (s,y) € M. Since (W x U) N M is a nonempty open subset
of M and M is a minimal set, there exists ¢, € T such that (s,y) -tc € W x U. Hence there
exists an open neighborhood V of s in S* such that (V x {y})-toc " M C (W x U)n M. Since
Vx{yD) -tonM C S(y-to) x {y-to} and y - to € U NYp, we have that (V x {y})-toN M C
(S(y - to) N W) x {y - to} is a singleton. It follows that (V x {y}) N M is a singleton, i.e., s is an
isolated point of S(y).

Thus, for each y € Yy, S(y) is a discrete closed subset of S*, hence it is a finite subset of S!.
This shows that 7 : M — Y is an almost finite to one extension. It follows from Proposition 3.2 1)
that 7 : M — Y is an almost N-1 extension for some positive integer N.

Finally, the above is a strict trichotomy because in both cases a) and b), M cannot be a
Cantorian. 1

7. Finite To One Extensions And Almost Automorphic Dynamics

7.1. Local connectivity and almost automorpy. Let X be a complete metric space. Recall
that x € X is a locally connected point if for any open neighborhood U of = there is a connected
closed neighborhood V of x such that V' C U. We denote by X;. the set of locally connected points
in X.

Lemma 7.1. Suppose that X;c # 0 and (X, T) is minimal. Then Xj. is an invariant residual
subset of X.

Proof. The invariance of X is clear. For each k£ € N, we consider the open set
. . 1
XF = {2z € X : there exists a connected closed neighborhood V' of z such that V C B(, E)}’

where B(z, 1) = {z € X 1 d(z,2) < +}. Then X;c = N~ X[, i.e., X;c is a G5 subset of X. It
follows from the minimality of X that X is also dense. 1
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The following result is known as the Ramsey theorem ([53]).

Lemma 7.2. If the set C = {(i,j7) € Nx N : 1< i < j < oo} is divided into finite sets
C1,Cq,- -+ ,Cy, then there is a sequence {in} of natural numbers for which all pairs (i, in),m < n,
are in C; for some j € {1,2,--- ,¢}.

Our main result Theorem 5 is a direct consequence of the following theorem.

Theorem 7.1. Consider an almost n-1 extension m : (X, T) — (Y, T) between minimal flows in
which (Y, T) is almost periodic minimal. If X;. # 0, then the following holds.

1) (X, T) is almost automorphic;
2) For eachy €Y, the fiber 7=1(y) has precisely n connected components.

Proof. 1) Let
Xo = {z € X : for any open neighborhood U of z, = (U) is a neighborhood of 7(z)}.

By Lemma 5.5, X is a residual subset of X. Since by Lemma 7.1 X, is residual, X, N X;. is also
a residual subset of X. Hence by Lemma 5.1,

Vi ={y Y :m (y) N XoN X, is a residual subset of 7~ (y)}

is a residual subset of Y. Let Y; be the set of continuity points of the map ® : Y — 2X: y — 771 (y).
Since Y} is a residual subset of Y, so is Yy N Y;.

Let yo € Yo NYy. Then |7~ (yo)| = n, say, 7~ 1(yo) = {x1, 72, -+ , 2, }. Since 7~ 1(yo) N Xo is a
residual subset of 7= 1(y0), we have that x; € X, forall i =1,2,--- ,n. By Theorem 3.1, we want
to show that x; is a A*-recurrent point, i.e., for any open neighborhood U of z;, the recurrent
time set N(z1,U) ={t € T:xz; -t € U} is a A*-set. More precisely, let {s;}°, be a sequence in
T. We need to show that N(z1,U) N {sx — sk 1 k> k'} # 0.

Let U; be open neighborhoods of x;, for i = 1,2,---,n respectively, such that U; C U and
cl(U;) nel(U;) =0 for any 1 < i # j < n. Since y, € Yy, there exists an open neighborhood W of
yo such that for eachy e W, 771 (y) NU; #0,i=1,2,--- ,n, and 7 *(y) C U;_, U..

Since (Y, T) is almost periodic, there exists an invariant compatible metric dy on Y, i.e., dy (y1 -
t,ys - t) = dy(y1,y2) for any y1,y2 € Y and t € T. Let § > 0 be such that the open ball B;s(yo)

centered at yo with radius ¢ is contained in W. Let m = n!. Then there exist r € {0,1,--- ,m—1},
a subsequence {ix} C N, and a homeomorphism ¢ : Y — Y such that % € T and
Sy, — T 1)
(7.1) sup dy (y - ———.9(»)) < ¢
yey

forall Kk =1,2,---. Then for any u,v € N with u # v, it follows from (7.1) that

Sty — Siy _ Siy —T Si, — T
sup dy (y - (——),y) = sup dy (y - Y )
yey m yey m m
Siy, — T Siy, — T 0 0
<supdy(y - ———,9(y)) +supdy(y - 9W) < 57+ 5

yey m yey m 2 2
Denote 7, = “.—", k=1,2,---, R={r; —r; 14 > j}, and Per(n) as the set of all permutations
of {1,2,--- ,n}. Lett € R. Since yo-t € W, n Yyo-t)NU; # P foralli =1,2,---  n. Hence there

exists a unique P; € Per(n) such that z; -t € Up,(;) forall j =1,2,--- ,n.

For each P € Per(n), welet Rp = {t € R: P, =P} and Cp = {(4,j) e NxN:r; —r; € P}.
Since R = Upeperm)Rp = {ri—r; 11> j}, we have C = Upeper(n)Cp. Applying Lemma 7.2, one
finds a subsequence {/;} C N and @ € Per(n) such that Rg 2 {r;, —r, : i > j}. Letwu; =1y,
i € N. Itis clear that

) {ui—u;:i>j} C Rg;
b) {m(u; —wu;):i>35} C{sp —sw : k>k'};
C) sup,cyd(y - (u; —uy),y) < & + & for any i > j.
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Since @ € Per(n), Q™(j) = j foreach j =1,2,--- ,n. In particular, @™(1) = 1. Let W,,, = Uj.
Since lim;> .o SUP, ey d(y - (u; — uj),y) = 0, there exists a positive integer N,,, and an open
neighborhood V,,, C W of yo such that V,,, - (u; —u;) C W forall i > j > N,,,.

Since X is local connected, there exists a connected closed neighborhood W, 1 of xgm-1(y)
such that W,,—1 C Ugm-11) N7 1(V;n). Now for any i > j > Ny, since 7' (V;, - (ui — uy)) C
7 (W) C Uj_, Uk, We have W,,,_1 - (u; — u;) € Up_, Us. Note that W,,,_1 - (u; — u;) is both
connected and closed, xgm-11 - (u; —u;) € Wy, = Uy, and cl(Ug) Nel(Up) =D for L < k < k' < n.
It follows that W,,_1 - (u; — u;) € Wy, i.e., we find a connected closed neighborhood W,,,_; of
rgm-1(1) and a positive integer N, such that W,y - (u; — u;) € W, for all i > j > Ny,.

By repeating the above process and using induction, we find that, for each v = m — 1,m —
2,---,1,0, there is a connected closed neighborhood W, of z4.(;) and a positive integer N, such
that W, - (u; —uj) € Wyqq foralli > j > Nyjpq. Let N =max{N,11 :v=m—-1,m—2,---,1,0}.
Then for any ¢ > j > N, we have

Wo - (m(u; — uy)) = Wo - (ui — uy)) - ((m — D) (u; —uy)) € Wi - ((m = )(u; —uy)) - -
CWy-((m—v)(u; —u;)) C---CW,, =U; CU.

Since z, € Wy, 1 - (m(u; — u;)) € U. This together with b) above implies that m(u; — u;) €
N1, U) N {sp — sp : k > k'} # 0. Since {s;}3°, is arbitrary, N(z,U) is a A*-set for any
neighborhood U of ;. Hence x; is a A*-recurrent point, i.e., (X, T) is almost automorphic.

2) Let dy be an invariant compatible metric on Y, d be the metric on X, and Y, Y; be the
residual sets defined in 1).

First, we show that for each y € Y, the fiber 7=!(y) has at least n connected components.
Suppose this is not true. Then there exists 3; € Y such that 7—!(y;) has m-connected components
{B,}m™_, for some m < n—1. For afixed yo € YoNY7, we let 7= (yo) = {z1, 22, -+ , 2, }. Also let U;
be open neighborhoods of z;, fori = 1,2, -- -, n respectively, such that U; C U and cl(U;)Ncl(U;) =
() forany 1 < i # j < n. Since yo € Yy, there exists an open neighborhood W of y, such that
foreachy e W, n='(y)NU; #0,i=1,2,--- ,n, and 7' (y) C U;_, U;. Lett € T be such that
y1-t €W. Thena(y-t) =L, B-t CU;—_, Uiand 7~ (y1-t)NU; # 0,7 =1,2,--- ,n. Foreach
r=1,2,---,m, since B, -t is a closed connected subset of 7~ (y; - t) and cl(U;) Ncl(U;) = 0, there
exists i(r) € {1,2,--- ,n} such that B, -t C Uy,y. Hence {1,2,--- ,n}\ {i(1),i(2),--- ,i(m)} # 0.
Let ig € {1,2,---,n}\ {i(1),i(2),---,i(m)}. Then Uy, N7 (y1 - t) € Ul Ui, N Uiy = 0, @
contradiction.

Next, suppose for contradiction that there exists y € Y such that 7—!(y) has at least (n + 1)-
connected components {Aj};?ill. For a fixed yo € Yo N Y7, we let 7= (yo) = {x1,22,- -+ , 2, } and
e = min{d(z;,z;) 1 1 <i < j < n}. Also let N be a natural number such that e > %. For a
given integer m > N, we consider the sets U™ = 7= }(B(yo, £)) N B(x;, =), i = 1,2,--- ,n, where
B(yo,r) = {z € Y 1 dy(z,y0) < r} and B(z;,r) = {z € X : d(x;,z) <r}, it =1,2,--- ,n. For
eachi=1,2,--- n, since z; € X, there exists a connected closed neighborhood V™ of z; such
that V;* C U™, Let V™ =J_, V™. Then V™ is a closed neighborhood of 7! (y,). Since 7! is
continuous at yo, there exists a neighborhood W,, of 1, such that 7—!(W,,) Cc V™.

Let ¢,, € T be such that y - ¢, € W,,,. Then A4, -t,, C V™ forall j =1,2,---,n+ 1. Since
Aj -ty is connected and V/* N V™ = ) for all 1 < 7 < j < n, there exists a unique integer
n(j,m) € {1,2,---,n} such that 4; - ¢,, C Votjm- Hence there have to be integers ji(m), j2(m)
with 1 < j;(m) < j2(m) < n + 1 such that n(j;(m), m) = n(j2(m), m), which we denote as n(m).

Let £y, = V() - (—tm). Itis clear that E,, is a connected closed set, Aj, () U Aj,(m) € Em,
and 7(Epn) = 7V ) - (—tm) C B(yo, ) - (=tm) = B(yo - (~tm). 7). Since y € 7(E,,), we have

m(Em) C By, 2).
Now we take a sequence N < mj < mg < --- such that
(|) j1(m1) = j1(mg) = -- -, denoted by j;
(ii) ja2(m1) = ja(mg) = ---, denoted by jo;
(iii) limy_ E,,, = E for some E € 2% under the Hausdor metric on 2¥.
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Itisclear that 1 < j; < jo <n+1, A;; UA;, C E, and E is a connected closed set of X. Since
m(Em) C B(y, %), E C 7=!(y). Note that F is connected, A;, U A;, C F, and A;,, A;, are two
connected components of 7= (y). We must have E = A;, = Aj,, which is a contradiction to the
fact that A;, N A;, = 0. 1

7.2. SPCF with at least two minimal sets. We consider a SPCF (S'xY,T) = (S'xY, {A¢}1eT)
in the form (1.1), i.e.,
Ne(s0,y0) = (¥(s0, Y0, 1), 90 - 1), t €T,
We denote dy as a compatible metric on Y and 7 : S' x Y — Y as the natural projection.
The following result may be regarded as a topological counterpart to the Furstenberg measure-
theoretic characterization ([14]) for SPCFs.

Theorem 7.2. Consider a SPCF (S* x Y, T) with minimal base flow (Y, T) and assume that it
has at least two minimal sets. Then the the following holds.
a) There is a positive integer n such that each minimal set is an almost n-1 extension of Y.
b) If the SPCF becomes APCF and one of its minimal set is almost automorphic, then so are
others.

Proof. @) Let M, M, be two minimal sets of (S* x Y, T). For each y € Y, we consider the sets
S) = {s € St :(s,y) € M} and So(y) = {s € S' : (s,9) € Mp}. Clearly, for each y € Y,
S(y) and Sy(y) are closed subsets of S!, S(y) N So(y) = 0, and the maps p,po : ¥ — 25 %Y
defined by p(y) = S(y), po(y) = So(y), y € Y, are upper semi-continuous. We denote by Y ¢ and
Y7, respectively, as the sets of continuity points of p, po, respectively. Then both Y¢ and Y7 are
residual subsets of Y.

Fix a point yo € YN Y. Since ST\ So(yo) is an open subset of S*, S\ Sy(y) is a countable
union of proper, open sub-arcs of S, i.e., ST\ So(yo) = Ule A;, where 1 < I < +oo and each
A; is a proper, open sub-arc of S!. Since Ule A; O S(yo), there exists a positive integer N (yo)
such that Uij\;(y") A; D S(yo). Without loss of generality, we assume that A; N S(yo) # ¢ for all
1=1,2,---, N(yo).

Claim: Foreachi=1,2,--- , N(yo), 4; NS(yo) is a singleton. In particular, |S(yo)| = N(yo0) < 0.

Suppose for contradiction that the Claim is not true. Then there exists some 1 < i < N(yo)
such that A; NS (yo) is not a singleton. We denote A; = (¢, d) and let B; = [a, b] be a closed sub-arc
of A; such that A; N S(yg) = B; N S(yo). It is clear that a,b € S(y) and ¢,d € Sy(yg). Using
minimality of M, we let ¢t; — +oo be a sequence such that lim;_. (b, yo) - t; = (a,yo). By taking
subsequences if necessary, we assume that lim;_ . (a, o) - t; = (¢’, yo), lim;_(c, y0) - t; = (', yo),
and lim;_...(d, yo0) - t; = (d’, o), for some o’ € S(yo) and ¢, d’ € Sp(yo). Let f, be asin Lemma 5.3.
Then f;,(b) — a, fi,(a) — d', fi,(c) — ¢, and f;,(d) — d', as j — oo.

We first show that ¢/ = ¢, d = d, and o’ = a. Suppose ¢ # c. Since ¢ # a, we have
by Lemma 5.3 (1) that lim;_. f;,([c,0]) = [¢,a] 2 [c,a]. Hence there is a su ciently small
open neighborhood V' of ¢ in S such that V C (¢,a). Since yo € Y& and ¢ € Sp(yo), there
exists an open neighborhood U of yy in Y such that So(y) NV # @ for all y € U. Note that
Jt; (¢, 0)) = (ft,(0), ft, (D)), V c (c,a), and yo - t; — yo. There exists a positive integer .J such
that f;,((c,b)) DV and y-t; € U as j > J. Moreover, for fixed j > J, there exists s € (c, b) such
that f;,(s) € So(yo - t;) N V. This implies that (f;,(s),yo - t;) € Mo, i.e., (s,y0) - t; € My. Hence
(s,70) € My, i.e., s € Sp(yo), which contradicts to the fact that (c, b)NSo(yo) = 0. Therefore, ¢/ = c.
Similarly, d’ = d. Since a € [c,b], &’ = lim;_. f;,(a) € [c,a]. Hence a’ € [c,a] N S(yo) = {a}, i.e.,
a =a.

Next, we show that

(7.2) So - t;) 7 S(o)-
Since fi;([a,b]) € fi,([c,0]), limsup,_, . fi,([a,b]) C [c,a] # S1. Also note that fr;(@) — a
and f;,(b) — a. We have by Lemma 5.3 (3) that lim;_. f;,([a,b]) = {a}. If ¢ = d, then
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S(yo) < [a,b]. Hence S(yo - t;) = fi,(S(yo)) = fi,(S(yo) N[a,b]) — {a} # S(yo). Now suppose
that ¢ # d. Since lim;_. fi,(c) = c and lim; . f;;(d) = d, we have by Lemma 5.3 (1) that
lim; oo fi, ({d,]) = [d, ]. Note that S(yo-t;) = f, (S(@0)) = fr, (S(yo) Na, b)) U f1, (S(we) N[d, c]).
It follows that limsup;_. ., S(yo - t;) € ({a} U[d,c]). Since b ¢ {a} U[d,c], (7.2) holds.

Now, since yo € Y¢ and yo - t; — yo, We have that S(yo - t;) — S(yo), which is a contradiction
(7.2). This proves the Claim.

It follows from the Claim that S(y) is a finite set for any y € YN Y. Hence M is an almost
finite to one extension of Y. It follows from Proposition 3.2 1) that A is an almost n-1 extension of
Y for some positive integer n = n(M). Similarly, M is an almost ng-1 extension for some positive
integer ng = n(My). In fact, from the proof of Proposition 3.2 1), we also see that |S(y)| = n for
any y € Y¢ and |S(y)| = no for any y € Y. For a fixed y € YeN Y, since S*\ So(y) has precisely
no connected components, N(y) < ng. Using the Claim, we also have n = |S(y)| = N(y). Hence
n < ng. Similarly, ng < n. This shows that n = ny.

b) Let My, M be two minimal sets of (S! x Y, T) among which M, is almost automorphic. We
consider the set A, of almost automorphic points of My. Since A is a residual subset of M, it
follows from Lemma 5.5 that

Yo ={yeY:Aynn(y) is a residual subset of 7~ *(y) N My}

is a residual subset of Y.

Let Y, Y So(y), S(y) be as in a) for the minimal sets M,, M and take any point yo € YN
Y NYs. By a), n=1[So(vo) = |S(yo)|- Since Ag N7~ 1(yo) = 7 (o) N Mo, we see that for each
s € So(yo), (s,y0) € Ap. If n =1, then M is an almost 1-1 extension of Y, hence it is almost
automorphic by Theorem 3.2.

We now assume n > 2. Since S'\ Sp(yo) has precisely n connected components and each
connected component contains precisely one point in S(yo), there exist a1 # as € So(yo) and
b € S(yo) such that {b} = [a1, a2] N S(yo). We want to show that (b, yo) is an almost automorphic
point of M.

Let {t;} be any sequence in T. Since (a1, yo) and (as, yo) are almost automorphic points of 1,
there exist a subsequence {t;} C {¢/} and a}, a5, € So(y) for some y € Y such that lim;_ . (a;, yo) -
ti = (a},y) and lim;_o(a},y) - (=t:;) = (aj,90), for j = 1,2. Taking a subsequence of {¢;} if
necessary, we may assume that there exist b’ € S(y) and " € S(yo) such that lim;_, (b, yo) - t; =
(', y) and lim; oo (V', y) - (—t:) = (V" yo)-

Since lim;_ o limy, oo (@, 40) - (tm — ) = (a5, 90), 7 = 1,2, and lim;_ lim, oo (b, y0) - (trm —
t;) = (b”,yo), there exist sequences {my} and {i;} such that if r, = ¢, —t;, for all k, then
liMe—oo(aj, yo) - 76 = (aj,90), 7 = 1,2, and limg_ (b, yo) - 7 = (b”,y0). Again, let f, be as in
Lemma 5.3. Since lim,_« fr, (a;) = a;, we have by Lemma 5.3 (1) that limy_. fr, ([a1,a2]) =
[a1,az2]. Now, b = limy_o fr,(0) € limg_ oo fr, ([a1, a2]) = [a1, a2]. Hence b € [a1, az] N S(yo) =
{b}, i.e., b =b. This shows that (b, yo) is an almost automorphic point of M, implying that M is
almost automorphic. 1

Theorem 7.3. Consider an APCF (S' x Y, T) in which Y is locally connected. If there are at
least two minimal sets, then each minimal set is almost automorphic.

Proof. Let M, My be two minimal sets of (S! x Y, T) and let S(y), So(¥), p, po, Y¢, Y be defined
as in the proof of Theorem 7.2 for the present M, M.

Fix yo € YeN Y. It follows from the proof of Theorem 7.2 that n =: |So(yo)| = |S(yo0)| < +oc.
Again, if n = 1, then M is an almost 1-1 extension of Y, hence by Theorem 3.2 it is almost
automorphic. We now assume that n > 2. Since S*\ So(yo) has precisely n connected components
and each of them has precisely one point in S(yg), there exist points 0 < ¢; < r; <t < 1y <
coo <ty < 1y < 1+t such that S(yo) = {a1,a2, - ,a,} and So(yo) = {b1,ba,- - ,b,}, where
aj = 627ritj’ bj — 627TiTj, ,] — 172’_” , M.
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We want to show that (a1,y0) is an almost automorphic point of M. By Theorem 3.1, it is
su cient to show that for any open neighborhood U of (a1,0) in S x Y, the recurrent time set
N((a1,y0),U) is a A*-set.

Let U be an open neighborhood of (a1,0) in S' x Y. It is clear that there exist open neigh-
borhoods W of iy in Y and E of a; in S' such that E x W, C U.

Let 06 > 0 be su ciently small and

+ = 27rz(tj+5) aT = 627ri(tj—6) A [a
j .

J
+ — 27rz(rj+5) - —. 2771'(7“]'75) —
b = b =te I

j=1,2,--- n,besuch that A, C F and A, By, Az, Bs,--- , A, B, are pairwise disjoint, i.e.,

a, J’J]

—0<th+I<r —0<r+6<ta—0< - - <tp+d<rp—0<r,+0o<1l+t; -4

Since yo € Y° N Y, there exists an open neighborhood W of yo with W C W; such that for all
y € W, S(y) € Uj_, int(4;), So(y) € Uj_, Int(B;), S(y) Nint(4;) # 0, and So(y) nint(B;) 7 0
forall j =1,2,--- ,n. Thus for each y € W and j = 1,2,---  n there exist tjty, Ty with ¢; — 6 <
tr, <th,<tj+dandr; -6 <r;, <rl <r;+35such thatif

a;fy = ezmt;y7 Gj_ = 2mit;, c S(y),

b;—y = eQwirj’y’ b]— = eQwir;y c So(y),
then S(y) N A; = S(y) N A;, C int(4;) and So(y) N B; = So(y) N B, C int(B;), where A;, =
la;,, Jy] and Bjy [bjy,bjy] It is clear that A; ,, Bi,y, A2y, Bay, -, Any, Bn,y are pairwise
disjoint for each y € W, and, for each j =1,2,--- ,n, the map E; : W — [t; —d,t; + 3] y—t;,
is lower semi-continuous and the map E;r W —[t;—0,t;+0]: y— tjy is upper semi-continuous.
It follows that for each j = 1,2,--- ,n, both maps E; : W — 2lti=0ti+ol 4 s [t;,tS,] and
;W — 25"y Ajy =laj,.af U] = {e*™ .t € [t;,,,t},]} are upper semi-continuous.
Claim 1. Given j € {1,2,--- ,n}, y € W, and ¢t € T such that y - t € W, there exists a unique
Li(y) € {1,2,--- ,n} such that (4;, x {y}) -t = AL;(y)_,y_t x {y - t}. Moreover, for fixed y,t as
above, the map L¢ }(y) {1,2,---,n} —{1,2,--- ,n} is a permutation of {1,2,---  n}.

Let j,y,t be given as above. We consider the orientation preserving homeomorphism ~ : S —
St s (s, y,t). Itis clear that (4;, x {y}) -t = h(A;,) x {y - t}, h(A4;,) = [n(aj,) h(aj Dl
and h(a;_,), h(a ,) € S(y - t). If there exists b € h(A;,) N So(y - 1), i.e., (b,y-t) € (A x {y}) -t
and (b,y-t) € Mo, then there exists ¥’ € A, , such that (t',y) -t = (b,y - t) € M. It follows that
(b',y) € My, ie, b € Aj,, NSo(y) C A; N (U:, B;) =0, which is impossible. Hence
(7.3) h(Ajy) N Soly-1) =10

Since y -t € W and h(a;y),h(a;fy) € S(y - t), there exist i1,i2 € {1,2,---,n} such that
haj,) € Ayt C Ay and h(al)) € Ay, e © Ayy. Since [h(a;,), h(a] )N Soy - t) = 0, we must
have i; = ip. For otherwise, i; # iz, and the arc [h(a; ), h(ajy)] intersects both A;, and A4,,
follows that B;, C [h(a; ), h(aj ,)]and hence b, € Bi, NSo(y-t) C [A(aj,), h(am)] N So(y t)
which is impossible by (7.3).

Now let L(y) = i1. Then h(a;y),h(a;fy) S AL;(y)_,y_t. Since AL;(y)_,y_t is a sub-arc of S*,
either (i) [a(a; ), h(a},)] C Apt (), OF (i) [A(aj,), h(a;,)] 2 S \ ALt (y),y1- BUL the case (ii) is
impossible because So(y - t) C ST\ AL;.(y),y.t and [h(a;,), h(a;fy)] N So(y -t) = (. It now follows
from (i) that
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Such L§(y) is unique because Ai y.¢, A2yt , An e are pairwise disjoint. Let y’ = y - ¢ and
t' = —t. Then /',y -t' € W. From the above, for each i = 1,2,---,n, there exists a unigue
LY'(y) € {1,2,--- ,n} such that

(7.5) Aiy x YDt S Apr o x ¥t}

Foreach j =1,2,--- ,n, we let i(j) = L%(y). By (7.4) and (7.5), we have
Ajy <Ay} € Qi <D S Ap 4, x {o

Sin_ce_ALy_,t, Ag ety -+, Ap o are pairwise disjoint, L;?Ej)(y’) =gand A; , x{y} = (Aiy),y x{y'})-t.
This implies that
Ay < {y) -t = (A < WD)t = Ay < {Y'} = Ape e x {y -t}
i'e'! (Ajyy X {y}) t= AL;(y),yt X {y ' t}
Note that L§-(y) e{1,2,---,n}, (4, x{yp) -t = AL§(y),y.t x {y-t} foreach j =1,2,--- n,
and A ,, Ay, -+ , Ay, are pairwise disjoint. We have that Lt{,}(y) {1,2,--- ,n} —{1,2,--- ,n}
is one to one, i.e., a permutation of {1,2,--- ,n}. This proves Claim 1.

Claim 2. Let V be a nonempty, connected, closed subset of W and ¢ € T be such that V -t C W.
Then there exists a permutation P of {1,2,---  n} such that for each j =1,2,--- ;nand y € V,
(Ajy x{y}) -t = Ap@) e X {y -t}

Letj € {1,2,--- ,n} and y € V be given. By Claim 1, there exists a unique L}(y) € {1,2,--- ,n}
such that (4, , x {y}) -t = AL§(y),y,t x {y-t}.

We first show that the map Lg-(-) :V—{1,2,--- ,n} is continuous. Let {yx}7>, C V converges
tosome y € V and denote i = Li(y). If L’ (yx) # L’(y), then by Claim 1 there exists a subsequence
{k1 < ky <---}of {k} and 7 € {1,2,--- ,n} \ {i} such that L!(ys,) = r for each ¢ € N. Take a
sequence of points z, € Ajyyw, ¢ € N. We assume without loss of generality that lim,_, ., z, = z
for some 2 € S'. By the upper semi-continuity of the map ¢; : W — 25" y — A;, we have that
z € Aj,y. Since (z¢,yg,) -t € Aryi, ¥ {yk, - t}, it again follows from the upper semi-continuity of ¢;
that (z,y)-t = limy—oo(2¢, yi, )t € Arye x{y-t}. Butsince (z,y)-t € (4, x{y})-t € A; e x{y-t},
(zy)-t € Ajyu x{y-t}NA. 4 x{y-t}. Hence A;,..NA, .. 7 0, acontradiction to the fact that
i # r. This shows the continuity of Li(-) : V — {1,2,--- ,n}.

Now, foreach j =1,2,--- n, L§-(-) :V —{1,2,--- ,n} must be a constant map since its domain
is connected and its range is discrete. Let y € V and P(j) = ij(y), j=1,2,---,n. Then

(Ajy x{y}) -t = Apg)ye x {y -t}
It follows from Claim 1 that P:{1,2--- ,n} — {1,2,--- ,n} is a permutation of {1,2,--- ,n}.

Claim 3. For any sequence {s;} in T, N((a1,%0), U) N {sk — spr : k> k'} 0, i.e., N((a1,v0),U)
is a A*-set.

Let m = n! and d be an invariant compatible metric on Y, i.e., d(y1 - t,y2 - t) = d(y1,y2),
y1,y2 €Y, t € T. Since (Y, T) is almost periodic, there exists an increasing subsequence {ix} C N,

an integer r € {0,1,--- ,m — 1}, and a homeomorphism ¢ : Y — Y such that % €T and
Si, — T 1
(7.6) sup d(y - ~——,g(y)) < 7
yey
forall £ =1,2,---. Since Y is locally connected, there exists a connected closed neighborhood V/

of yo such that Bs(V) =: {y € Y : d(y,V) < 6} C W and B(yo,d) C V for some § > 0. Let K be a
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natural number such that QLK < % Then for any u,v € N with v > v > K, we have by (7.6) that

Siy — Siy, Si, — T Si, — T
sup d(y - (————=),y) = sup d(y - Y- )
yey m yey m m
S
< Sgg d(y - g + SUP dly - =" g(y))
Yy

<1_|_1< 1 <5
—2u 2v " 2K-1 Tt

It follows that d(V - (=), V) < £ and, for each ¢ =1,2,-- ,n,

d(yo-(fL)yo) Zd(yo Gy gy (- DT ))
—Zd<yo( — )y0><%5§5,

ie., yo- ((P—") C V. Lett = 2 Since V-t C W, we have by Claim 2 that there exists
a permutation P of {1,2,--- n} such that foreach j =1,2,--- ,nandy € V, (4;, x {y})-t =
Apj).yt X {y-t}. Clearly, P"(j) = j foreach j =1,2,.-- n. Thus, forany w =0,1,2,--- ,m—1,
since yo - (wt) € V, we have
(Apw(1),yo-(wt) X {¥0 - (WH}) -t = Apuwrir) yo. (1)) X 1y - ((w + 1))},
where P°(1) = 1. By induction, we further have
(A1yo X {yo}) - (Mt) = Ay yo.(me) X Yo - (mt) € Ay x V CU.

Since A ,, = {(a1,v0)} and mt = s;, — s;,, we have (a1, yo) - (si, — si,) € U. Hence s;, — s;, €
N((a1,90),U) N {sk — s : k > K'}, i.e., N((a1,90),U) N {sr — sx : k > k'} # 0. Since {s;} is

arbitrary, N((a1,¥0),U) is a A*-set.
This completes the proof. 1

Now, parts 1) and 2) of Theorem 4 are the respective parts in Theorem 7.2 above, and, part 3)
of Theorem 4 is just Theorem 7.3 above.

8. Mean motion, Transitivity, and connectivity

In this section, we consider a SPCF (S* x Y, T) = (S! x Y, {7\t}t€T) in the angular form (1.3),
ie.,

(8.1) Ai(b0,90) = (¢(d0, 90, ), 90 - 1), t €T,

where ¢, 9 € R' (mod 1), yo € Y. Let (b((bo,yo,t) be the lift of ¢(¢o,v0,t) in R satisfying
¢(¢0 +1,y0,t) = ¢(¢0, yo,t)+ 1. Then it is clear that A is generated from the flow A R'XY —
R xY: o .
Ne(¢0,y0) = (¢(¢0,Y0,1),90 - 1), €T
when 50,5 are identified modulo 1.
Through the section, for simplicity, we will often use the same symbol ¢, to denote a point
b0 € S and its lift ¢p € R.
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8.1. Rotation number and mean motion. It is more or less known that a SPCF (8.1) with
uniquely ergodic base flow (Y, T) admits a well-defined rotation number (see [24] for the discrete
case and [37] for certain almost periodic continuous case). Below, for the sake of completeness, we
give a unified proof of this result for both discrete and continuous cases.

The following result is known as the Oxtoby ergodic theorem (see [14]).

Lemma 8.1. Let (X, T) be uniquely ergodic and f € C(X,R'). Then for any x € X,
1
lim — flx-t)d () = / F(2)du(2),
T—+o0 AT([0, T) N'T) Jio, 1)t X
lim 1
T—+o0 A((—=T,0]NT) J_rgnT

where At is the Haar measure on T with A1([0,1) N T) = 1 and u is the unique T-invariant
probability measure on (X, T).

Jo - ) dAr() = /X Gz,

Theorem 8.1. Consider the SPCF (8.1) with uniquely ergodic base flow (Y, T). Then for any
¢o € RY, yo €Y, the limit 5
¢(¢07 Yo, t)

t

p= lim

t—oo

exists and is independent of choice of (¢o,10) € R* x Y.

Proof. For simplicity, we only consider the limit as ¢ — +oc.
First, we observe from the periodicity of ¢ in the first argument that forany ¢t € T, y € Y/, if
®%, 5 € RY are such that |¢; — ¢5| < [ for some positive integer , then also

(8.2) 6(67..1) — B3, y. 1) < L.
Next, for any ¢g € R', y € Y, t,s € T, we let 0 < ¢, ¢» < 1 be such that
$1 = do, ¢2 = ¢(¢o,y.1), (Mod1).
Then
3 Koo,y t,5) =g = Blo1,y-1,5) = on,
¢(¢an7t+8)_¢(¢07y7t) ¢(¢23y't75)_¢2-
It follows from (8.2) that
|5((é07ya t+s)— 5(~¢079a t) — (b0, y - t, ) + o
= |?(¢21y't78)_?(¢17y't78)+¢2 — 1]
S |¢(¢23y : t,S) - ¢(¢17y : t75)| + |¢2 - ¢1| S 4a

i.e.,

(8.3) —4 < G0yt +5) = (o, y,1) — B0,y - t,5) + do < 4.
Integrating (8.3) with respect to ¢ from 0 to a positive number T € T yields that

©4) 42 ([ @nytr)-Honp D DO [ @6ny-t)- o) da®) <4
[0,7)NT [0,7)NT
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For any positive number s € T, we let M, = sup{|<$(¢>0, 2,T) — do| 1 po € R,z € Y,|7] < s}. Itis
clear that 0 < M, < +oo and

| (&0, y, t + 5) — (¢, y, 1)) dAT () — 56(o, . T)|

[0,7)NT

= | T(<Z<¢o, y, T+ 1) — o(¢0, y, 1)) dXT(t) — s¢(d0,y. T)|

[0,8)N

B30y, T).y - To1) — Bdo, 3. T)) dAr(t) — /

=| (&0, y, 1) — o) dAT(t) — s¢bo
[ [0,s)NT

0,s)NT
< s(|gpo| + 2M) =: sbs.

Combining this with (8.4) yields that

AT+ sd, 1~ 1 ~ AT + 5P,
(8.5) ———— < 5 0(b0,y, T) - —/ (@(¢0,y - t,5) = do)dAr(t) < ————.
sT T sT Jio,mynt sT
Now consider functions p*(y) = limsup,_, . M and p.(y) = liminf,_ 4 M.

We note by (8.2) that both p*(y) and p.(y) are independent of ¢y. Since (Y, T) is uniquely
ergodic, we have by Lemma 8.1 that
. 1 ~ ~
(86) im [ @nyts) - anddar) = [ @6n.z5) - du)duCo)
[0,7)NT Y

T—~+oco T

where p is the unique T-invariant Borel probability measure on (Y, T). By letting T — +oco in
(8.5) and applying (8.5) and (8.6), we have that

22 [ @on ) — o) < ) <@ 5+ [ @6ni5) — dudina)
Y Y

Now, taking limit s — +o0o in the above, we see that p.(y) = p*(y) and equals

.1 ~
% [ @6025) = 6n)du(e),
s——4oc0 § Y
which is a constant, denoted by p. 1

The limit in the theorem is referred to as the rotation number associated with the SPCF (8.1).
Recall that the SPCF (8.1) is said to admit mean motion if

Sup |5(¢07 y07t) - (b() - Pt| < 0
teT
for all (¢o,y0) € R* x Y.

Theorem 8.2. Consider the SPCF (8.1) with strictly ergodic base flow (Y, T). Then the followings
are equivalent:

a) (8.1) admits mean motion;

b) sup;> [#(b0, Yo, ) — o — pt| < +o0 for some (¢o,v0) € R'xY;
C) sup,<g |?(¢0,y0, t) — ¢o — pt| < +oo for some (¢o,%0) € Rt X Y;
d) sup;>o((d0, v0,t) = do — pt) < +o0 for all (do, yo) € R xY;
€) sup;<o(¢(¢0,0,t) — ¢o — pt) < +0o0 for all (o, yo) € R'xY;
f) infi>0(d(do, Yo, t) — do — pt) > —oo for all (¢o,y0) € R' x Y';

9) infico(d(do,y0,t) — do — pt) > —oo for all (¢o,y0) € R x Y.

Proof. It is clear that a) implies b)-g).
Suppose b) holds and let ~
M= igg |6(¢0, Yo, t) — ¢o — pt|.
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Then by the flow property,

(8.7) |p(&(do, Yo, 8): Yo - 8,t) — &0, Yo, 8) — pt) + (#(o, Yo, 8) — do — ps| < M

for all s +¢ > 0. Consider the w-limit set w(¢g, yo) of (¢, yo) With respect to the flow (8.1). For
simplicity, we view w(¢o,y0) as a subset of [0,1] x Y. Let (¢s,y.) € w(po,yo) and s, — +oo
be a sequence such that /~\Sn(¢0,y0) — (¢«,y:). By taking a subsequence if necessary, we let
(Ps, yx) = limy, oo |5(¢0,y0, Sn) — ¢o — psn|. It follows from (8.7) that

(0(6ss 94, t) = b = pt] < M —1(¢x, )
for all t € T. Hence by (8.2),

sup |$(¢07y01t) - ¢O - pt| < o0
teT

for all (¢°,y°) € R' x Y, i.e., @) holds. This shows that b) implies a).

Similarly, ¢) implies a).

Now let d) hold. Suppose for contradiction that a) fails. It follows from the flow property and
the equivalence between a) and b) that

(8.8) sup 6(¢",y*,n) — ¢* — pn| = +00

for all (¢*,y*) € R* x Y. Let E be a minimal set of the time-1 map A; and consider the function
uw: R XY — RY: w(o,y) = (¢, y,1) — ¢ — p. Since u(¢ + 1,y) = u(e,y), u can be viewed as a
continuous function on S x Y. Using flow property and induction, it is easy to see that

n—1 ~ ~
(8.9) > uNi(d,v)) = @b, y,n) — & — pn

1=0
for all n € N and (¢,7) € R x Y. Hence by (8.8), | 321 u(Ai(¢*,y*))| is unbounded on N for
any (¢*,y*) € E. Since lim,,_, - % Z?;()l u(Ai(¢*,y*)) = 0 for any (¢*,y*) € E, there is a residual
subset E, of £ such that for any (¢.,y.) € E. the function Z?;Ol u(/~\i(¢*, y+)) oscillates from —oo
to +oo as n — +oo (see e.g., [31, 38]). In particular,

n—1

(8.10) SU(A(P, Yo, 1) — G — p1) = sUP > u(Ai(s, y)) = +o0
neN neN i—0

for all (¢.,y.) € E.. This is a contradiction to the condition in d). Hence d) implies a).
Similarly, either e) or f) or g) implies a). 1

8.2. APCF with mean motion. The aim of this subsection is to prove Theorem 6. We will
need the following

Lemma 8.2. Let M be a minimal set of an almost periodically forced skew-product flow (R' x
Y, T) = (R' x Y, {M;}1e71)-

I-It(x07 ?JO) = (.CC(ZEo, y07t)v Y- t)v te Tv
where (Y, T) is an almost periodic minimal flow. Then M is an almost 1-1 extension of Y hence

is almost automorphic.

Proof. In the case T = R, the lemma is a special case of the main result in [60] concerning
totally monotone skew-product semiflows. The proof for the discrete case follows from that of the
continuous case (see also [67]) almost word by word. 1

The following theorem is just our main result Theorem 6.

Theorem 8.3. Suppose that (8.1) is an APCF which admits mean motion. Then the following
holds.
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1) FEach minimal set of (8.1) is almost automorphic whose frequency module is generated by
the rotation number and the forcing frequencies.

2) If a minimal set of (8.1) is an almost N -1 extension of Y for some positive integer N, then
N is the smallest positive integer whose multiplication to the rotation number is contained
in the frequency module of the forcing.

Proof. 1) Let E be a minimal set of (8.1). It issu cient to only consider the case T = Z, because,
if T =R, then a point of £ is almost automorphic i it is almost automorphic for the time-1 map
A1 ([4D.

Let Y* = S!' x Y be given the flow (¢o,yo) -t = (¢o + pt (mod 1),yo-t), t € Z. Then (Y*,Z) is
almost periodic (need not be minimal). Consider the skew-product flow A} : R! x Y* — R! x Y'*:

N (o, ¢0,Y0) = (¢(¢0,Y0,1) — ¢o — pt + o, o + pt (Mod 1),y - t), t € Z.
It follows from Lemma 8.2 that each minimal set of A} is an almost 1-1 extension of a minimal set
in (Y*,7Z). Using this fact and (8.9), the rest of the proof follows from that of Theorem 3.2 1) in
[67] almost word by word.

2) Let p be the rotation number of (8.1) and M be a minimal set of (8.1) which is an almost
N-1 extension of Y. We denote by M (M), M(Y) as the frequency modules of M, Y, respectively.
Then by the general module containment property for almost automorphic minimal sets (e.g., [61]),

N is the smallest positive integer such that NM(M) ¢ M(Y). But by 1), M(M) is generated by
p and M(Y). The theorem follows. 1

8.3. APCF without mean motion. We first prove a general result on positive transitivity and
the uniqueness of minimal set in a SPCF (S* x Y, T).

Theorem 8.4. If a SPCF (S! x Y, T) with minimal base flow (Y, T) 4s positively transitive, then
it has a unique minimal set.

Proof. Suppose for contradiction that (S* x Y, T) has two distinct minimal sets M, My. We let
S(), So(W), p, po, Y and Yy be defined as in the proof of Theorem 7.2 for the present M, M.

Since (S* x Y, T) is positively transitive, the set Trant(S! x Y) of positively transitive points
in ST x Y is a residual subset of S! x Y. Let

Yr ={y €Y :Tran™(S' x Y)N (S x {y}) is a residual subset of S* x {y}}.

Then by Lemma 5.1, Y7 is a residual subset of Y.

For a given yo € Y° N Yy N Yy, we have by the proof of Theorem 7.2 that n =: |So(vo)| =
|S(y0)| < +oc and each of the n connected components of S*\ Sy(yo) contains precisely one point
in S(yg). Thus there exists points 0 < ¢ < 71y < o <719 < -+- < t, < r, < 1+1t; such that
S(yo) = {a1,az, -+ ,a,} and So(yo) = {b1,b2, -+ ,b,}, where a; = e*™ and b; = 2™ for
j :1’27... , 1.

Since Tran*(S* x Y) N (S x {yo}) is dense in St x {yo}, there exists w; € (t1,71) such that
(c1,y0) € Trant(S' x Y), where ¢; = e2™1, Take a number w, such that wy € (r1,t2) when
n>2and wy € (r,1+¢;) when n = 1, and let c; = ™2, Then ¢y € (b1,a2) When n > 2
and ¢y € (by,a1) when n = 1. In any case, co € S(yo) U So(yo). Since (c1,y0) € Trant(S! x Y),
there exists a monotonically increasing, positive sequence s; — +oo such that lim;_, . (c1,y0) - s; =
(c2,90). Without loss of generality, we assume that lim;_... (a1, y0)-s: = (a;,yo) for some 1 < j < n.
Consider the family of functions f; : S — S*: u +— ¥(u,yo,t), t € T. Then each f; is an orientation
preserving homeomorphism. Since lim;_.o fs,(c1) = c2, liMm;— fs,(@1) = a;, and a; # c2, we have
by Lemma 5.3 (1) that lim;_ fs,([a1,c1]) = [a;, c2]. Using the fact that b; € (a1, c2) C (a;, c2),
we can find a su ciently small open neighborhood V of b; in S! such that V C (aj,c2). Since
yo € Y§ and b1 € Sy(yo), there exists an open neighborhood U of yo in Y such that Sy(y) NV # ()
for each y € U. Note that f;,((a1,c¢1)) = (fs;(a1), fs:(c1)), V C (aj,¢c2), and yo - s; — yo. It
follows that there exists a positive integer N such that f.,((a1,¢1)) DV and yo-s; € U asi > N.
Moreover, for a fixed ¢ > N, there exists b € (a1, c1) such that fs,(b) € So(yo - s;)NV. This implies
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that (fs,(b),yo - ;) € Mo, i.e., (b,yo) - si € My. Hence (b,y0) € My, i.e., b € So(yo). This is a
contradiction to the fact that (a1, c1) N So(yo) = 0. 1

To prove Theorem 7, we need the following lemmas.

Lemma 8.3. Consider the SPCF (8.1) with strictly ergodic base flow (Y, T). Then for any ¢1, ¢2 €
Rl yeY,andt T,

$(61,,1) — b1 < B¢,y 1) — P2 + 2.
Proof. Let ¢1,¢5 € R', y €Y, andt € T be given. Since the function ¢(-,y,t) : R! — R is strictly

increasing, ¢(¢1,y, 1) < ¢(d2+[p1 — d2l+ 1,y t) = @(¢2, y, 1) +[¢1 — do] + 1, where for each r € R',
[7] denotes the largest integer which is less than or equal to . Thus ¢(¢>1, Y1) — ¢ < ¢(¢>2, y,t) +

[p1 — o] — b1 +1 < G2, y, 1) + (¢ — ho+1) — b1 + 1, ie., 361, y,8) — b1 < G(da, y, t) —po+2. [

Lemma 8.4. Consider the SPCF (8.1) with strictly ergodic base flow (Y,T). If there exists
(¢+,y«) € R' x Y such that

B11)  HMSUp (300, 1) = 6. = pt) = oo (resp. iminf (-, y.,1) = 6 — pt) = ~o0),

then there exists a residual subset Y, of Y such that limsup ((Z(%, Yo, 1) — o — pt) = +oo (resp.

t——+oo

limin (360, y0,8) — 60 — pt) = —o<) for all (60, y0) € R' x Y-.
Proof. We only consider the case that

limsup (3(6-,y..1) = 6. = pt) ) = +oc.

t——+oo

Denote ¢, = $(¢*,y*, s), s € R'. Let M € N and s € T be given. It follows from (8.11) that
there exists t(s) > M such that

G(Dr, Yo 8+ 1()) = b — pls +1(s)) > M +2+ ¢, — ¢ — ps,
i.e., o(ds, ys - 5,1(s)) — b5 — pt(s) > M + 2. By continuity, we let U} be an open neighborhood of
s - 5 such that ¢(¢s,y,t(s)) — ¢s — pt(s) > M + 2 for all y € UM. Then by Lemma 8.3,
3y, 1(s)) — ¢ — pt(s) > M
for all (¢,y) € R* x UM. Let Upy = U, 7 UM. Since {y. - s}ser is dense in Y, Uy is a dense open

subset of Y. Moreover, for each y € Uy, there exists ¢ > M such that $(¢, y,t) — ¢ — pt > M for
all ¢ € R
Let Y. = ,;en U Then Y, is a residual subset of Y, and,

limsup (60, 5o, 1) — g0 — pt) = +o0

t——+o0

for any (¢o,40) € R* x Y. 1

Lemma 8.5. Consider the SPCF (8.1) with strictly ergodic base flow (Y,T). Then there exist
y1,Y2 € Y such that

(8.12) i!‘i’(‘w’ yi,t) — ¢ —pt) <4,
(8.13) inf(3(0,y2,1) = & — pt) > —4
for all $ € R'.
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Proof. Suppose for contradiction that (8.12) is not true. Then for a given y € Y there exist
¢y, € R' and ¢, > 1 such that E(gby,y,ty) — ¢y — pty > 4. By continuity, there exists an open
neighborhood U, of y such that $(¢y,y’,ty) — ¢, — pt, > 4 for all y € U,. Since by Lemma 8.3
(o, 2, ty) — < by, 2,t,) — d, + 2 for all ¢ € R' and z € Y, we have

(o, ylaty) —¢—ply>2
for all (¢,y) € R' x U,,.
Since {U, },ey is an open cover of Y and Y is compact, there exists a finite set {y1,y2, - ,yx} C
Y such that Ule Uy, =Y. We denote U; = U,,, t; = t,, for short and let ' = max{t1,t2, -+, tx}.
Given (¢o,%0) € R xY, we inductively define sequences {T;} C T, {k;} C {1,2,---k}, and {m;}
by Ietting To =0, yO'Ti S Ukl., m; = T, and Ti+1 =T;+m;. Then 5((]5, yo-Ti,mi) — ¢—pmi > 2
for all ¢ € R*. It follows that

&(¢0, 90, Tir1) — do — pTir1 = ((d(¢0, Y0, T1), Yo - Tismi) — (o, Yo, Ti) — pmi)
+ (90, Y0, T3) — o — pT3) > 2+ (P(do, Yo, T3) — o — pT73).
By induction, ~
#(¢0,y0,T7) — ¢o — pT; > 2i
for all i € N. Since i < T; < T4 for all : € N, we have
M SUp - 360,10, 7) > imsup (o + T, +21)

=p+limsu 2 >p+ 2 >
=p Z_Hoop T, = P T Ps
which contradicts to the definition of the rotation number. This proves (8.12).
The proof of (8.13) is similar. 1

Theorem 8.5. Suppose that the SPCF (8.1) is an APCF which admits no mean motion. Then
each of its minimal set is either the entire phase space S* XY or is everywhere non-locally connected.

Proof. We let d be an invariant compatible metric on Y, i.e., d(v} - t,v5 - t) = d(v},y5) for all
Y1,y € Y and t € T. Since (8.1) admits no mean motion, the condition d) of Theorem 8.2 fails,
i.e., there exists (¢«,y.) € R' x Y such that lim supHJroo((E((b*, Ys, 1) — Pu — pt) = +oo. It follows
from Lemma 8.4 that there exists a residual subset Y, of Y such that

(8.14) lim Sup(&(o, yo. ) = g0 — pt) = +oc

for any (¢o,%0) € R! x Y,. By Lemma 8.5 (1), there exists y; € Y such that
(8.15) SUp(O(9,1,0) = ¢ — pt) < 4

for all ¢ € R. )

Suppose that the entire phase space S* x Y is not minimal and let X be a minimal set of (8.1).
Then there exist nonempty open subsets U5 C S* and VJ C Y such that X n (U} x V) = (. Since
(Y, T) is minimal, there exist t},t5,--- ,t, € T such that V' = {Vj - ¢;}¢_, is an open cover of Y.
Let &' > 0 be the Lebesgue number of V' with respect to the metric d.

If X is not everywhere non-locally connected, then by Lemma 7.1 the set X, of locally connected
points in X is an invariant residual subset of X. Since by Proposition 3.4 the projection7: X — Y
is semi-open, it follows from Lemma 5.5 that

Xo = {x € X : for any open neighborhood U of z, w(U) is a neighborhood of 7(z)}

is also a residual subset of X. Take z. € X;. N Xy and denote y* = 7(z.). Let ¢; € [0,1] be
such that z, = (a,y*), where a = e?™“1 and denote A = [¢1 — 1, ¢; + 1]. Also let V{ be an open
neighborhood of y* such that diam(V/) < & and let U] = {e?"¢ : ¢ € A}. Since z, is a locally



ALMOST PERIODICALLY FORCED CIRCLE FLOWS 43

connected point of X, there exists a connected closed neighborhood W of z. in X such that W C
U x V{. Since x, € Xy, m(W) is also a closed neighborhood of y* in Y. Using~minimality of (Y, T),
we let t* > 1 be such that y, =: y; - t* € 7(W) and denote C'(t*) = maxXcp1 [¢(, y1,t*) — ¢ — pt*|.
Then C(t*) < oo and it follows from (8.15) that, for any ¢ € R!,

4 = sup(@(3(d, y1, 1),y t) = ¢ — p(t + 7))

t>0

= igg((g@(éf’, Y1,t7), Y2, t) — 5(¢, yi, t%) — pt*) + (5@7 Y1, t*) — b — pt*))
> SUp(EE. 1. 1) v2.1) —~ Bonst°) = ) — O,

ie.,
(8.16) igg@w, Yo, t) — ¢ — pt) < 4+ C(t*).

Since y, € T(W), there exists ¢, € A such that (as,y2) € W, where ay = e?7i%2,

For any (b,y) € W C U/ x V{, there exists a unique ¢(b) € A such that ¢27*¢(*) = b, Consider
the map h : W — A x V{: (b,y) — (¢(b),y). Clearly, h is continuous. Let ' = h(W). Then
(¢2,12) € F and it follows from the closeness and connectivity of W that F is a closed connected
subset of A x VY.

Since w(W) is a closed neighborhood of y*, 7(W) NY, # 0. Take yg € 7(W) NY,. Then there
exists ¢y € A such that (¢o,y0) € F. Let L' = max’_, max{¢(¢,y,t}) — ¢ — pt' : ¢ € R',y € Y}
Then L’ < oo and by (8.14), there exists ¢’ > max{t},t5,--- ,t;} such that

0(00,40.1') = do = pt’ > 6+ L'+ C(1").
Since diam(Vy - ¢') = diam(Vy) < ¢’, there exists ¢+ € {1,2,---,¢} such that V{ - ¢/ C VJ - ¢/, i.e,,
Vi (@ —t))CVy. Denotet, =t —t,. Thent, >0,V -t CVJ, and

5(¢07 Yo, t:k) - ¢0 - pt;
= (¢(¢0, Yo, t') — do — pt'") — (H(D(¢0, Yo, 1), yo - £y 1) — (0, Yo, 1) — pt’)
> 6+ L'+ C(t*) — (3(d(0, y0, ), yo - L, 1) — o, yo, ) — pt}) > 6+ C(t*),
ie.,
(8.17) &(¢0,0,t.) > (do + pt.) + 6 + C(t").

Consider the function ® : F — R': (¢,y) — $(¢,y, t.). Obviously, ® is continuous. Moreover,
by noting that ¢, ¢9 € A, we have by (8.16) that ®(¢s,1y2) < (@2 + ptl) + 4+ C@t*) < (¢ +
pt') + 5+ C(t*), and by (8.17) that ®(¢pg, yo) > (¢o + pt.) +6 + C(t*). Since F' is connected and
(¢0,v0), (d2,y2) € F, we have that ©(F) D [(¢o + pt.) + 5, (¢ + pt.) + 6]. Hence there exists
(¢3,3) € F such that e>7®(¢s:v3) ¢ U} 1t follows from the definition of F that (e>7%3,y3) € W C
X.

Now, on one hand, (¢*7*%3,y3)-t. € X, and on the other hand, (2793, 3) -t/ = (e2™®(#3:43) 4.
tl) e Uy x V4 as V/ -t,, C V3. This implies that X N (U} x V4) # 0, a contradiction. 1

Theorem 8.6. Suppose that the SPCF (8.1) is an APCF with locally connected base space Y. If
it admits no mean motion, then it is positively transitive and has only one minimal set.

Proof. Let d,Y, and y; be defined in the proof of Theorem 8.5.

Let U;,U; C St and Vi, Va C Y be any nonempty open subsets. Since (Y, T) is minimal, there
exist ¢y, o, -+ ,tx € T such that V = {V4 - ti}le is an open cover of Y. Let § > 0 be the Lebesgue
number of V with respect to the metric d. Since {y; - r},>1 is dense in Y, there exists r; > 1 such
that 4, -, € V4, i.e., V4 is an open neighborhood of y. = 4, - 71. Since Y is local connected, there
exists a connected closed neighborhood V' of g, such that V' C V; and diam(V) < 4.
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By (8.15), we have
igg($($(¢’ y11r1)7 Y, t) - (’5(¢7 Y1, 7'1) - pt) < 4+ |$(¢a ylﬂ“l) - ¢ - p’f'1|

for all ¢ € RY. Let C'= sup |6(¢,y1,m1) — ¢ — pr1| = max [¢(¢,y1,m1) — ¢ — pri|. Then C' < oo
$ERL 0<¢<1
and

(8.18) ggg@w, Yu ) — ¢ —pt) <4+ C

for all ¢ € R'. Take z; € Y, NV and ¢, € [0, 1] such that e>**** ¢ U;. Then
limsup($(g1, 21,) — é1 — pt) = +oo.

t——+o0
Let L = max;_, max{$(¢,y,ti) —¢—pt; © ¢ € Ry € Y}. Then L < oco. Take ty >
max{ti,ta, - -, tx} such that

5(¢1721,t0) —¢1—pto >5+C + L.

Since diam(V - tg) = diam(V) < 4, there exists ¢ € {1,2,--- ,k} such that V - tq C V5 - ¢;, i.e.,
V.(to—1t;) CVs. Lett, =tg—t;. Thent, >0,V -t, C Vs, and

5(¢17 Zlvt*) - Q/)l - pt*
= (5(¢17 Z17t0) - le - pto) — (g(gf)((bl’ Zl,t*), 21" t*vti) _ g(d)l’ 21, t*) _ ptz)

>54+C+L— (301,21, 1), 21 - L, ti) — 3(b1, 21, 1) — pti)
>5+C.

Consider the function ¥ : V — R y — $(¢1,y, t.). Clearly, W is continuous, W(y.) <
4+ C+ ¢+ pty, and W(z1) > 5+ C + ¢y + pt,.. Since V is connected, W(V) D[4+ C + ¢1 +
pte,5 + C + ¢; + pt,]. Hence there exists y, € V such that ¢>™¥(¥2) ¢ U,. This shows that
(e2™91 o) € Uy x V; and (€279 o) - t, = (2% W2) ypy - t,) € Uy x Vo as V - t, C Vi. Therefore,
(2™ W2) gy . t,) € (Uy x V1) - t. N (U x Vi) # 0. Since Uy, Uy, Vi, Vs are arbitrary, the flow (8.1)
is positively transitive.

It follows from Theorem 8.4 the flow (8.1) has a unique minimal set. 1

Now, parts 1), 2) of Theorem 7 are just the respective Theorems 8.5, 8.6 above.

We note that using Theorem 6 1) and Theorem 7 2) we also obtain an alternative proof for
Theorem 4 3) (Theorem 7.3).

8.4. Quasi-periodically forced circle flows. Our aim of this subsection is to prove Theorem
8 in which the base space Y is further assumed to be a torus. We will use a classical result of E.
Cartan that every closed subgroup of a Lie group is also a Lie group. Hence any closed subgroup
of a Lie group is a Lie group which cannot be a Cantor set.

The following theorem is just our main result Theorem 8.

Theorem 8.7. Consider an APCF (S* x Y,T) = (S* x Y, {A;}1e1) with Y being a torus (e.g.,
(Y, T) is quasi-periodic) and suppose that the rotation number is rationally independent of the
forcing frequencies. Then (S' x Y,T) has a unique minimal set M and M is either the entire
phase space ST XY or is everywhere non-locally connected. If, in addition, the APCF admits mean
motion, then M is almost automorphic, and moreover, either M = S' x Y or M is an everywhere
non-locally connected Cantorian.



ALMOST PERIODICALLY FORCED CIRCLE FLOWS 45

Proof. Since Y is local connected, it follows from Theorem 4 1), Theorem 6 2) in the case with
mean motion and from Theorem 7 2) in the case without mean motion that (S x Y, T) has a unique
minimal set M. Suppose that M # S x Y. We want to show that M is everywhere non-locally
connected.

In the case that the APCF (S! x Y, T) admits no mean motion, we have by Theorem 7 1) that
M is everywhere non-locally connected.

We now consider the case that the APCF (S! x Y, T) = (S* x Y, {A\;}+cT) admits mean motion.
By Theorem 3 and Theorem 6 1), M is both a Cantorian and an almost automorphic minimal set.

Suppose for contradiction that M has a locally connected point. Then the set M;. of locally
connected points in M is an invariant residual subset of M. Let Y* be a maximal almost periodic
factor of M and p : (M, T) — (Y*,T) be the almost 1-1 extension according to Theorem 3.2. Since
the proximal relation

P(M) = {(e1,e2) € M x M ¢ inf d(Ai(er), Au(ea)) = 0},

where d denotes the standard metric on S' x Y, is a closed (in particular, an equivalence), equiv-
ariance relation, Y* can be identified to M/P(M) with flow being induced by A..
Let 7 : M — Y be the natural projection. Then it is clear that

P(M) C R, =: {(61,62) eM x M 7T(€1) = W(eg)}.
Thus there exists an extension n : (Y*,T) — (Y, T) such that = = n o p. Since p is almost 1-1 and

M. # 0, we have by Theorem 7.1 2) that each fiber p~'(y*), y* € Y*, is connected. For each
y* € Y*, we note that

PN S ™)) = {(s,n(y)  (s,0y™)) € M.
It follows that for each y* € Y* there is a subinterval I~ (which can be degenerate) of S' such
that p~'(y*) = I, x {n(y")}.

Since M is a Cantorian, there exists a residual subset Y, of Y such that for each y € Yy, 7= '(y)
is a Cantor set. For any y € Y, and y* € = 1(y), since p~1(y*) = I~ x {y} S 7 1(y), 7 1(y) isa
Cantor set and I,,- is a subinterval of S', it follows that I,- is a singleton. Thus for each y € Y;
the map p : 7~ '(y) — n~'(y) is a homeomorphism, i.e., n~1(y) is also a Cantor set.

Fix yo € Yo and y; € 7~ 1(yo). For any vy, ys € Y*, there exist sequences {t{ 2., 7 =1,2,such
that lim; ..y - t] =y, j = 1,2. We define

(8.19) yioys = lim yf - () +¢2).

Since (Y*, T) is almost periodic, (8.19) is well-defined and is independent of the choose of sequences
{t{ 21 J =1,2. With the operation y; o y;, Y* becomes a compact Abeliean topological group
with unity y; (see Theorem 3.2.1 in [62]). Using yo, we can define an operation “o” on Y similarly
so that it becomes a compact topological group with unity .

For any yi,y5 € Y, we take sequences {t]}32,, j = 1,2, such that lim, ...y -t =y, j = 1,2.

Then lim;_oc yo - t] = lim; oo (Y5 - 1) = 1(y3), j = 1,2, and
(i 0ys) = lim n(yg - (t; +17)) = lim nyg) - (t; +17)
= lim yo - (t; + ) = n(y7) o n(y3)-
Hence 7 is a group homomorphism from (Y*, o) to (Y, o) and n~'(yo) = ker(n) is a closed subgroup

of (Y*,0).
Since p is semi-open, the set

My = {m € M : for any open neighborhood U of m, p(U) is a neighborhood of p(m)}

is a residual subset of M by Lemma 5.5. Hence M;. N Mj is also a residual subset of M. Since
0 # p(M. N Mp) C Y, Y* admits a locally connected point y.. For each y* € Y*, we consider
the map H,,. :Y* — Y*: y/ o' o (y* ' oy.), where y* ! is the inverse of y*. Since H,- .
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is a homeomorphism and H- . (y*) = y., y* is also a locally connected point of Y*. This shows
that Y* is locally connected. For any y € Y and y* € n~!(y), since Hys 7 Y(yo) — n~ () is
a homeomorphism, =1 (y) is a Cantor set and hence dim(n—'(y)) = 0, where dim(-) denotes the
covering dimension. It follows from Theorem VI. 7 in [26] that

dim (Y*) < dim (Y) + supdim(y~'(y)) = dim (¥) < oc.
yey

Summarizing up, we have shown that (Y*, o) is a locally connected, finite dimensional, compact
Abelian topological group. It follows from a classical result of Pontrjagin (see Theorem 56 in [52])
that Y* is a Lie group.

Now, since n~1(yo) is a closed subgroup of the Lie group (Y'*,0), n~1(yo) is a Lie group, which
is in particular not a Cantor set. This contradicts to the fact that n—!(y) is a Cantor set for all
yeyY. 1

9. projective bundle flows of si(2,R)-valued cocycles

Let T =R or Z and (Y, T) be an almost periodic minimal flow. We consider an almost periodic,
sl(2,R)-valued cocycle {®(y,t)}yev,ieT, i.€., the map (y,t) — P(y,t) € sl(2,R) is continuous,
®(y,0) = I - the identity matrix, and {®(y, t) },ev et Satisfies the following cocycle property:

Oyt +s) =Py -s,0)P(y,s), yeV, t,seT.
We refer the cocycle as continuous cocycle if T = R and as discrete cocycle if T = Z. In the discrete
case, we always assume that the cocycle is homotopic to identity. An important example of

continuous, almost periodic, sl(2,R)-valued cocycles is the one generated from an almost periodic,
2-dimensional, linear system of ordinary di erential equations:

9.1 P =Aly-t)x, € R* yeY, tecR,
where tr A(y,t) = 0. In this case, the principal matrix solution of the linear system clearly forms

a continuous cocycle.
The average exponential growth of the norm of {®(y, t)} is measured by the (maximal) Lyapunov

exponent
- log [[®(y, 1)l
= | — " d >0

A= lim /Y ; pu(y) = 0,
where p denotes the Haar measure on Y. We note that the limit exists by subadditivity, is
independent of the matrix norm, and is non-negative because ®(y,t) € si(2,R). By Kigman
sub-additive ergodic theorem ([39]),
lim w=x\7 uw—aey€eyY.

t——+oo

In fact, there exist Y, C Y with (Y,) = 1 and invariant, measurable line bundles {u*(y)} ey, C
R?\ {(0,0)} such that ®(y, t)u*(y) = ut(y-t), y € Ya,t € T, and

log | ®(y, )W)l _ ,
t )

(9.2) lim

t—o0 y € YV*
We say that the cocycle {®(y, t) }yev et is elliptic if sup, 1 || P(y, t)|| < +oo forall y € Y'; hyperbolic
if it admits an exponential dichotomy (or exponential splitting), parabolic if A = 0 but the cocycle
is not elliptic; and partially hyperbolic if A > 0 but the cocycle is not hyperbolic. It is well-known
that if the cocycle is hyperbolic, then the line bundles {u*(y)} can be extended continuously to
the entire space Y and the limits above exist everywhere on Y. In term of Sacker-Sell spectrum
theory ([57]) for the almost periodic linear system (9.1), hyperbolicity corresponds to the case with
two-points spectrum, partially hyperbolicity corresponds to the case with non-degenerate interval
spectrum, and ellipticity and parabolicity correspond to cases with zero spectrum.
Following works [6, 30] for continuous projective bundle flow generated from the linear di er-
ential system (9.1) and work [3] for discrete projective bundle flow with one forcing frequency, we
will give a complete classification of minimal sets of the projective bundle flow generated from
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a general almost periodic, sl(2,R)-valued cocycle in both continuous and discrete cases. Such a
classification will be particularly useful in characterizing dynamical and topological complexities
of a SNA in a such projective bundle flow (see recent work [38] and references therein).

9.1. A general classification of minimal sets. Consider an almost periodic, sl(2,R)-valued
cocycle {®(y, t)}yev et and its generated linear skew-product flow 7; : R x Y — R? x Y:

m(v,y) = (P(y, D)v,y - ).
It is clear that the line bundle
V({,y) = {(v,y) : v is a vector in the line I through the origin}

is invariant to m; (or to the cocycle) in the sense that 7. (V (I, y)) = V(¢:(l, y)) for any line [ through
the origin and any y € Y. Thus the cocycle generates a projective bundle flow (P! x Y, T). For
simplicity, we parameterize P! by angle 6 € [0, 1] with 0,1 being identified, i.e., we parameterize
a line [ through the origin with its angle Arg(l) = w6. Then the projective bundle flow can be
definedas A\, : P! xY — Pl x Y:

1 ~
Ne(0,y) = (;ATQ(GJ(y,t)v),y 1) =1(0(0,y.t),y-t), € R (mod1l), yeVY, teT,

where v is a vector in k2 with angle Arg(v) = 76 and 6(0 + 1,y,t) = 6(0, y, t) + 1.
Denote (6, y,t) = || ®(y, t) (5 7g) Il

sin 76

Lemma 9.1. Let (01,y) 7 (02,y) € P x Y. Then (61,v), (62,y) are prozimal iff
SUp{T(el, Y, t)T(HQ, Y, t)} = +o0.
teT

Proof. Without loss of generality, we let 0 < 6; — 6, < 1. By taking determinant on both hand
sides of the identity

r(f1,y,t)Ccos 71'9~(91,y, t) r(02,y,t)cos 71'9~(92,y, 1)\ _ Oy, 1) cosmf; cosmhy
r(O1,y,6)sinT0(01,y,1) (62, , 1) sinwB(6a,y, ) PE singgy  sin b,

and using the fact that det®(y,t) = 1, we have

9.3) (01, y, )r(02,y,t) sinw (001, y, t) — 0(0,y, 1)) =sinm(6, —0) #0, ye Y teT.

Since (01, ), (02,y) are proximal i either infteT(g(Hl, y,t) — 5(92, y,t)) =0 or supteT(0~(91,y, t) —
0(02,y,t)) =1, the lemma immediately follows from (9.3). 1

Lemma 9.2. Consider the cocycle {®(y,t)}yev et and its generated projective bundle flow (P' x
Y, T). Then the followings are equivalent.

a) The cocycle is elliptic;

b) There exists yo € Y such that SUP,~ [|P(yo, t)| < +oo;

C) There exist (61, v0) Z (02,y0) € P* x Y such that Sup,~q r(9i, yo,t) < +oo, 1 =1,2;

d) P! xY is a distal extension of Y ; -

e) There exist (0;,y0) € P! x Y, i=1,2,3, which are pairwise distal.

Proof. Itis clear that a) == b), b) == ¢), and d) == e).

b) == a): Let K =:sup,>, ||®(yo,t)|| < +oo. Since detd(y,s) = 1, K1 =:sup,>q [P~ (yo, s)|| <
+o00. Using the cocycle property

q)(yo - S, t) = q)(yOa t+ 3)¢_1(y07 S)a S7t € Ta
we have that
[P(yo - s,8)|| < KKy, $>0,s+t>0.

Forany t € T, y € Y, we let {s,} be a positive sequence in T such that y, - s, — y. It follows
from the above inequality that |®(y, t)|| < KK, i.e., a) holds.
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¢) == b): We note that there is a constant ¢ > 0 such that

0G0, ) < ) | < 1. 50, £) + 102 o, 1),

from which b) follows.
a) == d): Let (61,y),(02,y) € P* x Y be two distinct points. It follows from a) that

SUp{T(el, Y, t)r(92, Y, t)} < +oo.
teT

cosmh; cosmlhy
sinwf; sinwhy

Hence by Lemma 9.1, (64, y), (02, y) are distal.
e) == ¢): By Lemma 9.1, sup,ct{{r (¢, yo,t)r(0;, y0,t)} < +oo forall 1 <i < j < 3. Consider
the linear combination

cos o cos mh cos o
dJ(yo,t)( " 1) = Cl‘D(yo,f)( " 2) +02¢(y07f)( " 3),

sin w6 sin s sinés
where c1, ¢y are constants. Then

su1p_{r2(917 Y, t)} < SU${|61 |T(917 Y, t)’l’(@g, Y, t) + |CQ|T(91 'Y t)r(93a Y, t)}
te te
< e SUQ{T(91, y, Or(02,y,t)} + |z SU_I?{T(% y, (03, y,t)} < oo
te te

It follows that {r(61,yo,t)} is bounded. Similarity, {r(6;,y0,t)},7 = 2,3 are bounded, i.e., c)
holds. 1

Proposition 9.1. If the cocycle {®(y,t)}yev et is not elliptic, then its generated projective bundle
flow has at most two minimal sets.

Proof. Suppose that the projective bundle flow has three minimal sets M;, i =1,2,3. Letyg € Y
and take (0;,y0) € M;, i =1,2,3. Then {(6;,40) : i = 1,2,3} are pairwise distal. It follows from
Lemma 9.2 that the cocycle is elliptic, a contradiction. 1

Lemma 9.3. Consider the cocycle {®(y,t)}yev et and its generated projective bundle flow (P* x
Y, T). Then the cocycle is hyperbolic iff sup,ct r(6,y,t) = +oo for all (,y) € P* x Y.

Proof. It is a special case of the main result in [56]. 1

Theorem 9.1. Consider the cocycle {®(y,t)}yev.teT and its generated projective bundle flow (P! x
Y, T). Then the following holds:

1) If the cocycle is elliptic, then either P! x Y is minimal and distal or there is an integer
N > 1 such that P' x Y laminates into infinitely many minimal N-1 extensions of Y
(hence they are almost periodic).

2) If the cocycle is hyperbolic, then (P! x Y, T) has precisely two minimal sets and each of
them is an 1-1 extension of Y (hence they are almost periodic).

Proof. 1) Since, by Lemma 9.2, P! x Y is a distal extension of Y, either i) it is minimal and distal;
or ii) it laminates into infinitely many minimal sets ([11]). In the case ii), we have by Theorem 4
and distality that there is a positive integer N such that each minimal set is an N-1 extension of
Y.

2) Let {u*(y)},ey C R? be the continuous, invariant line bundles associated with hyperbolicity
and let 6% (y) = %Arg ur(y), y €Y. Then

M* = {(0*(y),y) :y €Y}
are two minimal sets of (P! x Y, T) which are clearly 1-1 extensions of Y. By Proposition 9.1, the
projective bundle flow (P! x Y, T) cannot have more than two minimal sets in this case. 1
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We now exam minimal dynamics of the project bundle flow if the cocycle is either parabolic or
partially hyperbolic.

Lemma 9.4. The cocycle {P(y,t)}yev et is either parabolic or partially hyperbolic iff there are
69, y0), (09, 90) € Pt x Y such that Sup;>o (69, yo,t) = +oo and sup,c (69, yo, t) < +oo.

Proof. The lemma is a direct consequence of Lemmas 9.2, 9.3. 1
We call an ordered pair {(0,%),(0_,y)} in P! x Y a Morse pair if
. 0 t
||mSUp T( + Y, ) —
t—o00 T(e—v Y, t)
This notion is a relaxed version of relative dichotomy or More decomposition in linear skew-product

flows.
Let 7 : P! x Y — Y be the natural projection.

Lemma 9.5. If the cocycle {®(y, ) }yev et is not elliptic and some fiber of its generated projective
bundle flow (P x Y, T) over Y admits a distal pair, then each fiber of (P! x Y, T) over Y admits
a Morse pair.

Proof. Suppose for contradiction that there is a fiber 7—!(y,) which admits no Morse pair. Since
some fiber of P! x Y over Y admits a distal pair, then all fibers of P! x Y over Y admit distal pairs.
In particular, 7—!(yo) admits a distal pair, say {(6},v0), (03,y0)}. It follows from Lemma 9.1 that

(94) Sup{r(b'(l), Yo, t)r(9(2)a Yo, t)} < +o0.
teT

Since (63, v0), (62, yo) do not form a Morse pair in both orders, there are positive constants K, Ko
such that

K17(85, 90, 1) < (65,90, 1) < Kar(65,0,1), t € T.
It follows from (9.4) that both (6}, yo,t) and r(#3, yo,t) are bounded. Hence by Lemma 9.2, the
cocycle is elliptic, a contradiction. 1

Lemma 9.6. Let {(0%,y°), (6%, y")} be a Morse pair. Then the following holds:
1) For any 0 # 0°, {(9,4°), (0°,4°)} is a Morse pair.
2) If 61,05 # 0%, then (81,9°), (62,y%) are prozimal.
3) Suppose sup,cr{r(02,y°,t)} < co. Then for any 61,05 # 6°, (61,9°),(6°,y°) are proxi-
mal iff (02,9°), (0°,4y°) are prozimal. In particular, for any 0 # 0y, (0,y°), (0°,y°) are
prozimal iff (0%,y"), (6°,y°) are prozimal.

Proof. 1) Let § # 6° € P! and consider the linear combination
cos o cos 49 cos °
9.5 o0, 0| . =c, 0@ ) )o@ T
©-5) G )<sm7r9) e+ @l )<sm7r93> -0 )<sm7r99)’
where ¢, ,c_ are constants. Since § # 6° and ¢, # 0, we have by (9.5) that
0 90 0 t
|ImSUp T(eo’y 7t) T( «O|»7y 9 )
t—oo T(@_,yo,t) T(@_,yo,t)
i.e., {(0,4°), (0", y°)} is a Morse pair.

2) Let 01,0, # 6° and consider the linear combination

(9:6) o(y°, 1) (COS 7T92) = a0y’ 1) (COS 7T91) + co®(y°, ) (Cos 7r99) |

sin w6y sin w6, sin 6%

> limsup{fc. | = Je—|} = +o0,
t—o0
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where ¢, cq are constants. Since 6, # 6° and ¢; # 0, we have by (9.3) that r(6,,¢°, t)r(6°,°,t)
admits a positive lower bound, say ¢(6,). Then by (9.6),
0 0 0 0.0 r(61,°,1)
r(01,y°, )r(02,y",t) > r(01,y°,t)r(02,y°,1) max{0a|cl|m -

T(elv yov t) | |}

— < — |C .
(02,00
It follows that sup,c{r(01,y", t)r(02,y°, t)} = +oc since {(61,y"), (6,4 )} is a Morse pair. Hence
by Lemma 9.1, (81,4°), (A2, y*) are proximal.

ol }

v

c(61) max{0, [c1|

3) By symmetry, it is su cient to show that if (6,4°),(6°,y°) are proximal, then so are
(927 yO)’ (90—7 yO)

Assume that (61,y), (6°,y") are proximal, i.e., sup,cr{r(f1,y°, )r(6°,y°,t)} = +oo. Then by
(9.6),

T(921 yoa t)r(eo— ) yO’ t) > |cl |’f‘(91, y07 t)r(eo—v y07 t) - |CO|T‘(90— ) yO’ t)2'

It follows that sup,.r{r(61,y°, t)r(6°,4°,t)} = +oo since sup,cr{r(01,y°, )r(6°,4° 1)} = +
and sup,+{r(0°,y° t)} < co. By Lemma 9.1, (62, °), (0%, y°) are proximal.
1

Theorem 9.2. Let the cocycle {®(y,t)}yev,ieT be either parabolic or partially hyperbolic. Then
the following holds for its generated projective bundle flow (P' x Y, T):

1) (P! x Y, T) admits at most two minimal sets.
2) If (P! xY,T) admits two minimal sets, then each minimal set is an almost 1-1 extension
of Y (hence they are almost automorphic).
3) If (P! x Y, T) admits only one minimal set M, then precisely one of the following holds:
i) M is almost automorphic and is either an almost 1-1 or almost 2-1 extension of Y;
iil) M is an everywhere non-locally connected Cantorian and is residually Li- Yorke chaotic;
iii) M is the entire space P' x Y and is residually Li-Yorke chaotic.
Moreover, in cases ii) and iii), M is a proximal extension of Y which is not almost 1-1
(hence M is not almost automorphic).

Proof. 1) is clear by Proposition 9.1.

2) It follows from Theorem 4 that each minimal set is an almost N-1 extension of Y for some
positive integer N. We note that an N-1 extension of Y must be a distal extension. But by
Lemma 9.2 there are no three points on a same fiber which can be pair-wise distal. Hence N = 1.

3) By Lemma 9.4, we let (65 (v0), %0), (0—(y0), yo) € P! xY be such that sup,~, 7(0+(v0), Yo, t) =
+o0 and sup,ct r(0— (¥0), Yo, t) < +oo. It is clear that {(0+ (o), ¥o), (0 (y0), vo)} is a Morse pair.

Case 1. (0+(y0), v0), (0—(y0), yo) are proximal.

In this case, since sup,cr{r(f-(yo), yo,t)} < oo, we have by Lemma 9.6 (3) that any two points
on the fiber p~'(yo) are proximal. This particularly implies that A/ is a proximal extension of Y.
Hence if M is point-distal, then it must be an almost 1-1 extension of Y.

Now suppose that M is not point-distal. Then by Theorem 2, it must be residually Li-Yorke
chaotic, and by Theorem 6, the corresponding projective bundle flow admits no mean motion
(because M is not almost automorphic). Moreover, since M is not an almost N-1 extension of Y
for any positive integer NV, it follows from Theorem 3 that M is either a Cantorian or the entire
phase space, and, in the case that M is a Cantorian, we have by Theorem 7 that it is everywhere
non-locally connected.

Case 2. (0+(y0), y0), (0—(y0), yo) are distal.

We note that sup,c1{7(6—(v0), v0,t)} < oco. It follows from Lemma 9.6 that (6, y0), (/- (o), vo)
are distal if 8 # 6_(yo) and (01, v0), (02,y0) are proximal if 61,05 # 6_(yo). According to a
general result due to Auslander ([2]), there exists (0., y0) € M such that (6_(yo), o), (0«, y.) are
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proximal. Since by Lemma 9.6, (9, o), (0—(yo),yo) are distal for any 6 # 6_(y,), we have that
0. = 0_(yo), i.e., (0—(yo),yo) € M. Applying the result of Auslander to (6 (o), yo), we also find a
point (6(yo), yo) € M such that (8(yo), yo), (0+(yo), yo) are proximal. Clearly, 6(yo) # 6_(yo) and
O(yo), vo), (6 (v0), vo) are distal. Hence 7~ (yo) N M admits a distal pair. It follows that all fibers
7 Y(y)NM, y € Y, admit distal pairs. It now follows from Lemma 9.5 that each fiber 7—(y) admits
a Morse pair {(0+(v),y), (0—(y),y)}. Hence by Lemma 9.6 (2), (61, y), (62, y) are proximal for any
61,02 # 0_(y). Since 7~ (y) N M admits a distal pairs, (f_(y),y) € M and there exists (/(y),y) €
M such that (6(y), ), (0° (v),y) are distal. Let & = inf,e1 |8(8(y0), yo,t) — 86— (o), yo, t)|. It is
clear that ¢ > 0.

Claim 1. For any (0,y) € M with 0 #Z 0_(y), (0,y), (0—-(y),y) are distal and |6 — 6_(y)| > .

Since (8(yo), yo) € M, there exists a sequence {t,,} C T such that lim,,— . A, (6(y0), y0) = (6,v)
and limy, .o Ar,, (60— (yo), yo) = (6+(y),y) for some (6.(y),y) € M. Clearly, (6,y),(0.(y),y) are
distal and |0 — 0.(y)| > 6. Since (01,y), (02,y) are proximal for any 6,,0> # 6_(y), we have
0.(y) = 6_(y). This proves the claim.

Claim 2. There is a residual set Yy C Y such that [7=(y) N M| =2 for all y € Y5.

We use the argument in the proof of Theorem 7.4 in [30]. By Claim 1, there exist 0 < 6; < 65 <
1+ 6, such that (61, y0), (f2,50) € M and ([61,62] x {yo}) N M = 7~ (yo) N M \ {(0—(%0),%0)}.
Let Y, be the set of all continuity points of the upper semi-continuous map y — 7~ (y) N M.
Then Y} is a residual subset of Y. For any y € Yjg, since (61,v0), (f2,10) are proximal, there
exists a sequence {t,} C T such that lim, . A:, (61,y0) = lim,_ At (02,50) = (6(y),y) and
Ilmnﬁoo Atn (9* (yo)a yO) = (0* (y)a y) for some (9*(1/)7 y) € M. Since (913 yO)v (9* (yo)a yO) are distal,
so are (0(v),v), (0*(y),y). Hence 0*(y) = 0_(y). It follows from Lemma 5.3 (2) that either
limy, oo Ar,, ([01,02] X {o}) = {(0(),m)} or lim, oo Ar,, ([62,61] % {5o}) = {(0(y),y)} by taking
subsequences if necessary.

_Since 6_(yo) € [02,61] and lim, oo A, (0-(y0),90) = (0-(v).y) # (0(v),y), we have
IImn—»oo /\tn([91192] X {yO}) = {(e(y)a y)} Thus

T ) NM = lim 7 (o ) N M S lim Ay ([01,02] % {yo}) U A, (0 (y0), 50)

={0W). v, O-(). n}.
It follows that |7 ~1(y) N M| = 2 for all y € Yj.

Now, we have by Claim 2 that M is an almost 2-1 extension of Y. To show that M is almost
automorphic, we note that it easily follows from Claim 1 and Lemma 9.6 (2) that the proximal
relation P(M) is closed. Hence M/P(M) is a compact Hausdro space and there is a natural flow
(M/P(M), T) induced from the flow (P! x Y, T). By Lemma 9.1, M/P(M) is a 2-1 extension of
Y, hence it is almost periodic minimal. Let p : M — M/P(M) be the natural projection. Then
it follows from Claim 2 that p : (M, T) — (M/P(M),T) is an almost 1-1 extension. Hence M is
almost automorphic. 1

In the partially hyperbolic case, more precise information can be obtained as follows.

Theorem 9.3. Let the cocycle {®(y,t)}yev,et be partially hyperbolic. Then its generated pro-
jective bundle flow (P! x Y, T) admits a unique minimal set M. Moreover, the following holds:
a) M is characterized precisely by one of the case i)-iii) in Theorem 9.2 but it is nether almost
periodic nor an almost 2-1 extension of Y;
b) M is non-uniquely ergodic and admits precisely two ergodic sheets {(u™(y),y)}yey= as in
9.2).
¢) There is a residual set Yo CY such that for each (0,y) € M Np~1(y), 7(0,y,t) oscillates
between —oo and +oo as t — £oo.
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Proof. The fact that M cannot be an almost 2-1 extension of Y was proved in [30] for the linear
system (9.1). b) and c) were given in Theorem 4.10 of [38] also for the linear system (9.1). The
proof for the general situation follows from similar arguments. Since M is not uniquely ergodic, it
cannot be almost periodic. 1

Examples of continuous, almost periodic, si(2, R)-valued cocycles whose projective bundle flows
have the property i) stated in Theorem 9.2 are well-known (see [6, 30]). Also there are many con-
tinuous, almost periodic, sl(2, R)-valued cocycles whose projective bundle flows have the property
iii) stated in Theorem 9.2 (see [33, 45]). An interesting question is whether case ii) in Theorem 9.2
can really occur in a projective bundle flow. The following result shows that the answer to this
question is negative when the forcing space in a projective bundle flow is locally connected.

Theorem 9.4. Let Y be locally connected and the cocycle {®(y,t)}yey et be either parabolic or
partially hyperbolic. Then its generated projective bundle flow (P! x Y, T) admits no Cantorian
manimal set.

Proof. If (P! x Y, T) admits mean motion, then we have by Theorem 6 that all its minimal sets
are almost automorphic hence they are not residually Li-Yorke chaotic. This show that case ii) in
Theorem 9.2 does not occur. In particular, (P! x Y, T) admits no Cantorian minimal set.

If (P! x Y, T) admits no mean motion, then by Theorem 7 2) (Theorem 8.6) it is topologically
transitive. It then follows from almost exact proof of Proposition 4.6 in [3] that if the entire phase
space P! x Y is not minimal, then a minimal set M of (P! x Y, T) is either an almost 1-1 or an
almost 2-1 extension of Y. In particular, M is not a Cantorian. 1

Remark. 1) Using the same argument as the above, one sees that if a projective bundle flow
admits mean motion, then case ii) in Theorem 9.2 cannot occur regardless whether the base Y is
locally connected or not (this has already been shown in [6] for the continuous case).

It then remains an open question whether case ii) in Theorem 9.2 can occur in a projective
bundle flow without mean motion when the base is not locally connected. We think that the
answer to this question should be a rmative.

2) Suppose that the projective bundle flow of a partially hyperbolic, quasi-periodically forced
cocycle {®(y, t)}yev et admits a globally attracting SNA, say .A. Then A cannot be the entire
phase space, and by Theorem 9.3, A is made up by a unique minimal set M along with its
“homoclinic orbits” (in the sense of proximality). Now, by Theorems 9.2, 9.4, M is non-almost-
periodic, almost automorphic extension of Y. If we further assume that the rotation number of
the projective bundle flow is rationally independent of the forcing frequencies, then by Theorem 8,
M is everywhere non-locally connected.

All these simply suggests an important role played by almost aotumorphic dynamics to such a
SNA: topologically the minimal set in the SNA is everywhere non-local connected and an almost
1-cover of the forcing space, and dynamically the minimal set in the SNA is almost automorphic.

9.2. Cases with mean motion properties. With the classification given in the above, it is
important to know when or how often almost automorphic dynamics can occur in the projective
bundle flow of an almost periodic, sl(2,R)-valued cocycle in the non-parabolic case. Some a r-
mative answers to this problem was given in [38] with respect to extreme points of spectral gaps
of the following almost periodic Schrodinger and Schrddinger-like operators:
d2
Ly= ==z +4qy-1): L*R) = L*(R);
Lo=J(5 Q-0 L(R, 1) — L% B,

L,=—-A+uv(y-n): L*Z) — L*(Z),
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where (Y, T) is almost periodic minimal for T = R or Z, ¢, v are continuous functions on Y, @ is
a 2 x 2 matrix-valued continuous function on Y, J is the standard 2 x 2 symplectic matrix, and A
is the operator defined by Az(n) = z2(n + 1) + z(n — 1).

Of course, when automorphic dynamics exist in the projective bundle flow of an almost peri-
odic, sl(2,R)-valued cocycle in the non-hyperbolic case, it is also interesting to know whether the
corresponding projective bundle flow admits mean motion.

Consider the spectral problem

9.7) Lyz(t) = Ax(t),
(9.8) LoX(t) = AX(t),
9.9 Ly,z(n) = Az(n).

Each linear equation (9.7)-(9.9) generates an almost periodic, si(2, T)-valued cocycle for T = R
or Z in the natural way, which gives rise to a projective bundle flow M, = (P' x Y, T), where

P! is parametrized by ¢ = —2Arg("), ¢ = 2ArgX, ¢ = —%Arg(z(;z:)l)) for (9.7), (9.8), (9.9)
respectively. For each L = L, Lg, L,, according to the Gap Labeling Theorem ([37]), the rotation
number p(A) of Iy is monotonically increasing and increases precisely on the spectrum X, of L
which is contained in a half line [\*, +0c). For each X in the resolvent of L, it is well-known that
the corresponding cocycle is hyperbolic, hence M, admits exactly two minimal sets which are all

1-1 extensions of Y (hence they are almost periodic).

Proposition 9.2. Consider L = Lg, Lg, L, and let Ao be a finite extreme point of a spectral gap
(i.e., a mazimal open interval in the resolvent of L). Then My, admits mean motion. Consequently,
each minimal set of My, is almost automorphic and in fact an almost 1-1 extension of Y.
Proof. We only give the proof for the case of L,. The other two cases can be treated similarly.
Observe from (9.7) that ¢ = —%Arg(”;/) satisfies the equation
_A—ay-t) -1 A—q(y-t)+1
T

™

(9.10) ¢

We denote 5)\(@5, y,t) as the solution of (9.10) corresponding to A,y and with initial value ¢.

Let )\ be the left end point of a spectral gap I in the resolvant of L,. Then the rotation number
of (9.10) is a constant over I, which we denote by p.

By elementary theory of ordinary di erential equations, we see from (9.10) that

85A(¢7yat) >
12D -
forall \,¢ € R, y € Y, and t > 0. For any (¢o,%) € R' x Y and a given )\, € I, we denote

do(t) = %O(qbo,yo,t), 0. () = 5,\*(¢0,y0,t). Using (9.11) and the comparison principle of scalar
ordinary di erential equations, it is easy to see that ¢o(t) < ¢.(t) for all ¢ > 0. It follows that

Po(t) — po — pt < s (t) — o — pt

for all ¢ > 0. Since Iy, admits almost periodic motion, it admits mean motion. Hence
sup(¢o(t) — ¢o — pt) < sup(p«(t) — ¢o — pt) < oo.
t>0 t>0

COS 7.

(9.11) 0

Since (¢o, yo) is arbitrary, we have by Theorem 8.2 d) that I,, admits mean motion. It follows from
Theorem 6 that each minimal set of I, is almost automorphic. Since almost periodic minimal sets
of My, are all 1-1 extensions of Y, we have by Theorem 6 2) that p is contained in the frequency
module of the forcing. Applying Theorem 6 2) again, we conclude that any minimal set of M),
cannot be an almost 2-1 extension of Y.

The case when )¢ is the right end point (including \*) of a spectral gap in the resolvant of L,
is similar. 1
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Dynamics of M, when A entering the spectrum through Ao are expected to be more complicated
due to the possible loss of mean motion property. This can be viewed as another intermittency
phenomenon characterized by almost automorphic intermediate dynamics.
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