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ABSTRACT. We generalize the well-known result of Graff and Zehnder on the
persistence of hyperbolic invariant tori in Hamiltonian systems by considering
non-Floquet, frequency varying normal forms and allowing the degeneracy of
the unperturbed frequencies. The preservation of part or full frequency com-
ponents associated to the degree of non-degeneracy is considered. As applica-
tions, we consider the persistence problem of hyperbolic tori on a submanifold
of a nearly integrable Hamiltonian system and the persistence problem of a
fixed invariant hyperbolic torus in a non-integrable Hamiltonian system.

Dedicated to Professor George R. Sell on the occasion of his 65th birthday

1. INTRODUCTION

In [14], Moser considered the following Hamiltonian system:

1 1
(11) H:e—|—<w0,y>—|—§<y,Ay>—|—§<Z,Mz>—|—P(:c,y,z),

where (2,1,2) € T™ x R™ x R?®™, wy € R" is a fixed Diophantine toral frequency,
A, M are n X n, 2m X 2m non-singular, constant matrices, respectively, JM is hy-
perbolic with all eigenvalues being real and distinct, and P is a small perturbation.
The persistence of the unperturbed Diophantine hyperbolic torus 7™ x {0} x {0}
was shown along with the preservation of the toral frequency wg. By considering a
symplectic reduction of M into the form

O By

0 u-( 2 B,
Graff [9] generalized Moser’s result by allowing multiple eigenvalues of M. An al-
ternative proof of Graff’s result was later given by Zehnder in [25] using implicit
function technique. This result has played a fundamental role in analyzing global
branches of invariant tori and Arnold diffusion in Hamiltonian systems ([10, 23]).
For the Lindstedt series approach to the persistence of hyperbolic tori in Hamilton-
ian systems, we refer the readers to [8, 11].

The present paper concerns a generalization of the Graff-Zehnder result to the
non-Floquet, frequency varying cases in which certain degeneracy of the unper-
turbed frequencies is allowed. More precisely, we consider the following Hamiltonian
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systems

(1.3) H=e(\)+ {(w\),y) + %<<Z> ,M(z, ) <Z>> + h(z,y, 2, \) + P(z,y, 2, \),
where (x,y,2) € T™ x R" x R?™, ) is a parameter in a bounded, closed, connected
region O C R*, e and w are of class C' on O for some fixed lyp > max{n,2}, M is
symmetric, real analytic in z € D(r) = {x € C"/Z" : |Imz| <7} and C in X € O,
h(z,y,2,A) = O(|(y, 2)|?) is real analytic, and, P, viewed as a perturbation, is real
analytic in a complex neighborhood D(r, s) = {(z,y,2) : [Imz| <7 |y| < s,|2| < s}
of T™ x {0} x {0} and C' in X\ € O.

Throughout the paper, we shall use the same symbol | - | to denote the sup-
norm of vectors and its induced matrix norm, the standard /; norm in a lattice ZP,
absolute value of functions, and Lebesgue measure of sets etc. Thus, for any matrix
Q@ = (¢ij), |Q| = max; D [q;;|. Also, [-] will denote both the average of a matrix
valued function on a torus and the integral part of a real number. For any (vector,
matrix valued) function f defined on a domain D, |f|p stands for supp |f], and,
for any two complex column vectors &, ¢ of the same dimension, (£, () means the
transpose of £ times (.

Write M in (1.3) into blocks:

(1.4) M—(g‘T fé)

where A = A(z,\), B = B(z,\), M = M(x,\) are n X n, n X 2m, 2m x 2m blocks
of M = M(z, \) respectively. With respect to the standard symplectic form

i dIl A dyz + i de A\ deer,

i=1 j=1

the equation of motion associated to (1.3) reads

& =w\)+Ay+ Bz+ 0yh+ 0, P,

, 1 Y Y

=—50: ) ;A — Oph — 0, P,

i =—gou(?) M (V)

3 =JMz+JBTy+Jo,h+ JO,P,
where J denotes the 2m x 2m symplectic matrix. Thus, the unperturbed system
associated to (1.3) admits a smooth family of invariant n-tori Th = T™ x {0} x {0}

with toral frequencies w(\) parameterized by A € O. We first assume that J[M] is
hyperbolic on O, i.e., if A;(\), i =1,2,---,2m, are eigenvalues of J[M]()), then

H) there is a o9 > 0 such that
|R€/\Z(/\)| Z ao,

forallAe O andi=1,2,---,2m.

We note that if both [M — [M]|p¢yxo and |Blpyxe are sufficiently small, then
H) implies that the invariant tori T, A € O, are hyperbolic in the z-direction.
Next, we assume the Riissmann condition on the frequency map, i.e.,
R)

* : <n-1}=n.
rileaé(rank{(? wA): Vo] <n—-1}=n
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The Riissmann condition is known to be the weakest non-degenerate condition for
the persistence of maximal dimensional invariant tori in nearly integrable Hamil-
tonian systems ([3, 19, 20, 22, 24]).

Define
2
To = ’
vV P§ + 4aopo + po
where,
ag = (142m)[[M] o,
4m 2m _
(1.5) po = — 1+ —[[M]o)*"".
go g0

Our main result is stated as follows.
Theorem 1. Consider (1.3). Assume conditions H), R) and that
(1.6) (M = [M]lpgryxo, |B = [Bllp@r)xo < mo-
Then there is a p = u(r, s,lo, 00) > 0 sufficiently small such that if
(1.7) |6§\P|D(r,s)><0 < $2yP 1) < o,

then there is ¢ 0 < ro = ro(r,00) < r and a Cantor-like set O, C O, with |O\O,| =

O(Wn*lfl), where n, = max{2,n}, for which the following holds. There is a C'0~!
Whitney smooth family of real analytic, symplectic transformations

Uy : D(ro, g) — D(ro,s), A€ 0O,

which are C' uniformly close to the identity such that

1

HoWy =e, + (), y) + 5((5),/\4*(:0,)\) (Z>> + (2, y, 2, A) + Pz, y, 2, \),

where
e — elo, = Oy 0tV ),
049 — Bwlo, = O(y2(e+D) u%>
|AM.. — B\ M |p(ro) <0, = O

for all |l] <ly. Moreover,

NH
—

9y01P (y,2)=0,0 =0, [p|+ gl < 2.

Thus, all unperturbed tori T\ with A € O, will persist and give rise to a Clo—1
Whitney smooth family of slightly deformed, analytic, quasi-periodic, invariant n-
tori of the perturbed system with the Diophantine toral frequencies Q. ().

Our next result concerns the preservation of toral frequencies in connection with
the degree of non-degeneracy of the matrix [A]. More precisely, we assume that
ND) there is an 1 < ng < n such that both the ng X ng ordered principal block U
of [A] and Y = [M] — [B]"diag(U~%,0)[B] are non-singular on O, where
O denotes the zero matrix.
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It is clear that ND) holds automatically if [A] is non-singular on O and |[B]|o is
sufficiently small (in particular when [B] = 0).

Define

(1.8)

2
n= )
V/Pp +4apo + po
where pg is as in (1.5) and
(19)  a=Q+2m)(Y [+ U+ (Y UTDA +[BY + BT )o-

Theorem 2. Consider (1.3). Assume conditions H), ND), the condition (1.6) with
n in place of no, and the condition (1.7) with respect to a sufficiently small positive
number p = u(r, s, lo, o0, U).

1) IfR) holds, then there is a ro = ro(r, 00, U) such that Theorem 1 holds with
(Q*(A))Z = wl()\)a A S O’yv 1= 1725 s, 1o,

i.e., the first ng components of a perturbed toral frequency Q. () coincide
with the corresponding ones of the unperturbed toral frequency w(\).

2) If ng = n, i.e., U = [A] is non-singular on O, then every hyperbolic Dio-
phantine tori Ty with Diophantine type (v,7) for a fized 7 > n — 1 will
persist with unchanged toral frequencies.

The roughness condition (1.6) in Theorem 1 and the similar roughness condition
in Theorem 2 hold automatically if both M and B are small perturbations of -
independent matrices. Since both roughness conditions are independent of the size
of the perturbation P and there is no restriction on the smallness of |A — [4]|, the
above theorems can be applied to Hamiltonians of form (1.3) which may be far
from being integrable. In particular, if M = [M], B = [B], then Theorem 1 holds
for arbitrary A(z, A).

The above theorems extend the results of Graff and Zehnder even for the case
of (1.1), by allowing the degeneracy of A, a general matrix M, and the variation
of toral frequencies. It is clear that if B = 0 then Theorem 2 2) coincides with
the results of Graff and Zehnder. We remark that, in the frequency varying case, a
smoothly varying, symplectic reduction of (1.3) to (1.1), in particular with M being
reduced to the form (1.2), is generally not available especially when eigenvalues of
J[M](w) change their multiplicities.

The proof of the above theorems will use a linear iterative scheme which follows
the traditional KAM framework but only deals with the elimination of all resonant
terms in each KAM step.

The paper is organized as follows. In section 2, we consider applications of the
above results to problems such as the persistence of hyperbolic lower dimensional
tori on a submanifold in a partially integrable system and the persistence of a
hyperbolic invariant torus in a non-integrable system. In Section 3, we describe
the linear iterative scheme for one KAM step with respect to (1.3) and also give
estimates for the symplectic transformation and the new Hamiltonian. In Section
4, we prove an iteration lemma which checks the validity of all KAM steps. Proofs
of both theorems will be completed in Section 5.

We would like to thank the referee for valuable comments and suggestions.
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2. APPLICATIONS

2.1. Persistence of hyperbolic tori on submanifolds. A natural way to intro-
duce parameters in the application of Theorems 1 and 2 is to consider persistence
of hyperbolic tori on submanifolds in a partially integrable Hamiltonian system. To
be more precise, let us consider the Hamiltonian

(2.1) H(z,y,z) = Ho(y,z) + eP(z,y,2), v €T", y € R", z € R*™,
endorsed with the standard symplectic structure. We assume that Hj is partially

integrable in the sense that the surface {z = 0} is invariant with respect to the
Hamiltonian flow associated to Hy. Hence Hy admits the following Taylor expansion

Holy, 2) = Ho(y,0) + 502 J1(4)z) + O ),

where M(y) = (82Hy/822)(y,0). Now consider a k-dimensional (1 < k < n)
submanifold = of R™ defined by

E={y=y(\),z=0: 1€ O},

where O is a closed bounded region in R* and y : © — R™ is a smooth imbedding.
Then with the translation y — y(\) — y, 2 = 2z, the Hamiltonian Hy becomes

Ho(y,z,A) = Ho(y(\),0)+ (@(y(N),y)

50 AWONDY) + 5 (= MA)2) +O(=F) + Oyl 2P,

where &(y) = (0Ho/dy)(y,0), A(y) = (82Ho/8y2)(y,O).~ Thus by letting e(A\) =
Ho(y(A),0), w(A) = @(y(A)), AQA) = A(y(A)), M(A) = M(y(})), the Hamiltonian
H has the canonical form
1
7= e+ ) + 50 MO (Y )+ 1l )+ Plan ),
with M = diag(4, M), and,
h(y, 2, )‘) = O(‘Z‘S) + O(lsz‘Q)v P(l‘7 Y, %, )‘) = &‘P(y + y()‘)v 2, .’L‘)

Since P and its derivatives with respect to A will be sufficiently small in a complex

neighborhood of T™ x {0} x {0}, an application of Theorems 1 and 2 yields the
following.

Corollary 1. Consider (2.1) on the submanifold Z and assume that M is hyperbolic
on E in the sense of H).

1) If @ satisfies the Rissmann condition on =, i.e., w satisfies R) on O, then
there is an €9 > 0 and a family of Cantor-like sets Z=. C =2, 0 < ¢ < gq,
with |2\ Z¢| — 0, as e — 0, such that for all y € Z., the unperturbed n-tori
Ty, = {y} x {0} x T™ persist and give rise to a Whitney smooth family of
hyperbolic, analytic, Diophantine n-tori Ty . of the perturbed system.

Moreover, if for some 1 < ng < n, the ng X ng ordered principal block
Ul(y) of A(y) is non-singular on Z, then the first ng components of the toral
frequency of each T, . are the same as those of T,,.

2) If A(y) itself is non-singular on Z, then all unperturbed hyperbolic Diophan-
tine n-tori Ty, on Z with Diophantine type (7y,T), where 0 < v < £TRTE s
arbitrary and T > n — 1 is fized, will persist as € — 0 with unchanged toral
frequencies.
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To give an example, let us consider

1 1
H(Iayvz) = Ey% +y2 + 5(’“2 _’02) +€P(l‘,y72’)7

where # = (z1,22)" € T?,y = (y1,9y2)" € R%,2 = (u,v) " € R?, associated to the
standard symplectic structure. Let = be the unit circle in R? which we parameterize
by 2= {(cos A,sinA) : 0 < X < 27w}. With the notion above, it is clear that

wA) = (cosA1)T,
an = (g 0)

MO = ((1) 21)

Hence the condition H) is clearly satisfied on =. Since

rank{0“w(A) : V]o| <1} = rank( ;OS)\ asm/\ ) =2, A#£0, m,

R) is also satisfied. An application of Corollary 2 yields the persistence of the
majority of the unperturbed 2-tori on = after a small perturbation. Moreover,
since the 1 x 1 principal block of A equals 1, the first component of the frequency
of a perturbed torus T . is simply cos A.

2.2. Non-integrable KAM problem. Let Hy(p,q), (p,q) € R? x R? be a real
analytic Hamiltonian on R?? endorsed with the standard symplectic structure. We
assume that Hy admits an analytic, invariant, Diophantine n-torus Ty for some
1 < n < d,i.e., there are real analytic functions P, Q :T™ — R%, and a Diophantine
vector wo € R™, such that Ty = clf (P(wot), Q(wot)) : t € R}. Let x € T™ be the
standard coordinate on 7. One can apply the Frobenius’ theorem ([16]) to obtain
a symplectic coordinate system (z,y,z) € T™ x R™ x R?¥=2" in the vicinity of Tp
such that Tp = {y = 0,z = 0} and

Ho= e+ o)+ 50(Y). M@ (Y] + O + D)

Write M into blocks like (1.4) and assume that a) [A] is non-singular; b) [M] is
hyperbolic in the sense of H); ¢) |M — [M]|,|B — [B]| are sufficiently small. Then
an application of Theorem 2 2) yields the persistence as well as the frequency
preservation of T after a small perturbation of Hy. In the case that a smooth
family of such invariant n-tori T of H are given, one can show the persistence of
the majority of invariant tori in the family under either the Riissmann condition
R) or the non-degeneracy of [A,] according to Theorems 1 and 2.

The non-integrable persistence problem is even more significant when the per-
sistence of a smooth family of maximal dimensional invariant tori T ~ T%, X € O,
is considered for Hy, where O C RF is a bounded closed region.

By introducing a symplectic coordinate (z,y) € D(r,s) = {(z,y) : |[Imz| <
r,|y| < s} in the vicinity of the invariant tori, the perturbed Hamiltonian Hy + P
can be written in the form

(2.2) H = e(A) + (w(),y) + %(%A(% Ny) +O(lyP’) + eP(x,y, \).
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For a fixed Diophantine toral frequency w = wy, persistence of an invariant n-
torus of (2.2) for small € has been shown for the non-degenerate case (i.e., [A] is a
non-singular constant matrix) by Salamon and Zehnder ([21]) using the Lagrangian
formalism and by Eliasson ([6]) using Lindstedt series. A generalization of these
works is recently made in [5] without using action-angle variables.

In the frequency varying case with possible degeneracy of w(\), an immediate
consequence of Theorems 1 and 2 is the following.

Corollary 2. Consider (2.2).

1) If w(\) satisfies the Rissmann condition R) for n = d, then there is a
sufficiently small g > 0 and a family of Cantor-like sets O, C O, 0 <e <
€0, with |O\ O¢| — 0, as ¢ — 0, such that for all A € O, the unperturbed
d-tori Ty = T x {0} persist and give rise to a Whitney smooth family of
slightly deformed, analytic, Diophantine, invariant d-tori of the perturbed
system.

Moreover, if for some 1 < dg < d, the dy X dy ordered principal block of
[A] is non-singular on O, then the first dy components of the toral frequency
of each perturbed torus coincide with those of the corresponding unperturbed
toral frequency.

2) If [A] dtself is non-singular on O, then all Diophantine tori T of Diophan-
tine type (y,7), where 0 < v < £6aFE s arbitrary and T > n — 1 is fized,
will persist as € — 0 with unchanged toral frequencies.

Part 2) of Corollary 3 particularly holds when the persistence of a fixed Dio-
phantine torus in a non-integrable Hamiltonian system is considered. Assume that
the Hamiltonian Hy admits a Diophantine invariant d-torus Ty with toral frequency
wo. Let (z,y) € T? x R? be a symplectic coordinate system in the vicinity of Tp
such that Ty = {y = 0}. Then with respect to the new coordinate the Hamiltonian
Hy becomes

Ho = e+ (w0,5) + 55, Al)y) + Oy,
where A(x) = (0°H /0y?)(z,0). Applying part 2) of Corollary 3, it is clear that if
Hy is non-degenerate on Ty, i.e., A is non-singular on 7%, then not only does T}
persist under a small perturbation of Hy but also the perturbed toral frequency is
kept unchanged.

3. KAM STEP

In this section, we describe our linear iterative scheme with respect to (1.3) for
one KAM step, under the conditions of the first part of Theorem 2. As we shall
see in the sequel, Theorem 1 and the second part of Theorem 2 can be more or
less treated as special cases of the first part of Theorem 2 by taking ng = 0 and n
respectively (to unify the notation, np = 0 means the omission of all U-related terms
in the assumptions of Theorems 1 and 2). Below, we let 7 > max{n(n — 1) — 1,0}
be fixed. Also, for simplicity, we set [y = n.

Initially, set eg = e, Qg = w, M? = M, A® = A, B = B, M = M, hg = h,

ntl+P 1 o ntl+P 1
POZonOZOaBOZ‘Sar*:T770:7750:70 2,U4,,U0:S'YO 2:u27
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s = p. We also write [A%](= [4]) into blocks:

4= {goyr 10 ).

where UY = U. Without loss of generality, assume that 0 < 7., Bo, u« < 1, 59 < Bo.
By (1.7), we have that

(3.1) [05Po|D(ro.50) <70 som0, 1] <,

where ro € (0,7,] will be specified in Section 3.3.
Suppose at a KAM step, say the vth step, we have arrived at a Hamiltonian

(32) H=H,=N+P,

N = Ny(2,5,2,\) = e+ (Q\), ) + %((z),/\/l(z, ) <Z>> + ho(z,y, 2, M),

where (z,y,2) € D =D, = D(r,s), 0 <r =1, <719, 0<s=35, <80, 7y =
Y < v, A€ O =0, C O, e(N) = e,(N), QA = Q,(N\) are smooth on O
with (Q(X)); = wi(A), 1 < i < ng, M(z,\) = M"(x,)) is real symmetric over
D x O = {z: |Imz| < r} x O which is smooth in A € O and real analytic in
x €D =D, =D(r), P=P,(z,y,2,A) is real analytic in (x,y,z) € D, smooth in
A € O, and moreover,

D

108 P|pxo <" 1s?u, || < n,

for some p = p, > 0.

We shall construct a symplectic transformation ® = ®,,; which transforms
the Hamiltonian (3.2), in smaller phase and frequency domains, to the desired
Hamiltonian in the next KAM cycle (the (v 4+ 1)th KAM step).

Below, for simplicity, quantities (domains, normal form, perturbation, etc.) in
the next KAM cycle will be simply indexed by “+” (=v + 1) and we shall often
suspend the dependence of functions on their arguments. Also, all constants ¢; —cr
in this section are positive and independent of the iteration process. We shall
also use ¢ = ¢(ro, Bo,lo, 00) to denote any intermediate positive constant which is
independent of the iteration process.

Let b, 0, d be sufficiently small positive constants such that

oc—(b+0)(2b+30)>0, 6(1+b+0)>1,
(n+1+%)(1—2b—30)>n+1,

where 6 =1 —d, ag € (0,1/3).
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Define
_ w7
T+ - 4 + 27
52
ry = or+d(1-— E)ro,
5. = 51+b+‘7,
B bo
6+ - 2 + 4 )
1
Ky = ([log g] +1)°%,
6
D(a) = D(r++§(r—r+),a), a >0,
D(a) = {z:|Imz|<a}, a>0,
F(a) = ew Z |k|n+(n+l)7+66—|k|%, a>0,
0<|k|<K4
D. = Diri,sy),
Dy = D(ry)={z: |[Imz| <ri},
~ 5
Dy = D(ry+g(r—r4),4),
,— 1
Di = D(T++Z (T—T’+>,i5+)7i:1’27"'78'

3.1. Truncation. We express P into Taylor-Fourier series

P = > Prijy 2V 1R

i€Zn ,jeZ3m™ keZn

and consider the truncation

R = Z pkijyi2j6ﬂ<k’x> = Z (Proo + (Pr10,y)
li]+]5]<3,| k| <K 4 |k| <K,
(3.3) +(Pro1, 2) + (U, Praoy) + (y, Pu112) + (2, Prozz))eY " 1Fo),

Lemma 3.1. Assume that

S
H1) s, < —;
) S"roo— 16)
H2) Ale AT dA < s
Ky

Then there is a constant ¢ such that

3
S
05(P — R)|p, < c17y"t!(s® + f)/b 1] < n.



10 YONG LI AND YINGFEI YI

Proof. Denote

I = Y prgy'deV 1)
|k|>K 4
I = Z prijyizley Tk
|k <K 4, ]il+]51>3
o) k) i
Dyroz Z prije” Ty dydz,

|k <Ko lil+15]1>3

7
D. = D(ry+g(r—ry)s),

where / is the obvious anti-derivative of ;;p 577 for [p| + |g| = 3. Clearly,
P—-R=1+1II

We note by H1) that Dg C D,.
Since, by Cauchy’s estimate,

Y ki’ e| < 0LPlp(rse T <y SR pueF i <,
€2y, jeZ3m

H2) implies that

< 3 e ekt B =)
|]€|>K+
)
’7‘7’7‘+ ’l"*’l"+
S n+1 2/1' Z Ko R TE S’YnJrlSQM/ )\nef)\l—ﬁd)\
K= K+ K+
S ")/nJrlSB‘LL, |l| S n.

It follows that

AP~ I)|p. < |0} Hs?

LI|p, <29"F1su, || < n.

By Cauchy’s estimate of 9 (P — I) on D., we then have

(p,q) o
|a§\II|DS S |/% Z aé\kaJe\/__l<k’m>yzz‘]dde|Dg
YRR i<k il +15123
o)
< 1 [ Ggth (P =T = Rlp.dydIn,

3

1

< 2( ) s zul/ddeIDs < eyt *m I <n.
S —8S+

Thus,

3
S
|6§\(P - R)|D8 < c’ynJrl(SS + f)ﬂu |l| <n.



PERSISTENCE OF HYPERBOLIC TORI IN HAMILTONIAN SYSTEMS 11

3.2. The linear homological equations. Write M into blocks

Men=( g ).

where
Az, \) = ZAkem<k’w>,
kezn
B(z,\) = Y BpeV ko)
kezn
M(z,\) = ZMke‘/__l<k’w>
kezn

are n X n, n X 2m, 2m x 2m blocks of M respectively.
To transform (3.2) into the Hamiltonian in the next KAM cycle, a symplectic
transformation should at least eliminate all its first order resonant terms

ProoeY TR (Prg, y)eV IR (P, 2)eV TR (P 2), 0 < k| < K

An essential idea of our linear iterative scheme is to find a Hamiltonian F' of the
form

(3.4) F= Y (fro+{fery)+ (Frr,2)eV 102 4 (R, 2)
0<|k|<K 4

such that the time-1 map ¢ of the flow generated by F, as a symplectic trans-
formation, will precisely eliminate the above resonant terms. To be able to fix the
first ng components of the toral frequencies as stated in Theorem 2 1), we shall also
find a Y, € R™ so that the translation of coordinate

Y.
¢:x— T, y—>y—|—<0), z— 2z

removes all possible drifts among the first ny components of the new toral frequen-

cies.
Denote
U E
[A] - ( ET V4 >7
R = |[R]+ Z ({y, Peaoy) + (y, Pe112) + (2, Prgaz))e¥ " 10:)
0<|k|<K4
(3:5) —(Poot, ) + Z (B J Fi1, ),
[k|<K 4
(36) R, = (1-t){N,F}+R,

— Y*
y * - O )

where U, E, V are the ng x ng, ng X (n — ng), (n —ng) x (n —ng) blocks of [4]
respectively.
Let

O =dpo¢.



12 YONG LI AND YINGFEI YI

Then it is easy to see that
Hy = Ho®,=Hog¢prop=(N+R)oppod+(P—R)odrog
= (N+R)o¢—(y., (A= [A]y) — (ys, Bz)
+({N,F} + R—R') o ¢+ (y., (A = [A])y) + (y., Bz)

1
—I—/O {Rt,F}ogb%O(bdt—F(P—R)oqﬁ};oqﬁ.

Since the Taylor-Fourier series of R — R’ consists of terms of Fourier modes
eV=1k) 0 < |k| < K, but that of {N, F} contains some high modes e¥~1¢*:*)
for |k| > K, we need to choose a function @ of high order such that both equations

(3.7) (N, F}+R-R)od—Q+ (yu (A~ [A)y) + (y«, Bz) =0,
(3.8) diag(U, O)y. = diag(In,,0)(—Poro — » , B_;JFj)
l7I<K4

are solvable. If this is the case, then it is easy to see that

H+ = N++P+,

N = et @+ 5 (7)o M (V) + oo

= e++<Q+()\),y>+%<<Z>,( ;_:T ]\B;; > <Z>>+ho(I,y,Z7>\),

where
(39) ey = e+ Pooo + <Q7 y*>,
(3.10) Q4 =Q+diag(O, Ln—no)([Alys + Poro+ Y B-rJFra),

|k| <K

(3.11) AT =A+ ) 2PeY 1,

|k| <K+

(312) BT =B+ > Pae’ 0
|k| <K

(313) Mt =M+ Y 2PyeY 1hm),
|k| <K+

1
Pe= [{RuF}odpoadt+ (P~ R)os}oo
0
1
+§<y*7 (A - 2dlag(U7 O))y*> + ho((E, Y+ Ys, 2, )‘) - ho((E, Y, %, )‘)
(3.14) + Z ({Yer Po20ye) + (Y, 2Pi20y) + (U, Penr2))e” 102 4 Q.
|k| <K
We now explore equations (3.7) and (3.8). Let
1 1
Q=0 D (50 Alx, ) + 0xly. B(x, N)2) + 50x (2, M(z, A)2)
0<|k|<K 4
+8mh0(x7 Y, %, )‘)7 fk1> + (_ _1<k7 A($7 )\)y + B(IL', >\)Z>
+0yho(@,y, 2, M) (fro + (frr, y) + (Fra, 2)))e¥ 15
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+ Z BkJF()l, <MkJF01,Z>)€E<k’z>
|]€|>K+

+ > ((Bi—j JFj1,y) + (My—j T Fj1, 2))eV 100
|k|>K4,0<|j|<K 4

+ Z (0:ho(x,y, 2, \)J Fya, 2)e ﬂ<k’m>)o¢

0<|k|<K4
+ Z V=1 i1, u) + (BT (2, sy JFe1) 4 (Prro, ys) Je¥ =1k
0<|k|<K4
(3.15)  + Z (Yo, Aky) + (Yo, Brz))eY 57 1 (BT (2, Ny, JFon ).
|k|>K

Substituting (3.3)-(3.5) and (3.15) into (3.7) yields
— ST VTR Q) o + i w) + (B, 2)ey T

0<|k|<K}
+ Y (5, M_jJFn) + > ((y, Br—j JFj1)
l7I<K4 0<|k|<K 4 || <K4
2, My—j JFj))eV =10 4 Z (Y, Aky) + (Y, Brz) + Proo + (Pr1o, y)

0<|k|<K

+<Pk01, Z>)€\/jl<k’x> + <P001 + [B]Ty*, Z> =0.

By comparing coefficients above, equations (3.7), (3.8) give rise to the following
linear homological equations for all 0 < |k| < K:

(3.16)  V=1(k,(\))fro = Proo,
(317) \/__1<ka Q()‘)>fk1 = PklO + Aky* + Z Bk—jJFjl,

l7I<K4
VeI, Q) Fra — [M]JFa = Y My jJF;
0<|j|<K 4, j#k
(3.18) +Pro1 + By yu + MyJFor,
(319) [M]JFOl = —PQ()l — Z M_jJFjl — [B]Ty*,
0<[jI<K+
(320) dlag(U, O)y*< = diag([no,O)(—Pow - Z B,jJFjl - [B]JFOl)
0<|jI<Ky
Let
(3.21) Or = {NeO: (ko) > |k| 0< |kl < K4},
Y = [M]J-[B] diag(U™",0)[B]J,
YY = [M°J—[BY diag((U*)~%,0)[B°]J.

Then (k,2(N\)) is invertible on Oy for all 0 < |k| < K. If we assume that
1
H3) |03(M = M°)|piyxo < vt I < n,
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then as u, small, both U and Y are non-singular on O. Thus, for all 0 < |k| < K,
A € Oy, (3.16) is immediately solvable, and, (3.17), (3.19) and (3.20) can be also
solved in terms of Fy1, 0 < |k| < K4. More precisely, we have
(322)  fro = —V—1{k, 2(N\) " Proo,
fkl = —V —1<I€, Q(A)>_1(Pk10 - Akdiag(U_l, O)(P()lo
+ > B_jJFj)+ (Bk — Apdiag(U™", 0)[B])JY ! (= Poor

0<|jI<K4
_ Z M_;JFj + [B] " diag(U™", 0)Poro
0<|j|<K4
(3.23) +diagU™,0) > B_jJEn)+ > BrjJFy),
0<|jI<K4 0<|jI<K 4
F()l = Y_l(—P()Ol — Z M,jJFjl + [B]Tdiag(U_l, O)P()lo
0<|j|<Ky
(3.24) +diag(U™',0) > B_;JFy),
0<|jI<Ky4
yo = diag(U,0)(=Poso — > B_;JJFj — [BlJY (=P
0<|j|<Ky
— Y M_;JF;j+[B] diag(U",0)Po
0<|jI<Ky4
(3.25) +diag(U™',0) > B_;JFp)).
0<|j|<K 4

Substituting (3.24), (3.25) into (3.18), it is easy to see that Fj1, 0 < |k| < K4,
satisfy the following equations:

(3.26) LiFy = Z My Fj1 + Py,
0<|jI<K 1
where

— Mkk, j = ka

Pi = Pror — By diag(U ™1, 0)Py1o + B} diag(U~*,0)[B]JY ! Pyoy
— By diag(U~",0)[B]JY ~'[B] "diag(U~", 0) Poio

(3.29) — M. JY "' Pyoy + My, JY 7' [B] " diag(U ™, O) Po1o,
with
My; = MJY (—M_;J+diag(U™*,0)B_;J)

+By diag(U™',0)(=B_;J + [B]JY " (M_;J — diag(U~*,0)B_;J)).

Thus, equations (3.16)-(3.20) are solvable on O if and only if (3.26) is. In fact,
for the sake of convergence of the symplectic transformations to be constructed, not
only do these equations need to be solvable, but also their solutions should satisfy
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certain exponential decay properties. This motivates us to consider the following
weighted functions:

By = eMoet5t=r gm0 < [k < Ky,
My, = e(‘k‘_‘j‘)(”JF%(T_”))Mkj, 0 < |k|, lj| < K4,
P = eMortstr—rp o< k] < K.
Let T = “ <7 be a fixed ordering on Z7} with the property that whenever

k k. € Z} with |k| < |k.|, then k < k.. We define

as the column vectors which vertically line up all Fj1, P;, 0 < |j| < K, respectively,
according to the ordering 7. We also form the matrices

(3.30) A = diag(Ly), A= (My;)),

according to the same ordering 7. Then it is clear that the equations in (3.26) can
be putted into the following system form:

(3.31) (A— A)F =7P.

3.3. Invertibility of A — A. The invertibility of A — A will be shown by a pertur-
bation argument.

Let {M?}, {B}} be the Fourier coefficients of M°, B° respectively, and let
ng, 0 < |k|,|4] < K4, be defined as in (3.28) with MY, BY,U° Y? in place of
My, B, U, Y, for all 0 < |k| < K, respectively. Denote

LO =V _1<k7w> - [MO]‘L Mlgj = e(lkl_ljl)(r++%(T_T+))M18j7 0< |j|7 |k| < K+7

and let A%, A" be defined as in (3.30) with LY, M,Sj in place of Ly, My;, 0 <
l7], 1k| < K, respectively. We first show the invertibility of A° —.A° on Oy, along
with the estimate of an upper bound for its inverse.

By the hyperbolicity of [M°]J, it is easy to see that all LY, 0 < |k| < K, are
non-singular on Oy. This implies that A° is non-singular on Q. To obtain an upper
bound of [(A%)~!] on Op, we need to estimate a uniform bound for all |L271|(907
0< |kl <Ky

To do so, let L = L(A) be non-singular on Qg such that

L' M°JL =E,

where E = E()) denotes the Jordan canonical form of [MY]J = [M°()\)]J for each
A € Og. Due to the possible change of multiplicities of eigenvalues of [M°]J, L
is in general not continuous on Oy. However, by the standard Q-R decomposition
procedure, for each A € Oy, there is an upper triangular matrix S = S(\) such that
LS is orthogonal. Denote E = E(\) = S™'ES, then E is also upper triangular,
and,

(LS)T[M°1J(LS) = (LS) *[M°]J(LS) =S 'ES = E.
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Let |- |2 denote the matrix norm induced by the Euclidean vector norm. Then
for any n x 2m matrix (a;;),

1
EK%N < [(aij)l2 < vV2ml(a)|-

It follows that

(3.32) |E| < V2m|E|2 = V2m|[M°]J]s < 2m|[M"]],
(L)~ < V2m|(LR) " 2 = V2m|(V=1(k,w) L2 — E) 7'
(3.33) < 2m|(vV—=1{k,w)Izm — E)71.

Since the eigenvalues of [MO°]J coincide with those of F, eigenvalues of
v—1{k,w) I, — F are bounded below in absolute value by o¢. Using H), (3.32),
(3.33) and the standard inverse formula for upper triangular matrices, we have that

|E|Oo

_ L 2m —
(L)~ < 2m|(V=1{k,w)lom — B) 7| < —(1 + )2mt
0o 00
2m 2m _ Po
< 0 2m—1 _ PO
< TR M oy) :

forall A € Op, 0 < |k| < K4, i.e.,

(3.34) (A% o, < 2.

Next, we give an estimate for |A°|o,.

Let U(z) = (ui;j(x)) be a real analytic, matrix valued function defined on D(a)
(a > 0) and denote Uy, = (upsj), k € Z™\ {0}, as the kth Fourier coefficient of U (z).
Since

= [ - ppe T,
Cauchy’s estimate yields that
(3.35) el < U~ U]l pgeye "

It also follows from Parseval’s identity that

Z U] = Z maXZ|ukU|<\/_ Z Z|uk”|2

o< |k|<K o< |k|<K 0<|k|<K I
1
= V2m Z( Z lugi;)?)? < 2mmaxz lwsj — [wis)ll L2(D(a))
I 0<|k|<K
(3.36) < 2m maxz luij — [uijl|pay = 2mU — [U]|p(a)

for any K > 0.
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Applying (3.36) to the formula for M,gj similar to (3.28), we see that, for any
0< |k <Ki, e Oy,

SooAMYI =M+ D My

0<|jI<K ¢ 0<|j|ISK+,j#k
<IMO = [M]|p(r,y + (1 +2m)|(YO)~H|MO — [MO]3,.,
+(1+2m)|(YO)TH[(U)THIMO = [MO)p(y | B = [B%)Ip(r)
+(1+2m)|(YO) W) THIBY = [B] |5
+(1+2m)|(U) B = [Blp(.y + (1 +2m)[[BOYI(Y°) ~H[(U°) 7
|M° — [M°]|p(.)

B - [Bo]lD(m)

_ _ 1
(3.37)  +(1+2m)|[BY(Y)THI(U)TPIB® — [Blp(,) <+ an® = o
where 7, o are as in (1.8), (1.9) respectively, i.e.,

2

" VP + dapy + po’
o = (1+2m)((YO)+[UO)
+ (@)@ + 1B + B0 ) o,
We now choose 79 in (3.1). Define
Aa) = (eF=De 0

as the one parameter family of matrices which are of the same dimension as 4 and
are formed according to the ordering 7. Then (3.37) clearly implies that

1
AY(0)|o, < —.
A (0)]o o

Note that, by (3.35),
S hdlafpl | < e 3 e Rl < o 37 el o

71>0 71>0 l71=0

IN

D k=gl MG < e Y k= jleE
151>0 151>0
< ¢ Z ljle bl0—a) < 5o
l71=0

for all |I| < n. It follows that the family of functions
mei(a)= > el
0<|jI<K

is uniformly bounded and equi-continuous. Hence

0 _ [k—jla| 1 70
|A (a)loo = 0<I‘2%XK+ Z e’ a|Mkj|(90
0<|j|<K4
is continuous in @ € [0, r,) uniformly in K.

Let ro = ro(r«, 00, U°) € (0, %] be fixed such that
db? 1

0 _—— R
A= FErollo, < -
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Denote

(3.38) €)= (£ + Dat 20 Ly

Then
7
E(r) = ro+ g(r —74),
d 2
§(ro) = (1—1—56)7“@
Since

e(IKIZlINED | 10| < elk=d160 a0 | < elk=dlEo |01 0 < [k, |j] < K,

we have that

(3.39) |wm$mwwmm<i

Thus, by (3.34),

[(A%) Mo,
A%o,[(A%) 7o,

(A = Ao, < 7 <200

Lemma 3.2. Assume H3) and also that
1
H4) |0i A — 0 A% 0 < pi.
Then as p. sufficiently small, L = A— A is non-singular on O, and moreover, there
is a constant co such that

|0k Llo < oKy, |I] < .
Proof. Given €¢g > 0 small. Since, by H3),
1
U—-U%%0, Y =Y%0, IM = M°|o < |M—-Mo < ul,

el . 1 1
we can choose p, small, say, p. < 1 +0€0 min{ T Tor TV Tlon }, such that
(3.40) U o < (1+e)|(U%) o,
(3.41) Y7o < (14+e)l(Y) oo,
Mo < (1+€)|M°|o,.

Define p, similar to py with M, O, o, = (1 — €y)og in place of M, Oq, oo
respectively. Then, p, < §p0 as €9 small, and, as u, small the real parts of all

eigenvalues of [M]J are bounded below in absolute value by oy.
On one hand, by a similar argument as for (3.34), we have that

1 2
Ao < =ps < Spo.
| lo < o P = 3P0
On the other hand, by (3.39) and H4), we can make p. even smaller if necessary
so that

2
Alp < —.
Ao ey

It follows that £ is non-singular on O and

17 o < 4po.
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Since, by H3) and H4),
|OxL]o < [OAA]o + |0aAlo < ¢K 4,
we also have
|ONL ™ o = |L7HONL)L ™ o < |OnLlo|L7HH < cKy.

By induction,
|0\ L7 o < cKy, JI] < n.

O

Above all, with the hypotheses H3), H4), the linear system (3.31) can be uniquely
solved on O to yield smooth functions fro, fr1, Fr1, Fo1,y«, 0 < |k| < K. Hence,

the Hamiltonian F' in (3.4) is well defined, smooth in A € O, and real analytic in

(z,y,2) € D.

3.4. Estimates on the transformation. We first give some estimates on F' and

its derivatives. Denote
< = K.;,_F(T — T+).
Lemma 3.3. Assume H3), H4) and also that
H5) 0L(2 - w)lo < ui, I < n.
Then there is a constant cs such that the following holds for all |I| < n.

1) [0k yslo, < esy™Tlsud.
2) On D(s) x Oy,

|ONF|, |03Fzl, s|05NFy|, s|O\F:| < cas”uC.
3) On D(B) x O,
XD F| < espud, |i| <4,
where D = (4 4,2y
Proof. Let |l| < n. First, we observe by Cauchy’s estimate that
A Puslo < es™ T D|OLPIp(rsyc0e M
(3.42) < ey T2 T e RN k) >0, 4,5 =0,1,2,

and by (3.35) and H3) that
|0\ My|o, |05Bklo

IN

|0AM = MO p(ry oM
(3.43)
Let A € O4, |k| > 0. Then, by (3.29), (3.40)-(3.43), we have that

|O8Px| < ey spe M,

IN

ie.,
04P| < ey sp.
Using (3.31) and Lemma 3.2, it follows that
|08 Fin| < |03F| = [OA(LTP)| < eyl spkK .
Hence,

(3.44) 104 Fia| < ey"Hlspk e Flre+Er=re)),

1 1
’7(7)1+1M:6_‘k‘r < 2n+17n+lufe—|k|r’ |]€| > 0.
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By straightforward applications of (3.40)-(3.44) to (3.24) and (3.25), we then
obtain 1) and also that

(3.45) |0k For| < ey Tlspk .
Next, we note by H5), (3.21) and a direct calculation that

|k|\l|+(\k\+1)r

944k, QO 7| < =g

This together with (3.40)-(3.44) implies that
(3.46) 10 fro| < k|1t G2 o= lklr
(3.47) O3Sl <

Now, using the expression of F, y, in (3.4) and (3.25) respectively, parts 2), 3)
of the lemma follow directly from (3.43)-(3.47). O

|7 gy B o= IR+ rr)).

Lemma 3.4. Assume H1), H3)-H5) and also that
H6) c3u¢ < g(r—ry);
H7) cssuC < s+
HS8) c3u¢ < 6_26+.
Let ¢% be the flow generated by F. Then the following holds.

1) Forall0<t<1,

¢ : D3 — Dy,
¢:D1 — Ds
are well defined, real analytic and depend smoothly on A € O..
2) Let &, = ¢k op. Then for all X € O,

D+_)D7

(I)J,- : .D+ — D(T, ﬁ)

3) There is a constant ¢4 such that

04 (¢4 —id)|p(syxo, < caspd,
\D (@4 —id)lp, o, < capc,

for all [I] <mn, 0<i<3, 0<t<1, where D = 0y,

Proof. Let A € Oy.
1) We note that

t
(3.48) t=id + / X o ¢5de,
0

where Xp = (Fy, —Fy, JF)T.
Denote ¢k, ¢hog, ¢hag as components of ¢ in z,y, z planes respectively. For any
(z,y,2) € D3, let t. = sup{t € [0,1] : ¢%(x,y,2) € Dy. By H1), we have that
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Dy C D(s). It follows from H6), H7) and Lemma 3.3 that

t
2
s (@ 3,2)] = || +] / Fy 0 65| < lal + | Fylpey < 74 + 5(r = 74) + cs5yiC
0
3
< 7+t 5(7’ —7T4),
t
|¢§5‘2($7yv‘z)| = |y| + | - / Fyo d’%dﬂ < |y| + |F1|D(s) < 3S+ + C3S2u< < 45+a
0
t
sy 2)| = ||+ / JF, 0 ¢50¢] < [2] + | Fulpgs) < 354 + casc < 4ss,
0

ie., ¢h(x,y,2) € Dy for all 0 <t < t,. Thus, t, =1 and 1) holds.
2) follows from Lemma 3.3, H8) and a similar argument as 1).
3) Using Lemma 3.3 and (3.48), we immediately have
|¢% — id|p(sy < ezspC.
Differentiating (3.48) with respect to A yields
t t
Oy = | DXrodfonside+ [ (OuF,~0nF JOF) T 0 g5 s
0 0
It follows from Lemma 3.3 and Gronwall’s inequality that
1065 D(s) < cspC.
By induction, we have

The estimates for @ follow from a similar application of Lemma 3.3 and Gron-
wall’s inequality, and the identity

0
by —id=(¢h —id)od+ | w.
0

We omit the details. O

3.5. Estimates on the new Hamiltonian. We first estimate the new normal
form.

Lemma 3.5. Assume H3), H5). Then there is a constant c5 such that the following
holds for all |I| < n:

04 (ex —e)lo, < ey Thsud,
4(% — Do, < ey Tsug,
A(MY = M)lp,xo, < esy"ul(r —ry).

Proof. The estimates for |9} (e™ —e)|o, follows immediately from (3.9), (3.42), H5)
and Lemma 3.3 1). Also, it follows from (3.10), (3.42)-(3.44) and Lemma 3.3 1)
that

|k|r
052 — Do, < ey spC+ ey spky Y em 2 < ey Hlspg,
|k|>0
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and from (3.11)-(3.13) and (3.42) that
AMT = M)lpi 1m0, <€ 3 kLS |05 PuijloeI 5 0=re)
k][>0 itj=2

(349) <oy Y (Kl M < ey ul(r — 1), U] < e
|k|>0

This proves the lemma. (|

Lemma 3.6. Assume that
H9) 57" lsuCKT <y — 4.
Then

[k, Q2 (V)] > “Z—T

forall A€ Oy and 0 < |k| < K.
Proof. By H9) and Lemma 3.5, we have
[k, e Q) = [k, Q)| = sy sp¢ KT

g
_057n+1S/LCKI—+1 > ﬁ,

as desired. O

>
Lik

Let UT be the ng x ng ordered principal block of [AT]. By (3.49) and HT7), we
see that
Ut Ulo, < e e Sacs
C3 S
= Sgho < S bho o =S

C
= < 0 < — s
C3 C3 C3

It follows that U™ is non-singular on O as long as p, is small. A similar argument
shows the same for

Y+ =[MT)J - [BT] diag(UT)™!,0)[B]J.
Now, let M,", B, denote the Fourier coefficients of M+, B*, respectively, and

define M,;Z., k], |j] # 0, as in (3.28) with M,", B;", U™, Y™ in place of My, By, U, Y,
for all |k| # 0, respectively. We have the following.

Lemma 3.7. Assume H3), H5) and H7). Then there is a constant cg such that

‘Il?‘ax e(|k|7lj|)§(”)|8§\M,j;. — A Myjlo, <cey" P ul?(r —ry), I <n,
>0
l71>0

where & is as in (3.38).

Proof. First of all, we note by H3) and (3.49) that M,", B,", My, By, (U")™L,
(Y*)=Y, UL, Y1 are uniformly bounded on Oy by a constant which is indepen-
dent of the iteration process. Secondly, by (3.49) and Cauchy’s estimate, we have
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that
M — AMjlo, < |OAMT — 0\ Mp(s, 4 1(rr,yywo, e HIT+HEI=D)
< AMT = BM)lp(rs s 1 (rryyxon e HIOHHECTT)
< ey Tl (r — vy )e I8
8B — 0\Bjlo, < |ABT =0 Blp(r, 1 1(r—r,yxo,e TS
< AMT = M) oy 4 1y o, e IOHHETE)
< eyl (r — ry)e 118,

It follows from (3.28) and a similar formular for M ,;'; that
|8§M,3Lj - (9§\M;€]<|@+ < ey Pl (r — 1y e R=lEm)

for all |k, |j] > 0.

Hence,
Z e(\k\—\j\)f(m)mg\M]:; _ aé\Mkj|(’)+ < Z e(lk_jl)g(”)wlAM,:; _ aé\Mkj|(’)+
l51>0 5]>0
< ey ul(r —ry) Z e~ 1k=3l(E(r)—&(ry))
l7]>0
<ey"Tul(r —ry) Z e~ Ik=il =+ < eyl (r —ry).
l71>0
O
Let
° 3 1.2,2 151
(3.50) A= (s°u+"Ts% 4" ).
r—ry s

Lemma 3.8. Assume H2)-H7). Then there is a constant c; such that

|(9§\‘P_|_|DJr S C7A7 |l| S n.

Thus, if

H10) ;A < W$+lsiu+, and QSMK:LH <y =74,
then

551 P o, <A

Proof. Let |l] <n, A € O4. By Lemma 3.1 and Cauchy’s estimate, we have

n+1

3 2

c cy n,s sL

ADP—-R < (P —-R < B
|0\D( ) Ds S+| )\ )ps < p— S++ S)

T (r—ry)

3

where D = 0, ). This together with Lemma 3.3 1) implies that
ntl2 o4 3
|a§\(P—R)°‘I)+|D+ < LB (—+Si)(+cu(33—|——+)
r—r+ S4 S
,YnJrl 83

(3.52) < ¢ (2% + —Fp)C.

r—=r4
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Also, a direct estimate using (3.42) yields that

|0AD*R|p(s) < > |0 Py |57+~ | el*l o+ § (=)
0<|k| <K ,0<i,j<2
(3.53) < eyTlsp Z |k|e_‘k‘% <ey"Msul(r —ry), a=0,1.
0<|k| <K

Similarly, by (3.5), (3.42)-(3.44),
(3.54) |O4D R |p(s) < ey T spK L T(r —ry) = ey lspd, a=0,1.

We now estimate @ in (3.15). Let

Q= Y (50l Al \y) + 8uly, Bz, V)2)
0<|k|<K 4
4500 M (@02} + 0o (a,,2,0), fur)

+(—vV -1k, A(z, \)y + B(z, \)z) + Oyho(x,y, 2, \)) (fro + (fe1, ¥) + (Fr1,2))
+{0.ho(z,y, 2, \)J Fja1, Z>)e¢j1(k,z)7

Q2 = Z ((BrJFo1,y) + (MkJFOl’Z>)e\/—*1<k,gc>7
|k|>K 4

Qs = Z (Bi_j JFj1,y) + (My_; JFyy, 2))eV 1)
B> K4 i <Ky

do = <BT($)ZJ*,JF01>7

a=— Y VoIlfry) + (BT @)y, JFia) + (Prao,ye))e¥ 150,
0<|k|<K 4
2= Y (Y Ary) + (g, Bez))e¥ 0,
|k|>K 4

q=ho(z,y + ys, 2, A) — ho(z,y, 2, ).
Then
Q=(Q1+Q2+Q3)00+q0+aq +qo.
By H3), it is clear that
8 Alp(rys 108Blp(ry [0AM |y, 5~ 1038xhol Dy 521088y, 2y holpm), 1U] < ¢
It follows from the above and (3.44)-(3.47) that

RQilp, < ¢ > (sHOAfarl + sy [KI(105 Frol + 54108 fua

0<|k| <K
1(p_
s+|8f\Fk1|)e‘k‘(”+4(T T+))
5(r—ry)

CS2S+,LLK+ § : |k|n+(n+1)7+6ef|k| 5
0<|k|<K 4

IN

IN

cs?sy uK T(r —ry) = essy
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and from (3.42), (3.47) and Lemma 3.3 1) that

Raolp, < ¢ D (105yl[Fror| + [y:]|05 Fron ) < ey s* P Ky G,
0<|k|<K
Dhailp, < D (18wsl(Ifxal + | Fral + | Praol)
0<|k|<K4
Hy (105 fra| + |08 Fra | + 03 Prao) el 5 (r=r))
< ,yn+1 2M2<K Z |k|1+2767|k|+ SC’YHH 2M2<2-
O0<|k|<K
Similarly,
|aé\Ql|D(s) < CSSNC?
|08aolpsy < eyt KL(,
|8§\ql|D(s) < CS2,“'2<25
(3.55) 108alpsy < ev"Tspstuc.

By (3.43)-(3.45) and H2), we also have

Qalpy < ¢ 3 s (OBl + [OLMi])| Fon|
[k|>K

+(|Bi| + |Mi|)| 8L For | )M ++3r=r+)

3(r—r)
< oyt sspuky Z e M <oy tlss 12Ky
|k|>K+
l 2 l
Ao, < ¢ X selOABs| + 1AMy )
Ik[>K1,0<]j| <Ky
+(|Brj| + [ My )| 0L Fjy | )el¥l r++3(r=rs))
(r=ry) L (r=ry)
< eyl K ( Z et 2+)( Z e 8+)
L 0<|jI<K+
< " les P K T (r —ry) = ey lssy ¢
Similarly,
08Q2lp(sy < 7”+1S2N2K+,
108Qslps) < ey"ts?uAC

Note that, similar to (3.43),

1
03 Aklo < [AM — B Molp(ryxope™ ™" < g T pud e
This together with (3.43), H2) and Lemma 3.3 1) implies that

Bl < ¢ 3 se (05l + 104Bul)l
[k|>K 4
(|Ak] + |Bg))| 0Ly eI+ r=rs))

B 3(r—ry)
eyt s suKy g e IFl=—=
|k|>K

IN +

S 2n+1C’}/n+1S+S,[L2<.
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Similarly,
104a2|p(s) < ey s%RAC
It now follows from Lemma 3.3 1) that
(3.56) Q. < e(Psentn
(3.57) 8Qod pe < e(s’uty"Ts"u?)E

Applying Cauchy’s estimate to (3.57), we then have

n+1 2 2)<2

! -1 < c ! —1
|6AD(QO¢ )|D3 = (T—T’+)(S—3S+)|8>\(QO¢ )|D(S)
(3.58) < (P su?)
r—=r4
Denote
1
Wo = / (Ry, F} o ghdt,
0
1 .
Wl = §<y*7 (A - 2d1ag(Ua O))y*>
+ D (Y Praoys) + (e 2Piaoy)) + (Y, Prarz))eY 10,
[k| <Ky
Then by (3.14),
(3.59) Pr=Wyop+W1+Q+q+ (P—-R)od,.
Since by (3.6) and (3.7)
R, = (1-t){N,F}+R
= 1-0)(Q— (y«, (A—[ADy) — (v, Bz)) 0 ¢~ ' = (R—R')) + R,
we have

1
Wy = / (1= 0((Q — (yos (A— [ADy) — (g, B2)) 0 b~ — R+ R))+ R, F} o gludt.
Using Lemma 3.3 1), 2) and Lemma 3.4 3), we have by (3.58) that

(SBMQ 4 7n+1S2M3)C37

1

B60) 18 [ {Qoe Fyodhdtooln, <
0

and, by (3.53) and (3.54) that

—ry

1 1
(3.61) (10! / (R, F} o gludt o 9| + |0 / (R, F} o dladto d|)p, < cy™1s2u2C?.
0 0
By Lemma 3.3, it is also clear that
1
S / (g (A= [ADy) + (e, B2)) 0 61, F} o dlodt 0 6lp, < ey 1su%C%,
0

This together with (3.60) and (3.61) yields that

2
| (53 + 7n+182)c3'
—r

(3.62) 08 Woodlp, <c
T

Using the above arguments along with (3.42) and Lemma 3.3, we also have

(3.63) 5Wilp, < ey (ss + 8)sp”C
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Above all, it follows from (3.52), (3.55), (3.56), (3.59), (3.62), (3.63) that

3 53
0AP D, < e o (5452 9" % 4 5707 49" =) < e

4. ITERATION LEMMA

27

Let 70, S0, MO, Y0, Oo, H(), No, €0, Q(), MO, AO, BO7 ]\407 .AO, h,o, P() be defined as in
Section 3 and let Dy = D(ro, o), Do = D(r9, 80), Do = {z : |Imz| < ro}, Ko =0,
®y =id. For v =1,2---, we index all index-free quantities in Section 3 by v and
index all “+ ”-indexed quantities in Section 3 by v + 1. This yields the following

sequences with the properties stated in Section 3:

H, = H,(z,y,2,\)=N,+ P,
1
N = et @+ (7)o (V) + ol
i} A” BY
M= <<BU>T M”)’
1 - i+l
r, = r0(1—§( —6);6 ),
S, = sllj"_'li"'a,

~ 1
fv = ﬂ0(1_22i+1)’

i1
v—1
W= -3 )
i=0
Ly = C0So_ily—1, co = max{l,c1, - ,cr},
K, = ([log 51,71] +1)3, v>1,
Or = {NE0, 1 [k Qs > TR0 < S Kb w21,
D, = D(rv,sv),
Dy = D+ res = m), )
D, = A{z:[Imz|<r},

v=0,1,---.

We now prove an iteration lemma which checks the validity of all KAM steps.

Lemma 4.1. (Iteration Lemma) If 1. = p« (74, Bo, 00, U°) is sufficiently small,

then the following holds for all || < njv =1,2,---.
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1)
(4.1) 104 (e — eo)lo, <12z,
.

(4.2) 10 (e — ev—1)|o, < 73(";#7
(4.3) 1042 — Q)lo, <RV uz,

2(n+1) | 3
(4.4) A (R = Qi) < Lt
(4.5) 0(MY = MO)|p,xo, <5l

\

(1.6) M — Mo, < B
(4.7) 03P D, x0, <70 s -

2) (QU()\))l = wi(/\), 1= 1,27 s, No-

3) There is a transformation ¥, : D, x 0, — ﬁl,_l, D, x 0O, — D,_q,
which is symplectic and analytic in (x,y,z) € bl,+1, and smooth in A €
Oy41, such that

H,=H, 109,

and

(4.8) AD" (@, — id)| 5, w0, <

Opi1 =N €O, : [k, QW) > ﬁ K, < k| < Kyi1}.

Proof. The lemma will be proved by induction. We first verify the conditions H1),
H2), H5)-H10) in Section 3 for all v = 0,1,---.
By definitions of u,, s,, we clearly have

525 (1+bto)” —1)

(4.9) Mo = CoHoSg ;
(4.10) S, = SE)HHU)V,
(4.11) so = "y"+1+a70,u§.
Define
Ty — Tyl 1 9
E, = 22— — _ry(1—-208)8""2,
8 T
X = n+6+(n+1)7]

and let € > 0 be fixed such that

(n+14ao)(1—2b—30—2¢) > (n+1),
o> (b+0)(2b+ 30+ 2¢) +¢,
3e < b.
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By (4.9)-(4.11), it is clear that if . (hence sg) is small, then
s v (1+b+0)" —1)

Hv . S0
COW = (1+b+a) (2b+30+2¢)
= sy o MOCOSE)HU st
(4.12) < sy Ut ",uo(coso) <sp "o < ,u* .
Since
I, = T(r,—r,q)=e Z |k |t ()T 46 (kI By

0<|k|<Kpnut1
oo eFoox |
< eEo/ e —AE d)\<#+l)',
1 Ey
we can make p, (hence sg) small such that

553 85 coe3Fo23X (y + 1)1)3 glbtoe Y
B, ~ o€V + 1)!)3E§><+1 = ET : so < 1.

Co

On the other hand, we can also make p, (hence s,) small such that

1
sk = s ([log —] +1)° < 1.

Sv
Therefore,
s2e¢3 cossT3
(4.13) g Z( 5 )( SED) <1

By (4.9) and (4.13), we can again make p, (hence sg) small such that

comCy = Cou (s5°¢)) < Coﬂ < pE st
I/

1

1 (2b+30)(14+b+0)” 1/ (20430)(b+o)\” .
(114) = s (et} ¢ 1
Using the definition of s,, we clearly have
s
Sup1 < 509, < ﬁ,

i.e., H1) holds.
By making p. small, we can apply (4.10) and (4.11) to make s, small such that

log(n + 1)! + 3nlog([log i] +1) - %([log ! —]+1)*+ (n+1)(log2 +log E,)

1 1
<log(n + 1)! + 3nlog(log - +2) — (log S—)

+(n+1)(log2 + log(2 *ro(1 — 6)6%) + vlog d)

1
< —log —.

Sy
Hence,
> n Az n Ku+1 " _K Ey
AteT T dAL2%(n+ D) | —— ] e fvhrT <.
Ky E,
This verifies H2).
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Applying (4.12) and (4.13), we have that

CO,LLIJCI/ &COSEECV < &
E, s E, T s

COSU,LLIJCI/ _ Hy 2e My
- Sb+cr+2€ (COSV CV) < Sb+a’+2s <1
v v

syt <,
Sv+1

which verify H6) and HT7) respectively. H9) can be verified similarly.
Since

Bo

By = Bu1 = Svt2;

it follows from (4.14) that

4
as fy < %. This verifies H8).

Applying (4.12) and (4.13) again, we have that

3 3 2,2
COAV = ¢ v ( Svlv Sulty Sv+1Hv
n+1_2 - n+1_2 2
71/-5—1 Su+1/J’V+1 4EV Tv Su—i—l/'LU"rl Sl/+1'u’/+1 SvHv+1
2¢e -3 1-2b—30—2¢ b—2e
— E(COSV Cv Su 4 Hy 4 Su )
4 EV co,ngrl Cos,%b+3a+28 co

1 00812/64“3 1-2b—30—2¢

50

IN

i.e., the first part of H10) holds. The second part of H10) is obvious.

Next, we verify H3)-H5) by induction. For each v = 0,1,---, we define My,
|k, 7] > 0, as in (3.28) with M}, B;,U",Y" in place of My, By, U,Y, respectively,
for all |k| > 0. Using the same ordering 7 as in Section 3, we also have the matrices

AY = (e(\k\—\j\)f(m)]\/[]l;j)7 A0 = (e(lkl—ljl)ﬁ(ru)Mlgj), 0 < k|, |j] < Kuy1,

where ¢ is as in (3.38).

Clearly, H3)-H5) trivially hold for ¥ = 0. We now assume that for some positive
integer v, H3)-H5) hold for all v = 1,--- ,v,. Then the KAM step described in
Section 3 is valid for all v = 1,--- | v,. In particular, Lemmas 3.5, 3.6 hold for all
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, o+, Vg It follows from (4.14) that

Vs

|6§\(QV*+1 - QO)' < Z |aé\(QV+1 - QV)|OV+1 < ZCO'%)HFISVNVCU

v=0

+1
nHSO Z v+l = ”Yo o )N* < :U‘*v

Vs
|a§\(MU*+1 - MO)|DV*+1XOV*+1 < Z |8§\(Mu+1 - MV)|DV+1><(9V+1

IJO

Vs
< ZCO'YZJH_l,UVCV < 70+1 Z 21/+1 = PY(SH_l,U* < ,u* )
v=0

max e(|k|7|j|)§("nu*+l)|Ml’f+1 - Mo
|k|>0 4 ki ki
[31>0

Vx

< max Z e(lkl—ljl)ﬁ(Tu+1)|M;€’j+1 - M}jlo

vi+1

k|>0 vt
017550
Ve Vs 1 L
+1 2 n+1 s i
<Y oM < ST <
v=0 v=0

Thus, H3)-H5) also hold for v = v, + 1.

Above all, H1)-H10) hold for all v = 0,1,---, i.e., the KAM step described in
Section 3 is valid for all ¥ = 0,1,---. Now, part 4) of the lemma easily follows
from Lemma 3.6. Also, using (4.14), part 3) of the lemma follows from Lemma
3.4; (4.7) follows from Lemma 3.8; (4.2) and (4.4) follow from Lemma 3.5 1); (4.6)
follows from Lemma 3.7. Finally, (4.1), (4.3) and (4.5) follow from (4.2), (4.4) and
(4.6) respectively, and, part 2) of the lemma follows from an inductive application
of (3.10). This completes the proof. O

5. PROOF OF THEOREMS 1 AND 2
We first consider Theorem 2 1). By making g, = p.(r, s) small in Theorem 2,
we obtain the following sequences
‘IJV:<I)OO<IJ10~-~O<I>,,:DV+1 X Opiy1 —>D0,
HoV"=H,=N,+P,,

_ 1y u (Y
N, =t S+ 507 M (V) oo

v =20,1,---, which satisfy all properties described in Lemma 4.1.
Let

o, _Hoy, G, —D(T; 620)><O*.
v=0

Then O, is a Cantor-like set consisting of non-resonant frequencies, and moreover, a

1
measure estimate similar to that in [24] (also [4, 13]) yields that |O\O.| = O(vy*").
By Lemma 4.1 1), it is clear that e, and Q, converge uniformly on O,, and,
MY converges uniformly on D(%) x O,. We denote their limits by e, Qo0, M,
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respectively. Then M is real analytic in x, and, it follows from the Whitney’s ex-
tension theorem ([17]) that these limits are also Hélder continuous in w. Moreover,
by Lemma 4.1 1), we have that

1
leos —colo. = O Vui),
1
Q0 — Qolo, = O(p"™Vpu2),
MOO_MO o O n+1 i
| Ip(zeyxo., = O™ i)

Thus, N, converges uniformly on G, to

N = ot ) + (1) (1)) 4 ol 2,0

2
To show the convergence of ¥ on G, we note that
Uyl = Pyo---0d, —Pgo---0P, 4

- /1 D@00 ®y_y)(id + 8(®, — id))d6(D, — id).
0

It follows from Lemma 4.1 3) that
[D(®10---0®, 1)(id + 0(®, — id))|
< [DPy(Pr0: 0 Pyy)(id + 0(Dy —id)))| - - -+ |[DPy-1(id + (P, — id))]
1

1 1

1 1
4 4 4 1
*

,u;cl 2 +et “*1 #f
< (1+2)"'(1+F)§6 T el
and
1
|q)v _id|G* < I;—i
Hence,
1
_ s
|\IJV - \IJV 1|G* S 62_:;7

which implies the uniform convergence of ¥”. Let > be the limit of U¥. Then,
U is uniformly continuous in A € O, and analytic in (z,y,2) € D(%, %), and
moreover,

1
(U™ —id|g. = O(ps).
Using Lemma 4.1 3) and a similar argument as above, we can further show the
uniform convergence of DUV, D?U¥ to DU, D?U>, respectively, on G,. Hence,
on G,
P,=HoW" —N,, DP,, D*P,
converge uniformly to

Po=HoU® - N, DPs, D?P.,

respectively. Clearly, these limits above are uniformly continuous in A € O, and
analytic in (z,y, z) € D(%, %)
Note that
|Pv|p, < "YZ}JFIS:Q/,UV-
It follows from Cauchy’s estimate that, for any A € O,, j € Z%, k € Z3™ with
il + [k <2,

i ak +1
|8?J182PV|D(TV+1'7%SV) < 71? Hu-
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Since, by (4.9), the right hand side of the above converges to 0 as v — 0, we have
that

O Pas|(y,2y=0 = 0

forallz € T", A€ O,, j € Z}, k € Z3™ with [j| + k] < 2.

Thus, for each A € O, the perturbed system (1.3) possesses an analytic, quasi-
periodic, invariant torus with the Diophantine toral frequency Q. (A). Since, by
Lemma 4.1 2),

(QV()\))l:wz()\)i )‘GQIH 121327 , 1o,
we have that
(QOO()\))Zzwl()\)7 )\60*7 121327 , 1o,

i.e., the perturbed toral frequencies also preserve the first ny components of their
corresponding ones. This proves part 1) of Theorem 2.

Theorem 1 and part 2) of Theorem 2 are almost immediate consequences of
part 1) of Theorem 2 with respect to ng = 0 and ng = n respectively. In the
case that ng = 0, we can modify the arguments in Section 3 by choosing y. = 0,
U =U =0, diag(I,,,0) = O, and, diag(O, I,,_n,) = I,. In the case that ny = n,
we let @'v be the set of A € Qg such that Qy()) is Diophantine of Diophantine type
(v,7) for a fixed 7 > n — 1. It is clear that U° = [A°], U = [4], diag(1,,,,0) = I,,,
and, diag(O, I,—pn,) = O. Hence, Q, = Qp and O, = (’57 forallv =0,1,---, ie.,
Qoo = Q and O, = O,,.
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