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Abstract This paper contains rigorous results for a simple stochastic model of heat con-
duction similar to the KMP (Knipnis—Marchiori—Presutti) model but with possibly energy-
dependent interaction rates. We prove the existence and uniqueness of nonequilibrium
steady states, their relation to Lebesgue measure, and exponential convergence to steady
states from suitable initial conditions.
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1 Introduction

A number of mathematical models of 1-D heat conduction have been introduced in recent
years. Some of these models are defined by purely deterministic dynamics (1, 5, 7, 8, 11,
12, 14, 15, 21, 22, 24, 26, 27, 33-35), some are deterministic systems perturbed by noise
([2, 3, 25]), and others are stochastic models ([10, 12, 16, 20, 30]). These setups provide
useful frameworks for studying nonequilibrium phenomena such as conductivity, energy
and density profiles, Fourier Law, fluctuations and large deviations, see e.g., [4, 9, 23]. From
a mathematical point of view, among the most basic questions are the existence and unique-
ness of nonequilibrium steady states when the chain is connected to unequal heat baths,
and the rates of convergence to steady states. Fundamental as they are, these questions are
very difficult for Hamiltonian systems. The only situation for which there is a complete un-
derstanding is that of chains of anharmonic oscillators, a summary of the results for which
is given in [31]. Stochastic models are generally simpler; still, answers have been elusive,
especially with regard to questions of existence of invariant measures.

LSY was supported in part by NSF Grant DMS-1101594.

Y. Li - L.-S. Young ()
Courant Institute of Mathematical Sciences, New York University, New York, NY 10012, USA
e-mail: sy @cims.nyu.edu

Y. Li
e-mail: yaoli@cims.nyu.edu

@ Springer


mailto:lsy@cims.nyu.edu
mailto:yaoli@cims.nyu.edu

Nonequilibrium Steady States 1171

The purpose of this paper is to illustrate, using a simple stochastic model, how these
questions can sometimes be settled using certain known techniques. Inspired by the KMP-
model [20], we consider here a model consisting of a chain of N sites each of which is
described by a single quantity, namely its energy. When the clock between two adjacent sites
rings, the energies of the two sites are pooled together and randomly repartitioned. A similar
operation is performed between the end sites and the baths: i.i.d. sequences of energies that
are exponentially distributed are drawn from the baths and mixed with energies from the end
sites. Unlike the KMP-model, where all the clocks have rate 1, we permit energy-dependent
rates of interactions. This may be both more realistic and more natural for particle systems:
one can speed up the dynamics by speeding up individual particles, and in a chain that is out
of equilibrium, particles are likely to move at different speeds in different parts of the chain.
For a class of models with these properties (see Sect. 2.1 for a precise description), we prove
the existence and uniqueness of nonequilibrium steady states, their absolute continuity with
respect to Lebesgue measure, and the exponential convergence to steady states starting from
suitable initial conditions. Precise results are stated in Sect. 3. Generalized KMP processes
have also been considered recently in the physics literature; see e.g. [29].

Conceptually, the following are the main issues: For the existence of invariant measures,
one needs to control the amount of energy that flows into and out of a chain. This can
be problematic because interaction with heat baths is determined by the dynamics near
the ends of the chain, and they may not adequately reflect what goes on in the interior.
Pathologies such as the hoarding of energy, which leads to a chain’s heating up, or the re-
verse, leading to its freezing [13], can in principle happen; it is one thing to say they should
not happen for models that are “sufficiently physical”, another to mathematically rule them
out. As for uniqueness of the invariant measure, and its absolute continuity with respect to
Lebesgue measure, the main difficulty is that in systems with nearest-neighbor interactions,
such as what we have here, transition probabilities corresponding to individual interactions
are highly degenerate, as they involve only two out of the N variables (or sets of variables)
where N is the length of the chain.

With regard to technical proofs, for the type of problems considered here one generally
uses either operator based or probabilistic arguments. In a spectral approach, the existence
of invariant measures is obtained by solving an eigenvalue problem, and exponential conver-
gence corresponds to a spectral gap. For the nonequilibrium results on anharmonic chains,
the existence and uniqueness of invariant measures was first proved in [14] using these tech-
niques (though the authors did not prove a spectral gap). In more probabilistic approaches,
Lyapunov functions are often used to ensure tightness, and coupling (see e.g. [28]) is by
now a standard tool for studying the speed of convergence. For anharmonic chains, these
ideas were used in [27] to show exponential convergence to steady state; this paper also
contains a second proof of existence. We have elected to go the probabilistic route, which
avoids technical choices of functions spaces. While the present model is simple enough that
both methods are likely workable, we think that the Lyapunov-function-coupling approach,
which is “softer”, may be easier to apply to larger classes of nonequilibrium stochastic mod-
els. Finally, the systems considered in [8, 14, 27] are defined by SDEs, for which Hérman-
der’s conditions can be used to give hypoellipticity. That in turn implies that every invariant
measure has a density supported on the entire space, from which the uniqueness of invariant
measure follows. These ideas are used in the papers cited. Our model is not described by an
SDE, and we know of no such ready-made tools applicable to Markov jump processes of
the type considered here; hence we have to prove these results “by hand”.

The organization of this paper is straightforward: Model description is given in Sect. 2,
followed by statements of results in Sect. 3. Background material is reviewed in Sect. 4;
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main ingredients of the proofs are contained in Sects. 5 and 6, and the proofs are completed
in Sect. 7.

2 Model Description
2.1 Heat Transport Model of KMP Type

We consider in this paper a heat transport model having a setup similar to that in [20] but
with a more general, possibly energy-dependent, interaction rate.

Let N > 1 be a fixed integer. We consider N linearly ordered sites labeled 1,2, ..., N,
each storing a finite amount of energy x; > 0, so that the states of the model are represented
by vectors X = (x1, x2, ..., xy) € RY. Energy exchanges take place between adjacent sites,
and the two ends of the chain are coupled to two heat baths, which we think of as located at
sites 0 and N + 1. The temperatures of the heat baths are set at 7; and Tk. Without loss of
generality, we assume 0 < T, T < 1.

More precisely, the system is equipped with independent exponential clocks, cy, c1,
...,cy. For 0 <i < N, ¢; determines the times of energy exchange between sites i and
i + 1: When it goes off, x; and x;,| are updated instantaneously to X; and X; | where

Xi=pxi+x41) and X =1 —p)x 4+ xiq1),

p being a uniformly distributed random variable on [0, 1] that is independent of everything
else. Similarly, ¢y and cy signal the times of energy exchange between the two baths and
the sites closest to each. When ¢ rings, x; is updated to X; = p(x; + y) where y is drawn
randomly from an exponential distribution of mean 77 ; the choice of y is independent of
history or anything else. Likewise, when cy rings, xy is updated to Xy = p(xy + z) where
z is drawn randomly and independently from an exponential distribution of mean Tk.

In the original KMP model introduced in [20], all N + 1 clocks ring at rate 1. Here we
relax this condition to permit energy-dependent rates of interaction. We assume that »;, the
rate of clock ¢;, varies with time and is a function of the energies of the associated sites
at that moment, i.e., for 0 <i < N, n; = f(x;, x;4) for a function f for which certain
technical conditions will be imposed. For the rates of interaction with baths, we assume
no= f(Tr,x1) and ny = f(xn, Tg).

We assume the following conditions are satisfied by the function f : Ri — (0, 00):

Assumptions (H)

(1) There is a nondecreasing function /(-) and a constant C such that

h(max{x, y}) < f(x, y) < Ch(max{x, y});

(2) h(-) has sublinear growth rate, i.e., h(az) < ah(z) forall o > 1.

Notice that by setting # = 1 and C = 1, we recover the case of 1; = 1. Our motivation for
relaxing to energy-dependent rates of interaction comes from several examples of Hamilto-
nian (particle) systems (see e.g. [6, 12, 15, 34]), in which these rates are clearly affected
by the energies of the particles in the relevant sites though the situation is nowhere near as
simple as that described above.
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2.2 Mathematical Framework

The model described in Sect. 2.1 is a continuous-time Markov chain on Rf . The state of the
system at time ¢ is denoted by

X(t) = (x1(1), x2(1), ..., xy (1)) € RY := (0, 00)".

Let B = B(RY) be the Borel o-algebra on RY . Throughout this paper, we will refer to this
Markov chain as @;,¢ > 0, and its Markov transition kernel as P'(x, A). This implies in
particular that for ¢ > 0, P'(x, -) is a probability measure on (RY, B) for every X € RY, and
P'(-, A) is a measurable function for every A € B.

Formally, @, is defined by the infinitesimal generator G acting on bounded measurable
functions & on ]R"X as follows:

(G5 ()

N-1 1
= Zf(xisxiJrl)/ [5(351» oo Pt xi1), (1= pY (X + Xi41)s ---JCN) - S(X)]dp
i=1 0

o] 1
+ f(TL, xl)/ / [E(px1+y),x2, ..., xn) —EX)]|Bre P dpdy
0o Jo

oo 1
+ f(xn, TR)/ / [6 (x1. %2, ... pxn + ) — EX)]|Bre PR dpdy,
o Jo

where B; = (T;) ! and Bz = (Tx) .

Given A > 0, the time-A sample chain of @, is the discrete-time Markov chain QDnA,
n=0,1,2,..., whose transition probabilities are given by P2(x, ). For A = 1, we omit
the superscript A, and write simply @, and P (X, -).

The left operator associated with the Markov transition kernel P’(x, A) acting on the set
of probability measures on (RY, B) is given by

(nP")(A) :/

P'(x, A)p(dx); 2.1
RN

+

the right operator acting on the set of bounded measurable functions on (RY, B) is given by
()= [ epman. 22)
R+

Left and right operators associated with the time-1 chain @, are defined similarly.
A probability measure p on (RY, B) is said to be invariant under the Markov chain @,
(resp. @,,) if wP" = p forall t >0 (resp. uP = ).

2.3 Justification of Rate Function
While it is not unnatural to assume that higher energy leads to faster clock rates, it is not true
that the rates of interaction between adjacent sites carrying energies x and y can always be

represented as a function of max{x, y}. We provide here an example (see Fig. 1) that lends
some justification to the form of f(x, y) in Assumptions (H).
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Fig. 1 A heat transport model Energy exchange
with m internal states in each site
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‘We assume that (i) within each site there are m internal states, labeled [y, I», ..., L,; (ii) in

site i a particle carrying energy x; hops from one internal state to another, its destination
chosen randomly and independently of anything else, and the times between hops are expo-
nentially distributed with mean /x;; (iii) energy exchange between sites i and i + 1 occurs
at the first instant when the particles in the two sites find themselves in the same internal
state; and (iv) after an exchange, the process continues with the particles hopping at rates
determined by their new energies.

For argument sake, we assume that at time 0, the particles in sites i and i + 1 have inter-
nal states [,y # lo(i+1)- We let v; = \/Xi, Vi1 = /Xif1, Umax = max{v;, vi41}, and assume
v; > v;4+1. In a small time interval [0, €], the probability that energy is exchanged is larger
than the probability that the particle in site 7 hops to /(1) while the particle in site i + 1
does not move. Hence

1 —Vi€),—Vit]1&
E(l_e x)e i+1

> i
fx,y 2 lim - lim -

On the other hand the probability that no energy is exchanged during the time period [0, €]
is larger than the probability that neither particle changed their internal states. Hence

1 _ efv,-sefv”_ls
flx,y) < lim ——————— < 2upu.
£—0 £

Hence the assumptions in Assumptions (H) are satisfied with /(z) = % zand C =2.

3 Statement of Main Results

We begin by defining, in a general setting, a few terms that appear in the statement of our
results. Let (X, .4) be a measurable space, and let W : X — [1, co) be a measurable function
on X. We define the W-weighted supremum norm of a measurable function &£ : X — R to be

I8l = sup S
xeX W(X)
so that for W =1, ||| := [|£]l1 = sup,cx |£(x)[ is the usual supremum norm of £. We also

define the W-weighted variation norm of a signed measure p on (X, A) to be

wa=LW@WMM%

and let Ly (X, A), or simply Ly (X), denote the set of probability measures u on (X, .A)
with u(W) < oo.
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Given a Markov chain ¥, on X with Markovian transition kernel p! , the time correlation
Sfunction of observables & and ¢ with respect to a probability measure p on (X, A) is defined
to be

Cl )= f (P'¢) ()6 ()u(dx) — f (P'¢) () u(dx) f Eou(dy).
X X X

The theorems below apply to the Markov chain @, defined in Sect. 2.2; system size N
and bath temperatures 7;, Tx < 1 are to be regarded as fixed. The interaction rates f(x, y)
of the chain are assumed to satisfy the conditions in Assumptions (H). Let V : Rﬁ — [1, 00)
be given by

N
V(xX) =1+ Vy(x) where Vp(x) =) x; (3.1)

i=1

is the total energy of the state x. Lebesgue measure on Rﬂ is denoted by A.
Theorem 1 There exists a unique w € Ly (RY, B) that is invariant under @, .

Theorem 1 tells us where an invariant measure can be found; it does not guarantee that
@, has no other invariant measure (outside of Ly (RY, B)), nor does it tell us if 7 has a
density. These two issues are not unrelated; we record the results in Theorem 2.
Theorem 2
(a) The measure 7 is absolutely continuous with respect to A, with i—’i >0 A-a.e.

(b) It is the only @,-invariant probability measure.

Having established the existence and uniqueness of nonequilibrium steady state, we pro-
ceed to describe its statistical properties. The ergodicity of (®,, ) is an immediate conse-
quence of Theorem 2(b). Our next results concern the speed of mixing.

Theorem 3 There exist constants ¢ > 0 and 0 < p < 1 such that
(@) |P'(x,-) — 7|y <cV(x)p' foreveryx e RY;
(b) more generally, u € Lv(Rf, B) implies WP’ € Ly (RY, B), and
|1 P = 2P|, < cllwr — pallvp' forall juy, po € Ly (RY).

Corollary 4 The Markov chain @, has exponential decay of time correlations with respect
to the following measure and function classes: Let i € LV(R’X ), and let & and ¢ be measur-
able functions on (RY, B) with ||€|| < oo and |||y < 0o. Then

ICE | < IgNE vy - 2cp’

where c and p are as in Theorem 3.

Remarks

(1) Tightness is needed to establish the existence of invariant measures, due to the noncom-
pactness of the domain Rf. For the case considered in [20], i.e., where all the clocks
have rate 1, this follows from a simple coupling argument: Observe first that when
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Fig. 2 Energy profile of a chain Energy Profile withN = 100, TL=0.2, TR=1.0
with energy dependent 0.9 i T T i T T T i T

interactions. Here, N = 100,
TL =0.2, TR =1.0and
fx,y) = y/max{x, y}

(@)

0.1 . L . . . . L . L
10 20 30 40 50 80 70 80 90 100

T, =Tg =T, the product measure [1; N L, Be” PYi where B=T" ! is invariant. Given a
system with 7 < Tk, one can couple it to the system w1th TL = TR = Ty as follows: No-
tice that each sample path is determined by (¢, ix, pi; ek en )k=1,2,.4. where t) <1, < -

are the times at which mixing occurs, x;, and x;, 4 are mixed at time #; with propor-
tions p; and 1 — py, and ekL and e,f are the kth energies drawn from the two baths. We
can couple the system with baths (7, Tg) to the one with baths (Ty., Tr) sample path
by sample path, i.e., start from identical initial distributions, and use for both the same
sequence (., ix, Pk; *, e,f) except in the slot marked *, where we require each energy
drawn from the T} -bath be less than the corresponding energy drawn from the 7} -bath.
This way, every Xx; in the (T, Tg)-system is smaller than the corresponding entry in the
(Ty., Tr)- -system at all times, guaranteemg that its invariant measure is dominated by the
invariant measure of the (T, Tg)- -system.

Notice that this argument fails when the rates of interactions are energy-dependent,

for when the clocks have variable rates, there is no natural coupling of sample paths
that will preserve the order of the interactions, and without this order preservation, the
energies {x;} of the two systems are not directly comparable.
Even when the setups are similar, nonequilibrium steady states can be qualitatively quite
different for energy-dependent and energy-independent interactions. For example, for a
fixed N, let E; be the mean of the ith marginal distribution of m, i.e., E; = E;[x;].
We rescale this information onto (0, 1) by defining EVN (x) = E; for x € (’;1 , N) for
i=1,2,...,N.In the case where n; = 1, EV tends to a linear profile E*(x) =T, +
(Tg — T)x; this is proved in [20]. In the case where higher energy leads to faster clocks,
we believe E™ can be strictly concave for Tx > T, as the energy at site i is “more
influenced” by the distribution in site i + 1 than the one in site i — 1. A concrete example
is given in Fig. 2.

4 Method of Proof

4.1 Some Known Results

We review here some known results on discrete-time Markov chains on general spaces that
we will use. These results go back to Harris [18], who showed that unique ergodicity follows
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Nonequilibrium Steady States 1177

from the existence of “small sets” that are visited infinitely often, extending both the picture
for countable state Markov chains certain ideas of Doeblin to “unbounded” state spaces. This
“small set” condition is often established by finding a Lyapunov function whose level sets
have certain properties [19, 28]; a detailed exposition is contained in [28]. We will, however,
follow [17], which contains a more direct proof of these results and has a formulation well
suited for our purposes.

The setting is as follows: Let (X, .A) be a measurable space, and let ¥,,n =0,1,2, ...,
be an arbitrary Markov chain on X with Markov transition kernel f’(x, -). As before, we
write

@@m=/ﬁmm%@>mm<mmm=fﬁ@AM@w
X X

Here £ : X — R is a bounded measurable function and p is a probability measure on (X, A).
Of interest are the following two conditions:

Assumption (A1) There exists a measurable function W : X — [0, co) and constants 0 <
K < +o00, y €(0,1) such that

(PWo)(x) — Wo(x) < —yWo(x) + K forall x € X.

Assumption (A2) Let D = {W, < 2K /y}. Then there exist o € (0, 1) and a probability
measures v on (X, A) such that

inf P(x,-) > av(").
xeD

These assumptions carry the following intuitive meaning: Assumption (A1) asserts the
existence of a Lyapunov type function; the Wy-value of a state is, on average, decreased
unless it is already below a certain value. This is clearly conducive to tightness. Assump-
tion (A2) asserts a Doeblin type condition for a set of the form { W, < R} for R large enough.
Starting from two initial distributions, these conditions say that the tendency of the chain is
to drive them — uniformly but in the sense of expectations only — into a set from which a
fraction of the measures can be coupled, setting the stage for exponential mixing.

In what follows, we let W = Wy + 1, and let ||&|lw, ||]lw and Ly (X) be as defined in
the beginning of Sect. 3. It follows easily from Assumption (A1) that for u € Ly (X), ;/,13
is also in Ly (X), because (Mﬁ)(W) <{1—-y)u(W)+K.

We recall the following results from [17]:

Theorem 4.1 (Theorems 1.2 and 1.3 in [17]) Assume Assumptions (Al) and (A2) hold for

the Markov chain W,. Then W, has a unique invariant probability measure (. in Ly (X).
Moreover, there exist @ € (0, 1) and Cy, C> > 0 such that

(a) forall wy, py € Ly (X),

i P" = 2P|y, < Cr@" i — pallws

(b) for every measurable function & with ||§|lw < oo,
[P — i ®],, = 26§ - ®)] -
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1178 Y. Li, L.-S. Young

Remarks

(1) In [17], a family of norms parameterized by 8 > 0 is introduced using Wz =1+ W,
in t}}e place of W. The authors of [17] showed that for suitable choices of 8, the action
of P is a contraction on L, (X), i.e., for wy, us € L, (X),

lwi P — paPliwy < @liwr — pallw,.

The results above are deduced from this together the facts that (i) for any two B, the
corresponding norms are equivalent, and (ii) equipped with these norms, the spaces
Ly, (X) are complete.

(2) This remark pertains to the constants &, C; and C, in Theorem 4.1. It is shown in [17]
that if Assumption (A2) holds on Dg = {W < R} for R > 2K /y where y and K are the
constants in Assumption (A1), then for any o, € (0, «) and any y,, € (1 —y +2K /R, 1),
one can choose § = a,/K and obtain a contraction rate

@ =max{1 — (@ — ), 2+ RBy.)/2 + RP))

with respect to the | - ||Wﬂ -norm (see item (1) above). The constants C; and C, come
from the equivalence of the norms || - |lw and || - [|w;.

4.2 Outline of Proofs of Our Results

To prove Theorems 1 and 3 stated in Sect. 3, we will apply the results in Sect. 4.1 to the
time-1 sample chain @, of @,. The proof is divided into the following three steps:

(i) The first step is to establish Assumption (A1) with W, = Vj, the total energy function.
This consists of proving the following: (a) In the time interval [0, 1), the expected en-
ergy gain under @; is uniformly bounded independent of initial condition, and (b) start-
ing from any initial distribution, there is a positive probability (bounded away from
zero) that a fraction of the initial energy will be released into the heat baths before
time 1.

(i) The second step is to establish Assumption (A2). We will show in our case that the set
D in Assumption (A2) can be taken to be {V, < M} for any M € (1, 00).

(iii) With the successful completion of these two steps, we will be in a position to appeal to
Theorem 4.1 to obtain results analogous to Theorems 1 and 3 for the time-1 chain ®,,.
In the last step, we pass these results to the original continuous-time Markov chain @;.
Corollary 4 is easily deduced from Theorem 3.

The proof of Theorem 2 is related to Assumption (A2) but involves some additional
ideas. We will show that any invariant probability measure of @, is necessarily absolutely
continuous with respect to Lebesgue measure, with a strictly positive density almost every-
where.

5 Expected Energy Gains
To prove tightness, or that the chain does not heat up over time, we need to control the

amount of energy that flows into the chain. More precisely, given an initial condition x(0)
and a number 7 > 0, we define

G100 (x(0)) := Ex [Z max{x; (1) — x1 (1), 0} 10, <1}]
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where 7, > 0 are the times at which ¢ rings, x (#,) is the energy at site 1 before the exchange
and x; (#;) immediately after the exchange. Similarly, define Gg o 1) (x(0)) replacing ¢ and
x1 by ¢y and xy respectively, and let G := G + Gg. Notice that G > 0, as it counts only
the net flow of energy from the bath into the chain in each interaction. If the net flow is from
the chain to the bath, a “0” is registered. We will refer to Gyo,1,(x(0)) as the expected energy
gain by the chain per unit time starting from initial condition x(0).

The goal of this section is to prove

Proposition 5.1 There exists a constant B depending on Ch(1) (and the assumption that Ty,
Tr < 1) such that Go,1)(x(0)) < B for all x(0) € Rﬁ.

For the definition of “Ch(1)”, see Assumptions (H) in Sect. 2.1. The rationale for this
result is that when x; is small, clock ¢( should not ring too often, and when it is large, the
net flow of energy is more likely from the chain to the bath when ¢y rings, and the same is
true for xy and cy. Below we make these ideas mathematically rigorous.

5.1 Main Computation

Observe that before the first energy exchange with a bath, the rate n; of clock ¢; is less
than or equal to max{1, Vo (x(0))Ch(1)} for all i. We check this for ¢o: If max{7,,x;} <1,
then f(Tr,x;) < Ch(max{Tr,x}) < Ch(1) by the monotonicity of A. If max{T,, x;} > 1,
then max{7., x;} =x; > 1, and (T, x;) < x;Ch(1) < Vy(x(0))Ch(1) by condition (2) in
Assumptions (H). The other cases are similar.

The rest of this section is devoted to the proof of the following lemma:

Lemma 5.2 There exists a constant B such that for every x(0) € RY, if t < Ch(1)e >M 2
Sfor some M > max{2, V,(x(0))}Ch(1), then Gy - (x(0)) < Br.

We note that both M and t depend on x(0), and for as long as V) < V,(x(0)), we have

n; < M (the “2” in its definition is for later convenience), and Mt < %efz.

Proof We fix x(0), and consider separately the following mutually exclusive cases. It will
be assumed implicitly throughout that all discussions pertain to the interval [0, 7). For k =
0,1,2,...,00,let

Ey = {co and cy together ring exactly k times}.

The contributions to Gy ;) (x(0)) by the various events are analyzed as follows:

Event E(: Clearly, there is no energy gain in this case.

Event E|: Welet E, =FE ‘1) UE {V corresponding to the cases where c( or cy rings. Since the
two cases are treated in an identical fashion, we consider ¢y and drop the superscript 0. We
further subdivide E; (meaning E?) into the following two cases:

E\, := {co rings exactly once, c¢; does not ring before cy; cy does not ring};

E, := {co rings exactly once, c¢; rings before cy; ¢y does not ring}.

For notational simplicity, let us write 8 = B and x; = x;(0). Since P[E,] <
P[co rings exactly once | ¢; does not ring before ¢y, and cy does not ring], we have
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1180 Y. Li, L.-S. Young

[es] 1 T
PlE.,] 5/ / / e—f(xl,TL)Sf(xl’TL)e—f(P(X]+y),TL)(I—S)ﬂe—ﬁydsdpdy
0 0 0
[e9) 1 T
< f@,Tp) / / / e/ PertNILs go=By dsd pdy
0 0 0

o0
< (. Ty / eOTHHDENT gy
0

B (x1+1)Ch(1
— T . . o(1 (Dt
fO, Tt B Ch()z e

< 2f(x1 , TL)'L'.

To bound the last inequality, we have used Ch(1)t < %e‘z and x1Ch(1) < M.
It follows that the expected energy gain associated with E, is given by

00 1
P[E 1] - E[Go,0)(x(0)) | E1o] = P[Eya] f / max{p(x; +y) — x1,0}fe”dpdy
0 0

<20f(Ty, x1) f T_X ey
7 0o 20x1+Yy) .
Since
(T, x1) < Ch(max{xy, T;}) < Ch(x; + 1) < (x; + DCh(1)
and
y’ < L4y for all x,y > 0,
x+y xi+1

it follows that

P[E1.] - E[Go.0 (x(0)) | E1o] < Ch(l)r/ (1+y*)Be P dy
0
= Ch(1)(1+2B7%)t <3Ch(1)t.

Next, we claim
PlEy] < (1 —e ™) 2Mt <2M*7%.

For as long as V = V;,(x(0)) up to the time of the ring, the probability of ¢; ringing at least
once is the quantity in brackets, and we have shown above that the probability of any c;
ringing exactly once is less than or equal to 2M 7. Since T, < 1, the expected energy gain
associated with Ep is less than P[E;,], and 2M?t% < 2e 2Ch(1)z.

Event E;, k > 1: The times at which exchanges with baths take place are given by a rather
complicated process: Consider, for example, cy. At any one moment, the time to the next
ring is given by an exponential distribution, but the parameters of this distribution vary
with x, the value of which is in turn dependent on the history of interactions in the entire
chain. When ¢ rings, the sequence of energies emitted by the bath is i.i.d., however, and
we will take advantage of that.
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To put the random variables representing energies emitted by the left and right baths on
the same probability space, we introduce

@p (x) 1
@9 :(0,1) = (0,00) defined by / geﬂ’/"dy =x,
0

so that ¢, carries the uniform distribution on the unit interval (0, 1) to the exponential dis-
tribution with mean 6.

We assume throughout that x(0) is the initial condition and [0, 7) is the time interval of
interest. First fix u = (uy, ..., u;) € (0, 1)¥, and define £2, to be the set of sample paths @
with the property that at the ith energy exchange with a bath, 1 <i <k, the energy drawn
from the bath (to be mixed with x; or xy) iS @5 (w.i)(1;), Where o (w, i) = Ty, (resp. Tg) if
this exchange is with the left (resp. right) bath. Thus for this sample path, the total amount
of energy to enter the chain in the first k exchanges with baths is bounded above by

k k
Z(pa(w,i)(”i) = Z‘pl(”i) = Sku-
i=1 i=1

In the last inequality, we have used the fact that for fixed x € (0, 1), @y (x) increases with 6.
Let P, denote the conditional probability of P on £2,,, and E, the corresponding expectation.
We claim that

]Pu(Ek):/"'/ P1q1P2q2 -+ - Prqk P+1dsy - - - dsy,
{0<s)<sp<--<sp <t}

where p; and g;ds; are the probabilities of events P; and Q;:
P = {neither co nor cy rings on (s;i_1, 8;) | Pj, Qj,j < i};
0= {one of ¢y or cy rings on (s;, s; +ds;) | Pj, j <i, and Q;, j < i}.

The definitions above are to be read with sy = 0 and s;,; = 1. Using the generous bounds
pi <1and

qi < f(x1(s), Te) + £ (xn(s:). Tr) < 2(M + Ch(1)St.u),

we obtain
k

T
k!
With respect to E,, then, the expected energy gain associated with E} is no greater than

k
Eu|:<2 </)a(-.i)(ui)>15k:| < Sku - PulEx]

i=1

Pu(Ex) < —[2(M + Ch(1)S.0)]".

< 5. 2% (4 chs )
= k,uT( + ()k,u) .

Integrating over u, we obtain the upper bound

2k k
JE[Skk—f(MJr Ch(l)sk)"] (5.1)
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where S = Zf:] Y; is the sum of k independent, mean-1, exponentially distributed, random
variables (called an Erlang distribution).

The probability density function of Sy is x*~'e™/(k — 1)!, and its moment generating
function is (1 — ¢)~*. Differentiating the latter m times, we obtain

m—1

E[Sp]=k(k+ 1) (k+m—1) <[]tk + ).

j=0
Thus the expectation in (5.1) is equal to
2kt S (k k—i i i+1 : k i+1
— M*(Ch(1))'E[S} M*(Ch(D))' (2k)
- H)(l.) (Ch(D)'E[S;*'] < ;() (D) (2k)
2k (2% Tk
_2er) (M +2Ch(1)k)".

k!

This completes the estimate for the contribution from one Ej at a time, for k > 2. (The
argument is valid for k = 1, but the bound is too weak to be useful.) To finish, we consider
the expected energy gain from | J,, Ei. By Stirling’s formula,

n!> v2nnn—
eﬂ
for all n (see [32] for the version used). Hence
i 2k (28 7X) (M + 20K Z . kM )k<1 N 2Ch(1)>k
St/ Ok =
p k! P 2k - kk k M
2kek
<) —— . (2kMt)*-e since 2Ch(1) <M
g 2wk - kk ( ) (

Z

Letting a :=2M e and noticing that a < e -1 < %, we see that the sum above is

=Y ket = 20 o8
_ﬁ;ka V. AT Y Gy L0k

The finiteness of this sum implies in particular that P[E] =
Summing the contribution from all cases, we obtain that Gy ;)(x(0)) is bounded above
by Bt for a constant B independent of x(0). ]

5.2 Proof of Proposition 5.1

Starting from x(0), we introduce two sequences of random variables 7, ;,... and
Xo, X1,... as follows. To begin with, we let X, = max{2, Vp(x(0))}Ch(1) and 7| =
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Ch(l)e‘ZXg2 (cf. Lemma 5.2). Let X, be the energy gain on the time interval [0, 7;) in
the sense of the last section, i.e.,

Xl Zmax xl _xl(t ) 0}1{0<ta<r]} +Zmax xN( )_XN(sot) 0} {O<sa <11}

Sa

where ?, (resp. s,) are the times at which ¢ (resp. cy) rings.

By Lemma 5.2, Ey)[X:] < Bt;. Since x(0) is fixed throughout, we will drop the sub-
script in E from here on.

Having defined t; and X, for all k < n, we define recursively

Ch(1)e™2
(Xo+ Ch(1) 3" 4 X0)?

(5.2)

n =

and let X, be the energy gained on the “next” 7, units of time, i.e. on the time interval
[ty1,1,) Where t, =3, 7.
Observe that Lemma 5.2 can be applied to give
]E[Xn | 7, =5] < Bs,

for if 7, = s, then V;(¢,,—;), the total energy of the system at time #,_;, satisfies

max({2, Vo(ts—1) }Ch(1) < Xo + Ch(1) Y X;.

1<k<n

(The inequality is likely strict, for X; counts only (positive) net gain per interaction ignoring
net losses.) Repeated applications of Lemma 5.2 then gives

E[iXk ’ irk :s:| < Bs,
k=1 k=1

and if ]P’[Z,fil 7 < 1] =0, then we have proved
Gy, (x(0)) < B.
It remains, therefore, to show P[Z,fozl 7 < 1] = 0. Suppose not. Then for each sample
path with ) ;2 7 < 1, there is an infinite sequence k; < k» < --- with the property that

Ty; < 1/k;; the absence of such a sequence would imply 7, > 1/k for all but finitely many ,
leading to ) -, 7 = 0o. But T, < 1/k; implies, by (5.2), that

Z ,/k Ch(De — X,

Ch(l)

)

which tends to infinity as k; — 0o, contradicting

o0 o0
]E|:2Xk ’ Z'Ek < 1:| < B.
k=1 k=1
This completes the proof of Proposition 5.1.
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6 Relevant Properties of the Time-1 Chain

In Sects. 6.1 and 6.2, we show that @, the time-1 sample chain of @,, satisfies conditions
Assumptions (A1) and (A2) in Sect. 4.1. These are the main ingredients in the proofs of
Theorems 1 and 3. Section 6.3 discusses how @; transforms the Lebesgue measure class, an
issue at the heart of Theorem 2.

6.1 Total Energy as Lyapunov Function

In analogy with the definitions related to expected energy gain at the beginning of Sect. 5,
we define expected energy loss tobe L := L + Lk where

Ly 10,0)(x(0)) :=Eyx) [Z max {x; (t,) — x1 (1)), 0}1,a<,] 6.1)

where t, > 0 are the times when ¢y rings, and Lg jo,)(x(0)) is defined analogously.

Lemma 6.1 There exist yy > 0 and K, < oo such that for every x(0) with Vy(x(0)) > K,,
Lio.1)(x(0)) = o Vo (x(0)).

Proof We first lay out a procedure that we claim will lead to the systematic dumping of a
fraction of V;,(x(0)) into one of the baths — postponing the choice of constants and compu-
tation of probabilities till later.

Let M = x,,,(0) = max{x; (0), 1l <i < N}, i.e., initially, site ny has the highest energy
among all sites. Of interest to us is the event

where S; defines what happens on the time interval [(i — 1)§, i6) and the size of § is to be
specified:

S, = {The following hold on the time interval [(i — 1)8,i8) :

(a) cny—i rings exactly once;

(b) all other c; are silent; and
. 1 .
(©) Xpy—i (i8) = Exno_m((l —13) ;.

That is to say, S; defines what takes place on [0, 8). In this event, ¢, is the only clock that
rings; it rings exactly once, say at time s, resulting in x,,— (sf) > %xno (s1)= %x,,o 0) > %M.
The next ring, which takes place at time s, € [§, 26), comes from c,,—,, and results in
Xng—2(s3) > 3x49-1(s2) > ;M. Inductively, one sees that xl(sjo_l) > 2-00=D s, Defi-
nitions associated with S, have to be interpreted a little differently: xo(s,,) is the en-
ergy emitted by the left bath in the exchange at time s,,, and )co(sn*0 ) is the portion of
X0(Sny) + x1(sy,) that goes to the bath. Event S,,, again stipulates that xo(sjo) > %xl (Sny) =
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27" M. The amount of energy dumped, i.e., lost by the chain in the sense of (6.1), is
max{xg (s;:)) — X0(8ny), 0}, and this is guaranteed to happen with probability P[S].

Observe that we may assume ny < N/2 in the scheme above, for if nop > N/2, we can
pass the energy to the right bath. It is clear from the discussion above that the sample paths
in S lead to the dumping of a fraction of the highest energy. To obtain the desired bound on
expected energy loss, we need to show that P[S] is bounded below by a quantity indepen-
dent of V;(x(0)). This is what the rest of the proof is about. As the computation is slightly
different depending on the relation between interaction rates and system size, we separate
into the following two cases:

Case 1. N <sup, h(x). We let M, be such that 7 (M) > %, and consider only those initial
conditions with Vy(x(0)) > N M), so that M, the highest energy in any one site initially, is
> M. We choose our time steps to be § = h(M)~', and notice that the process is completed
within one unit of time, since no8 < Sh(M)™' < Sh(M;)™" <1 by the nondecreasing
property of h.

We write

PLSi [ S1,..., Sici]l=Pi(@) P () P5(i)

where P; and P, correspond respectively to the probabilities of (a) and (b) in the definition
of S; given §; for all j < i, and P; is the probability of (c) given (a), (b) and S;, j < i.
Observe that given S, ..., S;_, we have, at time (i — 1),

(1) xn(].fi = Xng—i (0) = M? and
(11) 2_l+1M = Xng—i+1 <iM.

(i) is clear, since neither of the clocks adjacent to it has rung so far. The lower bound in
(i) is a consequence of S;, j < i, and the upper bound is attained if x;(0) = M for every
Jj €np —i+1,n0], and in every one of the first i — 1 interactions, all of the energy goes
to the site on the left.

To estimate P; (i), we let x; denote the energy at site j before the clock rings and x; after.
Then, using the nondecreasing property and the sublinear growth rate of /, we obtain

)
P (i) =/ f(xno_i’an_H_l)e*f(xno—i-Xn(]7i+1)se*f(xno—ivXn()7i+1)(5ﬂ)ds
0

8 M

> / /’l( )e*Ch(iM)sefCh((iJfl)M)(szs)ds

> >
0 2!

_ h( M ) e~ CHE+DHMS o
- 2i—1

> 2*(i71)h(M) . e*C(iJrl)h(M)é .S

=2"=De=CEHD  ince sh(M) = 1.

Likewise,

. . _Chii N —Ci
Py(i) = 1—[ ef(xl,x1+1)82(e Ch(zM)B) > ¢ CiN

J#no—i

using again k(M) = 1, and it is obvious that P;(i) > % These estimates together show
that P[S] = ]_[,"i1 P, (i) P,(i) P5(i) is bounded below by a quantity independent of V;(x(0)).
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Finally, given S, the expected energy loss at time s, is greater than %xo (s;j ) = 2-m=lp

if xo(s;t) > 2 (since E[x(sy,)] = 71 < 1). Thus if we take K, = N - max{M,, 2%“},

no
then M > max{M,, 2"0F'}, xo(s;:)) > 2, and the assertion in Lemma 6.1 holds with y, =

P[S]2- (3 tU N1

Case 2. N > sup, h(x). When it is not possible to satisfy #(M)é =1 and N6 <1 at
the same time, we proceed a little differently: We let ko := sup, h(x), fix M, with
h(My) > %ho, and choose § = % Then for M > M, we have %% <sh(M) < %ho, which
is sufficient for our purposes. O

We now state for the record
Proposition 6.2 The time-1 chain @, satisfies Assumption (A1) with Wy = Vy = ZlN:1 Xi,
i.e., there exist Ky < oo and yy > 0 such that for all x € Ri’, we have

(PVo)(x) — Vo(x) < = Vo(X) + K.
Proof Since

PVo(x) — Vo(x) = Gpo,1)(X) — Lo, 1)(X)

where G 1) and Loy are the expected energy gain and loss in one unit of time for the
continuous-time chain @,, it follows from Proposition 5.1 and Lemma 6.1 that

(PVo)(x) — Vo(x) < —nVo(x) + B

whenever V;(x) > K,. The desired inequality then holds for all x € Rﬁ with Ko = B +
)/()K*. O

6.2 Doeblin-Type Condition on Sets with Bounded Total Energy

In what follows we will use the notation D, := {V, <a}, and B, := {x: x; < a Yi}. Recall
that Lebesgue measure on R" is denoted by A, and for B C RY, A| is the restriction of A
to B.

Lemma 6.3 Given any M, a > 0, there exists € = €(M, a) > 0 such that
P(x,-) >€(Alp,) forallxe Dy. (6.2)

Proof For z = (z1,...,2n) € Ri’ and 0 > 0, let B(z,0) :={z; <x; <z + o, alli}. It
suffices to produce, for given M, a > 0, an € for which

P(x, B(z,0)) > €A(B(z,0))

holds for all x € Dy, and all z, o such that B(z, o) C B,. Let M, a, X, z and o be fixed.

As before, we first identify the event of interest: Let § = ﬁ We consider S = Sy --- Sy

where S;, which specifies what happens on the time interval [i8, (i 4+ 1)§), is defined as
follows:

Si=A; N {on [i8, (i + 1)8), ¢; rings exactly once, all other clocks are silent};

Ao = {energy emitted by left bath € (Na + 1, Na +2)},

@ Springer



Nonequilibrium Steady States 1187

Ai={xi(G(+ 1) elzi,zi+0)} fori=1,2,...,N.

The idea is that a sufficiently large amount of energy is injected into the chain initially so
thatfori =1,..., N, x;(i6) > 1 + (N —i + 1)a, so it is always possible for site i to acquire
an amount of energy between z; and z; + o and to pass the rest to site i 4 1, or to the right
bath in the case i = N.

We seek an estimate from below in the form of €™ for IP[S]. The situation is simpler
than in Lemma 6.1 as € is allowed to depend on M and a, as well as N, h, T; and Tg. Here
are the considerations:

(i) At time i§, we need a lower bound on 7; = the rate of ¢;, to bound from below the
probability of ¢; ringing within time §. Here we have g > h(T.),and fori =1,..., N,
ni = h(max{x;(i8), x;4+1(i8)}) > h(1 + a) conditioned on §;, j <1i.

(i) There is a uniform upper bound for n; as Vo < M + Na + 2 throughout.

(iii) Finally, let p € (0, 1) be the fraction in the next mixing that puts x; € [z;,2; + 0).
Given §;, j <i, we will need p > co for some ¢ > 0. Fori < N, thisistrueas 1 4+a <
Xx;i(i8) + x;11(i8) <M + Na + 2. The case of i = N is similar.

Further details are left to the reader. O

It follows immediately from Lemma 6.3 that Assumption (A2) is satisfied by the time-1
chain @,. We have shown, in fact, that D can be taken to be {V, < M} for any M, and v can
1

be taken to be WM B, for any a > 0. We record the following immediate corollary, which

connects the previous discussion to the next:

Corollary 6.4 For every x € RY, P(x,-) has an absolutely continuous component with a
strictly positive density.

We clarify this statement: By the Lebesgue Decomposition Theorem, any finite Borel
measure [ on R’X can be decomposed into p = paps + 1 Where pqps is absolutely con-
tinuous with respect to A (written paps << A) and p is singular with respect to A (written
w1 LX) Letting © = P(X, -), we observe that both ., and ) are nontrivial for every x:
Corollary 6.4 tells us that not only iS ft,ps (Rf ) > 0, the Radon—Nikodym derivative of 1t,ps
with respect to A (written d;;bs) is > 0 A-a.e. To see that ., is nontrivial, notice that there
is always a positive measure set of sample paths that correspond, for example, to ¢;_; and
¢; not ringing before time 1 for some i. Following these sample paths, the value of x; is not
disturbed.

6.3 Action of Markov Operator on Lebesgue Measure Class

Recall that associated with the time-1 chain, we have the operator P acting on measures by
P = [ Pox ).

Lemma 6.5 For any finite Borel measure y on RY , if i < A, then pP < A.

Proof Let
LN)={t=(i1.i2,....0n) |0 < iy iz, ....iy <N,neZ*}.
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For £ = (i, iy, ..., i,), we define the event E({) to be that in which clocks ¢;, ¢;,, ..., c;,
ring in the order specified and these are only energy exchanges before r = 1. We also let
E(#) and E(oco) denote respectively the event of zero or infinitely many rings on the time
interval [0, 1). For E = E(¢), E(¥) or E(0c0), we define the operator Pg, which acts on the
space of Borel measures on RY, by

(;LPE)(A)=/PE(X, A)u(dx)  where Pg(x, A) =P[(@ € A| Dy=x) | E].

Then

1O = [ (2 AlE@)Peox0) + BLED] Prinx.

+ L Necyy
+ PX[E(OO)] Pr (oo (X, -)i|,u(dx)
We will check at the end of the proof that Py[E (co)] = 0 for every x. Focus first on the

following two crucial observations:

(1) Given u < X and £ € L(N), we let i, be the measure on Rf with the property that

du du
d—;(x) =B [EO] ().

Notice that 0 < u, (Rﬁ) < 1. Similarly define py. Then
uwP=puy+ Z e PEe), (6.3)
LeL(N)

and it suffices to show the absolute continuity of each of the countably many measures
on the right side of (6.3).
(2) Forevery £ = (iy, ..., i,), the operator P can be decomposed into

Pewy = PEy,) -+ Peiy) PEG)>

where E (k) is the event that on the time interval [0, 1), ¢; rings exactly once, and all
other clocks are silent.

Observations (1) and (2) together reduce the problem to the following: Given u < A
and k € {0, 1, ..., N}, it suffices to show that uPgy) < A. Let § = %. We claim, and leave
the verification (which is straightforward) to the reader, that u Pg,) is the measure whose
density n; with respect to A is given by

1
ﬂk(X)Z/ E(xt, .o ximt, pOrk 4 X1), (1= pY (X + Xir1), Xeqs -, Xy )dp
0

forO0 <k <N and x=(xy,...,xy), while for k =0 and N, we have

o0 o0 R 1 , R
no(x) = / / ER1, X2y ..oy X)) Bre PLrdydz,,
0 Ja—ipt xX1+y

o0 o0 1
ny(x) = / / E(x1, X0, ..., XN) % Bre PR¥dydiy.
0 (xy—xn)t XN +y
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We finish with a proof of Py[E(0c0)] =0. Let x € Rﬁ be fixed. Given ¢ > 0, we know
from Proposition 5.1 that for M large enough, Px[Fy;] > 1 — ¢ where Fj; = {Vo(x(?)) <
M, € [0, 1)}. With total energy < M, each ¢; 1s, at any one point in time, no faster than a
clock with rate M. An estimate similar to that of Py (E}) in the proof of Lemma 5.2 gives

Tk
Py[exactly k rings | Fjz] < —.

k!
From this one deduces that
. (N + )M)*
Pulz nrings | Fyyl <y =
k>n
which tends to 0 as n — oo. O

7 Proof of Theorems
7.1 Summary of Results for Time-A Sample Chains

Recall that for any A > 0, the time-A sample chain of @, is denoted by @*. We summarize
here a few results for the discrete-time chain @2 the main computations for which have
been carried out in Sects. 5 and 6. Let V (x) = V(x) + 1.

Proposition 7.1

(a) Forevery A > 0,3 aunique s € Ly (RY) left invariant by ®/*.
(b) There exist constants Cy > 0 and pg € (0, 1) such that for all A € [1,2],

|1 P"® — o P2, < Copfllms — mallv

holds for all py, p € Ly (RY).

Proof For A =1, Assumption (Al) is given by Proposition 6.2, and Assumption (A2) is
proved in Sect. 6.2. These results are extended mutatis mutandis to any A > 0. Thus part
(a) in the proposition follows immediately from Theorem 4.1, as does part (b) if constants
are permitted to depend on A. That two numbers Cy and p, can be chosen to work for all
A € [1,2] is what remains to be checked. We leave it to the reader to verify that uniform
constants can be chosen for the range of A specified in the proofs of Proposition 6.2 and
Lemma 6.3. (The choice of [1, 2] is arbitrary but upper and lower bounds are clearly needed:
For example, expected energy gain on the time interval [0, A) is shown to be less than BA,
and the constant € in Lemma 6.3 goes to zero as A — 0.) Explicit relationships between the
constants in Assumption (A1) and (A2) and the numbers Cy and py are given in item (2) in
the Remark following Theorem 4.1. O

Proposition 7.2 The following hold for any A > 0:

(a) Every @/ -invariant Borel probability measure 1 is < ). with i—i‘ >0 A-a.e.
(b) It follows from (a) that @ has at most one invariant probability measure.
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Proof The proofs are identical for all A > 0. For notational simplicity, we assume A = 1.

(a) Let u be an invariant probability measure for @,, and let ©u = paps + (1 be the
decomposition in the last paragraph of Sect. 6.2. Then uP = pps P + 11 P. By Lemma 6.5,
we have paps P < A, while Corollary 6.4 tells us that if ,ul(]Rf) # 0, then p P will have
a nonzero absolutely continuous component. Since it is impossible for ((uP) l)(Rf ) to be
strictly smaller than (u J_)(]Rﬁ), we conclude that (Rﬁ ) =0, i.e., u < A. That Z—’; >0
A-a.e also follows from Corollary 6.4.

(b) is an immediate consequence of (a) as there cannot be two distinct ergodic measures
both with positive densities A-a.e. O

7.2 From Discrete to Continuous Time

We need to show that all the w5 given by Proposition 7.1(a) are identical, and to do that
requires the following “continuity at 0” property for the family of time-§ sample chains.

Lemma 7.3 Given A > 0 and € > 0, there exists 8§y = 6o(A, €) > 0 such that for all § €
(0, o),

|(ra PP)(A) —a(A)| <€
for every Borel set A C ]Rf.
Proof For fixed A, €, there exists a compact set U = {x | x; < R} such that 7o (U) > 1 — {.
Since the rate function f(x, y) is bounded on U, there is a real number 8, > 0 such that

Pi(x,x) > 1— 7 (e.g., no energy exchange takes place on the time interval (0, §)) for every
x € U and 0 < § < 8y. Then we have

(maP’)(A) = / PO (x, A)ma (dx)

= / PY(x, A)mra(dx) + / Pl (x, A)ma(dx) + / P¥(x, A)mra(dx)
UNA U—-A <

:ﬂA(UmA)—LH +ar +aj

where

a =/ (1= P°(x, A))ma(dx) < “raUNA) <,
Una 4 4

a, = / P (x, A)ma(dx) < znA(U —A)<
U—-A

)

TN

a = / PA(x, A)ma(dx) < 7 (U7) < 2.
Further, 77 (A) — mA(U N A) <a(U€) < €/4, 50 |[ma(A) — A (U N A)| < €/4. Hence
|Ta(A) — (ma P°)(A)| <e. 0
Proof of Theorem 1 To show the existence of 7 € LV(Rf ) with 7 P* =7 for all ¢t > 0, we

need to show ma =y for all A, I" > 0. That there is at most one such measure follows
from the corresponding result for @2.
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Let A and I' be fixed. It suffices to show for an arbitrarily small (but fixed) € > O that
[(maP")(A) —ma(A)| <€ (7.1)

holds for every Borel set A C RY.

Notice first that for every j € 7%, since m, is also invariant for the time-jA sample
chain CD,{A, we have 7, = wa. Similarly, for any k € Z*, wjr;x = wja = wa. For given
€ >0, let §9 = 6p(A, €) be as in Lemma 7.3. Since {jA/k};rez+ is dense in R, we may
choose j,ksothat § :=1" — % € (0, 8g). Then

7aPl = (TaPT) PP =7p P,
and (7.1) holds by Lemma 7.3. O

Henceforth we will write 1 = 5, any A > 0.
Theorem 2 follows immediately from Theorem 1 and Proposition 7.2.

Proof of Theorem 3 We first prove (b), and then deduce (a) from (b). Let py, o € Ly (Rf )
be given. For ¢ > 1, we let n € Z* be such that t =n + A and A € [1, 2]. Then by Proposi-
tion 7.1,

[P = 2P|, = [[ (1 P2) P" — (2P ) P"|,
< Copf - |1 P* — uaP?,
< Copy - (Copollpr — pallv).

For ¢t < 1, using the fact that P'V <V + B < (1 + B)V where B is as in Proposition 5.1
and V > 1, we obtain

| P — 2P|, =/N PV — pal < (1+ Bl — pally.
]R+

Theorem 3(a) is a special case of part (b), with | = 8¢, point mass concentrated at x,
and p, = 7. The expression in (a) follows from

6 —mllv < / V@)@ +7)(d2) =V + Iz lly < (I7llv + 1)V X). 0O

7.3 Correlation Decay

Under the conditions of Corollary 4, we have

L] = ‘ / s(x><(P'<)(x) - / (P’g“)(Z)M(dZ))u(dX)

< ||su/</|z||6xP’ —MP[DM(dx)
< ||s||||c||v/<fv!8xpf —Mpf|> p(dx).
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The quantity inside the inner parentheses being, by definition, ||8x P’ — wP’||y, it follows
from Theorem 3 that it is bounded above by cp’||6x — wt||v. We finish by observing that

f||5x—M||VM(dX)S/(V(X)+||M||V)M(dx)=2||,u||v-

Corollary 4 is proved.

References

10.

11.

14.

15.

16.

20.

21.

22.

23.

24.

. Balint, P, Lin, K.K., Young, L.S.: Ergodicity and energy distributions for some boundary driven inte-

grable Hamiltonian chains. Commun. Math. Phys. 294(1), 199-228 (2010)

. Basile, G., Bernardin, C., Olla, S.: Thermal conductivity for a momentum conservative model. Commun.

Math. Phys. 287(1), 67-98 (2009)

. Bernardin, C., Olla, S.: Fourier’s law for a microscopic model of heat conduction. J. Stat. Phys. 121(3-4),

271-289 (2005)

. Bonetto, F., Lebowitz, J.L., Rey-Bellet, L.: Fourier’s law: A challenge to theorists. Math. Phys. 128-150

(2000)

. Bricmont, J., Kupiainen, A.: Towards a derivation of Fourier’s law for coupled anharmonic oscillators.

Commun. Math. Phys. 274(3), 555-626 (2007)

. Bunimovich, L., Liverani, C., Pellegrinotti, A., Suhov, Y.: Ergodic systems of balls in a billiard table.

Commun. Math. Phys. 146(2), 357-396 (1992)

. Carmona, P.: Existence and uniqueness of an invariant measure for a chain of oscillators in contact with

two heat baths. Stoch. Process. Appl. 117(8), 1076-1092 (2007)

. Cuneo, N., Eckmann, J.-P.: Controlling general polynomial networks. arXiv:1301.1235 (2013, preprint)
. Derrida, B.: Non-equilibrium steady states: fluctuations and large deviations of the density and of the

current. J. Stat. Mech. Theory Exp. 2007(07), P07023 (2007)

Derrida, B., Lebowitz, J.L., Speer, E.R.: Large deviation of the density profile in the steady state of the
open symmetric simple exclusion process. J. Stat. Phys. 107(3), 599-634 (2002)

Dolgopyat, D., Liverani, C.: Energy transfer in a fast-slow Hamiltonian system. Commun. Math. Phys.
308(1), 201-225 (2011)

. Eckmann, J.P., Young, L.S.: Nonequilibrium energy profiles for a class of 1-d models. Commun. Math.

Phys. 262(1), 237-267 (2006)

. Eckmann, J.P., Young, L.S.: Rattling and freezing in a 1d transport model. Nonlinearity 24(1), 207

(2010)

Eckmann, J.-P., Pillet, C.-A., Rey-Bellet, L.: Non-equilibrium statistical mechanics of anharmonic chains
coupled to two heat baths at different temperatures. Commun. Math. Phys. 201(3), 657-697 (1999)
Gaspard, P., Gilbert, T.: Heat conduction and Fourier’s law in a class of many particle dispersing billiards.
New J. Phys. 10(10), 103004 (2008)

Grigo, A., Khanin, K., Szasz, D.: Mixing rates of particle systems with energy exchange. Nonlinearity
25(8), 2349 (2012)

. Hairer, M., Mattingly, J.C.: Yet another look at Harri’s” ergodic theorem for Markov chains. In: Seminar

on Stochastic Analysis, Random Fields and Applications VI, pp. 109-117. Springer, Berlin (2011)

. Harris, T.E.: The existence of stationary measures for certain Markov processes. In: Proceedings of the

Third Berkeley Symposium on Mathematical Statistics and Probability, vol. 2, pp. 113-124. University
of California Press, Berkeley (1956)

. Khas minskil, R.Z.: Stochastic Stability of Differential Equations vol. 7. Kluwer Academic, Norwell

(1980)

Kipnis, C., Marchioro, C., Presutti, E.: Heat flow in an exactly solvable model. J. Stat. Phys. 27(1), 65-74
(1982)

Larralde, H., Leyvraz, F., Mejia-Monasterio, C.: Transport properties of a modified Lorentz gas. J. Stat.
Phys. 113(1), 197-231 (2003)

Lefevere, R., Zambotti, L.: Hot scatterers and tracers for the transfer of heat in collisional dynamics.
J. Stat. Phys. 139(4), 686-713 (2010)

Lepri, S., Livi, R., Politi, A.: Thermal conduction in classical low-dimensional lattices. Phys. Rep.
377(1), 1-80 (2003)

Lin, K.K., Young, L.S.: Nonequilibrium steady states for certain Hamiltonian models. J. Stat. Phys.
139(4), 630-657 (2010)

@ Springer


http://arxiv.org/abs/arXiv:1301.1235

Nonequilibrium Steady States 1193

25.

26.

217.

28.

29.

30.

31.

32.
33.

34.

35.

Liverani, C., Olla, S., et al.: Toward the Fourier law for a weakly interacting anharmonic crystal. J. Am.
Math. Soc. 25, 555-583 (2011)

Luc, R.-B., Thomas, L.E.: Asymptotic behavior of thermal nonequilibrium steady states for a driven
chain of anharmonic oscillators. Commun. Math. Phys. 215(1), 1-24 (2000)

Luc, R.-B., Thomas, L.E.: Exponential convergence to non-equilibrium stationary states in classical
statistical mechanics. Commun. Math. Phys. 225(2), 305-329 (2002)

Meyn, S.P.,, Tweedie, R.L., Glynn, PW.: Markov Chains and Stochastic Stability vol. 2. Cambridge
University Press, Cambridge (2009)

Prados, A., Lasanta, A., Hurtado, P.I.: Large fluctuations in driven dissipative media. Phys. Rev. Lett.
107(14), 140601 (2011)

Ravishankar, K., Young, L.-S.: Local thermodynamic equilibrium for some stochastic models of Hamil-
tonian origin. J. Stat. Phys. 128(3), 641-665 (2007)

Rey-Bellet, L.: Nonequilibrium statistical mechanics of open classical systems. In: XIVTH International
Congress on Mathematical Physics, pp. 447-454 (2003)

Robbins, H.: A remark on Stirling’s formula. Am. Math. Mon. 26-29 (1955)

Ruelle, D.: A mechanical model for Fourier’s law of heat conduction. Commun. Math. Phys. 311(3),
755-768 (2012)

Ryals, B., Young, L.S.: Nonequilibrium steady states of some simple 1-d mechanical chains. J. Stat.
Phys. 1-15 (2012)

Yarmola, T.: Ergodicity of some open systems with particle-disk interactions. Commun. Math. Phys.
304(3), 665-688 (2011)

@ Springer



	Existence of Nonequilibrium Steady State for a Simple Model of Heat Conduction
	Abstract
	Introduction
	Model Description
	Heat Transport Model of KMP Type
	Mathematical Framework
	Justiﬁcation of Rate Function

	Statement of Main Results
	Method of Proof
	Some Known Results
	Outline of Proofs of Our Results

	Expected Energy Gains
	Main Computation
	Proof of Proposition 5.1

	Relevant Properties of the Time-1 Chain
	Total Energy as Lyapunov Function
	Doeblin-Type Condition on Sets with Bounded Total Energy
	Action of Markov Operator on Lebesgue Measure Class

	Proof of Theorems
	Summary of Results for Time-Delta Sample Chains
	From Discrete to Continuous Time
	Correlation Decay

	References


