Infinite paths in planar graphs III, 1-way infinite paths
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Abstract

An infinite graph is 2-indivisible if the deletion of any finite set of vertices from
the graph results in exactly one infinite component. Let G be a 4-connected, 2-
indivisible, infinite, plane graph. It is known that G contains a spanning 1-way
infinite path. In this paper, we prove a stronger result by showing that, for any
vertex x and any edge e on a facial cycle of G, there is a spanning 1-way infinite
path in G from x and through e. Results will be used to establish a conjecture of
Nash-Williams.

*Partially supported by NSF grant DMS-0245530 and NSA grant MDA-904-03-1-0052



1 Introduction and notation

Notation and terminology not defined in this paper may be found in [9] and [10]. In
1931, Whitney [8] proved that every 4-connected planar triangulation contains a Hamil-
ton cycle. Later, Tutte [7] proved that every 4-connected planar graph contains a Hamil-
ton cycle. A natural extension of this theorem to infinite planar graphs is the existence
of spanning 1-way infinite paths or 2-way infinite paths. This lead Nash-Williams to
the following concept: A graph G is k-indivisible, where k is a positive integer, if, for
any finite X C V(G), G — X has at most k — 1 infinite components. Nash-Williams
(2], [3], also see [5]) conjectured that a 4-connected, infinite, planar graph G contains a
spanning 1-way infinite path if, and only if, G is 2-indivisible. This conjecture has been
verified by Dean, Thomas and Yu [1]. Nash-Williams ([2] and [3]) also conjectured that
a 4-connected, infinite, planar graph contains a spanning 2-way infinite path if, and only
if, it is 3-indivisible. This conjecture is verified for 2-indivisible graphs in [9] and [10].
In order to establish this conjecture completely, we need results that are stronger than
those in [1]. In particular, we need to prove the existence of a certain type of 1-way
infinite paths in 2-indivisible graphs. For simplicity, we first state a consequence of our
main result.

(1.1) Theorem. Let G be a 4-connected, 2-indivisible, infinite, plane graph. Let C' be
a facial cycle of G, x € V(C), and e € E(C). Then G contains a spanning 1-way infinite
path from x and through e.

To state the main result of this paper, we recall the definition of a Tutte subgraph.
Let G be a graph (finite or infinite) and P be a subgraph (finite or infinite) of G. A
P-bridge of G is a subgraph (finite or infinite) of G which is induced by either (1) a single
edge in E(G) — E(P) with both incident vertices in V(P) or (2) the edges contained in
a component D of G — V(P) and the edges from D to P. (For any X C V(G), we view
X as a subgraph of G with V(X) = X and E(X) = (), and hence, we can speak of
X-bridges of G.) A P-bridge satisfying (2) is said to be nontrivial. If B is a P-bridge
of G, then the vertices in V(P) NV (B) are called the attachments of B (on P). We say
that P is a Tutte subgraph of G if every P-bridge of G is finite and has at most three
attachments. For any subgraph C in G, we say that P is a C-Tutte subgraph in G if P
is a Tutte subgraph of G and every P-bridge of G containing an edge of C has at most
two attachments.

Let G be a graph and C' a subgraph of G; we say that G is (4,C)-connected if, for
any cut set S of G with |S| < 3, every component of G — S contains a vertex of C. For
vertices x,v on a path P, we use x Pv denote the subpath of P between x and v. We can
now state the main result of this paper.



(1.2) Theorem. Let G be a 2-connected, 2-indivisible, infinite plane graph, let C' be a
facial cycle of G, let x € V(C') and uv € E(C) with v # z, and let Q) denote the subpath
of C' — v between u and x. Assume that G is (4, C)-connected and v is contained in the
infinite component of G —V(Q). Then G contains a 1-way infinite C-Tutte path P from
x such that wv € E(P) and u € V(xPv).

This paper is organized as follows. In Section 2, we briefly review the definition of a
net and a structural result of 2-indivisible infinite plane graphs. We will prove, in Section
3, several lemmas for extending Tutte paths in 2-connected graphs. In Section 4, we will
prove a special case of (1.1), which will then be used in Section 5 as an induction basis
to complete the proof of (1.1).

We consider simple graphs only. Let G be a plane graph. The subgraph of G con-
sisting of vertices and edges incident with the infinite face is denoted by dG. Given any
cycle C' in G and given distinct z,y € V(C), we use xC'y to denote the clockwise segment
of C from x to y (which is a path). To avoid confusion, we adopt the convention that a
graph is finite, unless mentioned otherwise.

2 Nets

For convenience, we recall from [10] the notation and definition of a net. By the
Jordan curve theorem, any cycle C in an infinite plane graph G divides the plane into
two closed regions (whose intersection is C'). If exactly one of these two closed regions,
say R, contains only finitely many vertices and edges of G, then we use I(C') to denote
the subgraph of G consisting of vertices and edges of G contained in R. Hence, I¢(C)
is a finite graph. When there is no danger of confusion, we use I(C) instead of I5(C).
Note that C' C I(C), and if I(C) = C then C'is a facial cycle of G.

A net in an infinite plane graph G is a sequence N = (C1,C3, - - ) of cycles in G such
that I(C;) is defined for all ¢ > 1, and the following properties are satisfied:

(1) I(C;) C I(Ciyq) for all i > 1,
(2) U2, I(C;) = G, and

(3) either C; N Cj = 0 for all i # j, or, for all ¢ > 1, C; N Cj41 is a non-trivial path,
C; N Ciy1 C Cipq1 N Ciya, and neither endvertex of C; N Cj41 is an endvertex of
Ciy1 N Ciyo.

If C;NC; =0 for all i # j, then N is a radial net; otherwise, N is a ladder net. Let
ON = if N is a radial net; otherwise, let ON = [J:2,(C; N Ciyq).

Note that from (2) and (3) that if an infinite plane graph has a net, then it is locally
finite, that is, every vertex has finite degree. Also note from (3) that if N is a ladder net
in an infinite plane graph, then ON is a 2-way infinite path.



The following result is Theorem (2.4) in [10], which describes the structure of a
4-connected, 2-indivisible, infinite, plane graph.

(2.1) Theorem. Let G be a 4-connected, 2-indivisible, infinite, plane graph, let C' be
a facial cycle of G, and let S denote the set of vertices of infinite degree in G . Then
|S| <2, and there is a set F' C E(G) such that

(1) for any f € F, f is incident with exactly one vertex in S,

(2) G — F has a net N = (C1,Co,---), C CI(C1), S C IN, and, for any f € F, both
incident vertices of f are contained in a common infinite S-bridge of ON,

(3) if |S| = 1, then either one S-bridge of ON contains all vertices incident with edges
in F' or each S-bridge of ON contains infinitely many vertices incident with edges
in F, and

(4) if|S| = 2, then, for any T C V(G)— S with |T'| < 3, S is contained in a component
of( G-F)-T.

It will be convenient to deal with certain embeddings of an infinite plane graph. An
infinite plane graph G is nicely embedded (or is a nice embedding) if, for every cycle C'
in G for which I(C) is defined, I¢(C) is contained in the closed disc bounded by C.
The following result is Lemma (2.1) in [10].

(2.2) Lemma. IfG is a plane graph with a net and C' is a facial cycle of G, then G has
a nice embedding in which C' is a facial cycle.

3 Tutte paths

The main objective of this section is to prove several lemmas about Tutte subgraphs
in planar graphs. The following two results will be used frequently. The first is due to
Thomassen [6], and the second is due to Thomas and Yu [4].

(3.1) Lemma. Let G be a 2-connected plane graph, let C' be a facial cycle of G, and
let ue V(C), e € E(C), and v € V(G) — {u}. Then G contains a C-Tutte path P from
u to v and through e.

Note that Lemma (3.1) holds for connected graphs as long as C'is a facial walk and
G contains a path from x to y and through e.



(3.2) Lemma. Let G be a 2-connected plane graph, and let C' be a facial cycle of G.
Let u,v € V(C) be distinct, let e, f € E(C), and assume that u,v,e, f occur on C in
this clockwise order. Then G contains a vCu-Tutte path P from u to v and through e
and f.

Next, we prove a technical lemma, which will be used many times in later proofs.
This lemma is stated in a fairly general setting in order to cover all situations in which
it is applied. See Figure 1 for an illustration.

(a) Q' is a cycle (b) @' is a path or 2-way infinite path

Figure 1: Illustration of Lemma (3.3)

(3.3) Lemma. Let K be a connected (finite or infinite) plane graph, C' be a facial walk
of K, Q be a path between p and g on C, u € V(C)—V (Q), L be a subgraph of K—V(Q),
and Q" be a cycle in L or a path or a 2-way infinite path in L. Suppose the following
three conditions are satisfied:

(1) for any (L U Q)-bridge B of K, [V(BNL)| <1 and V(BNL) CV(Q),
(2) K — V(L) is finite and all vertices of K — V(L) has finite degree in K, and
(3) L contains a Q'-Tutte subgraph T with u € V(T') and |V (Q") NV (T)| > 2.

Then K —V (T contains a path S between p and q such that SUT is a Q-Tutte subgraph
of K, and every T-bridge of L containing no edge of Q)" is also an (S UT)-bridge of K.

Proof. Let W denote the set of attachments on Q" of (L U Q)-bridges of K. By (2),
W is a finite set. Note that for each w € W, either w € V(T') or there is a unique
T-bridge X of L such that w € V(X) — V(T). For any w,w’ € W, we define w ~ w’
if w = w' or there is a T-bridge X of L such that {w,w'} C V(X) — V(T). Clearly, ~
is an equivalence relation on W. Let W1y, Ws, ..., W,, denote the equivalence classes of



W with respect to ~. Then for each i € {1,...,m}, either [W;| =1 and W; C V(T) (in
this case, let B; := W;) or W; C V(B;) — V(T) for some T-bridge B; of L. Since T is
a @'-Tutte subgraph of L and W C V(Q'), |V(B; N T)| < 2. Hence, it follows from (3)
that V(B;NT) C V(Q').

Next we describe subgraphs 7; and U; of K between L and (), and the desired
path S will be contained in the union of these subgraphs. For each i € {1,...,m}, let
si,t; € V(Q) such that (i) p, s;,t;,q occur on @ in order, (ii) there are wg, w; € W; such
that {s;,ws} is contained in a (LU Q)-bridge of K and {¢;,w;} is contained in a (L UQ)-
bridge of K, and (iii) subject to (i) and (ii), s;Q¢; is maximal. (See Figure 1(a) when
|W;| = 1 and Figure 1(b) when |W;| > 2.) By planarity and since u € V(C) and Q is a
path on C, the paths s;Qt;, i = 1,...,m, are edge disjoint. We may therefore assume
that p, s1,t1, S2,t2, ..., Sm,tm,q occur on @ in this order. For each i € {1,...,m}, let U;
denote the union of s;Qt;, B;, and those (L U @)-bridges of K whose attachments are
all contained in V(s;Qt;) UW;. Let to := p and s,,4+1 := ¢q. For each i € {0,...,m},
let T; denote the union of ¢;Qs;+1 and those (L U @)-bridges of K whose attachments
are all contained in V(¢;Qs;+1). Note that there is no path from T; — {t;, s;4+1} to L in
K —{t;, si+1}. By the definition of s;Qt;, the graphs U; and T} are almost disjoint. More
precisely, we have the following.

(a) For any i < j, U;NTj (and for i < j, (U; = T)N(U; —T')) is one of the following:
(0, or {t;}, or the union of those (LU Q)-bridges of K with ¢; as their only attachment on
LUQ. Similarly, for i < j, T; T} (and also T; N Uj) is one of the following: 0, or {s;41},
or the union of those (L U @)-bridges of K with s;y; as their only attachment on L U Q.

Next we show how to route the desired path S through T;.

(b) For each i € {0,...,m}, T; contains a t;(Q)s;+1-Tutte path R; between t; and s;.

If |V (t;Qsi+1)| < 2, then R; := t;QQs;+1 gives the desired path for (b). Now assume
that [V (t;Qsi+1)| > 3. Let C; := t;Qs;+1 + t;isi+1 and choose an edge e from E(t;Qs;+1).
Note that T} +t;s;+1 has a plane representation in which C; is a facial cycle. By applying
Lemma (3.1) (with T + t;8,41,Ci, ti, si+1 as G, C,u, v, respectively), T; + t;s,41 has a
C;-Tutte path R; between ¢; and s;41 such that e € E(R;). Clearly, R; is a t;Qs;+1-Tutte
path in T;.

Now we show how to route the desired path S through Uj;.

(c) For each i € {1,...,m}, U;—V(T'NU;) contains a path S; between s; and ¢; such
that S; U (U; NT) is an s;Qt;-Tutte subgraph of U;.

Note that for all i € {1,...,m}, [V({U; NT)| = |[V(B;NT)| < 2. If s; = t;, then
let S; := s;Qt;, and clearly, S; U (U; NT) is an s;Qt;-Tutte subgraph of U; (because
[V(U;iNT)| <2). So assume that s; # t;. We distinguish two cases.

First assume that W; C V(T'). Then |W;| = 1. Let w be the only vertex in Wj;.
See Figure 1(a). Clearly, U; + t;w has a plane representation so that s;Qt; + {w,t;w} is



contained in a facial walk D; of U; +t;w. By Lemma (3.1) (with U; +t;w, D;, s;, w, t;w as
G, C,u,v,e, respectively), U; + t;w contains a D;-Tutte path S! between s; and w such
that t;w € F(S}). Let S; := S, —w. Then S; CU; — V(T'NU;), and it is easy to see that
S;U(U;NT)=S5;U{w} is an s;Qt;-Tutte subgraph of Us;.

Now assume that W; € V(T). Then W; C V(B;) — V(T) for some T-bridge B; of L
containing an edge of Q’. Hence, since Q' is either a cycle or a 2-way infinite path, it
follows from (3) that V(B; NT) consists of exactly two vertices, say w and w’. Assume
that w,w’, t;, s; occur on the outer walk of U; in cyclic order. See Figure 1(b). Note that
$iQt; + {w,w', ws;, t;w'} is contained in a cycle of U; + {ws;,t;w'}, and hence, let U/
denote a plane representation of the block of U; + {ws;, t;w’} containing one such cycle.
Without loss of generality, we may assume that s;Qt; + {w,w’, ws;, t;w'} is contained
in a facial cycle D} of U] such that w,w’,t;w’, ws; occur on D} in clockwise order. By
Lemma (3.2) (with U/, D}, w,w’', t;w’, ws; as G,C,u,v,e, f, respectively), U/ contains a
w' Djw-Tutte path S} between w and w’ such that {ws;, t;w’'} C E(S]). Clearly, S} is also
an s;Qt;-Tutte path in U; +{ws;, t;w'}. Let S; := S —{w,w'}. Then S; C U;—V(TNU;),
and it is easy to see that S; U (U; NT) = S; U {w,w'} is an s;Qt;-Tutte subgraph of U;.

By (a), (b) and (c), S := (Uj%, Ri)U(U;Z, S;) is a path between p and ¢ in K —V/(T).
It is easy to see that every non-trivial (S UT)-bridge of K is one of the following: a T-
bridge of L not contained in any U;, or a R;-bridge of T;, or an (S; U (U; N T))-bridge of
Ui, or a (L U @Q)-bridge of K with only one attachment that is s; or ¢;. Thus, SUT is
a -Tutte subgraph of K, and every T-bridge of L containing no edge of @’ (and hence
not contained in any U;) is also an (S U T)-bridge of K. O

Our next lemma deals with disjoint paths that form a Tutte subgraph in a planar
graph. See Figure 2 for an illustration.

Figure 2: Illustration of Lemma (3.4)

(3.4) Lemma. Let G be a 2-connected plane graph with a facial cycle C, let
s,u,v,x,t,x" be vertices on C' in clockwise order. Suppose that uv € E(C), t # x' # s,



v # z, and G — V (2Ct) contains a path from s to 2’ and through wv. Then G contains
disjoint paths P and @) such that P is from s to z’ and through uv, Q is from x to t,
and PUQ is an sCt-Tutte subgraph of G.

Proof. Without loss of generality, assume that C' is the outer cycle of G (that is, C' = 0G).
Let L be the minimal subgraph of G — V(xCt) such that L is a union of blocks of
G — V(2Ct) and L contains a path from s to ’. Then all paths in G — V (xCt) between
2’ and s are contained in L, and hence, 'C's C L and uwv € E(L). Let ¢ be the vertex
of C'N L such that ¢Cz is minimal. Let L’ := L + 2’s, where the edge z’s is added in
such a way that E(sCc) U {z's} C OL' (shown in Figure 2 as a dotted edge). By the
minimality of L, every cut vertex of L (if any) must separate s from z’. Therefore, L' is
2-connected.

Observe that, since L is a union of blocks of G — V(xzC't), each (L U xC't)-bridge of
G has at most one attachment on cOL’x’, with its remaining attachments on xCt. In L/,
we use Lemma (3.2) to find an sOL'z’-Tutte path P from 2’ to s and through uv and ¢
(by choosing an edge of C' incident with ¢). Next, we will find the path @, which is done
in two steps.

Let p € V(2Ct) with 2Cp maximal such that {p, ¢} is contained in a (LUxC't)-bridge
of G. Let J denote the union of Cp and those (LUxC't)-bridges of G whose attachments
are all contained in V(zCp) U {c}. If z = p then let R denote the trivial path consisting
of x; if x # p then by Lemma (3.1) there is a ¢cC'p-Tutte path R" in J + pc from ¢ to z
and through pec, and let R := R’ —c.

It is easy to verify that the conditions of Lemma (3.3) hold, with G’ := G — V(J —
{e,p}), L,pCt,sOL'x,c, P as K, L,Q,Q",u, T, respectively. Hence by Lemma (3.3), there
is a path S from p to t in G’ — V(P) such that SU P is a pCt-Tutte subgraph of G’, and
every P-bridge of L containing no edge of @)’ is also an (S U P)-bridge of G'. In fact, it
follows from planarity and {s,c,z’'} C V(P) that any P-bridge of L containing an edge
of sCc is also an (S U P)-bridge of G, and so, has at most two attachments on S U P.

Let Q = RUS. Clearly, PN Q = () and Q is a path from x to t. It is easy to see
that any non-trivial (P U Q)-bridge of G is either an (S U P)-bridge of G’ or a R'-bridge
of J + pc. Hence, P U is an sCt-Tutte subgraph of G. a

We conclude this section by proving three technical lemmas, which will be used to
extend Tutte paths in a subgraph of a graph G to Tutte paths in G. In order to cover
all the situations, the lemmas are stated in a fairly general setting. Fortunately, their
proofs are quite simple, with the help of Lemma (3.3). For an illustration of the next
result, see Figure 3.

(3.5) Lemma. Let G be a 2-connected (finite or infinite) plane graph and C' be a facial
cycle of G such that G is (4,C)-connected. Let z,u,v € V(C) and wv € E(C) with
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Figure 3: Illustration of Lemma (3.5).

v # x, Q be the subpath of C'— v between z and u, and G’ be a block of G — V' (Q) such
that

(i) v and G’ are in the same component of G — V(Q),
(ii)) G’ has a facial cycle C' for which I5(C") is defined and C C I5(C"), and
(iii) |[V(CnC")| < 1.

Then there exists ' € V(C') such that, for any (finite or infinite) subgraph X of G
containing I (C") and for any (finite or 1-way infinite) C'-Tutte path P' in X' := X NG’
from x’ with |V(P'NC")| > 2, there is a C-Tutte path P in X from x and through uv
with the following properties:

(a) P C P,
(b) uw € V(xPv) and P —V(P' — ') is a path from z to x’, and

(¢c) for any z € V(P)—V (P'), either z ¢ V(X') or z € V(Z)—V (P’) for some P’-bridge
Z of X' containing an edge of C’.

Proof. Without loss of generality, assume that uCx = Q if v # z. (If u = = then @Q is
just the trivial path consisting of u = x only.) Since C' C G-V (Q), CNC' C C—-V(Q).
If [V(CNC")| =1, then let 2’ be the unique vertex of C'N C’. See Figure 3(a). Now
assume that |V (C N C’)| = 0. Then from planarity, C' — V(Q) is contained in a single
(G" U @)-bridge of G. Let 2z’ be the attachment on C’ of this (G’ U Q)-bridge of G; '
exists because v and G’ are contained in the same component of G — V(Q). See Figure

3(b).



Since G is (4, C)-connected, there exist distinct s,¢ € V(Q) such that wu, s,t,z occur
on @ in order, {s,z’} is contained in a (G’ U Q)-bridge of G, {t,z’} is contained in a
(G'UQ)-bridge of G, and no (G'UQ) of G containing =’ contains any vertex of sQt—{s,t}.
Let J denote the union of tC's and those (G’ U Q)-bridges of G whose attachments are
all contained in V(tC's) U {z'}.

Next we show that .J contains disjoint paths Py and P; such that P is from 2’ to s
and through wv, P; is from z to t, u € V(sPsv), P; U P, is a tC's-Tutte subgraph of J.

First, assume that |V(C N C’)| = 1. See Figure 3(a). Then 2’ is a cut vertex of J.
Let Js, J; denote the subgraphs of J such that JsU Jy = J, V(JsNJy) = {a'}, 2/Cs C J;s
and tCx’ C Jy. In Js+2's, we apply Lemma (3.1) to find an 2’C's-Tutte path Py from z’
to s and through uv. By planarity, u € V(sPsv). If t = x then let P; denote the trivial
path consisting of x; and if ¢ # 2 then we use Lemma (3.1) to find a tCz’-Tutte path P/
in J; + 2t from z to 2’ and through t2’, and let P, := P/ — 2/. Tt is easy to verify that
P, and P, give the desired paths.

Now assume |V (C' N C’) = 0. See Figure 3(b). Since G is 2-connected and s # t,
J' = J+{a's,2't} is 2-connected. Clearly, J' has a plane representation so that 9J' =
tCs+{a',2's,2't}, and 2/, s, u, v, z,t occur on 8J' in clockwise order. Thus s0J't = tC's.
Since v and G’ are contained in a component of G — V(Q), J' — V(Q) has a path from v
to /. Hence, J' —V (¢tCz) contains a path from s to 2’ and through uv. By Lemma (3.4)
(with J',0J" as G, C, respectively), J' contains disjoint paths Ps and P; such that Py is
from 2’ to s and through uv, P; is from x to t, and P, U P; is an sdJ't-Tutte subgraph
of J'. By planarity, u € V(sPsv). It is easy to see that Ps and P; give the desired paths.

To complete the proof this lemma, let X be a subgraph of G containing I4(C")
and let P’ be a (finite or 1-way infinite) C’-Tutte path in X’ := X NG’ from 2’ with
V(P'NC")| > 2. Note that 2’ is on the facial walk of X — V' (J — {s,t,2'}) containing Q.
It is straightforward to verify that the conditions of Lemma (3.3) hold, with X* := X —
V(J—{s,t,2'}), X', P sQt,s,t,C' 2" as K,L,T,Q,p,q,Q’,u, respectively. By Lemma
(3.3), we find a path S from s to ¢t in X*—V (P’) such that SUP’ is a sQt-Tutte subgraph
of X* and every P’-bridge of X’ containing no edge of C’ is an (S U P’)-bridge of X*.

Let P =P USUP;UP,. Then P is a path from z, P’ C P, u € V(zPv), and
P—-V(P' —2') = SUP;UP, is a path between x and z’. Note that each non-trivial
P-bridge of X is one of the following: a P’-bridge of X’ not containing any edge of C”,
or an (S U P’)-bridge of X*, or a (Ps U P;)-bridge of J. Hence, it is easy to check that
P is a C-Tutte path from z and through uv in X, which satisfies (a), (b), and (c). O

For the next result, see Figure 4 for an illustration.
(3.6) Lemma. Let G be a 2-connected (finite or infinite) plane graph and C' be a facial
cycle of G such that G is (4,C)-connected. Let z,u,v € V(C) and wv € E(C) with

v # x, @ be the subpath of C'—v between x and u, and G’ be a block of G — V (Q) such
that
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Figure 4: Nlustration for Lemma (3.6).

(i) v and G’ are in the same component of G — V(Q),
(ii) G’ has a facial cycle C" for which I(C") is defined and C C I1(C"), and
(iii) C N C" is a non-trivial path.

Then there exist ' € V(CNC") and v'v' € E(C") such that 2’ and v’ are the endvertices
of CN (', if G is infinite then v’ is in an infinite component of the graph obtained from
G by deleting the path in C' — v' between 2’ and u', and, for any (finite or infinite)
subgraph X of G containing I(C") and for any (finite or 1-way infinite) C’'-Tutte path
P in X' .= X NG’ from x' and through u'v’, there is a C-Tutte path P in X from x
and through uv with the following properties:

(a) P C P,
(b) uw € V(zPv) and P —V(P' — ') is a path from z to x’, and

(c) for any z € V(P)—V (P’), either z ¢ V(X') or 2 € V(Z)—V (P') for some P’-bridge
Z of X' containing an edge of C'.

Proof. Without loss of generality, assume that @Q = uCx if u # z. (If u = = then @Q is
the trivial path consisting of u = x only.) Let ' and «’' denote the endvertices of C N C’
such that z,u’,2’,v,u occur on C in clockwise order. See Figure 4. Let u'v' € E(C")
such that if Q" denotes the subpath of C’ — v/ between z’ and v’ and if G is infinite
then the infinite component of G’ — V(Q’) contains v'. Such w'v’ exists because G is
(4, C)-connected. (Note that there are only two choices for v/, and if both do not work
then G — {z,u'} has a component which does not contain any vertex of C'.)

Let s € V(Q) with u@Qs maximal such that {s,z’} is contained in some (G’ U Q)-
bridge of G, and let Js denote the union of u@s and those (G’ U Q)-bridges of G whose
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Figure 5: Ilustration of Lemma (2.7).

attachments are all contained in V(u@s) U {z'}. By applying Lemma (3.1), we find an
x'Cs-Tutte path Ps in Js + 2’s from 2’ to s and through uv. By planarity, u € V (zPv).

Let t € V(Q) with tQz maximal such that {¢,u'} is contained in some (G’ U Q)-
bridge of G, and let J; denote the union of tQx and those (G’ U @Q)-bridges of G whose
attachments are all contained in V(tQx) U {u'}. If t = = let P, be the path consisting
of x only; and if ¢t # x then by applying Lemma (3.1) we find a tCz’-Tutte path P/ in
Jy + tu’ from «’ to x through tu/, and let P, := P/ — /.

To complete the proof, let X be a subgraph of G containing I (C’) and let P’
be a (finite or 1-way infinite) C’-Tutte path in X’ := X N G from 2’ and through
uw'v'. Tt is easy to verify that X* := X — V((JsU Jy) — {s,t,u/,2'}), X', P',Q, s,t,C", 2’
(as K,L,T,Q,p,q,Q’,u respectively) satisfy the conditions of Lemma (3.3). Hence by
Lemma (3.3) we find a path S from s to ¢ in X* — V(P’) such that S U P’ is a Q-Tutte
subgraph of X* and every P’-bridge of X’ containing no edge of C’ is an (S U P’)-bridge
of X*.

Let P := PP"USUP,UP;. Then P’ C P, u € V(zPv), and P—V (P'—2') = SUP;UP; is
a path between x and /. Note that each non-trivial P-bridge of X is one of the following:
a P’-bridge of G’ not containing any edge of C’, or an (S U P’)-bridge of X*, or a P;-
bridge of Js + a's, or a P/-bridge of J; + tu’. Hence, it is easy to see that P is a C-Tutte
path from z and through uv in X which satisfies (a), (b), and (c). O

For an illustration of the final result in this section, see Figure 5.

(3.7) Lemma. Let G be a 2-connected (finite or infinite) plane graph, C' be a facial
cycle of G, and x € V(C) such that G is (4, C)-connected. Let G’ be a block of G—V (C)
and C' be a facial cycle of G' for which I(C") is defined and C' C I(C"). Then there
exists ' € V(C") such that, for any (finite or infinite) subgraph X of G containing I(C")
and for any (finite or 1-way infinite) C'-Tutte path P’ from 2’ in X' := X N G’ with
|[V(P'NC")| > 2, there is a C-Tutte path P from x in X with the following properties:
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(a) P'C P,
(b) P—V(P'—1') is a path between z and x’, and

(c) for any z € V(P)—V (P’), either z ¢ V(X') or 2 € V(Z)—V (P') for some P’-bridge
Z of X' containing an edge of C'.

Proof. Let wy,- -+, w,, be the attachments on C’ of (G’ U C)-bridges of G which occur
on C’ in clockwise order. Since G is (4, C)-connected, there exist distinct p;, q; € V(C)
such that (i) {p;,w;} is contained in a (G’ U C')-bridge of G and {g;j,w;} is contained in
a (G’ UC)-bridge of G, (ii) every (G’ UC)-bridge of G containing some w; # w; contains
no vertex of p;Cq; — {pj,q;}, and (iii) subject to (i) and (ii), p;Cq; is maximal.

Without loss of generality, assume that x € V(prCpi+1) — {pi} for some 1 < k < m,
where py,+1 := p1. Let J denote the union of pyCpyy1 and those (G’ U C)-bridges of G
whose attachments are all contained in V(ppCppi1) U {wy}. Let 2’ = wg. See Figure 5.

Next we show that J contains disjoint paths P* and Q* such that P* is from 2’ to
P, QF is from x to pgy1, and P* U Q* is a prCpio1-Tutte subgraph of J. Since G is
2-connected, J' := J + 2'pgyq is 2-connected. Clearly J’ has a plane representation in
which prCpri1 + {2’  2'pr11} C dJ', and pg, 2’, pry1, 2 occur on dJ' in clockwise order.
We use Lemma (3.1) to find a 9J’-Tutte path P” in J’ from z to py and through z'pg 1.
Let P* and Q* be the components of P” — 2'pg,1, where P* is a path from 2’ to pg
and Q* is a path from x to piyi. Clearly, every non-trivial (P* U Q*)-bridge of J is a
P"-bridge of J. Hence P* U Q* is a pxCpy41-Tutte subgraph of J.

Now we see that X* := X —V(J — {2/, pg, pks1}), X', 0ks1Cpx, C', P, a1, i, ' (as
K,L,Q,Q,T,p,q,u, respectively) satisfy the conditions of Lemma (3.3). By (3.3), we
find a path S from py1 to px in X*—V (P’) such that SUP’ is a py1Cpg-Tutte subgraph
of X* and any P’-bridge of X’ containing no edge of C’ is also an (S U P’)-bridge of X*.

Let P = P'US U (P*UQ*). Then each non-trivial P-bridge of X is one of the
following: a P’-bridge of G’ containing no edge of C’, or a (P* U Q*)-bridge of J, or an
(S'U P')-bridge of X*. Hence, it is easy to check that P is a C-Tutte path in G.

Clearly, P’ C P, P—V(P'—2') = SU(P*UQ*) is a path between x and z’, and for
any z € V(P) — V(P'), either z ¢ V(X') or z € V(Z) — V(P') for some P’-bridge Z of
X' containing an edge of C’. Thus P gives the desired path in X. O

4 Tutte paths in graphs with ladder nets

We begin this section by stating Theorem (3.7) of [10], which will be used in the next
section to deal with graphs with ladder nets.
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(4.1) Lemma. Let G be a 2-connected, 2-indivisible, infinite, plane graph with a ladder
net N. Let x € V(ON) and wv € E(ON) such that u € V(xONwv). Then G contains a
1-way infinite ON-Tutte path P from x and through uv such that u € V(xPv).

We devote the rest of this section to proving a lemma, which will be used as a part
of the induction basis in the proof of Theorem (1.2). Before we do this, let us extend the
notation G to infinite graphs. Let G be an infinite plane graph. Then JG denotes the
subgraph of G defined as follows: for every z € V(G) U E(G), we have x € 0G if, and
only if, for any cycle C in G for which I(C) is defined, z ¢ I(C) — V(C).

Let G be a 2-connected, 2-indivisible, infinite, plane graph, and let C' be a facial
cycle of G such that G is (4, C)-connected. If G has a radial net, then clearly G = 0.
Now assume that G does not have a radial net. Let S be the set of vertices of infinite
degree in G. Then |S| < 2, and there exists F' C E(G) as in Theorem (2.1) such that
G — F has a ladder net N satisfying the conclusions of Theorem (2.1). If S = (), then
0G = ON. If |S| = 2, then 0G is the subpath of ON between the vertices of S. If |S| =1
and one S-bridge of N contains all incident vertices of edges in F', then G is the other
S-bridge of ON, which is a 1-way infinite path. If |S| = 1 and each S-bridge of ON
contains infinitely many vertices incident with edges in F', then G = S consists of only
one vertex. Hence, if G # (), then OG is a trivial path, or a 1-way infinite path, or a
2-way infinite path, and the endvertices of G are in S.

Next, we prove the main result of this section. See Figure 6 for an illustration.

(4.2) Lemma. Let G be a 2-connected, 2-indivisible, infinite plane graph, and C be a
facial cycle of G such that G is (4,C)-connected. Let z € V(C) and ww € E(C) with
v # z, and let (Q be the subpath of C' — v between u and x such that Q N OG # () and
v is in the infinite component of G — V(Q). Then G contains a 1-way infinite C-Tutte
path P from x such that uv € E(P) and u € V(zPv).

Proof. Without loss of generality, we may assume that Q = uCz if u # z. (If u =z
then @ is a trivial path.) Let a,b € V(Q N JG) such that adGb is maximal and u, a,b, x
occur on C' in clockwise order. Let S denote the set of vertices of infinite degree in G.
By Theorem (2.1), |S| < 2, and there is a set F' of edges such that

(1) for any f € F, f is incident with exactly one vertex in .S,

(2) G— F hasanet N =(C1,Cy,---), C CI(Cy), S CON, and, for any f € F, both
incident vertices of f are contained in a common infinite S-bridge of N,

(3) if |S| = 1, then either one S-bridge of N contains all vertices incident with edges
in F or each S-bridge of ON contains infinitely many vertices incident with edges
in F', and
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Figure 6: The structure of G — F.

(4) if |S| = 2, then, for any T C V(G) — S with |T'| < 3, S is contained in a component
of (G-F)—-T.

Since QN OG # (), N is a ladder net. Therefore, (G— F)—V(Q) has a unique infinite
block, say H, and H has a ladder net, say Np. See Figure 6. For convenience, let
D := ONpg. Note that D N JN has exactly two components. Moreover, the components
of D NON are 1-way infinite paths, and between them there are infinitely many vertex
disjoint paths (contained in C;; — V(C; N Cji4q) for all large 7).

We claim that we may further choose F' such that

(5) S C {a,b} UV(D NOIN), every edge in F has an incident vertex on D N IN, if
SN V(D)| =1 then there are at least three paths in H from S N V(D) to the
component of D N dN not containing S N V(D) which only share the vertex in
SNV(D), and if [SNV(D)| = 2 then there are at least three internally disjoint
paths in H between the vertices in S N V(D).

This can be shown as follows. Since S C V(9G) and since adGb is maximal subject
to a,b € V(Q N 9G), we see that SNV (adNb) C {a,b}. If S C {a,b}, then let F’ be
obtained from F' by deleting all edges with no incident vertex on D (there are only finitely
many such edges), and we have (1)—(5) with F’ replacing F'. So assume S ¢ {a,b}. For
each s € S — V(aONb), we choose s’ € V(D NON) such that ss’ € F and there are
sufficiently many disjoint paths in G — F from D N sONs’ to the component of D N ON
not intersecting sONs’. (This can be done since N and Ny are ladder nets.) Let F’ be
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obtained from F' by deleting all edges in F' whose incident vertices are all contained in
sONS', for all s € S — V(aONb). Then S — V(aONb) is contained in a unique infinite
block H' of G — F’, and H' has a ladder net, say N’. Let D' := ON'. So H C H’
and S — V(aONb) C V(D'). Clearly, all edges in F’ has an incident vertex in D’. Tt
is straightforward to verify that (1)-(5) are satisfied, with F’, N’ D' replacing F, N, D,
respectively.

By planarity, the attachments on H of (H U Q)-bridges of G — F are all contained in
D. Note that DN C =0 or DN C is a path, and hence we distinguish two cases.

Case 1. [V(DNC)| <1

Then DNC = () or DN C is a trivial path. If D N C # @, then let w denote the
unique vertex of D N C. See Figure 6(a).

If DNC =10, then C —V(Q — {x,u}) is contained in a single (H U Q)-bridge B, of
G — F'. See Figure 6(b). In this case, we claim that (B, —V(Q))NH # (). For otherwise,
B, — V(Q) is a finite component of (G — F) — V(Q). Since S C {a,b} UV (ON N D)
(by (5)), By, —V(Q) is also a finite component of G — V(Q). Therefore, v is not in the
infinite component of G — V(Q), a contradiction. Hence, let w € V(B,) NV (H). Then
w is the attachment of B, on H, and B, — V(Q) contains a path from v to w.

In H, we use Lemma (4.1) to find a 1-way infinite D-Tutte path P’ from w such that
if (S —{w})NV(D) # 0 then P’ contains a vertex in S — {w} (by using an edge of D
incident with that vertex).

We claim that SN V(D) C V(P’). This is obvious when w € S (because |S| < 2) or
when |[SNV(D)| < 1. So assume that w ¢ S and SNV (D) = {s1,s2}. By planarity
and since Q N OG # (), s; and s3 belong to different components of D N dN. Suppose
s1 ¢ V(P'). Then s; € V(B) for some P'-bridge B of H. Since P’ is a D-Tutte path,
|[V(BNP')| = 2. Note that sy € V(P’), because P’ contains a vertex of (SNV (D)) —{w}.
Thus, so ¢ V(B) because sy # w and s and s3 belong to different components of DNON.
Therefore, s; and sy belong to different components of H — V(BN P’), contradicting (5).

We wish to extend P’ to the desired path P. Let s,t € V(Q) with a,b,t,2z,u,s on C
in clockwise order such that (i) {s,w} is contained in an (H U @)-bridge of G — F and
{t,w} is contained in an (H U Q)-bridge of G — F, (ii) every (H U Q)-bridge of G — F
containing a vertex of W — {w} contains no vertex of tC's — {s,t}, and (iii) subject to
(i) and (ii), tC's is maximal. See Figure 6(a) and Figure 6(b). Then ¢ # s; otherwise,
{t = s,w} is a 2-cut of G and G — {s,w} has a component containing no vertex of C,
contradicting the assumption that G is (4, C)-connected. Let J denote the union of tC's
and those (HUQ)-bridges of G — F whose attachments are all contained in V' (¢tC's)U{w}.

Next we show that J contains disjoint paths P; and P; such that P; is from w to s
and through uv, P; is from x to t, u € V(sPyv), and Ps U P, is a tC's-Tutte subgraph of
J. We consider two cases.

16



First, assume w ¢ C. Then J' := J + {ws,wt} is 2-connected. Clearly, J’ has a
plane representation so that dJ' = tC's + {w,ws,wt}. Also J' — V(Q) has a path from
v to w (because B, — V(Q) contains a path from v to w). Hence, J' — V(tCx) contains
a path from s to w and through uv. By applying Lemma (3.4) to J' (with J',0J",w as
G, C, ', respectively), we find disjoint paths Ps and P; in J’ such that Ps is from w to
s and through uv, P; is from x to t, P U P is a s0.J't-Tutte subgraph of J’. Note that
s0J't = tCs, and ws,wt ¢ Ps U P;. Hence P; U P; is a tC's-Tutte subgraph of J. By
planarity, u € V (sPsv).

Now assume w € C. Then w is a cut vertex of J. If |V (wC's)| = 2 then let Ps := wC's,
and if x = t then let P; denote the trivial path consisting of  only. Now assume that
|[V(wCs)| > 3 and x # t. Since G is (4,C)-connected, J has exactly two w-bridges J
and J;, where s € V(J5) and ¢ € V(J;), and both J, := Js + ws and J{ := J; + wt are
2-connected. Clearly J. and J] have plane representations so that 9J. = wC's + ws and
0J] = tCw + wt. In J,, we use Lemma (3.1) to find a 9.J.-Tutte path Ps from w to s
and through wv. In J;, we use Lemma (3.1) to find a 9.J;-Tutte path P/ from w to x and
through wt, and let P; := P/ — w. It is easy to see that Ps U P, is a tC's-Tutte subgraph
of J. By planarity, u € V(sPsv).

It is easy to verify that G’ = (G — F) — V(J — {s,t,w}),H,Q,D,s,t, P w
(as K,L,Q,Q",p,q,T,u, respectively) satisfy the conditions of Lemma (3.3). By
Lemma (3.3), we find a path R C G’ — V(P’) from s to ¢ such that RU P’ is a Q-Tutte
subgraph of G’ and every P’-bridge of H containing no edge of D is an (R U P’)-bridge
of G'. Since {a,b} C V(Q N OG) and by planarity, {a,b} C V(R). By (5) and since
SNV(D)CV(P),SCV(P'UR).

Let P := PPURUP,UP;. Then P is a 1-way infinite path in G from x and through uv
such that u € V(xPv). It is easy to check that each non-trivial P-bridge of G is one of the
following: a (RUP’)-bridge of G’, or a (Ps;U P;)-bridge of J, or a subgraph of H obtained
from a P’-bridge B of G by adding edges in F between SNV (B) and V(B) — V(P’), or
a subgraph of G obtained from a P’-bridge B of H (with two attachments) by adding a
vertex s* € S and all edges in F between s* and V(B) — V(P’). Hence, it is easy to see
that P is a l-way infinite C-Tutte path in G.

Case 2. DN C is a non-trivial path.

Let w,w’ denote the endvertices of D N C such that DN C = w'Cw. Then {w',z} is
contained in an (H U @)-bridge of G — F, and {w, u} is contained in an (H U @)-bridge
of G — F. See Figure 6(c). In H, we use Lemma (4.1) to find a 1-way infinite D-Tutte
path P’ from w and through w'.

We claim that SN V(D) C V(P’). Suppose on the contrary that s* € (SN V(D)) —
V(P'). Then s* € V(B) — V(P') for some P’-bridge B of H. Since P’ is a D-Tutte path
of H, [V(P'NB)| = 2. Let D,, and D), denote the infinite w’ Dw-bridges of D containing
w and w’, respectively. (These are 1-way infinite paths.) By symmetry, assume that
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s* € V(D),). Then by planarity and since {w,w’} C V(P'), V(BN P") C V(D,,). Note
that w ¢ V(BN P’). Hence V(BNP') is a 2-cut of H separating s* from D,,. Then either
V(B N P’) separates the vertices in S (when [SNV(D)| =2) or V(BN P’) separates s*
from the component of D N IN not containing s* (when |[S NV (D)| = 1), contradicting
(5).

Next, we extend P’ to the desired path P. Let s € V(Q) with u@s maximal such
that {s,w} is contained in an (H U Q)-bridge of G — F, and let Js denote the union of
those (H U Q)-bridges of G — F' whose attachments are all contained in V(u@s) U {w}.
If [V(wCs)| = 2 then let Ps; := wC's, and otherwise, we use Lemma (3.1) to find a
wC's-Tutte path P, in J; + ws from w to s and through uw.

Let t € V(Q) with tQx maximal such that {¢,w’} is contained in an (H UQ)-bridge of
G —F, and let J; denote the union of those (H UQ)-bridges of G — F whose attachments
are all contained in V(tQx) U {w’'}. If t = x then let P; be the trivial path consisting of
x, otherwise, we use Lemma (3.1) to find a tCw’-Tutte path P/ in J; 4+ tw’ from v’ to x
and through tw’, and let P; := P/ —w'.

It is easy to verify that G’ := (G—F) =V ((JsUJ;) — {s,t,w,w'}), H,Q, D, s,t, P',w
(as K,L,Q,Q,p,q,T,u, respectively) satisfy the conditions of Lemma (3.3). By Lemma
(3.3), we find a path R C G’ — V(P’) such that R U P’ is a Q-Tutte subgraph of G’
and every P’-bridge of H containing no edge of D is an (R U P’)-bridge of G’. Since
{a,b} CV(QNIG), {a,b} C V(R). By (5) and since SNV (D) C V(P’), S CV(P'UR).

Let P:= PPURU P;UP,. Then P is a 1-way infinite path in G from x and through
uwv such that v € V(zPv). It is easy to verify that each non-trivial P-bridge of G is
one of the following: a (RU P’)-bridge of G’, or a Ps-bridge of J., or a P/-bridge of .J/,
or a subgraph of G obtained from a P’-bridge B of H by adding edges in F' between
SNV(B) and V(B) — V(P'), or a subgraph of G obtained from a P’-bridge B of H
(with two attachments) by adding a vertex s* € S and all edges in F' between s* and
V(B) — V(P'). Hence, it is easy to see that P is a 1-way infinite C-Tutte path in G. O

5 One-way infinite paths

In this section, we prove our main result about 1-way infinite Tutte paths from a
specified vertex and through a specified edge. Such paths will be useful for proving the
existence of 2-way infinite Tutte paths in 3-indivisible infinite plane graphs.

First, we state the following result, which is often referred to as Konig Lemma. It
allows us to “construct” a 1-way infinite path from a sequence of finite paths.

(5.1) Lemma. Let G be an infinite, locally finite graph, and let x € V(G). Suppose
{P,} is an infinite sequence of finite paths from x such that the length of P,, increases.
Then {P,} has a subsequence {P,, } converging to a 1-way infinite path P from x, that
is, for every v € V(P), xPv = x P, v for all sufficiently large ny.
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In later proofs, we need to find a sequence of Tutte paths converging to a 1-way infinite
Tutte path. For this reason, we recall the notion of forward paths. Let N = (Hy, Ho, - )
be a sequence of finite subgraphs in a (finite or infinite) graph G. A path P in G is N-
forward or (Hy, Ha, - - -)-forward if, for ¢ > 1 and for every a,b,c € V(P) with a € V(bPc),
{b,c} C V(H;) implies that a ¢ V(H;) for all j > i+ 2. Note that if, for each i > 2,
U;_:ll Hj and |J;5;, H; are contained in different components of G — V(H;), then “P is
(Hy, Ho, - - -)-forward” means that if P starts from H;, then, after visiting H; 2, P never
visits H; again.

Before we prove our main result, we need to prove two more lemmas.

(5.2) Lemma. Let G be a 2-connected, 2-indivisible, infinite, plane graph with a radial
net, let C' be a facial cycle of G such that G is (4, C')-connected, and let x € V(C'). Then
G contains a 1-way infinite C-Tutte path P from .

Proof. By Lemma (2.2), we may work with a nice embedding of G in which C is a
facial cycle. First, we construct an infinite sequence G = ((G;,Ci,z;) : @ > 1). Let
G1 = G,C; = C, and z1 = x. Suppose for some ¢ > 1, we have constructed a 2-
connected, infinite, plane graph G; C G with a radial net, a facial cycle C; of G;, and a
vertex z; € V(C;). Let G;41 denote the unique infinite block of G; — V(C;) and let Cj44
denote the facial cycle of G411 for which C; C Ig,(Ciy1). (Both G,y; and Ciy exist,
since G; has a radial net.)

It is easy to see that the conditions of Lemma (3.7) are satisfied, with
G;,Ci, i, Gir1,Cirq as G,C,x,G',C’", respectively. By Lemma (3.7), we have the fol-
lowing.

(1) There exists some x; 11 € V(Ciy1) such that, for any (finite or infinite) subgraph
X of G; containing I, (Ciy1) and for any (finite or 1-way infinite) C;41-Tutte path
Py from z;11 in X' := X N G;yq, there is a Ci-Tutte path P; from z; in G;
such that P11 C P;, P, — V(P41 — zi4+1) is a path from x; to x;41, and for any
2 € V(P;) =V (Piy1), either 2 ¢ V(X') or z € V(Z) — V(P44 for some Py -bridge
Z of X' containing an edge of C; 1.

Recall that N = (C1,Cq,---) is a radial net in G. Let H; = (I(Cit1) — V(Cit1)) —
V(Ig(C;) — V(Cy)), and let G, ; = G; N 1g(Cy) (for n > 4 > 1). By definition, G, ; =
Io(Ch) = V(Ig(Cy) =V (C;)), and Hy, Ho, ... are pairwise vertex disjoint. Next we show
that

(2) Gy, contains a Cj-Tutte path P, ; between z; and a vertex of C), such that P, ; is
(Hy, Hy, - - -)-forward in G.
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We use induction on n — . If n —i =0, then G,,; = C,, = C;. In this case, let P, ; be a
path in C), between z; and an arbitrary vertex of C;, — x;. Then P, ; is a C;-Tutte path
in Gp; (because G, ; = Cp has only one P, ;-bridge which has just two attachments)
and P, ; is (Hy, Ha, - - -)-forward (because P,; C C,, C Hy,).

Now assume that n —7 > 1 and G, ;41 contains a C;;1-Tutte path P, ;11 between
zi+1 and a vertex of C, such that P, ;1 is (Hi, Ha,---)-forward in G. By (1) above
(with X = G,,;) Gp; contains a C;-Tutte path P, ; from x; such that (a) P, 11 C P,
(b) Pni—V(Pyit1 — xit1) is a path between z; and z;41, and (c) for any z € V(P ;) —
V(Py,i+1), either z ¢ V(Gpit1) or z € V(Z) — V(Py,i+1) for some P, ;ii-bridge Z
of Gy 41 containing an edge of Cj1i. By (b), P, ; is between z; and a vertex of Cp,.
By (c) and since every P, ;+1-bridge of G, ;41 containing an edge of Cjy; has just two
attachments, (P, ; — V(Ppi+1 — Zit1)) N Ciye = 0. Hence, P, ; — V(P41 — zit1) C
H; UH; .

To show that P, ; is (Hy, Ha,---)-forward in G, let a,b,c € V(P,;) such that a €
V(bP,ic), and b,c € V(H}). We need to show that a ¢ V(H;) for all j > k + 2. First,
assume that b,c € V(P,;) — V(Ppit1 — it1). Then bP, ;¢ C P ; — V(P it1 — ig1) C
H; U H;q. Hence, H, = H; or Hy, = H;y1. Since a € V(bP,c), a € V(H;) UV (Hit1),
and so, a ¢ V(Hj) for all j > k42 > i+ 2. Now assume that b,c € V(Pp41).
Then a ¢ V(H;) for all j > k + 2 because P, ;11 is (Hi, Ha,---)-forward in G. Finally,
assume by symmetry that b € V(P, ;) — V(Ppi41) and ¢ € V(P41 — i+1). Then b €
V(H;)UV(Hit+1) and ¢ ¢ V(H;). Since b,c € V(Hy), Hi, = Hit1, and so, x4 € V(Hy).
Since a € V(xi41 P it1¢) and {z;41,¢} C V(Hy), a ¢ V(H;) for all j > k + 2 (because
Pyi+1 is (Hi,Hs,---)-forward in G). Hence, P, ; is (Hy, Hs,---)-forward in G. This
completes the proof of (2).

By (2), P, := Py, is a C-Tutte path in G, ; = I(C),) between x and a vertex of Cp,

and P, is (Hy, Ha,---)-forward in G. By Lemma (5.1), there is subsequence {P,, } of
{P,} converging to a 1-way infinite path P from z in G. We claim that

(3) for any P-bridge B of G, B is a P, -bridge of I5(C,, ) for all sufficiently large ny.

First, we see that B must be finite. For otherwise, since G is locally finite (because G has
a radial net), B contains a 1-way infinite path. Thus a finite subpath @ of that 1-way
infinite path must intersect C;, £ < i < £+ 3, for some large {. Now Q C I(C}) for all
sufficiently large j. So @ is contained in some P, -bridge of I¢(C,, ) for all sufficiently
large ny. Since @) intersects at least four consecutive C;’s, such a P, -bridge of I¢(Cy, )
has at least four attachments, a contradiction. Now that B is finite, B C I(C;) for all
sufficiently large i. Therefore, B is a P, -bridge of I¢(Cy, ) for all sufficiently large ny.

By (3) and since each P, is a C-Tutte path of I¢(C,, ), P is a 1-way infinite C-Tutte
path from z in G. O
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The next lemma will serve as part of the induction basis in the proof of our main
result.

(5.3) Lemma. Let G be a 2-connected, 2-indivisible, infinite, plane graph, and C' be a
facial cycle of G such that G is (4,C)-connected. Then, for every x € V(C), G contains
a l-way infinite C-Tutte path from x.

Proof. If G has a radial net, then Lemma (5.3) follows from Lemma (5.2). Now assume
that G has no radial net. Let S denote the set of vertices of infinite degree in G. Then
there is a set F' C E(Q) as in Theorem (2.1) such that G—F has a ladder net NV satisfying
the conclusions of Theorem (2.1).

Thus, let n denote the maximum number for which there are vertex disjoint cycle
Co,C1,...,Cp in G such that Cy = C and I(Cy) C I(Cy) C ... C I(Cy). Then C,NIG #
(). We will apply induction on n.

Suppose n = 0. Since G is (4, C)-connectd, we can pick uv from F(C') so that v # x,
the path @ of C' — v between z and w intersects G, and v is in the infinite component
of G —V(Q). Hence Lemma (5.3) follows from Lemma (4.2).

So assume that n > 1, and consider G — V(C). Let H denote the unique infinite
block of G —V(C') (which exists since G is 2-indivisible and (4, C')-connected) and let C’
denote the cycle bounding the face of H containing C'. By Lemma (3.7), there is some
a2’ € V(C") such that, for any 1-way infinite C’-Tutte path P’ from 2’ in H, there is a 1-
way infinite C-Tutte path P from z in G with P’ C P. Note that if Dy = C’, D1, ..., D,
are disjoint cycles of H with Iy (Do) C Ig(D;1) C ... C Ig(Dy), then k < n by the
maximality of n. So by induction, there is a 1-way infinite C’'-Tutte path P’ in H from
2'. Hence, G has a 1-way infinite C-Tutte path from z. |

Proof of Theorem (1.2). 1t follows from Lemma (2.2) that we may work with a nice
embedding of G in which C' is a facial cycle. Recall that 0G = ) if and only if G has a
radial net.

First, we construct a sequence G = {(G;,C;, Q;, i, uv;) 11 =0,1,2,---}. Let Gg =
G, Co=C,Qp=0Q, xg=1z,uy = u, and vy = v.

If Qo N OGy # (), then we stop this process.

Suppose for some ¢ > 0, we have constructed (G;,Cj,Qj,xj,ujv;), 0 < j <14, such
that for every 0 < j <4, G; C G is a 2-connected, 2-indivisible, infinite, plane graph,
Cj; is a facial cycle of Gj, G; is (4,Cj)-connected, z; € V(C;) and u;v; € E(C;) with
v; # x4, Q; is the subpath of C; — v; between z; and u;, v; is in the infinite component
of G; —V(Q;), and for all 0 < j < i, I(C;) C I(Cjt1), and any (G4 U C;)-bridge of
G has at most one attachment on Cj4.

If Q; NOG # (), then we stop this process.

Now assume Q; N dG = (. Then since G; is 2-indivisible and (4, C;)-connected,
G — V(Q;) has a unique infinite block, say H;, which has a facial cycle C! bounding the
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face of H; containing C;. By planarity there are two possibilities: |V (C;) NV (C))| <1
or C; N C/ is a nontrivial path. (See Figures 3 and 4 for an illustration.) Recall that v;
and H; are contained in the unique infinite component of G; — V(Q;).

(i) If [V(C;) nV(C))| <1, then by Lemma (3.5) (with G;,C;, Qi, H;, Cl, xi, ui, v; as
G,C,Q,G',C' x,u,v, respectively), there exists z} € V(C!) such that, for any C/-Tutte
path P/ from 2/ in H; with |[V(P/) N V(C})| > 2 there is a C;-Tutte path P; from z;
through w;v; in G; with the following properties: (a) P/ C P;, (b) u; € V(z;Piv;) and
P, — V(P! — 2}) is a path from x; to z}, and (c) for any z € V(P;) — V(P/), either
z ¢ V(H;) or z € V(Z) — V(P/) for some P/-bridge Z of H;.

(i) If C;NCY is a nontrivial path then by Lemma (3.6) (with G4, Cy, Q;, H;, C, x4, ui, v;
as G,C,Q,G',C’, x,u,v, respectively), there exist =, € V(C;) N V(CY) and ujv; € E(CY)
such that 2} and u} are the endvertices of C; N CJ, v} is in the infinite component of the
graph obtained from H; by deleting the path Q) in C] — v} between z, and w}, and, for
any subgraph X of G; containing I(C!) and for any C!-Tutte path P/ in X' := X N H;

!,/

from z} and through u/v}, there is a C;-Tutte path from z; through u;v; in X with the
following properties: (a) P/ C P;, (b) u; € V(x;Pv;) and P; — V(P! — ) is a path from
z; to , and (c) for any z € V(P;) — V(P)), either z ¢ V(H;) or z € V(Z) — V(FP/) for
some P/-bridge Z of X'.

If (i) occurs, we stop this process.

Now assume (ii) occurs. Let Giy1 = G}, Cip1 = Cl, Qiy1 = Q, i1 = &}, ujp1 =
w;, and viy1 = v). Since x;41 and w;41 are endvertices of C; N CY, we have Q11 =
CiNCipr or Qv = Ciyq — (V(CZ N Ci+1) — {mi+1,ui+1}). Note that G411 is a 2-
connected, 2-indivisible, infinite, plane graph, C;y1 is a facial cycle of G;y1, G;41 is
(4, C’i+1)-connected, Tiy1 € V(Ci—i-l) and Ui+1Vi+1 € E(Ci_H) with Vi1 75 Tit1, Qi+1 is
the subpath of Cj+1 — v;41 between z; 11 and wu;41, v;11 is in the infinite component of
Git1 —V(Qit1), I(C;) C Ig(Cit1), and any (G;1 U C;)-bridge of G; has at most one
attachment on Cjy.

(1) We may assume that G is an infinite sequence.

Otherwise, suppose that G = {(G;, C;, Qi, xi,uv;) : © = 0,---,n}. Then by the above
construction of G, either @, NIG # () or |V(C,, N C})| < 1. We will apply induction on
n.

Suppose n = 0. If QoNIG # (), then the result follows from Lemma (4.2). So assume
that Qo NG = 0. Then |V(Co N C))| < 1. By Lemma (5.2), Hy has a 1-way infinite
C{-Tutte path from z(. By (i) in the construction of G, we see that Gy = G has a 1-way
infinite C-Tutte path P from z through wv such that u € V(xPv).

Now assume that n > 1. Then by the above construction of G, Q¢ N G = 0
and Cp N C{, is a nontrivial path. Therefore, we may apply induction to the sequence
G = {(Gi,C;,Qi, i, uv;) = i = 1,---,n}, and conclude that G; has a 1-way infinite
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C4-Tutte path P; from zq through ujv;. By (ii) in the construction of G, we see that
Go = G has a 1-way infinite C-Tutte path P from = through wv such that u € V(xPv).
This proves (1).

By (1), Q; N0G # 0 and C; N Cj_; is a non-trivial path, for all j > 1. Hence for
all j > 1, Qj = Cj N Cj_l or Qj = Cj_l — V((Cj N Cj_l) — {IL‘j,Uj}). Also from the
construction of G, we have Ig(Cj—1) C Ig(C}j), for all j > 1. We will show that there is
a subsequence (Cj,, Cjy, . ..) of (C1,Ca,...) such that C;; = Cp and C;; N C;, = @ for all
ij # 1. This sequence will be used to define forward Tutte paths.

(2) We claim that, for any given ¢ > 1, there is some ¢; > i such that Cy, N C; = 0.

Suppose that C; N C; # 0 for all j > 4. First we show that Q; = C; — V((C; N Cj-1) —
{xj,u;}) for all j > i. For otherwise, assume that Qy = C N Cj_; for some k > i. Then
Cr+1NCx_1 = D because C11 = Cl/c CGr—V(Qk) =Gr—V(CrNCx_1) = Gp—V(Ck_1)
(since (Ck—1 — V(Cr N Ck_1)) NG = 0). Since I¢(C;) C Ig(Cjq1) for all j > 1,
Crs1 N Ck C Criqg NCg_1 = 0, a contradiction.

Hence, for all j >4, C;41NC; CC; —V(Q;) = (C; NCi—1) — {zj,u;} # C; NCj_q.
That is, for all j > ¢, Cj41 NC} is a proper subgraph of C; N C;_1. But this is impossible
because C; N Cj41 is finite. Hence we have (2).

By (2), let N = (C;,,Ci,,---) be a subsequence of (Cp,Ch,---) such that C;; = Cj
and Cj, N Cj, ., = 0 for all k > 0. Then N is a radial net in G. Let Hy, = (I(Cj,,) —
V(Ci,)) — VU(Cy) = V(Cy,)). For 1 <i<mn,let Gn; = GiNI(Cy). Next we show
that

(3) G, contains a Cj-Tutte path P, ; between z; and a vertex of C), such that u;v; €
E(P,;), uj € V(x;P,v;), and P, ; is (Hy, Ha, - - -)-forward in G.

We use induction on n —i. If n =1, then G, ; = C; = C),. In this case, let f be the edge
of C; incident with x; such that f is contained in the path of C' — u; between z; and v;,
and let P,; = C; — f. It is easy to see that P,; is a C;-Tutte path between z; and a
vertex of C), such that u;v; € E(F;), v € V(x;P,v;), and P, ; is (Hy, Ha, - - -)-forward
in G (because P, ; C C,, C Hj, for some k).

Now assume that n > 4 and G, ;41 contains a C;;1-Tutte path P, ;1 between ;1
and a vertex of C), such that w1041 € E(Pit1), uiv1 € V(Tig1 P it1vit1), and P i1
is (Hy,Hy,---)-forward in G. By (ii) in the construction of G (with X = G, ;), Gpn
has a C;-Tutte path P,; from z; and through w;v; such that (a) P,;,41 C P,; and
u; € V(x;Ppv;), (b) Py — V(P it1 — iy1) is a path between x; and z;41, and (c) for
any z € V(P,;) — V(Ppit1), either z ¢ V(Gyip1) or z € V(Z) — V(Pyi41) for some
P, i+1-bridge Z of G, ;41 containing an edge of Cj41.
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It remains to show that P,; is (Hi, Ha,---)-forward in G. Note that C; C H; for
some positive integer [. Then from the construction of G (only (ii) applies since G is
infinite), we have x;11 € V(H;) because z;1; € V(C;). Also, by (c) above, P,; —
V(Pni+1 — zit1) € H U Hpyq. Let a,b,c € V(P,;) such that a € V(bP, c), and
suppose that {b,c} C V(Hj). We need to show that a ¢ V(H;) for all j > k + 2.
If {b,c} C V(Py,i+1), then a ¢ V(H;) for all j > k + 2 because Py, i1 is (Hy, Ha, - -)-
forward in G. Now assume that {b,c} C V(P )=V (Ppi+1—it1). Thena € V(bP, ic) C
V(Pn;i) — V(Prit1 — xix1) € V(H; U Hyy1). Hence, either Hy = H; or Hy, = Hj44, and
so, a ¢ V(Hj) for any j > k+2 > [ +2. Finally, assume by symmetry that b ¢ V (P, ;41)
and ¢ € V(P it1 — zit1). Then b € V(H;) UV (H41), and hence, either Hy = H; or
Hy = Hj4,. We may assume that a € V(P i+1); otherwise, a € VH;) UV (H;41), and
hence, a ¢ V(H;) for all j > k+2>1+42. If H, = H;, then a ¢ V(H;) for all j > k+2,
because a € V(xi41Pi+1¢), {®it1,¢} € V(Hyg), and P, ;41 is (Hy, Ha, - - -)-forward in G.
So assume that Hy = H;,1. Now suppose that a € V(H,) for some r > k + 2. Since
xit1 € V(Hy), there is some 2’ € V(z;41P,i+1a) NV (Hy). Hence {z/,¢} C V(Hy) and
a € V(2'P, it1¢). Since Py ;11 is (Hy, Ha, - --)-forward in G, a ¢ V(H;) for all j > k+ 2,
contradicting the assumption that a € V(H,). Hence, P, ; is (H1, Ha, - - -)-forward in G.

Let P, = P,;1. Then P, is a C-Tutte path in I(C),) between z and a vertex of C,
and through uv such that u € V(zP,v), and P, is (Hy, Ha, - - -)-forward in G. By Lemma
(5.1), {P,} has a subsequence {P,, } converging to a 1-way infinite path P from x and
through uv. Note that u € V(zPv) (since v € V(zP,,v) for all K > 1). By a similar
argument as for (3) in the proof of (5.2), we have

(4) for any P-bridge B of G, B is a P, -bridge of I(C,, ) for all sufficiently large ny.

By (4) and since each P,, is a C-Tutte path of I(C,, ), P is a 1-way infinite C-Tutte
path in G from z and through uv such that u € V(zPv). O

It is easy to see that Theorem (1.1) follows from Theorem (1.2).
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