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Abstract

Generalizing the degenerate KAM theorem under the Riissmann non-degeneracy
and the isoenergetic KAM theorem, we employ a quasi-linear iterative scheme to study
the persistence and frequency preservation of invariant tori on a smooth sub-manifold
for a real analytic, nearly integrable Hamiltonian system. Under a nondegenerate
condition of Riissmann type on the sub-manifold, we shall show the following: a) the
majority of the unperturbed tori on the sub-manifold will persist; b) the perturbed
toral frequencies can be partially preserved according to the maximal degeneracy of the
Hessian of the unperturbed system and be fully preserved if the Hessian is nondegen-
erate; ¢) the Hamiltonian admits normal forms near the perturbed tori of arbitrarily
prescribed high order. Under a sub-isoenergetic nondegenerate condition on an en-
ergy surface, we shall show that the majority of unperturbed tori give rise to invariant
tori of the perturbed system of the same energy which preserve the ratio of certain
components of the respective frequencies.
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1 Introduction

We consider an analytic family of real analytic Hamiltonian systems of the following action-
angle form

H = N(y) +¢eP(z,y,¢), (1.1)

where (z,7) lies in a complex neighborhood {(z,v) : |Imz| < r,dist(y,G) < 8} of T? x G,
G C R? (d > 1) is a bounded closed region, and ¢ is a small parameter.
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With the symplectic form

n
Z dx; A dy;,
i=1

the associated unperturbed motion of (1.1) is simply described by the equation

{i" = w(y),
y =0,

N
where w(y) = %—y(y) Thus, for € = 0, the phase space G x T is foliated into invariant

tori T, = {y} x T with the frequency vectors w(y), y € G.

Under the Kolmogorov nondegenerate condition, i.e.,

2

887];[@) is nonsingular for all y € G,

the classical KAM theorem (see Kolmogorov [17], Arnold [1], Moser [20]) says that the
majority of the invariant d-tori will persist as ¢ sufficiently small. More precisely, there is
a family of Cantor sets G. C G, with |G\ G¢| — 0, as € — 0, such that for each y € G, the
torus T, persists and gives rise to a slightly deformed, analytic, quasi-periodic, invariant
torus T of the perturbed system. Moreover, for each y € G. the perturbed torus Ty
preserves the frequency w(y) of the corresponding unperturbed torus T,.

Recently, a fair amount of attention was given to the persistence of a fixed Diophantine
torus with the preservation of the toral frequency, see Benettin et. al. [4] for a KAM ap-
proach, Eliasson [12], Gallavotti [13], Chierchia and Falcolini [10] for a direct method using
Lindstedt series, and Gallavotti, Gentile and Mastropietro [14] and Bricmont, Gawedzki,
and Kupiainen [5] for using renormalization groups techniques. Important generalizations
to the classical KAM theorem were also made for various degenerate cases (i.e., when the
Hessian A(y) becomes singular), see Bruno ([8]), Cheng and Sun ([9]), Riissmann ([24]),
Xu, You and Qiu ([27]), Sevryuk ([25]) and references therein. The persistence of KAM
tori has been shown under various partially nondegenerate conditions. The weakest such
condition was given by Riissmann in [24] which says that the frequencies {w(y) : y € G}
should not lie in any hyperplane of R%. In the real analytic case, it is shown in [27] that
the Riissmann condition is equivalent to that

K) the Hessian A(y) =

0w
R) maxrank{— : |a| < d -1} =d.

yeG 8y0‘

The matrix in the above is formed by d dimensional column vectors of all the partial
derivatives of w(y) of orders up to d — 1.

In this paper, instead of the persistence of invariant tori in the whole domain of the
action variable, we shall study the persistence problem on a given smooth sub-manifold M
in the action space G, e.g., a curve or a surface, which is either closed or with boundary.
Clearly, such persistence will depend on both the non-degeneracy of the unperturbed
system and the differential structure of the sub-manifold. By using a quasi-linear iterative
scheme introduced in [18], we shall show the following results for (1.1) as e sufficiently
small:



1) The majority of the unperturbed tori {7} : y € M} will persist under a nondegener-
ate condition of Riissmann type on M.

2) The maximal number of the preserved frequency components of a perturbed torus
is characterized by the maximal rank of the Hessian matrices {A(y) : y € M}.

3) If A(y) is nonsingular on M, i.e., if the Kolmogorov nondegenerate condition is
satisfied on M, then all Diophantine tori of the unperturbed system on M persist
with unchanged toral frequencies.

4) If the unperturbed system admits a sub-isoenergetic non-degeneracy on an energy
surface, then the majority of the unperturbed tori on the energy surface will persist
and give rise to perturbed tori of the same energy, whose frequency ratios of the
respective ‘nondegenerate’ components are preserved.

These results generalize both the KAM theorem under the Riissmann non-degeneracy
and the isoenergetic KAM theorem ([2],[3],[6]). Similar to the isoenergetic case, one in-
teresting phenomenon is that the Kolmogorov and the Riissmann non-degeneracy can be
independent conditions on a sub-manifold of G, i.e., one can have the Kolmogorov but not
the Riissmann non-degeneracy on a sub-manifold and vice versa. In contrast to the KAM
theory on the entire region G, the validity of the Kolmogorov nondegenerate condition
on a sub-manifold does not automatically guarantee the existence of a Diophantine torus
on the manifold (hence the persistence of any torus), unless the Riissmann nondegenerate
condition is also satisfied on the manifold. It should be noted the Riissmann nondegenerate
conditions on the whole domain and on a sub-manifold are also independent conditions.
Hence the persistence on a particular sub-manifold does not follow from the Riissmann
non-degeneracy on the entire domain (see the examples in Section 2 for detail).

The quasi-linear scheme we employed follows the standard KAM iterative procedure
but involves solving a system of quasi-linear equations at each KAM step instead of linear
ones. This has the advantage of eliminating any prescribed number of high order angular-
dependent terms in just one iteration, resulting in a normal form in the vicinity of a
perturbed torus of arbitrarily high order.

The paper is organized as follows. In Section 2, we state our results with respect
to both (1.1) and a parameterized Hamiltonian system, along with some discussion and
examples. The quasi-linear iterative scheme will be described in Section 3 for one KAM
cycle. We complete the proof of our results in Section 4 by deriving an iteration lemma
and giving measure estimates.

Acknowledgment. The authors would like to thank the referees and editors for their
valuable suggestions and comments which leads to a significant improvement of the paper.

2 Main results

Below, unless specified otherwise, we shall use the same symbol |- | to denote an equivalent
(finite dimensional) vector norm and its induced matrix norm, absolute value of functions,
and measure of sets etc., and use | - |p to denote the supremum norm of functions on a
domain D. Also, for any two complex column vectors &, ¢ of the same dimension, (, ()



always stands for ¢, i.e., the transpose of £ times (. For the sake of briefness, we shall
not specify smoothness orders for functions having obvious orders of smoothness indicated
by their derivatives taken. Moreover, all Hamiltonians in the sequel are associated to the
standard symplectic structure.

We first consider the following parameter-dependent, real analytic Hamiltonian system

H=e(\) + (w(A),y) + h(y,\) + P(x,y, \), (2.1)

where (x,y) lies in a complex neighborhood D(r,s) = {(z,y) : |[Imz| < 7 |y| < s}
of T% x {0} € T% x R?% X is a parameter lying in a bounded closed region A C R%,
h(y, ) = O(|y|?). In the above, all X\ dependence are of class C for some Iy > d.

Write 1

where A()) is real symmetric for each A € A and h(y,\) = O(|y|*). We assume the

following conditions:

Al) rank{gTL: tal <d—1} =d for all X € A.

A2) rankA(N\) =n on A, and, there is a smoothly varying, nonsingular, n X n principal
minor A(X) of A(X).
Remark 2.1 1) In the case that w is real analytic and A is connected, the condition A1)

can be replaced by maxyep rank{a—i el < d—1} = d, which becomes the Rissmann

condition R) when dg = d. Indeed, as pointed out in [27] for the case dg = d, the Riissmann
condition implies that A1) holds on an open subset Ag C A with |A\ Ag| = 0.
2) The condition A2) is more or less automatic in the sense that if n = max rankA(\) =

A(No), then due to the symmetry of A(X\) there is an n X n principal minor of A(X) which
s smoothly varying and nonsingular in a neighborhood of Ag.

Denote 1,142, -, i, as the row indices (in the natural order) of A()) in A(\), and set
d, = max{dy,d}.
Our main result is as follows.

Theorem A. Consider (2.1) and let m > 2 be a given integer.

1) Assume A1),A2) and let 7 > d(d — 1) — 1 be fized. Then there exists a p =
w(r,s,m,lo,7) > 0 sufficiently small such that if

|OAP D syxa < 72" HOT5s™ 1] < o, (2.2)

1
then there exist Cantor sets A, C A with |A\ A,| = O(y%-1) and a C"~1 Whitney
smooth family of C™ symplectic transformations

U, D(%, g) — D(r,s), A€A,,



which is real analytic in x and C™ uniformly close to the identity such that

where, for all X € Ay and (z,y) € D(5,%), h(y,\) = O(ly]*), Pu(z,y,A) =
O(ly™*1),
Bhex —e)| = O(y™H ), i <lo—1,
BA(we —w)l = 000 ), i <1 -1,
R (e = B)| = O™ty i <1y =1, [j| <m,

and moreover,

(b, we ()Y > # for all k € 2%\ {0},

(ws(N)ig = (wW(A))i,, foralll<g<n.

Thus, for each X\ € Ay, the unperturbed torus T\ = T x {0} associated to the toral
frequency w(\) persists and gives rise to an analytic, Diophantine, invariant torus
of the perturbed system with the toral frequency w.(\) which preserves the frequency
components w;, (A),---,wj, (A) of the unperturbed toral frequency w(X). Moreover,
these perturbed tori form a C~' Whitney smooth family.

2) Assume that A(X) is nonsingular on A and let 7 > d — 1 be fized. Then there
exists a p = p(r, s,m,lo, 7) > 0 sufficiently small such that if (2.2) holds, then each
Diophantine torus Ty = T¢ x {0}, A\ € A, whose toral frequency w(\) having the
Diophantine type (v, ), will persist, with the normal form (2.3), and gives rise to
an analytic, Diophantine, invariant perturbed torus with the same toral frequency.

In the above theorem, dy can be any positive integer. The case dy > d will typically
occur when the nondegenerate condition A1) fails with respect to the original parameters
of a Hamiltonian system and extra deformation parameters need to be added so that a joint
nondegenerate condition of type A1) can hold with respect to the extended parameters.

When dgy < d, the theorem has a direct application to nearly integrable Hamiltonian
systems of form (1.1) with respect to the persistence of invariant tori on a sub-manifold
of G.

Consider (1.1) and let M be a dy (< d) dimensional, C (Iy > d) sub-manifold of G
which is either closed or with boundary. Denote

ON 0°N

w(y) = 8y() Aly) = 52 W), yeG.

)

We assume the following conditions:

A1) For any coordinate chart (¢,U) of M, rank{% o] < d—1} =d for all
A€ o(U) C R,



A2)/ rankA(y) =n on M, and, there is a smoothly varying, nonsingular, n x n principal
minor A(y) of A(y) on M.

Corollary. Consider (1.1). Let m > 2 be given and r,[3 be as in (1.1).

1) Assume A1) ,A2)" and let 7 > d(d — 1) — 1 be fired. Then there is an g9 =
eo(r,B,lo,m, M,7) > 0 and a family of Cantor sets M. C M, 0 < ¢ < &g, with
1
|M \ M| = O(£2@-DCm+00+3) ) where d, = max{dy,d}, such that for each y € M.,
the unperturbed torus T, persists and gives rise to an analytic, Diophantine, invari-
ant torus of the perturbed system whose toral frequency we(y) satisfies

(k,we(y))] > —Lo, forall ke 29\ {0},

k|
(we()i, = (w(y))i,, foralll<q<n,
1
where 0 < vy < €2@m+lo+5) 4y ... 4, are the row indices (in the natural order) of

A(y) located in A(y). Moreover, these perturbed tori form a Whitney smooth family.

2) Assume that A(y) is non-singular on M and let 7 > d — 1 be fized. Then each
Diophantine torus Ty, y € M, whose toral frequency w(y) having the Diophantine
1
type (v, 7) for some 0 < vy < g2Cm+lo+5) - will persist and gives rise to an analytic,
Diophantine, invariant perturbed torus with the same toral frequency.

3) Let yo € M. in 1) or w(yo) be Diophantine in 2). Then (1.1) admits the following

L)~ (o) s fimal < g — ol < B):

Hy,(z,y) = ex(yo) + (w«(y0), ¥ — yo) + hs(y,%0) + Pi(2, 9, %0), (2.4)

normal form on D, (

where wy(yo) is the toral frequency of the perturbed torus associated to yo (hence

equals w(yo) in the case 2)), hi(y,yo) = O(ly = yol*), Pu(2,y,y0) = O(ly — yo|™*"),
which satisfy similar properties as described in part 1) of Theorem A with p =
2 1

£2mHOFE y = € 2@m+1g+5) |

Remark 2.2 1) Under the Kolmogorov or isoenergetic non-degeneracy, the arbitrarily
high order normal forms of type (2.4) around a perturbed Diophantine torus plays the
role of the classical Birkhoff normal forms and the existence of such has implications on
the measure of the set of invariant tori around the torus (see [11],[21],[22] and references
therein). In particular, a more or less straightforward application of Theorem 4 and its
proof in [11] to the normal form (2.4) gives rise to an exponential measure estimate of
the set of invariant tori around a perturbed Diophantine torus of (1.1). More precisely,
if yo is as in part 3) of the Corollary, B, is a ball in R® centered at yo with sufficiently
small radius p, and T, C T x B, is the set of points lying in invariant d-tori of (2.4),
then |(T% x B,) \ T,| = O(e™% ). Furthermore, corresponding to the original Hamiltonian

(1.1), one can choose m = [(¢y/p)7+T| for some constant ¢ to conclude that the Lebesgue



measure of the set of points in T% x B, which do not lie in any invariant d-torus of (1.1)
is of the order of O(exp{—(cy/le)T%l}) (see [11], page 293).

Given the above, it would be interesting to know whether the normal form (2.4) can
also lead to a similar measure estimate under the Russmann non-degeneracy, or more
generally the condition Al)l. In the later, relative measure estimates of a similar nature
on a sub-manifold should be considered.

2) Both Theorem A and the Corollary trivially hold when d = 1. In this case, one can
simply take T > 0,d. = 2 (see [19] for more discussions).

To illustrate the significance and application of the Corollary, we now consider (1.1)
with d = 2 and assume that N(y) has the form

N(y) = h1(y1) + ha(y2)-

Particular examples of N(y) to be considered are

1
Ni(y) = yi+-93

2
1 1

No(y) = §Q%+§y%a
1 1

Ns(y) = 5ui+ 503

It is clear that the Hessian matrices associated to Ny, No, N3 read

A1<y>:(8 ‘1)), A2<y>:(}) 2y2>, A3<y>=(}) ‘f)

respectively.

Below, we discuss the application of the Corollary to the Hamiltonians above on three
type of analytic plan curves: line segment, parabola, and circle. Since dy = 1 in these
cases, the non-degenerate condition Al)/ will give rise to certain twist conditions on these
curves.

Example 1 (Line segment). Consider the line segment:
My sy (A) = a1d, y2(A) = azA, A€ [1,2],

where (a1,az)" is a non-zero vector. Then it is easy to see that A1)’ is equivalent to the

twist condition
Ohy 9%hs Ohy 0*hy

Ay ———— — a1 ——
oy1 0y3 dya Oy?

£0 (2.5)

on Mj.

For Ny, (2.5) becomes ay # 0. Thus, if ay is non-zero and a; is arbitrarily given, then
it follows from part 1) of the Corollary and the expression of A; that the majority of 2-tori
on My will persist with unchanged second components of toral frequencies. Since A; is
singular, part 2) of the Corollary is not applicable.

For N3, (2.5) becomes ajas # 0. Thus, if both a1 and as are non-zero, then part 1) of
the Corollary and the fact that rankAs = 2 imply that all Diophantine 2-tori on My will



persist with unchanged toral frequencies. In fact, since A5 is non-singular on M if as # 0,
the same conclusion also follows from part 2) of the Corollary (a1 # 0 is still required since
Diophantine tori are considered). We note that only due to the application of part 1) of
the Corollary one knows that the set of Diophantine 2-tori on M3 is a nearly full measure
set (hence non-empty).

For N3, (2.5) will never be satisfied with any choice of a1,as. Hence part 1) of the
Corollary is not applicable. But since As is always non-singular on M7, one can apply
part 2) of the Corollary to conclude that all Diophantine 2-tori on My will persist with
unchanged toral frequencies. However, we note in this special situation that a toral fre-
quency of N3 on M; is Diophantine if only if (al,ag)T is. Hence the above conclusion
holds only if (aj,as)" is Diophantine, in which case the persistence of all 2-tori on M
follows.

Example 2 (Parabola). Consider the following parabola:
My :yi(N) = ard, o(N) = a2A?, A € [1,2],

where (a;,a)" is a nonzero vector. Then it is easy to see that A1) is equivalent to the

twist condition
oy o3 o 0w

£0 (2.6)

on Ms.

For Ny, (2.6) becomes ag # 0. Hence the same conclusion for N; in Example 1 is valid.

For Ny, (2.6) becomes ajas # 0. Thus, the same conclusion for Ny in Example 1 is
valid.

For N3, (2.6) also becomes ajas # 0. Still, A3 is always non-singular on M,. Hence,
if both a; and ag are non-zero, then one can apply either parts 1) 2) of the Corollary to
conclude the persistence and the preservation of toral frequencies of all Diophantine 2-tori
on Ms. But, again, it is because of the application of part 1) of the Corollary that one
can actually conclude the existence of Diophantine 2-tori on Ms in the case ajas # 0.

Example 3 (Circle). Consider the unit circle:
Ms :y1(X) = cos2mA, y2(\) =sin2wA, A€ [0,1].
Then it is easy to see that A1) is equivalent to the twist condition

ahl 82}12 8}12 62]11
s t Yo #0 2.7
"o o2 ZEm o # (2.7)

on Ms.

For Ny, (2.7) becomes cos2w\ # 0, ie., Al)/ is satisfied on M3 except two points
(0,1)7,(0,=1)T. In view of Remark 2.1 1), one can still apply part 1) of the Corollary to
conclude the persistence of the majority of invariant 2-tori on M3 and the preservation of
their second frequency components.

For N, (2.7) becomes sin27\ # 0, i.e., Al)/ is satisfied on M3 except two points
(1,0)7,(~1,0)T. Since the lower right minor of A, also vanishes at these points, the



application of part 1) of the Corollary (based on Remark 2.1 1)) will only guarantee the
persistence of the majority of invariant 2-tori on M3 and the preservation of their first
frequency components. In order to apply part 2) of the Corollary to obtain the persistence
of all Diophantine 2-tori with unchanged toral frequencies, one needs to restrict to a closed
portion of M3 which does not contain these two points.

For N3, (2.7) always holds and Ajg is always non-singular on Mjs. One can use both
parts of the Corollary to conclude the persistence and the frequency preservation of all
Diophantine 2-tori on M3.

We now consider the case that M is a fixed energy surface {N(y) = E'} in G. Then the

usual isoenergetic non-degeneracy on M implies the Riissmann non-degeneracy Al)/ on

N -1
M. Indeed, if (¢,U) is any coordinate chart on M, then one clearly has (%—y)T 8;5)\ =0

on ¢(U). It follows from the isoenergetic non-degeneracy that

oA G (sl
d = k y y X
ran(@—ﬁf 0)( 0 1)

62];/ 9o~ 1! AN
= rank Oy* _OA %y

ONNT 991
) o 0

PN oy~ ON
= rank | 9 O Oy
0 0

—~

on ¢(U), hence

k(N ONY L (ON N9
oy2 oXx 0y ) oy’ oy2 ox |

on ¢(U). Thus, our Corollary asserts that the perturbed system admits invariant tori
conjugating to certain unperturbed ones on the energy surface M, and moreover, the
perturbed toral frequencies are preserved if the Kolmogorov non-degeneracy also holds on
M. However, it should be noted that such perturbed tori do not lie on the same energy
level E in general, simply because the perturbed tori on the same energy level are generally
equivalent (not necessary conjugated) to the unperturbed ones and only the preservation
of frequency ratios can be expected (see [6]).

To generalize the standard isoenergetic KAM theorem, it turns out that an additional
sub-isoenergetic nondegenerate condition is needed besides the Riissmann non-degeneracy
on an energy surface. More precisely, let M be a sufficiently smooth, relatively open,
bounded subset of {N(y) = E}. We assume A1) on M and also the following sub-
isoenergetic non-degeneracy:

Al)” There is a smoothly varying n x n principal minor A(y) of A(y) on M such that

Aly)  w*(y)
det( )T 0 ) #£0

AN
on M, where w*(y) = 7 ~(y), yx = Wi Yin) "

indices of A(y) in A(y).

, and i1,---,1, denote the row



Theorem B. Consider (1.1). Let m > 2 be given, r,3 be as in (1.1), and M be a
sufficiently smooth, relatively open, bounded subset of {N(y) = E}.

1) Assume A1) on M and let 7 > d(d — 1) — 1 be fired. Then there is an ey =
eo(r, B, lo,m, M, 7) > 0 and a family of Cantor sets M. C M, 0 < e < g9, with

|M\ M| = O(em), where d, = max{dy,d}, such that for each y € M,
the unperturbed torus T), persists and gives rise to an analytic, Diophantine, invariant
torus T¢, of the perturbed system on the energy surface {H(x,y) = E}, whose toral
frequency w:(y) satisfies

I(k,we(y))| > # for all k € Z%\ {0}.

Moreover, these perturbed tori form a local Whitney smooth family.

2) If Al)” also holds on M, then each perturbed torus T, preserves the ratio of the
11,12, ,in components of its toral frequency we(y), i.e.,
[we,in () + -+t wei ()] = [wir (y) + -+ 2 wi, (W),

N
where we ;. (y) and w;;(y) are the i;-th components of we(y) and w(y) = 88—y(y)

respectively, for j =1,2,--- n.

3) For yg € M, (1.1) admits the same normal form as in part 3) of the Corollary.

In the case that A(y) = 82(.;;7 () (1), the condition A1)” coincides with the isoenergetic

non-degeneracy which also implies the Riissmann condition Al)/ on the energy surface.
Hence, part 2) of the Theorem B generalizes the standard isoenergetic KAM theorem.

3 KAM step

In this section, we describe the quasi-linear iterative scheme for the Hamiltonian (2.1) in
one KAM cycle, say, from a vth KAM step to the (v + 1)th-step. For simplicity, we set
lp=d.

Consider (2.1) and define

ro=71, Y% =4y, fo=s, Ao=A, Hy=H, ey =e,
A=A, Ag=A, hg=h, hg=h, Py=P,
No = eo(A) + (wo(A), y) + ho.
Without loss of generality, we assume that 0 < rq, 8,70 < 1 and Ag is the ordered n x n

principal minor of Ayp.
By monotonicity, we define pg, sg implicitly through the following equations

4d+5,u0
SN O VERS Sy e
s Boo (3.1)

16(M* + 1)K]’

10



where

. 1
M* = max K ho(y,\)|, Ki = ([log—]+ 1),
\l\Sd7|j\Sm+57|y|SBo,>\€Ao’ ATy oy AN 1= ({log ,UO] )
n is a fixed positive integer such that (1+ 0)"7 > 2 for 0 = 2(ml+1)- It is clear that pg is
small if and only if u is, and,
po = o(u' ™) (3.2)

for any 0 < € < 1. By making p small, we assume without loss of generality that
16(M* + 1)K > 1.

Hence sy < min{fy,v0}-
Since

Ko ddmA5 ( 50 )m
£ =y — 3.3
1o Boy (33)
(2.2) becomes
‘8§\P0’D(T’0780) < ’Yg+m+5381/1'07 m <d. (34)

Now, suppose that after a vth-step, we have arrived at the following real analytic
Hamiltonian:

H = N+P (3.5)
N = e(\)+ W), y) +h(y,\)

which is defined on a phase domain D(r, s) and depends smoothly on A € A, where A C Ao,

~

h = %<y,A(A)y> + h,

h = h(y,\) = O(|y). In addition, suppose that the n x n ordered principal minor A of
A is non-singular on A, and, P = P(z,y, \) satisfies

laé\P’D(r,s) < 7d+m+53mﬂy ‘l| <d (36)

for some 0 < p < pg, 0 < v < 9. By considering both averaging and translation, we shall
find a symplectic transformation &, which, on a small phase domain D(r;,s;) and a
smaller parameter domain A, transforms the Hamiltonian (3.5) into the Hamiltonian of
the next KAM cycle (the (v + 1)th-step), i.e.,

Hi=Ho®, =N+ Py,

where N4, Py enjoy similar properties as N, P respectively on D(r4,s4) x Ay.

For simplicity, we shall omit index for all quantities of the present KAM step (the vth-
step) and index all quantities (Hamiltonian, normal form, perturbation, transformation,
and domains, etc) in the next KAM step (the (v + 1)-th step) by “+ 7. All constants
c1 — ¢7 below are positive and independent of the iteration process, and, we shall also
use ¢ to denote any intermediate positive constant which is independent of the iteration
process. To simplify the notations, we shall suspend the A dependence in most terms of
this section.

11



Define

o T T
+ - 2 47
1 % 1
S+ = g o=l :Mm+17
5 50
54— = 5 Za
_ 0,
T+ = 5 1
1
Ky = (log—]+1)
1
D: = D( +i_1( e, L =1,2,---,8
ig = Ty 5 r r+),8as), 1=1,2,---,8,
D(E) = {yeC®: |yl <&, £>0,
- 7
D(é') = D(T+—|—§(T‘—7“+),£), £>07
Dy = Dy, = D(ry,s+),
. 3
Dy = D(r++1(r—r+),ﬂ+)

Ay = AeA:|(kw\)| > -, forall 0< |kl <Ky},

Ik‘l
F(T‘ _ ’l°+) _ Z |k,|(d+m+6)7'+d+m+6€—\k| Tﬁ;* ]
0<|k|<Ky

3.1 Truncation

Consider the Taylor-Fourier series of P:

P = Z pk]yjeﬁ%,w)
keZd jez4

and let R be the truncation of P of the form

R= 3 pyyleV ko)

|E| <K ]51<m
Lemma 3.1 Assume that

oo d r—ry
H1) ttme™ e dt < p.
Ky

Then there is a constant ¢ such that for all j € Zﬁlr, 1| <d, A €A,

d+m—+5 _m 2
ey s,

IN

AP = R)lp,

! d+m+5
|O\R|p, < cy™Tsmp.
8

12



Proof: Without loss of generality, we let pg < %. Hence a < %

Let
I = Y prgyleYHEo)
|k|>K1,5€2¢
I = Z iy yje\/_<k90>
|k|<K4,|gl=zm+1
Then

P-R=1+1I
By using the standard Cauchy estimate, we have
— ﬂ _
Z |85\P|D(r,s)e |kl — d+m+5 s™u Z jed+m o
|k|>K 4+ r=K4

oo r—r
Jmts gm / pHm et g p < dtmBgm 2
Ky

|aé\l|f)(5)

IN

IN

It follows that
8P = Dlpgy) < 105Plpry + 105 gy < 2935

91
For |g| = m+1, let [ be the obvious anti-derivative of —. Then the Cauchy estimate

A ayq
of 9L (P — I) on D(s) yields

01 -
Alp, = WA/W S e Ty,
; Yo bk l2mt ;
¢ !
<| m—H/fa,\(P—I—Rﬂf)(s)dy\D%a
1
< |/C,7d+m+5 m sm+1dy|D%a
< c(as)m—l-l,yd—l—m—l-f)g — eydmESgm 2
Thus,
[OAP = R)lpy, < ey o™y, (38)

and therefore,
|a§\R|D%a < |P - R|D%a + |P|D(r,s) < 67d+m+55mﬂ-

3.2 Averaging and quasi-linear equations

As usual, we shall construct the averaging transformation as the time 1-map gb}; of the
flow generated by a Hamiltonian F'. Let F' have the following form:

F= Y fiyle/ 1) (3.9)

0<|k|<Ky,|sl<m

13



where fi, are (matrix valued) functions of y.

Let [R] = / R(z,-)dx be the average of the truncation R defined in (3.7). Substitut-
TTL

ing F into the equation
{N,F}+R—[R]=0 (3.10)
yields

- Z V=1{k,w(\) + 8yh>fk]yje\/__1<k’x>

0<[k| <K+, lgl<m

V=1(k,
= — Z prYle (k)
0<[k|<Ky,|sl<m

By equating the coeflicients above, we then obtain the following quasi-linear equations:

V—=Uk,w(X) + Oyh) fr; = Py 7] <my 0 < |k| < K. (3.11)

Lemma 3.2 Assume that

1
I qj 1 A 1
H2) | max AR = a0 holps)xay < Ho

Y=+

Then the quasi-linear equations (3.11) can be uniquely solved on D(s) x AL to obtain a

family of functions fi, which are analytic in y, smooth in X, and satisfy the following
properties:

Fey@,2) = fory(y, V), (3.12)

0A9) sl (o, < calbf(IHHUFEDTE Ly d=llgnblemlil (3.13)

forall |gl <m, 0< |k| < K4, || <d, |j| <m+4, where co is a constant.
Proof: Let (y,\) € D(s) x A+. By H2), H3),

* * ’7
< —_—.
|8yh(y)] < (M*+1)|y| < (M*+1)s < SR

It follows that

g g g
k,w(\) + 0yh(y))| > — = .

Hence
L = V=1{k,w(A) + 9yh(y))
is non-vanishing on A, and,

Fry = Fiy (¥, \) = Ly 'y

for all (y,A) € D(s) x A4, 0 < |k| < K4, |7] < m, from which (3.12) clearly follows.
Let 0 < |k| < K4. We note by the Cauchy estimate that

05y la, < 18P prsyun, €M < TRl i < d, g <m, (3.14)

14



and by H2) that

g (LT DT+ 11+
<c

805 L Doy, < el VY LI Il <d, [l <m+4.

= IS/ESFIES B

Therefore,

‘k’(\l\+lj|+1)7+|l|+lj|+1

L 9j d+m+5 ;m—|j| ,—|k|r
|a)\ayfk]|D(S)><A+ < c ’Y|l|+‘j|+1 Y § €

= | MOyt mea— =l gl =kl < g, (] < m 4 4.

Let F be the Hamiltonian (3.9) with coefficients given by Lemma 3.2. If ¢} denotes
the flow generalized by F', then

Ho¢p =Ny + Py,
where
N+ = N+[R]a

1
Py = [{BiFyodhdt+ (P-R)ooh, (3.15)

with
R, = (1 —t)[R] + tR.

This completes the averaging process.

3.3 Translation and partial non-degeneracy

Let Y, Py be the vectors formed by the first n components of y, pg; respectively and
denote H(Y) = h((}o/)) Then by the implicit function theorem, the equation

AY + 0y H(Y) = —Py; (3.16)

admits a unique solution Y* on D(s) which also smoothly depends on A. Define
«_ (Y7
y=1o/

Ay* + d,h(y*) = — <P01>. (3.17)

By (3.16), we clearly have

Consider the translation

and let



Then
Ho®, = N+ Py,
Ny = Niogp—v=eq+(w,y) +hi(y),

Py = PLod+, (3.18)
where
er = e (o)t gl AY) +h() + [RIY) (319)
wy = w—i—pOl—(P()())l), (3.20)
hel) = gl Aw) + i), (321)
Ay = A+32h(y*) + AR(y), (3.22)
hely) = hly+y7) — h(r) — @h(),0) — 5l 7)) (323)

IR +y) ~ [BI) — ORI, 0) — 500, BRI ),
Y = (IRI(Y),y) — (po1,y) = > G)pojy”‘fy. (3.24)
2<gl<m, =y |[Sm—1,]5|=1

3.4 Estimate on N,

Lemma 3.3 Assume H2), H3). Then there is a constant c3 such that the following holds
for all |l] < d:

‘8§y*‘A+ < Cg’yd+m+58m_1u; (325)
ey — Reln, < esy™m sy (3.26)
|hwi — Awla, < egy™m sy (3.27)
) ) d4+m+5 ;m—|j| ; .
! I cs3 sV, il < my
1030y hy — O\O)hIp(s, yxa, < { e S il > m. (3.28)

Proof: Denote M, = maxyep, |Ag ' (\)| + 1. By (3.1), we can make po small, say
Mo < m, such that M*(M* + 1)3(2) < %
Let A € A;. To prove (3.25), we denote

1 A~
Bly) = A+ ( /0 0211 (8y)d0)y.

Then by (3.16),
B(Y*)Y* = —Py,. (3.29)
1 A
Since, by H2), |A — Ag|a < pd and |07 H|p(s) < (M* +1)s, we have that
1
Ao| < pg + (M* +1)s?
1
2M,

[Ao — B(Y™)]

IN

|A—= Aol + [B(Y"
1

) —
2+ (M*+1)s3 <

IN
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It follows that B(Y ™) is non-singular and

-1
|"40 | — < 2M*
Ao — B(Y*)[|Ay |

BT < —

Hence
Y| = [Y*| < 2M,|Por| = 2M,|po1| < 2M.|0,P|p(s) < 2M "2, (3.30)
Differentiating (3.29) with respect to A yields
B(Y*)0\Y* + 8, B(Y*)(\Y*)Y* + O\B(Y*)Y™* = )Py,
Therefore,
0\Y | < AMZ2(M* 4 1)yT ™5 5m |0\ Y| + Mac|Y*| + M..c|OxOy P|p(s)-

The estimate (3.25) now follows from (3.6), (3.30) and induction. Using (3.19) ((3.20)
respectively), (3.26) ((3.27) respectively) easily follows from H2), (3.25) and (3.14). Also,
it follows from (3.22) that

4 A4 — RA|x, < egydtmtism=2y, (3.31)
Note by (3.5) that
h 1 I 7 (1) a) 1 J #Yo1J
hy = Y Sy + Y PRAICRE
71>3 3<]gl<m
1. 2 -
= > ;%h(y W+ D < )pm(y )y
71>3 39l <m
We have that
. 1, A 2 o
hy —h = F(%h(y )= HhO)Yy + D < )pm(y )"y
l91>3 7" 39l <m
Therefore,
R . d+m+5 ;m—|j| i< e
1Y 9l g5 < c3y S 12 ’]|—m7
|0\ Iy — 0\O)h|p(s)xa, < { Cary S ] > m.
Combining the above with (3.31), we obtain (3.28). ]

3.5 Estimate on ¢

Let F be as in (3.9) with coefficients given by Lemma 3.2. By (3.12), F is real analytic in
(z,y) € D(r;s).

Lemma 3.4 Assume H2), H3). Then the following holds.

17



1) There is a constant ¢4 such that for all |l| < d, |i| <m+4,

‘81 az 8]F‘ R < C4,yd+m+4—|l|—|]:|sm—|j\'ur(r - ’l°+), |.]| <m;
A2y Ds)yxay = 04,Yd+m+4—|l|—ljlur(r —ry), m < |j] <m+4.

2) F, y* can be extended to functions of Holder class Cm+3’d—1+00(f)(50) xAg), C4=1+90(Ag),
respectively, where 0 < og < 1 is fixed. Moreover, there is a constant cs such that
HFHC”L+3'(171+UO(D(QO)XA()) S csur(r — r+)7
[V [lca1to0(ag) < esul(r—14).
Proof: By (3.9), (3.13), we have
|030LOIF| < c > |K[|08 (94 fuyyy?) eI+ 5 r=r+))
7] <m,0<|k|<K 4
<c Z |k|(|l|+\j|+1)T+|l|+|i|+lj|+17d+m+4—|l|_|j|sa(\j|)lue_‘k|"*8@
0<|k|<K 4
< eyttmHA=li=lilgaliD yp(r — ),

where

) m—=13],  if |j] < m,
“(M)_{o, if m < || < m+ 4.

This proves 1).
2) follows from the standard Whitney extension theorem (see [22], [26]). |
Lemma 3.5 In addition to H2), H3), assume that
H4) cys™ pl(r —ry) < 2(r—ry);
H5) cys™ul(r —ry) < as;
H6) c3s™ < tas.
Then for all 0 <t <1,
Pt D1, — Dy, (3.32)
6 : Di,—Di, (3.33)
are well defined, real analytic and depend smoothly on A € A .

Proof: (3.33) follows immediately from Lemma 3.3 and H6).

To show (3.32), we write ¢4 = (¢}, 5) ", where ¢!, ¢ are components of ¢t in the
directions x,y respectively. Let (x,y) € Dia and let ¢, = Sup{t € [0,1] : ¢k (z,y) € Dy}
Then for any 0 < t < t,,

t 1
s @.9) =2l < [ 1Fy o 0 l.dul < [Fy| g,y < eas™ Ul = r4) < 35(r =),

16
t 1
Sral@) =yl < [ |Fs 0 0plo,dul < |Ful g,y < eas™ul(r =) < e
It follows that % (z,y)] < r4 + 2(r —ry), [y, y)| < as, ie., ¢h(z,y) € Dy, C
D,,. Thus, t, =1 and (3.32) holds. ]

18



The above lemma implies that &, : Dy — D Lo is well defined, symplectic and real

analytic for all A € A. We now consider ® on the domain D, .
Lemma 3.6 Assume H2), H3) and also the following:
HT7) cspl(r —ry) < g(r—ry);
H8) csul’(r —ry) +c30p < 5 — 4.
Let F, y* be the extended functions defined in Lemma 3.4 2). Then
O, =¢ro¢: Dy — D(r,f) (3.34)

is of class C™*2 and also depends C?~1790 smoothly on A € Ay, where oq is as in
Lemma 3.4 2). Moreover, there is a constant cg such that

[P+ —idll gmiz.arion(p, xng) < CouL(r —r). (3.35)

Proof: By a similar argument as in Lemma 3.5, it is easy to see that ¢, maps ﬁ+
into D(r, 5) for all A € Ao.
Let Xp = (F,,—F;)" be the vector field generated by F. We note that

t
¢§p:id+/ Xpoghdu, 0<t<1,
0

”XFHCerz,d—lJroO(f)(ﬁO)XAO) S C”FHC"L+3’d*1+UO (f)(ﬁo)XAo)'

By applying Lemma 3.4 2) and the Gronwall inequality inductively, we have that, on
D+ X A07

|0 —id|, |0yd — Iaal, |0)0k| < cul(r—ry), 2<[j|<m+2,0<t<1. (3.36)

The lemma now follows from Lemma 3.4 2) and the identity

(I>+—id:(¢};—id)o¢+<(y)*>. (3.37)

3.6 Frequency property
Lemma 3.7 Assume H2),H3),HG). Then

5
[(k, wi (A)] > ﬁ

forall e Ay and 0 < |k| < K.
Proof: By H3), H6), we have
c3s™ T KT <y —
It follows from Lemma 3.3 that

[(B,ws D] = [k w V)] — eanos™ ks
— cgy0s™ T iy > VZ%’

as desired. []

v

s
Ll
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3.7 Estimate on P,
Lemma 3.8 Assume H1)-H6). Then, there is a constant ¢t such that, on Dy x A4,
8Py < ey A3 (r —ry) +1), I < d. (3.38)
Proof: By Lemmas 3.1, 3.4 1) and (3.36), we see that, for all |I| <d,0<t<1,
OMRe FYo dplpy xan < ey pi T (r ),

O8(P = R) o ¢plp, xa, < eyl (r —ry).
4
Hence, by (3.15),
AP n, o, < ey —r) + 1), 1 < d

Since, by (3.14),

|0hposla, < ey s, 1] < d,

it follows from (3.24), (3.25) that
|a§\¢|D+XA+ < 7d+m+55m_|j‘ﬂza 1] < d.

By (3.25), we also have

d+m+58m—1

1080|D, <A, < Y w, | <d.

The lemma now follows from (3.18) and the above estimates. ]
Let ¢g = max{1,¢q,---,cr} and define
pg = 8Mcou .
If we assume that
d+m+5

HO) 7(I(r —ry) +1) < Tee.

then, on Dy x A4,

1-20— —m_
03Py < 8T cos T pt o T T (U (TP (r =y ) + 1))
< APTSPug, fI < d.

This completes one cycle of KAM steps.

4 Proof of Main Results

4.1 Iteration Lemma

Consider (2.1) and let 7o, 505705 B0 H0; Ao, Ho, No, €0, wo, ho, Ao, ho, Py be given at the be-
ginning of Section 3 and let Dy = D(rg, 5p), Ko = 0. We define the following sequences
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inductively for all v =1,2,---:

14
1
r, = 7‘0(1—22i+1),
i=1
1
Sy = gal/—lsl/—la
1
@, = =l
Hy = SmCONlljtflfa
‘1
By = 50(1—2%),
=1
“1
T = 70(1—2%)7
=1
K, = ([log( )] +1)%,
Hy—1
A o= DeM w1V > 2L forall 0< k] < K},

k|
D, = D(Tl/a 51/)7

3
DV = D(TV+Z(TV—1_TV)7ﬂI/)’

Lemma 4.1 If (3.4) holds for a sufficiently small po = po(ro, Bo,m,d, T), or equivalently,
= p(r,s,m,d,7), then the KAM step described in Section 3 is valid for all v =0,1,---,
resulting in sequences:

AI/7 HI/7 Nll) ella wl/) h‘l/) All) hlla PIM q)I/7
v=1,2---, with the following properties.

1) ®,: D, x Ag — ZA?,,_l, D, x A, — D,_1 is symplectic for each A € Ag or Ay, and
is of class C™Mt2d=1+00 Cad  respectively, where o stands for real analyticity and
0 <o <1 is fixed, and,

~:I

||(I)1/ - id||cm+2,d—1+ao (ﬁuXAO) S o . (41)

Moreover, on D, x A,

H,=H, 10®,=N,+ P,

where
HV = Nl/ + PI/7
N, = €V+<OJV,Z/> + hy,
1 .
hy, = §<y7AVy> + hl/7

A, is real symmetric with its n X n ordered principal minor A, being non-singular
on A, h, = O(|y|?).
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2) (wWp(N)g = (wy(N))g for allg=1,2,---,n and X € A,,.
3) Forall|l| <d,

1
’ag\ev - 8&6,/_1’/\1, < ,yg+m+42_w (4.2)
|0her — Aeola, <5, (4.3)
hwy = hwpmla, <G, (4.4)
|0hwy, — Dhwola, < ATy, (4.5)
1
. . #5 .
|aé\agj;h1/ - aé\agghu—”D(su)XAy < ’7(6)l+m+42_y7 |.]| <m+1, (46)
. : P
0K03 R, — By nBihola, < AET R, [ <m+ T, (47)
|0%Py Dy x A, < Y250, (4.8)

4) Ay ={N €Ayt [k, w1 (V)] > 7|k|_1 for all K,_1 < |k| < K, }.
Proof: The proof amounts to the verification of H1)-H9) for all v. For simplicity, we
let 7o = Gp = 1.
First, it is obvious from (3.1) that H3) holds for v = 0. By choosing po small, we also
see that H2), H4)-H9) hold for v = 0 and H6) holds for all v.
By the definition of y,, we have that

= (8 co) T g (4.9)
Let ¢ > 1 be fixed and pg be sufficiently small such that
1 ag
<|l——] <1 4.10
Ho <8mCOC) (4.10)
Then
1
= 8Mcouyt < cho < L
s 1 1
pa = 8Mcop ™7 < <1 < = p0,
¢ ¢
m 140 1
y = 8Meop, Y < < C—V,uo. (4.11)
Denote
I, =T(r, —ry41).
We note that ) 5,8
v — Pr+1
Ty =Tl T 5o T o . (4.12)

Since

=
N
IA

o
/ A(dHmA6)T+d+m+6 ,~ 545
1

([(d + m + 6)7] + d + m 4 7)12 O (d+m+6)7+dim+6)

IN
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it is clear that if ¢ is sufficiently large, then

d+m+5

WL <+ 1) < T =12 (4.13)
v
In particular, H9) holds for all v > 1, and,
po °

pl'y < /‘11/_0 < (4.14)

C(l—a)l/ ’

By (4.12) and (4.14), it is easy to see that if ¢ is sufficiently large and p is sufficiently
small, then H4), H5), H7), H8) hold for all v > 1.

Since

o0 Kyt1

1M T AL < (d+ m 4 1)120FOEm) g =35

Kyt
it follows from (4.9) and the inequality (1 4+ )" > 2 that H1) holds for all v > 0 as pg
small.
For the verification of H3), we observe by (4.11) that

1

1 * o 1
Z(M + D KT < o2

as po small. Then

* T Spy—1 * o T 50 o
2(M + 1)SVKV::—_]:.L < V4 (M + 1)”12/—1K1/—|—’-_11 < QU+2 < ov+2 <Y = Yo+ls
which verifies H3) for all v > 1.
Let (79 > 2 in (4.10), (4.11). We have by (3.1)-(3.3) that if g is sufficiently small,
then the following holds for all v > 1:

N

Mo _ M
Cofy < 2_1/ < 2_1/’ (415)
p _ pt
cop Ty < o < 5 (4.16)
14+20(m—1) m—1 my | 20(m—1)
-1 0 S0 (1osg") 1o H
cosy’ iy < 573 < o 8o < > (4.17)

The verification of H2) follows from (4.15) and an inductive application of (3.28) for
allv =0,1,---.

Above all, the KAM steps described in Section 3 are valid for all v, which gives the
desired sequences stated in the lemma.

Now, 1) follows from Lemma 3.7, 2) follows from (3.20) and induction, (4.2), (4.4),
(4.6) follow from (4.15), (4.17) and Lemma 3.3, and (4.8) follows from Lemma 3.8 and
H9). By adding up (4.2), (4.4), (4.6) for all v = 1,2,---, we also obtain (4.3), (4.5), (4.7)
respectively.

4) clearly holds for v = 0. We now assume that v > 0. Then by Lemma 3.6,

Av={he N [k w,(\)| > ﬁ 0< || < Ky}
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Hence

Ay = {AeAy: [(kw, (V)| > 0<|kl <Ky}

!k\f’
= {Ae Ay [(kw,(\)

0< k| <K,
i 0< Ik < )

N {yo € Ay - |(k,wy (V)] > K, < |k < Ky}

\W’
= A,,ﬁ{yQEAV:Kk,wV( )>|> |k‘|7—7 K <’k‘<K,/+1}

= {vo e Ay s [(k,w (V)] > Ky < |k| < Kyq1}-

\k!T’

The lemma is now complete. [ |

4.2 Convergence

Let
U =Pi0Ps0---0d, v=12---

Then ¥” : D, x Ag — Dy, and,

HyoU = H, =N, +P,,
Nl/ =e,+ <wu()\)7y> + hV(yv)‘)v

v=20,1, -, where ¥y = id. Using (4.1) and the identity

V=id+ Y (W — ),

i=1

it is easy to see that U¥ converges in C™+1:d=1+o0(D(

W € O™ (D(%, %) x Ag) such that Wy = U°(,\),

uniformly close to the identity. Let

30 %) X Ag) norm to a function
S

Ag, are symplectic and C™

Then {¥) : A € A} is a C?"! Whitney smooth family of analytic symplectic transforma-
tions on D(%,%). By Lemma 4.1, it is also clear that e,,w, converge uniformly on A,
and h, converge uniformly on D(%O) X Ai. Denote ey, woo, hoo as the limit of e,,w,, hy

respectively. Then, on D(%) x Ay, N, converge uniformly to
Noo = €co t+ <woo()\)7y> + hoo(yv)\)

Hence, on D(7, %) x A,
P, = Hyo W’ — N,,

converge uniformly to
Py = Hyo U™ — N..
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Since P, is real analytic on D, and

d 5
\P|p, <2080,

the Cauchy estimate yields that

. m\"™ m .

]%PV!D(TWW%SV) < (%) 2m1/+ ) +2,chjl+m+5uw ’]‘ <m.
By (4.9), the right hand side of the above converges to 0 as v — oo, provided that p (hence
po) is sufficiently small. Thus, on D(%2,0) x A,

0Py =0, |j| <m.

Hence for each A € A,, T¢ x {0} is an analytic invariant torus of H., with the toral
frequency woo (), which, by definition of A, and Lemma 4.1 2), satisfies

[k, wos (V)| > ﬁ for all k € 29\ {0},

(Woo(A))g = (wo(N))g, foralll <g<n.

Following the Whitney extension of ¥*’s, all e,,,w,, h,, P,, v = 0,1, -- -, admit uniform
Cd=1%90 extensions in A € Ay with derivatives in A up to order d — 1 satisfying the same
estimates (4.2)-(4.8). Thus, €so, Woo, Moo, P are C4~1 Whitney smooth in A € A, and, the
derivatives of (€00 —€0), (Woo —wp), (hoo — ho) satisfy similar estimates as in (4.3),(4.5),(4.7).
Consequently, the perturbed tori form a C%~! Whitney smooth family on A,.

4.3 Measure estimate

Lemma 4.2 Let A C R%, d > 1, be a bounded closed region and let g : A — R% be such
that o
g
k{i—=: <d-1}=d.
ran {8)\0‘ o] <d -1} =d

Then for a fixed T > d(d — 1) — 1

(AeA:|(gN), k) < ‘,;Y,T}

< (A d v \TT d
<c(Ad,T) s , ke Z\ {0}, v>0.

Proof: See Theorem B in [27]. We note that the constant ¢ above does not depend
on g but rather on a lower bound of the derivatives of g up to order d — 1. [ |

The following measure estimate is adopted from [19]. We consider the following three
cases.

Case 1: dy = d. Let

R ={Ae A, : |(kw,(V)| < ﬁ} ke RO\ {0},

R = (e Ao k@ O0) < i), ke B0,
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for all v =0,1,---. Then by Lemma 4.1 4),

— +1
A=A\ U R
Ku<|k‘§Ku+l

and,

MVA=U U RS

v=0 K, <|k|<K,+1

Since (4.5) is also satisfied by the extended toral frequencies w, on Ay, A1) implies
that if u is sufficiently small, then

0%w,,

: <d-1;=
I la| <d—-1} =d
for all A € Ag, v =0,1,---. It follows from Lemma 4.2 that

rank{

+1 HU+1 Yoo\t
rp < 1 <e ()T

for all k € Z4\ {0} and v = 0,1,---, where c is a constant independent of v. Hence

AVA < S Y R Ty Y

v=0 K, <[k|<Ky+1 V=0 K, <|k|<K,+1 |F[ 7T

1 _1
= O(y™1) =0(y*==),

—_

as desired.
Case 2: dy < d. Let A = [1,2]97% and define

Then it is clear that ~
0%@,

O

on A for all v = 0,1,---, as p sufficiently small. Similar to Case 1, we have that

rank{ ol <d—-1} =d

A\ A.| = O(y7T).
By Fubini’s theorem,
Ao \ Au| = O(y7T) = O(y7T),

as desired.
Case 3: dy > d. For any A € Ay, A1) implies that there exist indexes

alcf{aezb |aj<d—1}, i=0,1,---,d—1,
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such that

%" w
k ~(A\):i=0,1,---,d—1} =d.
rank{ 52 (N) = 0,1, d - 1}
Since rank{g—;‘\)()\)} < d, there are i, iy, - -+, Aiy,_, such that
Ow 9% w
— (A — ) :i=0,1,---,d—1 =1,2,---,do —d.
8)\2J()¢{8)\al() ? s Ly ) }7 J s 4y ; &0
Define
Q()\) — ()\ila)‘im o a)\idO,d)Ty A€ A07
G)V()‘) = (WV()‘)7Q<)‘))T7 v = 07 17 Ty A€ AOa
RV ={he Ay (k@ (V)] < |Z|VT}’ kez®\{0}, v=01,-,
AI/""l:AV\ U *éllé—i_l? v=0,1,---,
Ku<|k‘§Ku+l
A=A
v>0
Then _
"y 0,
k ~(A):i=0,1,---,d—1;,—N):j=1,---,dy—d} =d
ran{a)\al()l 077 ) 78)\23().7 ; s 40 } 0
on Ag for all v =0,1,---. It follows that
%@,
rank{ e Vo) <dg—1} =dy
on Ap for all v =0,1,---. Similar to Case 1), we have that

A\ A, = O(Y % T) = O(y%T).
Since A, C A.,
- 1
Ao\ Al < A0\ | = 0(775T),

as desired. This proves part 1) of Theorem A.
Given the convergence in Section 4.2, part 2) of Theorem A clearly follows from
Lemma 4.1 2).

4.4 Proof of Corollary

Without loss of generality, we assume that M admits a global coordinate, i.e., there is a
bounded closed region A € R% and a C' diffeomorphism y : A — M such that M = y(A).
Let A € A and consider the transformation

y—y+y(A).

Then (1.1) gives rise to

H(z,y,\,e) =e(A) + (w(A\),y) + h(y,\) + P(x,y, A\, €),
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where

) = N0
o) = S0
AN = Sl AN + Al ),
2
AN = SO,
h(y, \) O(lyl*),
P(z,y,\¢) eP(x,y+y(N),e).

Let r be fixed and take

1 1 2
§ = g2mtiors | 4 = £ 2@mHo+5) | po= g2mHioFs

Then (2.2) holds and the Corollary follows immediately from the theorem as ¢ sufficiently
small.

4.5 Proof of Theorem B

By choosing A\, A as in the Section 4.4 above with the present M, the proof of Theorem B
essentially follows from that of Theorem A, except that the translation

¢p:r—x, y—y+y

in Section 3.3 should be defined for the purpose of eliminating the energy drift at each
KAM step.

In the case of part 1) of Theorem B, y, is defined so that e; = e = E. Hence, instead
of (3.17), we consider the equation

(w,y*) + %<y*, Ay*) + h(y*) + [RI(y*) =0,

which, by the implicit function theorem, clearly admits a local smooth solution y* on M.
In the case of part 2) of Theorem B, y, is defined so that ey = e = F, and,

[wWiiy ot wp, ] = [wip 1w ]
Hence, instead of (3.17), we consider the equations
oh
<“4+ Wiy i )(y*)>(y:p T ayfn)T — " (wiy e 1win)T = —(p01,z'1,"'ap01,z'n)T,
21 y Jln

* * 1 * * 70 % *
((wiu'”7win)T7(yi17"'7yin)T> + 5(3/ 7Ay >+h(y )+ [R](y ) =0,

which, by the sub-isoenergetic nondegenerate condition Al)" and the implicit function
theorem, admits a local smooth solution (y*,t*), y* € M, t* € R!, such that y; =0 if

J ¢ {il""ain}'
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Let ¢k be as in Section 3 and ¢ be as in the above. Then under the symplectic
transformation

q)-‘r = ¢}5‘ © Qb,
the new Hamiltonian reads
Ho®, = Niy+P,,
Ny = Nio¢—¢=E+(wsy)+hi(y),
Pp = Pyod+y,
where, with respect to y* defined above,
wy =w+ por + Ay + dyh(y),

and, h (y), Ay, hy(y), % have the same forms as in (3.21)-(3.24). Thus, with estimates on
the present y* similar to those in Sections 3.4, 3.5, the remaining proof of Theorem A is
valid.

Part 3) of Theorem B is a special case of part 3) of the Corollary.
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