CENTER MANIFOLDS FOR INVARIANT SETS

SHUI-NEE CHOW, WEISHI LIU, AND YINGFEI YI

ABSTRACT. We derive a general center manifolds theory for a class of compact
invariant sets of flows generated by a smooth vector fields in R™. By apply-
ing the Hadamard graph transform technique, it is shown that, associated to
certain dynamical characteristics of the linearized flow along the invariant set,
there exists an invariant manifold (called a center manifold) of the invariant
set which contains every locally bounded solution (in particular, contains the
invariant set) and is persistent under small perturbations.

1. INTRODUCTION

Consider the following ordinary differential equation
(1) 7= f(z), 2 €R",

where f is of class C" for r > 3.

If Y is a normally hyperbolic invariant manifold of (1), then the theory of nor-
mally hyperbolic invariant manifolds ([10] [16] [22] [26]) assures that not only YV
will persist under a C* perturbation, but the hyperbolic structure of Y (stable and
unstable manifolds and their invariant foliations) will also be preserved.

Center manifolds theory deals with the case when an invariant set becomes non-
hyperbolic. As the persistence of such set is generally not expected, a fundamental
problem in this context is to find a smooth, normally hyperbolic, invariant mani-
fold, called center manifold, containing the invariant set with the smallest possible
dimension. The classical center manifolds theory was initiated by Pliss ([24]) and
Kelley ([20]) for a non-hyperbolic equilibrium z¢ of (1). It says that there ex-
ists a center manifold in a neighborhood of zy which is tangent to the generalized
eigenspace of Jf(zg) associated to the non-hyperbolic eigenvalues (i.e. those hav-
ing zero real parts). A comprehensive and complete version of the classical center
manifolds theorem was later given in [31] and [33] which, among other things, par-
ticularly showed the same degree of smoothness of a center manifold as the vector
field. The theory has found a tremendous amount of applications in problems of
bifurcation, stability, and perturbation etc, and, it has been generalized to maps (in-
clude periodic orbits of a flow as a special case) and infinite dimensional dynamical
systems. For further references on the development and application of the classical
center manifolds theory, we refer the readers to [1] [2] [3] [7] [13] [15] [25] [32].

For higher dimensional invariant sets, it was already known that center manifolds
exist for an invariant manifold consisting of equilibria (see [11] [19] [21]), for an
invariant torus having special structures (see [4] [8]), for skew-product flows (see [9]),
and for any small piece of trajectory of maps or flows (see [16] [30]). Recently,
motivated by global bifurcation problems, Homburg ([17]) and Sandstede ([28])
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have succeeded in constructing center manifolds for certain homoclinic orbits. In [6],
the authors derived a center manifolds theorem for any smooth, compact invariant
manifold of flows, which generalized both the classical center manifolds theorem
and the persistence theorem for normally hyperbolic invariant manifolds.

In this paper, continuing our previous work [6] on smooth invariant manifolds,
we shall prove a parallel center manifolds theorem for the case of general compact
invariant sets.

As in [6], a modification of the vector field is unavoidable in constructing such
a center manifold. This creates essential difficulties as the modified vector field
is no longer C! close to the original one. Of importance is the behavior of the
Jacobian of the unit normal vectors at the boundary of a neighborhood of the
invariant set Y. If Y is a smooth invariant manifold, a tubular neighborhood
of Y then provides the properties on the unit normal vectors which enable the
construction of a center manifold. Concerning general invariant sets, as tubular
neighborhoods do not exist, one must impose conditions on the existence of certain
neighborhoods of Y so that a fairly low dimensional center manifold can exist. We
identify a class of invariant sets, called admissible ones (see Definition 2), and show
the existence of center manifolds for these sets. The class of admissible invariant
sets is fairly large. It includes Lipschitz manifolds, smooth manifolds with corners
(such as homoclinic orbits and heteroclinic cycles), unions of compact manifolds
with different dimensions, etc.

The paper is organized as follows. In Section 2, we introduce the concept of
generalized tangent bundles for a subset of R” and show how to use them to con-
struct submanifolds containing the set. The center manifolds theorem is stated
in Section 3 followed by a corollary in term of the Sacker-Sell spectral theory. In
Section 4, to set up the problem into the framework in which the graph transform
applies, we first construct an approximate center-unstable manifold and a bundle
structure of its neighborhood. The modification of the vector field is then made
and the relevant properties are studied. In Section 5, we define the graph transform
and outline the proofs of our main results. Applications of our theory to various
perturbation and bifurcation problems will be discussed in Section 6.

This paper is dedicated to Professor Jack K. Hale on the occasion of his 70th
birthday. The authors like to thank Jack for his great inspirations and supports on
their academic careers.

The work is completed while the second and the third authors were visiting the
National University of Singapore.

2. GENERALIZED TANGENT BUNDLE OF SUBSETS OF R"

We shall apply the graph transform technique ([12]) to show the existence of
a center-unstable manifold. The existence of a center-stable manifold can be ob-
tained similarly after reversing time, and the intersection of the center-stable and
the center-unstable manifolds in a neighborhood of Y gives a desired center man-
ifold. To show the existence of a center-unstable manifold, a primary step is the
construction of an approximate center-unstable manifold by taking both topologi-
cal and dynamical issues into considerations. The topological issue concerns that,
given a topological subset Y of R”, how to construct a smooth submanifold of R”
which contains Y, while the dynamical issue concerns the dynamical natures of the
linearization along Y. We study the topological issue in this section.
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Definition 1. Let Y be a connected and compact subset of R™.

(a) Given y € Y. A subspace V(y) of T,R" is called a generalized tangent space
of Y at y if

) A2 V() -0 () - (),
ly2 — y1]

where d denotes the Euclidean distance from a point to a subspace.

(b) A continuous subbundle V(Y) = U{V(y) C T,R";y € Y} of the tangent
bundle Ty R"™ of R” over Y is called a generalized tangent bundle (GTB) of Y
if, for each y € Y, V(y) is a generalized tangent space of Y at y.

The above concepts are motivated by the following simple observation: if M
is a smooth submanifold of R™ containing Y, then Ty M is a GTB of Y. Thus,
to construct a smooth submanifold of R containing Y, it is necessary to have a
GTB of Y to begin with. Conversely, as shown in Proposition 1 below, if V(Y)
is a GTB of Y, then there exists a submanifold M of R™ containing Y such that
Ty M =V ().

Remark 1. (a) For a given subset Y of R”, there exists a GTB of the least dimen-
sion, whereas the GTBs realizing the smallest dimension need not be unique.
However, if Y itself is a smooth submanifold of R™, then the tangent bundle
TY of Y is the unique GTB with the smallest dimension.

(b) Suppose Y admits cusp singularities. Although the tangent bundle over reg-
ular points of Y might be continuously extended to the singularities, the
convergence property (2) excludes it as a GTB. In other word, for such a set,
the dimension of a GTB must be bigger than the dimension of the tangent
bundle over its regular part.

(¢) Any continuous subbundle of Ty R™ containing a GTB of Y is necessarily a
GTB of Y.

To construct a submanifold of R” containing a given subset Y of R”, we first
describe a local result, as an easy consequence of the Whitney’s Extension Theorem

([34])-

Lemma 1. For a given compact set K C R™, let h : K — R be a continuous
function and Y := {(z,h(z));z € K} denote the graph of f over K. Suppose that
VY)=U{V(y) :y € Y} is a GTB of Y with the fiber dimension dimV(y) = m
such that |(n(y),no)| > A for all y € Y, where X > 0 is a constant, n(y) is the
upward unit normal vector to V(y) and no = (0,0,---,0,1) € R™*. Then there
exists an open neighborhood U of K in R™ and a C' function H defined on U such
that H|x = h, and, for each y € Y, V (y) is the tangent space of the graph of H at
y. In other word, h admits a C' extension in U.

Proof. Since |[{(n(y),ng)| > A > 0, there exist aq, s, -+ ,ay;, such that V(y) is
spanned by

Ul(y) = (1705 ,0,0&1), L) Um(y) = (07 50715aTH)'
It follows that n(y) = (—a1, **,—Qm,1), where A = \/1+a? + ---a2, clearly

satisfies |A| < AL
In order to apply the Whitney’s Extension Theorem, we need to show that
h is of class C' in K in the sense of Whitney; that is, there exist continuous
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functions /; on K for i = 1,2,--- ,m such that, for any = = (z1,--- ,zn,) € K and
= (g}, ,2!)) e K,if
h(z') = h(z) +Y_li(@) (@} — 2:) + R(@',2),
=1

then R satisfies the following property: for any € > 0 small, there exists § > 0 such
that whenever z¢ € K and |z° — z| < §, i = 1,2, then |R(2?,2')| <e.
Define I;(z) = a;(y) where y = (z, h(x)). Then,

R(2?,2") = h(2®) — h(z") — Zaz(z’f — ;).

Since V(Y') is a GTB, for any € > 0, there exists a § > 0 such that if |2! — x| < 4,
1 =1,2, then

[((#* — ', h(z®) — h(a")) ,n())] < € (]2* — 2'| + |h(2®) — h(z)]) .

This implies that

|h(z?) = h(z") = ) ai(af —2})| < €A (jo® = 2'| + |h(z®) — h(z"))])

i=1

<e(A + A?)|2? — z'| + eA|h(z®) — h(z") — Zai(xf -z,
i=1

and hence
m A+ A2%)§
2 1y — 2\ 1y _ (2 _ ol <(7
IR(®,2h)| = [h(a®) — h(z") = Y oa(af —a})| < S

i=1

i.e., R(x?,x!) satisfies the desired property.
Therefore, h : K — R is of class C' in the sense of Whitney. The lemma
immediately follows from the Whitney’s Extension Theorem (Theorem I in [34]).
[l

To accomplish the global construction, we utilize the standard technique of Par-
tition of Unity to ‘glue’ the local ones together.

Proposition 1. Let Y be a connected compact subset of R* and let V(Y) be a
GTB of Y. Then there exists a smooth manifold M(Y) such that i) Y C M(Y),
and (ii) Ty M(Y) =V (Y).

Proof. We proceed in two steps.

Step 1. We first show that, for any yo € Y, there exist a neighborhood N (y)
of yo and a C' manifold M (yo) such that Y NN (yo) C M(yo) and T, M (yo) = V (y)
for all y € Y N M(yo)-

By choosing an appropriate local coordinates system, we may assume without
loss of generality that yo = 0, V() = R and V*(yo) = R*!, where V= is a
complement of V' in Ty R™. Hence, there exists a neighborhood N(yg) of yo such
that for any = € N(yo), £ = (p, q) for some p € V(y9) and q € V+(yo). Define the
projection Py, : Y N N(yo) = V(yo) by Py, (x) = p. We claim that P, is injective
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if N(yo) is sufficiently small. To see this, let y; = (pi,q;) € Y N N(yo), i =1,2. If

P2 = p1, then
— 0. go —
d (L - ,V(yo)> =d (7( — ql),V(yo)> =1,
ly2 — y1] le2 — a1

a contradiction to the fact that V is a GTB.

Now let K = P, (Y N N(yo)) and define h : K — V=*(yo) by h(p) = y if
P, (y) = p. By applying Lemma 1 to each component of h, we obtain a smooth
extension of h whose graph M (yo) satisfies the desired properties (i) and (ii).

Step 2. We now construct a global manifold M(Y") from the family of local
manifolds M (y) obtained in Step 1.

The observation is that if two graphs overlap on a common domain of Y, then the
two generating functions of the graphs, together with their partial derivatives, will
agree on the same domain, so does any convex interpolation of these two functions.
We show this in details below.

Let M(yo) = graph(H,,), yo € Y, be the smooth manifolds obtained in Step 1 of
dimension mg. Since T, M (yo) = V (y) for all y € M(yo) NY, we may assume that
the Lipschitz constant of Hy, is small by shrinking the domain of H,, if necessary.
Furthermore, since V' (y) depends continuously on y, we may also assume that, for
any ' and y" in Y, if M(y')NM(y") # 0, then M (y') is also a graph of a function
from P,»M(y') C V(y") to V+(y"). For simplicity, we still use H, to denote this
function.

Since Y is compact, there exist y1,-- -,y € Y such that ¥ C Ul_; M (y;). Assume
that Y ¢ UL M (y;)\M (y;) for any j = 1,2,---,l. We denote B; as the domains
of Hy, respectively.

We will glue M (y;) fori = 1,2,--- |1 together inductively from y; to y;. Starting
from y; to ya, there are two cases.

Case 1. M(y1) N M (y2) = (. In this case, we do nothing.

Case 2. M(y1) N M(y2) # 0. Let B = P,,M(y1) N M(y2) C V(y2) and, as
remarked above, denote Hy, the function on B whose graph is M (y1). Choose an
open set B C B such that cl(B) ¢ B, BN P,,M(y,) # § and Y C Ul_,M(y;) U
M (y1)| -

By Uryson’s lemma, there exists a C” cut-off function x on V(y2) such that
0<x<1,x(p)=1forpe Band x(p) =0 for p ¢ B.

Define Hy» = xH,, + (1 — x)Hy, on BU By C V(y2), then Hy, is of class C™ .
For any p € BNP,,Y, say p = P,y for some y € Y, we have Hy, (p) = Hy,(p) = ¥,
and hence, Hi3(p) = y. Moreover, for all |k| <r — 1,

D*H,2(p) =D*x(p)Hy, (p) + x(p)D* Hy, (p)
— D*x(p)Hy, (p) + (1 = x(p)) D* Hy, (p).
Since D¥H,, (p) = D¥H,, (p) for all |k| <7 — 1, we have
D*Hiz(p) = x(p)D*Hy, (p) + (1 — x(p)) D" Hy, (p) = D* Hy, (p).

Thus, graph(H;2) satisfies the properties (i) and (ii) locally and coincides with
M (y;1) and M(ys2) on the corresponding portion of Y. We denote this graph by
M.

Next, consider y3. By the way that M, is constructed, if My N M(y3) # 0,

then it is a graph of a function on Py, (M2 N M (y3)) C V(ys). We can then apply
the same argument to obtain a manifold, say Mjs3, replacing Mi» and M(y3).
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Continuing this process, we gradually reduce the number of overlapped pieces and
finally obtain a global C" manifold containing Y with the desired properties (i) and
(i) O

Due to the presence of nontrivial center directions, the construction of a center
manifold requires a modification of the vector field in a neighborhood of the invari-
ant set. To be able to control the behavior of the modified vector field, the nature
of the embedding of the invariant set into the phase space becomes evidently crucial
and has to be somewhat restricted.

Definition 2. A connected compact subset Y of R” is said to be admissible if
there exist constants Cy, C2, C3 > 0 such that, for any € > 0, one can find a smooth
neighborhood N of Y on which the following holds for all z € ON:
(i) Cie<d(z,Y) <¢
(ii) [(f(2),v(2))] < C2¢;
(iii) In a neighborhood U of z, if 9N NU is the graph of a function ¢ : T,0N —
T:-ON, then |u " Hess(¢)(2)u| < Cze~! for any unit vector u € T,ON.

Remark 2. (a) The function ¢ above is unique up to an orthogonal change of
variables on T,0N and thus the property (iii) is independent of choice of ¢.
(b) The admissible class includes most typical compact invariant sets of flows, for
example, smooth or Lipschitz manifolds, homoclinic loops and heteroclinic
cycles with corners, etc. In fact, if Y € R™ and if there exists a neighborhood
U of Y and a diffeomorphism ¢ : U — R” such that ¢(Y) is a CR-complex,
then Y is admissible for any vector field which leaves Y invariant.

3. STATEMENTS OF MAIN RESULTS

Let Y be an invariant set of (1) and let y - t denote the flow on Y for y € Y and
t € R. The linearization of (1) along y - t reads
3) 2= Ay - 1)z,
where A(y) = Jf(y) is the Jacobian matrix of f at y € Y. Denote ®(y,t) as the
principal matrix solution of (1). We make the following hypotheses:

(H1) System (3) admits a continuous invariant splitting of Ty R™:
IyR" =V,(Y) e V.(Y) @ Vu(Y),

ie., Vi(Y) = U{Vi(y) C T,R" : y € Y} and ®(y, HVi(y) = Vily ), i = s,¢,u,
forallte R, yeY.

(H2) V. (Y)isa GITBof Y.

(H3) There exist constants a, 3, K and a positive integer d with a < 0,0 < < %,
d<r, K >0, such that for ally € Y

|5 (y, )| < Ke®t, t>0;  ||@5(y,)||° < Km(®.(y,1)), t > 0;

[®u(y, )]| < Ke™®, t <0;  [|Du(y,1)]|° < Km(D.(y,1)), t <0;

where, ®;(y,t) = ®(y,t)Pi(y), Pi(y) is the projections of R” to V;(y) for
i = s,c¢,u,, respectively, and, for a linear operator L, ||L|| stands for the
operator norm of L and m(L) = min{|Lz| : |2| = 1} denotes the co-norm.
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Definition 3. (a) A submanifold M of R” with boundary dM is called locally
invariant under (1) if, for any point p € M\OM, there exists an € > 0 such
that z(t,p) € M for t € (—e¢,€), where 2(t,p) is the solution of (1) with
z(0,p) = p.

(b) Let f be a C" vector field on R”, a locally invariant C* (k < r) manifold
M of f is said to be C* persistent if there exists a neighborhood U(f) in the
space of C* vector fields, such that for any g € U(f), there exists a locally
invariant C* manifold M (g) (not necessarily unique) of g which is C* close
to M in the Hausdorff metric.

Our main result states as follows.

Theorem 1. Assume that (H1),(H2),(H3) hold for an admissible invariant set Y
of (1). Then there exists a sub-manifold M.(Y) of R™ with the following properties:

i) c( ) is of class C and is locally invariant;

(i) T, Mc(Y) = Ve(y) for ally € Y;

(iii) M, ( ) is C? persistent;

(iv) There exzists an € > 0 such that M.(Y) contains all solutions bounded in
N.(Y). In particular, M.(Y) contains Y .

We refer to a manifold satisfying the above properties (i) — (iv) as a C?¢ center
manifold of Y.

Remark 3. (a) As in the classical center manifolds case ([5]), center manifolds of
a compact invariant set are not unique in general.

(b) If Y is smooth and V.(Y) = TY, then Y must be normally hyperbolic and
(iii) generalize the theory of normally hyperbolic invariant manifolds.

(c) The above result not only extends our previous result [6] to the non-smooth
cases, but also it improves our previous result even for the smooth case alone,
in the sense that an arbitrary constant K is allowed in the above exponential
rate condition (H3) while in [6] only K = 1 was allowed.

The applications of the theorem depends on a careful choice of a linear invariant
splitting. A basic strategy would be to first choose a smallest possible V,(Y) in
(H1) then try to verify (H2) and (H3).

A natural (but not necessarily optimal) linear invariant splitting satisfying (H1)
— (H3) above can be obtained from the well known Sacker-Sell ([27]) spectral theory
of exponential dichotomy (see also [29]).

Let Y be an admissible invariant set of (1) and ¥(Y) = [a1,b1] U - - U [ag, bk]
be its Sacker-Sell spectrum, where k¥ < n and a; < by < as < by < -+ < ap < by.
For 1 <i <k, let V; = V4(Y) denote the invariant subbundle (called the spectral
subbundle associated to the spectral interval [a;, b;]) of Ty R™. Then

TyR* =Vi(Y) & - @ Vi (V).
Consider also, for i < j, the union of spectral intervals of form ¥; ; = U;:i[ap, by
and denote the corresponding spectral subbundle by V; ; = V; @ --- @ Vj. Let
io = max{i: Vi is a GTB}, jo =min{j: Vi ; is a GTB}.

Then, V;, j, is the smallest spectral subbundle which remains as a GTB of Y.
Clearly, ip and jo are uniquely defined. We refer to ¥, = %, j,, Ve =V, j, as the
generalized center spectrum and the generalized center subbundle of Y, respectively.
To unify the notation, we let aj, 1 = 400 if jo = k and let bj;_; = —o0 if 49 = 1.
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Theorem 2. Assume the following spectrum gap condition: there is a positive in-
teger d < r such that

—aiod < —bio—l, bjod < Gjo+1-

Then, with V.(Y) as the generalized center subbundle of Y, there exists a center
manifold M.(Y) of Y satisfying all properties of Theorem 1. O

4. MODIFIED VECTOR FIELD

The proof of our theorem follows the framework of our previous work [6]. It
involves the same crucial steps such as the constructions of an approximate center-
unstable manifold and a fiber bundle structure of a neighborhood, modification of
the vector field, estimates dealing with large perturbations, and the application of
graph transformation.

Traditionally, analysis carried on a manifold and its fiber bundles makes use
of local coordinates of the manifold and local trivializations of the fiber bundles,
which generates certain complexities into the analysis. We avoid some of these
complexities by taking advantage of the fact that the manifold and its fiber bundles
which we work with are submanifolds of the phase space R™. Therefore, instead of
using local coordinates, we shall only use the global coordinate inherited from R™.

4.1. An approximate center-unstable manifold. The first step of the con-
struction is to construct an approximate center-unstable manifold. Such an ap-
proximate center-unstable manifold should be tangent to V.,(y) at all the points
yevyY.

Lemma 2. There ezists a smooth manifold M., (Y) such that Y C M, (Y) and
Ty Moo(Y) = Ve (Y).

Proof. The lemma follows immediately from (H2) and Proposition 1. O

4.2. A bundle structure in a neighborhood of Y. The next step is to construct
a bundle structure over M.,(Y) in a neighborhood of Y. At the end, a center-
unstable manifold will be obtained as the graph of a function over M,,(Y) with
values on fibers of a such bundle.

With the Nash’s Embedding Theorem [23], we assume without loss of generality
that Veu(y) L Vi(y) for y € Y (see [6]). By the tubular neighborhood theorem,
there exists a neighborhood N of M., Y’) such that for any z € N, one finds a
unique p, € M., (Y) such that d(z, M, (Y)) = d(z, p,). Define mey : N = Moy (V)
by Tey(2) = po, s : N = N by m,(2) = 2 — meu(2) := ¢; and fix a projection
Q: M(Y) =Y by Q@) = Yp, where y, € Y is a point with d(p,Y) = d(p,y,).
Note that () is not necessarily continuous. By Whitney’s Embedding Theorem
([35]), we also assume without loss of generality that the bundle and the maps
(except Q) defined above are C" by jiggling the bundle slightly if necessary (see
also [10]). Denote the differential of 7., 75 at z by D, (2) and Dmg(z). We then
have D7ey(y) = Peu(y), D7s(y) = Ps(y)-

Let ¢ > 0 be small. Since Y is admissible, we further assume without loss of
generality that the above neighborhood N also satisfies the properties of Definition 2
with respect to 5. For 0 < € < Ci¢g and Cy > 0 where C] is as in Definition 2 and
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Cy is specified in Lemma 8 , denote
Ue ={z € Mo (Y) N Ny : d(z,0No) > e}
Ue(20) ={2 € No: d(z, Meu(Y)) = d(20, Mcu(Y))}, 20 € No,
S(z0) ={z € No : d(z, Meu(Y)) = d(z,20)}, 20 € Meu(Y),
Se(z0) ={z € S(20) : d(z,20) < Coeg}, 20 € Meu(Y),
Ne =Uzeu. Seo(20), 0" Ne = Uzgeau. Seo(20)-

We note that 0*N, is the portion of ON, over U, dimd*N, = n — 1, and,
dim S(z) = dim V;(y) for any 2o € Up.

4.3. Overflowing and modification of vector field. To define a graph trans-
form induced by the time T-map ¢ of the flow (1), the vector field f has to be
modified to satisfy the so called overflowing property (see [6] [10] [16] [30], etc.).

Definition 4. Let N C R” be a submanifold of dimension n with smooth boundary
ON and let A C ON be a subset of ON. A vector field f is said to satisfy the
overflowing property with respect to (N, A) if at each point z € A, f is either
tangent to or points outward to ON.

Basic ideas of the modification are the following. In a neighborhood of 8* Ny, we
first add a vector field along the normal direction to 0* Ny to meet the overflowing
property. As remarked before, this will generally introduce a large C' error be-
tween the new vector field and the original one. We then add a strong contraction
component along the stable direction to balance any possible contractions along
the center-unstable direction caused by the first modification.

Let x : R — R be the cut-off function defined by

0, X Z %Cle()

) =
X( ) { exp{3w3€g'$160}’ T S %0160

where C is as in Definition 2. In particular,
(4) eolx'(2)] < C7 ' x(z) + €.
Let v(z) be the inward unit normal vector to T,0* N.(z) for z € 8* N, and define

n(z) = d(meuz,0Up) for z € Ng. We modify the original vector field (1) to the
following;:

(5) ' = f(2) = f(2) = Cacox(n(2))v(2) = dox(1(2)) (2 = meu(2)),

where dg > 0 is chosen to be of order O(e 1) and such that doCoeo is bounded, and
Cy is as in Definition 2.

It turns out that the new vector field (5) satisfies the overflowing property with
respect to (Np, 0*Np). Indeed, for z € 0* Ny, x(n(z)) = 1, and hence,

(f(2),0(2)) = (f(2),v(2)) — Cae < 0.

4.4. Estimates. Analysis on the modified vector field depends crucially on prop-
erties of n and v. We first derive formulas for V7 and Jv in the next two lemmas.
Since 7 and v are quantities on the neighborhood of Y, the corresponding results
are independent of f and are purely geometrical.
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Lemma 3. For z € Ny lying in a tubular neighborhood of 0* Ny, we let zo € 0* Ny
be the unique point such that |z — 20| = d(z,0*Ng). Then,
_ zZ— 20

|z — 20|

Vi(z) = v(z)

Proof. Without loss of generality, we assume that, near zg, 0* Ny is the graph of a
function ¢ : R*! — R so that Ny C {¢ > 0}. Write z = (z,y) with z € R*~! and
y € R. Let u be such that zp = (u, ¢(u)).

Denote g(w) = (w — z)? + (¢(w) — y)?. Then

Vg(w)lw=u = 2(u — 2) + 2(¢(u) —y)V¢ = 0,

and hence,
u—2x
Vo) == pu) -y’
Since n(2) = v/(u — 2)? + (¢(u) — y)?, it follows that
(u—2)(ue —D)+(P(w) —y) $utta z—u
Vi) = | Wt e | = Y
V(=) +(d(u)~)? V(w—2)2+(d(u)—y)?

O

Lemma 4. For any z € ON, let ¢ : T,ON. — R be the function whose graph
agrees with ON, near z, then Ju(z) is orthogonally similar to

Hess(¢) 0
("7 %)
Proof. From the definition of the neighborhood N, we see that T,R" = V*(z) &
Veu(z), where V¥(2) is tangent to the fiber at z and V° is tangent to U(z2).
Since Jv|ys(;) = 0, it is sufficient to only consider the center-unstable directions.
Therefore, without loss of generality, we assume that mg = n.
By identifying T,0N, with R* ! and z with the origin, respectively, we have that
0* N, is locally generated by the graph of a function ¢ : R* ! — R with V¢(0) = 0.
Consider points (z,y) € R*~! xR lying in a neighborhood of 0. We first compute
v(z,y). Let u: R* — R*! be a function such that

d((z,y), (u(z,y), d(u(z,y)))) = d((z,y), graph(¢)).

Then (z,y) is a normal vector of 8* N, through the point (u,¢(u)), u = u(z,y). It
follows that there exists a A such that

(6) z = u(z,y) — MVe)(u(z,y)), y=¢(u(z)) +A.

Therefore,

and,
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Differentiating the above with respect to (z,y) yields
Dz = Du— (V¢)(u)(V(y — ¢(w)))" — (y — d(u)) D((Ve)(u))
= Du — (V¢)(u)(en — V($(u) ") — (y — ¢(u))Hess(¢) Du
= Du — (V¢)(u)(en — (V) " (u)Du) — (y — ¢(u))Hess(¢) Du,
where e, = (0,---,0,1). Thus,

Du= (I+(Ve)(V$)T = (y — $)Hess(9)) " (I, V).

Therefore,
_( = (Vo) (u(x)) 1
Ju(z,y) = ( 1 ) (V(\/W))
1 (V) (u(z))
i VIVOPE +1 4 ( 1 )
v =(Vo)(u(@) By
B %WM”Hﬁﬂ< 1 )ﬁmvw(nf
. r ( Hess(¢) Du )
VIVeP +1 0
= ! ~(V¢)(u())
(Vo2 +1)32 ( 1 > (V)" (u)Hess(¢) Du
v ( Hess(¢) Du )
VIVeP +1 0
S N (V@W¢ +WMLH
T (IVe)E+1)32 ( ) ess(¢
Using the expression of Du and the facts that ¢( ) =0, V¢(0) = 0, we have

Jv(O)z—(é)Hess(qﬁ)(I o):—(HeSOS("’) 8)
O

The following Gronwall’s inequality and projection identities will be frequently
used.

Lemma 5. If §(t) > 0, and, a(t) and ¢(t) are continuous functions on [a,b] such
that

o) <)+ [ B, asish
then . ’
o) < alt) + / ﬂ(s)a(s)ef: Blwdrgs g <t <b.
If, in addition, o'(t) > 0, then ’
9(t) < a(®)els#O%, a<t<b.
Proof. See [14]. O
Lemma 6. Let P;(y) : T,R" — Vi(y), i = s,c,u be the projections. Then
(Pi(y-1))' = Aly - )Pi(y - t) — Pi(y - ) Ay - 1).
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Proof. Let i = s,c,u. We clearly have
(Pi(y - )2(y, 1)) = (Piy - 1)) ®(y,t) + Piy - ) Ay - ) 2(y, 1),

(®(y,t)P;(y)) = Ay - t)®(y, t) Pi(y) = Ay - t)Pi(y - t)®(y, 1).

Using the invariance of V;(Y), we also have P;(y - t)®(y,t) = ®(y,t)P;(y), from
which the lemma, follows. O

The C° closeness between the modified and the original flows can be easily
obtained as follows.

Lemma 7. Let z1(t) and 2o(t) be trajectories of (1) and (5), with the initial con-
ditions Zy,Za € Ny, respectively. If zo(t) € No and Az2(t) + (1 — X)z1(t) € No, for
|t| <T, A€ [0,1], then

|22(t) — 21(8)| < (|22 — 21| + Caeolt] + doCoeg]) e P71,
where |Df| = |D f|n,.
Proof. We only prove the case ¢t > 0. Since
(22(t) — 21(1)) =F(22(t) — f(21())
=f(22(t)) — f(21(t)) — C2e0x(n(22(t)))v(22(t))
— dox(n(22(1)))(22(t) — meuz2(2)),

we have
t
|2'2(t) — Zl(t)| — |22 — 21' §|Df|/ |2’1(8) — ZQ(S)'dS + (0260 + doC()ég)t.
0
By Lemma 5, then
|21(t) - Zz(t)| S (|22 - 21' + (0260 + doC()G%)t) €|Df|t
forallt <T. O

The next lemma asserts that any trajectory of the modified flow cannot exit the
“top” and the “bottom” parts of Ny in forward time. This is a necessary condition
to define a graph transform in Njp.

Lemma 8. For given T > 0, there ezists a C(T) > 0 such that if z(t) = (p(t),q(t)),
t <T, is the solution of (5) with 2(0) = (po,qo) € No, then

la(t)] < Ke*|go| + C(T)eg

In particular, for a fited T > —1/aln K, if Cy is sufficiently large, then |qo| < Coe’
implies that |q(T)| < Coe.

Proof. Let y = Q(po) € Y. Lemma 7 implies that |2(t) —y - t| < C(T)eg for some
C(T) independent of Cy since doCyeg is bounded. Note that

(2(t) —y-t) =A(y - ) (2(t) —y - t) + F(2(),y - t)
(7) — Caeox(n(2))v(2(t)) — dox(n(2))(z — Teuz),
where F(z,y) = f(2) — f(y) — A(y)(z — y). It follows that
(Ps(y - )(2(t) =y - 1) = (A(y - t) — dox(n(2(t))Ps(y - ) (2(t) =y - t) + C(T)ep,



CENTER MANIFOLDS FOR INVARIANT SETS 13

and therefore,

IPy(y - £)(=(t) — y - )] <&~ i X6 4513y 1) P, () (2(0) — )|
t
+ / ¢ [ XN 4y 1) P (y)8 (y, 5)C/(T)el ds
0

<Ke™|Py(y)(2(0) = y)| + C(T)e5.

Thus,
lq(B)] =|ms2(t)] = |ms2(t) — sy - 1|
=D,y - 1) (2(8) =y - O] + C(D)|=() =y - 1]
=P,y - )(z(t) — y - D] + C(T)|2(t) — y - 1]
<Ke*|qo| + C(T)ep.
The lemma clearly follows. O

Next, we consider the C! estimates between the two flows.

Let (pi,q;) € No and z;(t) be solutions of the modified flow (5) with 2;(0) =
(pi,qi), for i = 1,2, and |p2 — p1| < Cep. Let y = Q(p1) € Y. By Lemma 7,
|zi(t) —y - t| < C(T)e for t € [0,T]. Also, as in (7),

(z:(t) =y ) =f(z(t) = fy- 1) = Aly- O)(z:(t) =y - 1) + F(z:(t),y - 1)
— Creox(n(zi))v(zi(t)) — dox(n(z:))(2i(t) — meuzi(t))-
Set w(t) = 22(t) — 21(t). Then

(8) w' = A(y - t)w + B(y - )w + O(ew),
where
B(y - tyw = — Caeox' (n(2))(Vn(2), w)v(2) — Caeox(n(2))) Jv(2)w
9) = doX'(n(2))(Vn(2),w)(Z = meu(2)) — dox(1(2))) (I — Peu(2))w

with z(t) = A(t)z2(t) + (1 — A(t))2z1(t) for some A(t) € [0,1].
The following result gives an estimate on the decay rate of |g(t) — g1 (t)].

Lemma 9. Given T > 0, C > 0 and € small. For i = 1,2, let z;(t) be solutions
of (5) with z;(0) = (ps, ), where (pi,q;) € No and |p2 —p1| < Ceo, then there exist
C(T) > 0, K > 0 such that, as long as z;(t) € No fort <T,

42(T) = qu(T)| < (&% I XA+ 3, (), T + C(T)eo ) gz — a1
+ C(T)eo|p2 — p1l,
where y = Q(p1). In particular, if y = Qmeyz, then
ID: (76T |15, (|| < Ke™d0Ja xdt+CMa)|g (4, T)|| + C(T)eg
and
1D (756" 7w || < C(T)eo.

Proof. For simplicity, all constants below depending only on T will be denoted by
c(T).
Let y, w(t) and B(y - t)w(t) be as above. By Lemma 7,

lg2(t) — 1 (B)| = [ms22(t) — w521 ()] = [ D75 (2(2)) (22(8) — 21.(2))],
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where |Z(t) —y - t| < C(T)ep. It follows that
lg2(t) — 1 ()] < [Ps(y - hw(t)| + C(T)eo|w(t)]-
Using the identity in Lemma 6 and the equation (8), we have
(Ps(y - thw)' =A(y - )Ps(y - yw + Py(y - t) By - thw + O(eo Ps(y - t)w)
=(A(y - t) — dox(m)) Ps(y - t)yw
— CaeoX'(n)(Vn, w) Ps(y - )v(2(t)) — C2e0x(n) Ps(y - t) Jvw
(10) — doX'(n){Vn,w)Ps(y - 1)2(t) + O(eow).

Applying the variation of constant formula to (10) yields

Py(y - thw(t) = e~ o XM A9y, ) P, (y)w(0)
t
~Creo / e~ X 4 gy 1B (y, )’ (1) (Vi1, w) Py (y - 5)v(3(s)) ds
Creo / o S X4 3y 131 (y, ) () Py - 5)To(E())(s) ds

t
‘d°/ e B0 LI XM (1B (y, )y () (Vi w)Pa(y - 5)3(s) ds
0

t
+/ e~ 10 L X a7 @y 1)~ (y, 5)O(eow(s)) ds.
0

Thus,

o Jo XM dsg=1(y £) P, (y - hyw(t)| < |Ps(y)w(0)|

t
+Ched / o 5 X4\ 1y )|y ()| (Vim, w)]| s
0
t
+Ched / 0 3 X7\ &1 () [y ()| Pa(y - 8)ao ()] dis
0
t
+doCoé’ / 10 J5 X781 (3 5)] 1 () (V7 )| s

+C(T)eo | | Pew(y - s)w(s)| ds.

It follows from Lemma 5 that

|ed0 J}f x(m) d‘g(}_l(y, t)PS (y . t)’IU(t)|

(11) < (IPs(y)w(O)l +C(T)eo /0 t |Peuly - s)w(s)lds> @0,
Using

(12)  (Peuly - thw)' =A(y - t)Peu(y - )w + Peu(y - ) B(y - thw + O(eo Peu(y - t)w)

and a similar argument as above, we see that

(13) |Peu(y - hw(t)| < C(T')|w(0)]

for all t € [0,T].
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Combining the estimates (11) and (13), and applying Lemma 5, we have
02(T) = u(T)] < (e~ I XED AHODe0| g (3, T)]| + C(T)eo) gz - ail
+ C(T)eolp2 — p1l-
This completes the lemma.
Finally, we give an estimate on the decay rate of |p2(t) — p1(t)|-

Lemma 10. Given T > 0, C > 0 and €y small. Fori=1,2, let z;(t) be solutions
of (5) with 2z;(0) = (pi,q:), where (pi,q;) € No and |p2 — p1| is small, then there
exist C(T) > 0, K > 0 such that, as long as z;(t) € N, fort <T,
0
[p2(T) = o (T)| 2K (=€ X0 d=Cs gy, 1)[[7 — C(T)eo) [p2 — ]
= C(T)eolg2 — a1,
where y = Q(p1). In particular, if y = Q(p), then
|Dp(meug™)| > K e O X ds=CTeo)|g (. 4)]|% — C(T)eo.

Proof. Let y, w(t) and B(y-t) be as in Lemma 9. Similar to the proof of Lemma 9,
we have

p2(t) = pr()] =|meu22(t) — meuzi ()] = [Dmeu(2(1)) (22(2) — 21 (2))|
(14) 2|Peu(y - tyw(t)| — C(T)eo|w(t)],
where Z(t) is such that |2(t) — y - t| < C(T)eo.
By Lemma 6 and (8), we have
(Peu(y - (T = ))w(T — )’ == A(y - (T = 1)) Peu(y - (T — ) w(T — 1)
+ Peu(y - (T =) B(y - (T — 1))w(T — )
+ O(eoPeu(y - (T — 1))w(T — 1))

- (
(

Since ®(y,T —t)® !(y,T) is the principal matrix solution of
2 = —Ay- (T —)a,
the variation of constant formula yields

Pcu(y : (T - t))w(T - t) = (I)(ya T - t)(}il(ya T)Pcu(y : T)w(T)
" /t By, T~ )@ (y,T ~ 8)Peuly - (T = 8))B(y - (T — 8))w(T — s) ds
0

+ /t &y, T —t)® ' (y, T — 5)O(eqw(T — 5)) ds,
0

or equivalently,

(}(y7T)q)71(y7T_
t

+ [ a0,
0

(y
[ o

)

) Peu(y - (T — 1))w(T — 1) = Peu(y - T)w(T)
)e-
)P

)& (y, T — 8)Pou(y - (T — 8))Bly - (T — 8))w(T — 5) ds
)8~

Ny, T - 5)O(cow(T — s)) ds.
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It then follows from (9) that
|2(y, 7)™ (4, T = ) Peuly - (T = t))w(T = t)| < [Peu(y - T)w(T)]

+C(T)eo i X' )@, T)® "y, T — s)Peu(y - (T — 8))w(T — 5)| ds

+O(T) / XIB(, T8 (4, T = 8)Pou(y - (T — 8))w(T — )] ds

+C(T)eo /0 X' 1@y, )8 (y, T = 8)Peuly - (T = 5))w(T — s5)| ds

+0@)e [ 1R = )o(T - )| ds.
By Lemma 5, Lemma 9 and the estimate (4), we have
|8 (y, T) Peu (y)w(0)| < S o X0 ds+CTeo(| P (y - Tw(T)| + C(T)eo|w(0))),
or equivalently,
Ip2(T) = p1 (T)| 2~ Je X(m ds=C (Do |y, T) P, (1) (0)|
— C(T)eo| Peu(y)w(0)| — C(T)eo| Ps(y)w(0)]|
> (em O X ds=CTeom (@, (y, T)) = C(T)eo) |p2 = |
—C(T)eolgz — @
By (H3), then
[po(T) = pa(T)| 2K (=D X0 4=C |13y, 1)1 — C(T)eo) [p2 — ]
- C(T)eolgz — aul-

This completes the lemma. |

5. PROOF OF MAIN RESULTS

With the estimates in Lemma 9 and Lemma 10, the proof of Theorem 1 is
exactly the same as that for the smooth invariant manifolds in [6]. For the reader’s
convenience, we outline the main steps below.

5.1. Center-unstable manifold. We first choose a function space on which the
graph transform will be performed. Define

.= {h : UO — NO; h(p) € Seo(p)avp € UOJ |h|CO < 00}7

that is, ' is the set of sections of the fiber bundle Ny with base space Uy. For
0<p<l1,let

(15) T, :={h:Uy — No; h(p) € S¢,(p),Vp € Uy, Lip(h) < p},
where
I —_—
Lip(h) = sup Lip,(h), Lip,(h) = limsup M, p' € Up.
pelp p'—p |p' — pl

It follows from [6] that T', is closed. Thereafter, the graph {(p, h(p)) : p € Up}
of h € T, will be denoted as graph(h).
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For fixed T > 0, let ¢! be the time T' map of the modified flow (5). We define
the graph transform as follows:
*: T, =-T,: ¢*h=H,
where graph(H) = T (graph(h)), provided that ¢ (graph(h)) is a graph.
Note that H = 7, - - (id, h) -0} ' where o1,(p) = mew - ™ - (id, h)(p), for p € Up.
The existence of a center-unstable manifold of (5) is due to the following result.

Proposition 2. There exist T > 0, €g(T) > 0 and 0 < p < 1, such that the
following holds.
(i) ¢*:T, = T, is well-defined;
(ii) ¢* is a contraction mapping with respect to the C°-norm;
(iii) Let h € T, be the fized point of *. Then M., (Y) := graph(h) is an invariant
Lipschitz manifold of (5).

Proof. Let h € T,. Fix a (po,q0) € ¢ (graph(h)) N N, and define (p*,q*) =

0 T (p,q) for (p,q) € T (graph(h)) N N.,. Then there exists a § > 0 such that

|(; @) — (po, q0)| < & implies that [(p*,q*) — (95, 45)| < €o-

Let (p,q) € ¢* (graph(h)) N N, be such that |(p,q) — (po,q0)| < § and denote
(p1,¢1) = (85, 48), (p2,92) = (p*,q*). By the overflowing property of the modified
flow, we have ¢'(p;,qi) € Ne,, i = 1,2, for all 0 < ¢t < T. By Lemmas 9, 10,

lg— ol _la(T) — a1 (T)]
lp=pol  [p2(T) — 1 (T)|

(Ke e x||@,(y, T + C(D)eo) laz = a1 + C(D)ealpz — pil
(eI x|, (4, T)II? = C(T)eo ) Ip2 = pr| = C(T)eolaz = ar

< (Kel 2OV |0, (y, T ? + C(T)eo) p

<

Using (H3), we can choose T sufficiently large then eg sufficiently small so that the
right hand side of the above is less or equal to p. This proves (i).

To prove (ii), we take hy, hs € ', and denote H; = ¢*(h;), for i = 1,2. For any
p € Ue,, let p1,p2 € Ue, be such that me, - o (ps, hi(p:i)) = p, i = 1,2. It follows
from Lemma 9 and Lemma 10 that

|Hy(p) — H1(p)| = |msp” (p2, ha(p2)) — w50 (p1, ha(p1))|
<|ms” (b1, i (p1)) — wop” (1, ha(p1)))|
+ [me0” (p1, h2(p1)) — Ta0" (P2, ha(p2))]
< (e*d" o) (y, T)|| + C(T)Go) |h2(p1) — h1(p1)| + C(T)eo|p2 — p

_ T C(T)GO
< (e~ Jo X||®,(y, T)|| + C(T 1+ ~
(e (ko( DTN @, 5, D~ C(T)e

|ha = hal.

Again, by choosing T sufficiently large then ¢ sufficiently small in the above, we
can make the above coefficient of |hy — hq| smaller than 1. This proves (ii).
(iii) follows from the fact that 7 is the time-T map of (5). O

The C? smoothness of M., (Y) follows from Lemmas 9, 10 and the C" section
theorem in [16], [30]. See [6] for details.
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5.2. Proof of Theorem 1. Let M., (Y) be the center-unstable manifold obtained
in Proposition 2. Since f agrees with f in a small neighborhood of Y, M., (Y) is
also a locally invariant C? manifold of (1) and TyM.,(Y) = V.u(y) for all y € Y.
By reversing time, we similarly obtain a locally invariant C'? center-stable manifold
M.s(Y) of (1) in a neighborhood of Y with T; M s(Y) = Vs(y) for all y € Y. The
intersection M (Y) = M., (Y) N M_s(Y) then gives a desired locally invariant C¢
center manifold of (1) with T, M (Y) = V.(y) for ally € Y. Since M., (Y") carries all
solutions of (1) locally bounded in backward time and M.4(Y") carries all solutions
of (1) locally bounded in forward time, M (Y") carries all solutions of (1) which are
locally bounded in R.

The C¢ persistent of M,(Y) follows from arguments of [10] and [16].

The proof of Theorem 1 is now complete.

5.3. Proof of Theorem 2. Without loss of generality, we assume that a;,+1 and
bi,—1 are finite.

Consider (3) and denote Vi(y) = V1,i0-1(¥), Vu(y) = Vjor1,6(y) (y € Y). Let
Pi(y) : T,R™ = Vi(y), y €Y, i =s,c,u, be the associated projections. Then

TR =Vi(y) @ Voly) © Valy), y €Y,

is a continuous invariant splitting of (3). It also follows from the Sacker-Sell spectral
theory ([27]) that there is a K > 0 such that

|2y, )P, ()2 (y, 5)]

|2 (y, ) Pe(y) 2 (y, 5]

|8y, ) Pe(y) 2™ (y, 5)]

|2(y, t) Pu(y) 2™ (y, 5)]

Let o = max{b;;_1 + A, A — aj,4+1} and choose 3 to be such that

M<ﬂ<min{bi &}.
bio—1+ A~ @jo+1 big—1

Then (H3) is satisfied with the constants o and g.

Ke(bio—l"‘/\/z)(ffs)’ t>s;

KeliotA/2)(t=s) = 4> o

Ke(‘“o_)‘/z)(t_s), t <s;

VAN VAN VANVAN

Ke(aj0+1_)‘/2)(t_s), t < S.

6. APPLICATIONS

Our result is not just an abstract extension to the classical center manifolds
theorem and other existing results in this area. It is strongly motivated by problems
of higher dimensional, global bifurcations, and perturbations (especially singular
perturbations). Below, we give three examples arising in problems of homoclinic
bifurcations, singular perturbations, and bifurcations from tori.

Example 6.1. Consider a sufficiently smooth vector field
(16) z' = f(z), z € R",

which admits a homoclinic orbit I" to a hyperbolic equilibrium P.

We group the eigenvalues of P into three disjoint sets Ey, E., E,, where E.
consists of real parts of the eigenvalues associated to the homoclinic orbit T, i.e., T’
approaches P along the eigendirections of eigenvalues with real parts contained in
E., and, E; ( E, resp.) integrates positive (negative resp.) real parts of the rest
of eigenvalues. Let V, be the linear subspace spanned by eigenvectors associated to
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E. and denote m = dimV,, a = maxFE;, f_ = minE,., f1 = maxFE., v = minFk,,

d= max{[%], [ﬂl]}, here [-] means integral parts.
+
Consider the linearization of (16) along Y =T'U {P}:

(17) ' =Jf(y-t)z, yeY.

Since the end points of Sacker-Sell spectral intervals are Lyapunov exponents ([18]),
these end points must be contained in E;U E.U E,,, and moreover, [5_, 5+] belongs
to the spectral interval containing 0.

Corollary 1. Assume that the spectral interval containing 0 is precisely
[B—,B+]- ThenY admits a m-dimensional C? center manifold M with TpM = V..

Proof. We first note that, as a homoclinic loop, Y is admissible. Let Vs(Y), V.(Y),
Vu(Y') be the stable, center, unstable spectral subbundles associated to (17). Then
Ve(Y) is associated to the spectral interval [6_,8+] and V.(P) = V.. Using the
definition of GTB and V., it is easy to see that V.(Y") is also a GTB of Y. The
lemma follows immediately from Theorem 2. (|

Remark 4. (a) Using the above corollary, one can certainly have very low di-
mensional center manifolds for homoclinic loops. For two dimensional center
manifolds, let us consider a vector field in R3. Then the dynamical condition
assumed in the corollary can be replaced by the following weaker condition
(see [6]): The closure of the stable manifold W,(P) of P in a neighborhood
of Y is a manifold, that is, a topological cylinder or Mobius band (no matter
how many twists occur when evolving along T'). Typical models for three
dimensional center manifolds would be those containing a Shilnikov orbit.

(b) For heteroclinic cycles, a similar dynamical condition as in the corollary is
however not sufficient to guarantees the existence of a center manifold with the
same dimension as the asymptotic subspaces (similarly defined as V. above)
associated to the hyperbolic equilibria (see [6]).

Example 6.2. In singular perturbation problems, turning points play the domi-
nate role in understanding the dynamics in the vicinity of slow manifolds. Presence
of turning points destroys the normal hyperbolicity of the slow manifold at the
relevant place. However, due to the special structure of singular perturbation prob-
lems, the center manifolds theorem remedies the geometric difficulty, and, as an
advantage, all hypotheses (H1)—(H3) can be trivially verified.

Consider a singularly perturbed system in the slow time scale 7

ei(r) =f(z,y;¢),
(18) (1) =g(z,y;¢),
where (z,y) € R™ x R”, f and g are C" in their arguments. Let Mo = {(z,y) :
x = H(y),y € D} be a smooth, compact portion of the slow manifold {(z,y) :
f(z,y;0) = 0}, which we assume to be the graph of a smooth function H : D C
R™ — R™. In the fast time scale t = 7 /¢, the system (18) becomes

2'(t) =f(2,y;¢€),
(19) y'(t) =eg(z,y;€).
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Then the manifold M, consists of equilibria of (19) at € = 0, and, the linearization
of (19) along M, is

(hUﬂwwm)juH@%w®>’y€D'
0 0
If ReA(y) # 0 for all eigenvalues A(y) of f(H(y),y;0), then My is normally hyper-
bolic and hence is persistent for € # 0. If ReA(y) = 0 for a y € D, then Mg is no
longer normally hyperbolic and y becomes a turning point of M.

Assume that there exist o < 0 < ao, and integers p, ¢, r with p+qg+r =m
such that the eigenvalues A\;(y), i =1,2,--- ,m, of f.(H(y),y;0) satisfy

ReXi(y) < a1 < Re)j(y) < aa < ReAg(y)

foralye D,i=1,---,p,j=p+1,---,p+qand k =p+qg+1,---,m. In
particular, we have allowed the real parts of ¢ eigenvalues above to undergo sign
changes.

Corollary 2. Under the above assumption, if € # 0 is sufficiently small, then (18)
r (19) admits a q dimensional, C" normally hyperbolic invariant manifold M.,

varying C” in €. Moreover, lim¢_,o M. = Mg exists in C" sense, and T(g(y),y) Mo
coincides with the generalized eigenspace associated to the eigenvalues A;(y) for all
yeDandj=p+1,---,p+q.
Proof. Consider the extended system

' (t) =f(z,ys¢),

y'(t) =eg(z,y;¢),
(20) € =0.
Then ¥ = M, x {0} is a compact invariant set of (20) consisting of equilibria.
Moreover, the linearization of (20) along Y has the coefficient matrix

fe(H(y),y;0) fy,(H(y),y;0) 0
0 0 0 |, yeD.
0 0 0

It is then easy to see that the hypotheses (H1)-(H3) hold with V;(y) x {0}, V.(y) x
{0}, Vu(y) x {0}, where Vi (y), V.(y), Vu(y) are generalized eigenspaces associated
to the eigenvalues \;(y), ¢ = 1,2,--- ,m, A\j(y), s =p+1,--- ,p+¢q, and A\g(y),
k=p+q+1,---,m respectively. O

Using Corollary 2, one can reduce (18) near the manifolds M, as follows, via a
special coordinates change mimicking the one in [11].

Corollary 3. There exists a local coordinates system (u,v,w,y) € RP xR" xR? x R"
in a neighborhood of Mgy such that the system (18) is reduced to

euw = U(u,v,w,y; €)u,
e = V(u,v,w,y;€)v,
ew = W(u,v,w,y;e),
¥ =g(u,v,w,y;e),
where U(0,0,0,y;0), V(0,0,0,y;0) and W,(0,0,0,y;0) admit eigenvalues A;(y),

Ae(y) and A;j(k) fori=1,---,p, j =p+1,--- ,p+qand k =p+q+1,--- ,p+q+r,
respectively. O
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We remark that both corollaries can be modified slightly to fit in the so-called
singular singularly perturbed systems of the form:

ex' = f(x).

Example 6.3. The last example concerns the center manifolds of invariant tori
which arises naturally in quasi-periodic bifurcations.

Consider a smooth vector field

' =A0,\)z + F(x,0,)),

(21) 0' =w + G(z,0,)),
where (z,0) € R® x T*, w is a constant vector, A is a parameter. We assume
that at a particular parameter value Ao, A(6,\g) = Ag — a constant matrix, and
F(z,0,)) = O(|z|?), G(x,0, X0) = O(|z|?). Tt is clear that {0} x T* is an invariant
torus of (21) for A = Ag.

Let V, V., V, be the stable, center and unstable subspaces associated to eigen-
values of Ag having negative, zero, and positive real parts, respectively. We denote
the dimensions of Vs, V., V, by p,q,r (p + ¢ + r = n) respectively.

Corollary 4. For X\ sufficiently close to Ao, the system (21) admits a smooth vary-
ing family of q + k dimensional smooth invariant manifolds My in the vicinity of
{0} x T* with TM), = V. x T*.
Proof. Consider the extended vector field

' =A0, )z + F(z,0,)),

0 =w + G(z,0,)),
(22) X' =0.
Then Y = {0} x T*% x {Ao} is an invariant torus of the extended vector field with

linearized invariant subbundles V;(Y) = V;xT*¥x{\o}, i = s, ¢, u. By the constancy
of the linearization along Y, the hypotheses (H1)—(H3) are trivially satisfied. O

If

A, 0 0
AG,00=( o 4, o |,
0 0 A

where A; is associated to V; for i = u, s, ¢, respectively. Then, by the triviality of
the linearized subbundles at Ay, in a vicinity of {0} x T'*, one can use the standard
coordinate w € R" to rewrite the flow on M, as

w' =A.(0, w + F,(w,8, ),
0" =w+G(w,6, ),
where [4.(0,)) — Ac| = O(J]A = Xo|)-
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