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Abstract

It has recently been shown that every 3-connected planar graph G contains a
cycle of length at least |G|'°232 where |G| denotes the number of vertices of G.
A planar graph contains no K3 s-minor. Thomas conjectured that there exists a
function B(t) > 0 for ¢ > 3 such that, for any integer ¢ > 3 and for any 3-connected
graph G' with no K3 ;-minor, G contains a cycle of length at least |G|P®). In this
paper this conjecture is established with 8(t) = loggt11 2. We also show that if
t > 3 is an integer and G is a 2-connected graph containing no K ;-minor, then
there exists a cycle in G of length at least |G|/t!1.
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1 Introduction and notation

In 1931, Whitney [22] proved that every 4-connected planar triangulation contains a
Hamilton cycle (and hence, its faces are 4-colorable). This result has been generalized to
all 4-connected planar graphs in [21], to all 4-connected projective-planar graphs in [17],
and to all 5-connected toroidal graphs in [18]. Thomassen [20] strengthened Tutte’s
result by showing that every 4-connected planar graph is Hamilton connected. In an
attempt to generalize the above result of Tutte to other surfaces, Griinbaum [6] and Nash-
Williams [12] independently conjectured that every 4-connected toroidal graph contains
a Hamilton cycle. While this conjecture remains open, it is shown in [19] that every
4-connected toroidal graph contains a Hamilton path. For graphs in other surfaces, Yu
[23] has shown that every “locally planar” 5-connected triangulation of a surface contains
a Hamilton cycle, and it is not known whether the condition “triangulation” is necessary.

If we consider 3-connected graphs, the situation changes dramatically. There are
many 3-connected planar graphs which do not contain Hamilton cycles, see [§8]. On the
other hand the following conjecture of Barnette (see [10]) remains open: every cubic,
bipartite, 3-connected, planar graph contains a Hamilton cycle.

The length of a longest cycle in a graph G is called the circumference of G and is
denoted by ¢(G). We are interested in finding good lower bounds on ¢(G). When studying
paths in polytopes, Moon and Moser [11] implicitly conjectured that if G is a 3-connected
planar graphs then ¢(G) > a|G|°832, where « is a constant and |G| denotes the number
of vertices of G. Griinbaum and Walther [7] made the same conjecture for a class of
3-connected cubic planar graphs. Jackson and Wormald [9] gave the first polynomial
lower bound on ¢(G), which was improved by Gao and Yu [5]. Fan Chung [4] further
improved this lower bound to |G|%®. Recently, Chen and Yu [3] fully established the
Moon-Moser conjecture and they showed that the same is true (within a constant factor)
for 3-connected graphs embeddable in the torus or the Klein bottle. This result is used in
[2] to show that if G is a 3-connected graph of orientable genus g then ¢(G) > ¢(g)|G|'83 2,
where €(g) is a constant dependent on g. On the other hand, it is shown in [15] that €(g)
can be replaced by an absolute constant if G is also “locally planar”.

Note that 3-connected planar graphs contain no K33-minors. Hence, as a different
generalization of the result of Chen and Yu [3], one may ask whether there is a similar
result for 3-connected graphs with no K3;-minors, for ¢ > 4. Graphs containing no
K3 ;-minors form an important class of graphs in the theory of graph minors (related
to surface embeddings). Robertson and Seymour [14] showed that in order to embed a
graph in a given surface one needs to exclude large K3 ;-minors, among others. In [13], it
is shown that if G is a 3-connected graph with no K3 ;-minor, then it has a large wheel.
With these motivations, Thomas [16] made the following.

(1.1) Conjecture. There exists a function 5(t) > 0 for ¢ > 3 such that, for any integer



t > 3 and for any 3-connected graph G with no K3 -minor, ¢(G) > |G|°®.

Seymour asked whether 3(¢) can be a constant dependent on neither ¢ nor n. Thomas
[16] then made the following conjecture.

(1.2) Conjecture. There exist a constant § > 0 and a function «(t) > 0 for t > 3
such that, for any integer ¢ > 3 and for any 3-connected graph G with no K3 ;-minor,

c(G) > a(t)|GIP.

One approach to solving the above conjectures is to find a structural characterization
of 3-connected graphs with no K3;-minors. However, such a characterization seems to be
difficult to obtain. To that end, Bohme, Maharry and Mohar [1] have obtained structural
information on 7-connected graphs which contain no K3 ;-minors. On the other hand,
one might try to show that 3-connected graphs with no K3 ;-minors may be embeddable
in a surface of genus g(t) and apply the result in [2]. Unfortunately, this is not true as
there exist 3-connected graphs with no K3;-minors, but with arbitrarily larger genus.
(For example, let C' = vgvy ... vp_1v9 be a cycle of length k and let G be obtained from
C be replacing each v; by a complete graph with three vertices x; 1, ;2, and ;3 such
that and z;; and x,,, are adjacent if and only if / =i —1 or £ = ¢ + 1, where the
subscripts are taken modulo k. It is pointed out in [1] that G contains no K3 7-minor
and the orientable genus of G is at least k.) What one might hope for is the existence of
a function g(t) > 0 for ¢ > 3 such that, for every integer ¢t > 3, after simple reductions
on 3-connected graphs with no K3 -minors, the resulting graphs are embeddable in a
surface of genus g(t).

Note that a graph with no K3 ;-minor has maximum degree at most 2. Thus, cycles
are the only 2-connected graphs with no K3 i-minors. It is also easy to show that in any
2-connected graph with no K3 >-minor, every maximal cycle must be a Hamilton cycle.

The main result of this paper is the following theorem which establishes Conjecture

(1.1).

(1.3) Theorem. For any integer t > 3 and for any 3-connected graph G with no K3 ;-
minor, ¢(G) > |G"®), where r(t) = loggi+1 2.

By the examples of Moon and Moser [11] (also see [3]), the exponent ((¢) is at most
logs 2. We feel that §(t) can be improved to log, 2. However, we do not know whether
the method in this paper can be extended to establish Conjecture (1.2).

In order to prove (1.3), we need to deal with graphs that can be obtained from 3-
connected graphs by contracting a connected subgraph. Hence, we will prove a stronger
result (stated in Section 2). In Section 2, we also introduce necessary notation and
terminology, and prove some useful properties of the function f(x) = x'°82. In Section 3,
we study graphs with weights on its edges. Weighted graphs will be useful for recovering



information from graphs after certain operations. We will prove a result about paths
in weighted graphs and a result about the circumference of 2-connected graphs with no
K5 ;-minors. In Sections 4 - 6, we complete the proof of the technical result stated in
Section 2. There are three statements in the technical result: (a), (b), and (c). The
proof of the technical result is by induction on the number of vertices. The induction
step for (a) is done in Section 4, and the induction step for (b) is done in Section 5. The
induction step for (c¢) is done in Section 6, and the inductive proof will be completed in
Section 6.

2 The technical theorem

The main goals of this section are to state a technical theorem which implies (1.3)
and to prove some properties of the function f(z) = 2982 which will be frequently
used. First, we introduce notation and terminology necessary for stating and proving
our results.

We only consider simple graphs. We use A := B to rename B with A. For a graph
G, V(G) and E(G) denote the vertex set and edge set of G, respectively, and we let
|G| := |V(G)|. For graphs H and G, H C G means that H is a subgraph of G.

Let G be a graph and let U C V(G). Then G[U]| denotes the subgraph of G induced
by U. The set U is said to be a connected set of G if G[U] is connected. Let G — U :=
GIV(G) = U], and if U = {u} then let G —u := G — U. We say that U is a k-cut of
G if G — U is not connected and |U| = k. If {u} is a 1-cut of G, then wu is called a
cutvertez of G. Let Ng(U) := {z € V(G) — U : z is adjacent to some vertex in U}, and
let Ng(u) := Ng({u}). For convenience, let Ng(H) := Ng(V(H)) for any subgraph H
of GG. If there is no danger of confusion, we will simply drop the subscript G.

Let G be a graph. For two distinct vertices x,y of G, an x-y path in G is a path
between = and y in G. If P is a path, we use ¢(P) to denote the length of P, which is
the number of edges of P. For any distinct vertices z,y of a path P, we use P[z,y| to
denote the subpath of P between x and y (inclusive), and define Plz,y) := Pz, y] — v,
P(z,y] :== Plz,y]| —z, and P(z,y) := Plz,y] — {z,y}. An edge of G with ends u and v is
often denoted by wv, or vu, or {u,v}. Let S be a set of 2-element subsets of V(G). Then
we use G + S to denote the graph with vertex set V(G) and edge set E(G) U S. (Note
that each edge of G is a 2-element subset of V(G).) If S = {{u;,v;} :i=1,...,k}, then
we also write G + {u;v; : ¢ = 1,...,k} instead of G+ S. If S = {{u,v}}, then we let
G+uw:=G+S.

A graph H is a minor of a graph G if there exist disjoint connected sets V. of G,
indexed by « € V(H), such that, for any distinct z,y € V(H), xy € E(H) if and only if
G has an edge with one end in V, and the other in V. These sets form a representation
of H in G. If H is a minor of GG, then we say that G contains an H-minor. When there



is no danger of confusion, we will not make an effort to distinguish between the edges of
H and the edges of G. That is, we may view the edges of H as edges of GG. Let G be a
graph and let U be a connected subgraph of G; then we use G/U to denote the graph
obtained from G by contracting U (and deleting resulting multiple edges and loops).

The graph K3 is the complete bipartite graph with one partite set of size 3 and the
other of size t. Let G be a graph and {z,y, 2} C V(G). We say that a K3;-minor H of
G is rooted at {x,y,z} if H has a representation in G such that x € Vq, y € V3, z € V3,
where Vi, Vo, V3 are connected sets of G representing vertices of H in the partition set of
size three. We define (G x,y, 2) to be the largest integer ¢ such that H has a Kz ;-minor
rooted at {x,y, z}.

We can now state the aforementioned technical theorem.

(2.1) Theorem. Let t > 3 be an integer, let r(t) := loggu+1 2, and let G be a 3-
connected graph with no K3 -minor. Then the following statements hold.

(a) For any distinct vertices x,y,z of G such that xz,yz € E(G), G — z contains an
x-y path of length at least (@—H_I)T(t), where p := pu(G;x,y, z).

(b) For any zy € E(G), G contains an x-y path of length at least |G|"®.

(c) For any two distinct edges xy, f of G, G contains an z-y path through f which has
length at least (%)T(t) + 1.

Note that (1.3) is an immediate consequence of (b) of Theorem (2.1). In order to
prove Theorem (2.1), we need the following property of the function f(z) = %82,

(2.2) Lemma. For any integer b > 4 and for any m > n > 0,
mlogb2 + nlogb2 > (m + (b _ 1)n)10gb2.

Proof. By dividing m!°8 2 to both sides of the above inequality, it suffices to show that,
for any s with 0 < s <1,

1+ 59982 > (14 (b—1)s)o8s2,

Let f(s) =14 5982 — (1 + (b — 1)s)'8»2. Clearly, f(0) = f(1) = 0. Taking derivative
about s, we have

f’(s) — (logb 2)S(logb 2)—-1 _ (b _ 1)(1 + (b o 1)8)(10gb 2)—1).

A simple calculation shows that f’(s) = 0 has a unique solution. Therefore, since f(0) =
f(1) = 0, either 0 is the absolute maximum of f(s) over [0,1] or 0 is the absolute



minimum of f(s) over [0,1]. That is, either f(s) > 0 for all s € [0,1] or f(s) < 0 for all
s € [0,1]. Note that 0 < ¢ < 1 (since b > 4) and

1 1 b—1 100 o
) = A+g) -4+ ——)"
3 (2b—1)les?
= 55—

3 (2b)1ogb2
S
— §_210gb2.

2

Since b > 4, 2'°82 < 2l0842 — /2 < 3/2. Thus, f(%) > 0 for b > 4. Therefore, we have
f(s) >0 for all s €[0,1]. O

(2.3) Corollary. Let a > 1 and b > 4 be integers, and let m >0 and n > 0. If m > 2,
then

mlogb2 + nlogb2 > (m + b__ln)logb 2.
a
Proof. Since m > 2 > 0 and by Lemma (2.2), we have m!'°82 + (2)l0gv2 > (m + (b —
1)2)lo8 2 Since a > 1, m'°& 2 4 nlogs2 > mlogr 2 4 (2)logs2 So (2.3) holds. 0

By repeatedly applying (2.3), we obtain the following

(2.4) Corollary. Suppose m,ny,...,ny are positive numbers such that m > =t for all
1 <4 < k. Then, for any integer b > 4,

logy, 2 —
mloss 2 + Z niogb > (m + - Z ni)logb 2
i=1 1=1

3 Circumferences of 2-connected graphs

In this section, we prove a result about long paths in weighted graphs, which will be
useful for proving Theorem (2.1). We will also see that a similar argument can be used
to prove an interesting result about the circumference of a 2-connected graph with no
K5 ¢-minors.

For convenience, we introduce the concept of bridge. Let G be a graph and H a
subgraph of G. An H-bridge of G is a subgraph of G which is induced by either (i) an
edge in F(G) — E(H) with both ends in V(H) or (ii) the edges in a component D of
G — V(H) and edges of G from D to H. The H-bridges satisfying (ii) are said to be



non-trivial. If U C V(G), we may view U as a subgraph of G with vertex set U and no
edges. Hence, we will also speak of U-bridges or bridges of G associated with U.

In the proof of (2.1), we need to replace certain bridges of a graph associated with
2-cuts by edges, and each such edge will be assigned a weight which records the number
of vertices in the corresponding bridge. The following concepts will allow us to relate
subgraphs in the weighted graph to K3 ;-minors and rooted K3;-minors in the original
graph.

Let G be a graph and let S C E(G). An S-link of size m in G consists of two disjoint
connected subgraphs A, B of G and a subset S’ of S such that |S’| = m and each edge
in S’ has one end in V(A) and the other in V(B), and we denote it by (4, B;S’). If, in
addition, z € V(A) and y € V(B) or x € V(B) and y € V(A), then (A, B;S’) is said to
be between x and y.

Again, let G be a graph and let S C F(G). Let P be a path in G. For any e € E(P),
an (S; P)-ladder with top e and m rungs is an S-link (A, B;S”) of size m such that e & S’,
one component of P — e is contained in A, and the other component of P — e is contained
in B. The edges in S’ are called the rungs of the ladder. We use a(P;e) to denote the
maximum number ¢ such that G has an (S; P)-ladder with top e and ¢ rungs.

Let R denote the set of non-negative real numbers. For any function w : E(G) — R
and a subgraph H of G, we define w(H) 1=} cpyy)w(e). We can now state and prove
the main result of this section.

(3.1) Theorem. Let G be 2-connected graph, let w : E(G) — R, and let S = {e €
E(G) : w(e) > 0}. Let z,y € V(G) be distinct and let t > 2 be an integer, and assume
that G does not contain any S-link of size t between x and y. Then there is an x-y path

P in G such that
> tPey(e) > w(G).
ecE(P)

Proof. Note that w(G) = w(S). We will apply induction on |G| + |S]. If |S| = 0 then
w(G) = 0, and hence, any z-y path P in G gives the desired path. If |S| = 1 then
since G is 2-connected, G has an z-y path P containing the edge in S, and clearly
> ecE(P) t2 () y(e) > w(G). So we may assume |S| > 2.

Suppose |G| = 3. Then G is a triangle. Let P,@Q denote the z-y paths in G, and
assume without loss of generality that w(P) > w(Q). Therefore, since ¢t > 2, tw(P) >
w(G). If S C E(P), then ) cpp t4Pe)y(e) > w(@). So assume that S N E(Q) # 0.
Then for any e € E(P), a(P;e) > 1. Hence, > cp(p) t“Pie)y(e) > tw(P) > w(Q).
Therefore, we may assume that |G| > 4. We distinguish two cases.

Case 1. {z,y} is a 2-cut of G or some edge in S is incident with both z and y.

In this case, there exist subgraphs G and G2 of G such that Gy UGe = G, V(G1) N
V(Gy) = {z,y}, and either |G1| > 3 < |Ga| or, for some i € {1,2}, G; is induced by



an edge in S. (See Figure 1(a) for an illustration.) Without loss of generality, we may
assume that w(G1) > w(G2). Then, since t > 2, tw(G1) > w(QG).

First, let us assume that G is induced by an edge f € S. Then f is incident with
both x and y. Let P = G;. Since G is 2-connected and |S| > 2, there exist an edge
g € S—{f} and an z-y path R in G2 containing g. Let A, B denote the components of
R— f. Then (A, B;{g}) is an (S; P)-ladder with top f and one rung. Thus, a(P; f) > 1.
80 3 sepp T w(e) > tw(f) = kw(G1) > w(G).

Now assume that |G| > 3. Let G* := G + xy and let S* = SN E(G1). Define
w* 1 E(G*) — R as follows: for any e € E(G1), w*(e) = w(e); and if zy ¢ E(G1) then
w*(zy) = 0. Note that G* is 2-connected and |G*| + |S*| < |G| + |S|. So by induction
hypothesis, there is an x-y path P in G* such that

> PO e) 2 ' (G7) = w(S7) = w(Gh),
ecE(P)

where a*(P;e) denotes the greatest integer m such that G* has an (S*; P)-ladder with
top e and m rungs.
If SNE(G2) = 0, then w(G1) = w(G) and «(P;e) = a*(P;e) for all e € E(P).
Hence,
S ttPeye) = Y PO (e) > w(Gh) = w(G).

e€E(P) c€E(P)

So we may assume that SN E(Gy) # (). Then, since G is 2-connected, G2 has an z-y
path R containing an edge f € S. For any (S*; P)-ladder (A, B; S*) in G* between = and
y with top e and m rungs, we can form an (5; P)-ladder with top e and m + 1 rungs by
adding to A the component of R — f containing x, adding to B the component of R — f
containing y, and adding f to S*. Hence, a(P;e) > a*(P;e) + 1 for all e € E(P). So

S ttPeyle) > Y PO () > tw(Gh) > w(G).
EEE(P) EEE(P)

Case 2. {z,y} is not a 2-cut of G, and no edge in S is incident with both z and y.

Then y is contained in a unique block of G — z, say Y. Let X be a (Y U {x})-bridge
of G with w(X) maximum, and let u be the unique vertex in V(X)NV(Y). (See Figure
1(b).) Since we are in Case 2, u # y. Because G has no S-link of size t, there are at
most t — 1 (Y U {z})-bridges of G. So tw(X) > w(G) —w(Y). Let Sx = SN E(X) and
Sy = SNEY). Clearly | X|+ [Sx| < |G| +|S| > |Y|+ |Sy|. Define wy : E(X) — R
such that, for any e € E(X), wx(e) = w(e), and define wy : E(X) — R such that, for
any e € E(Y), wy(e) = w(e). So wx(X) = w(X) and wy(Y) = w(Y). In the next two
paragraphs, we will find an z-u path P, in X and a u-y path P, inY.

If |X| = 2, then let P, := X, which is an z-u path. If | X| > 3, then by induction
hypothesis, X has an z-u path P, such that 3 . pp,) tex(Prie)yy y () > wx (X) = w(X),

8



Figure 1: Two cases in the proof of (3.1).

where ax(Py;e) is the greatest integer m such that X has an (Sx; P,)-ladder with top
e and m rungs.

If Y| = 2, then let P, := Y, which is a u-y path. If [Y| > 3, then by induction
hypothesis, Y has a u-y path P, such that > .. pp " av (Pui€)yy () > wy (V) = w(Y),
where ay (Py;e) is the greatest integer m such that Y has an (Sy; P,)-ladder with top e
and m rungs.

Let P = P, U P, For any e €

ZGEE(Py) ta(P;e)w(e) > ZeGE (Py) taY(P% )wY
(e

Y een(pn T w(e) > Y g, t¥ PrPwx
then it is easy to see that a(P;e) > ax (P,

ZeeE(Pz)t (P ( ) = ZeEE taX(PZ’ e wx (€)

(Py), a(P;e) > ay(Pye), and so,
> w). If SxuUSy = S then
wX) =w(G)—w). fSxUSy # 5
;e) + 1 for all e € E(P,), and so,
> tw(X) > w(G) —w(Y).

Therefore,
Z ta (Pse) > Z taX(Pz, WX Z taY(Py’ wY )
ecE(P) e€E(Py) ecE(Py)
> w(G@)—w)+w)
= w(G).

]
In Theorem (3.1), if G does not contain any S-link of size t between x and y, then

a(P;e) <t—1for all e € E(P). Hence, we have following corollary.

(3.2) Corollary. Let G be a 2-connected graph, let w : E(G) — R, and let S = {e :
w(e) > 0}. Let z,y € V(G) be distinct, and assume that G does not contain any S-link
of size t between x and y. Then there is an x-y path P in G such that

S

e€E(P)




Next we use an argument similar to the proof of (3.1) to derive a result on circum-
ference of 2-connected graphs.

(3.3) Proposition. Let t > 2 be an integer, and let G be a 2-connected graph with no
Ky i-minors. Then, for any distinct vertices x,y of G, there is an x-y path in G of length
at least |G|/t=1. In particular, ¢(G) > |G|/t1.

Proof. We will prove the following stronger result from which (3.3) follows.

(*) Let G be a 2-connected graph containing no Ko -minors, let x,y € V(G) be dis-
tinct, and let p := p(G;z,y) denote the largest integer m such that G has a

Ky pp-minor rooted at {x,y}. Then G contains an x-y path of length at least
|G| /tH.

Since t* > 2, (3.3) holds when |G| < 3. So assume that |G| > 4 and (3.3) holds
for all graphs with less than |G| vertices. We consider two cases (see Figure 1 for an
illustration).

Case 1. {z,y} is a 2-cut of G.

In this case, there exist subgraphs G1,G2 of G such that V(G1) N V(G2) = {=z,y},
E(G1) N E(G2) = 0, and |G| > 3 < |Ga|. Without loss of generality, we may assume
that |G| > |G2|. Since G contains no Kj;-minor, ¢t|G1| > |G|. Since G is 2-connected
and Go — {x,y} # 0, |G1 + zy| < |G| and pu(G;z,y) > u(Gr + xy;x,y) + 1. Clearly,
G1 + xy contains no K ;-minors. Hence, by applying induction to G + zy, we conclude
that G +xy contains an x-y path P of length at least tﬂ(glﬁif’l‘y) > t‘iﬂ > |G|/t*. Note
that we can always choose P to be a path in G.

Case 2. {z,y} is not a 2-cut of G.

Then y is contained in a unique block of G — z, say Y. Let X be a (Y U {x})-bridge
of G with | X | maximum, and let u be the unique vertex in V(X)NV(Y). Since we are in
Case 2, u # y. Since G contains no Ko -minor, there are at most ¢t —1 (Y U {x})-bridges
in G. So t|X| > |G| — |Y]. Note that | X| < |G| > |Y]|. Next, we find an z-u path P, in
X and a u-y path P, in Y.

If |X| = 2, then let P, := X. In this case, it follows from the choice of X that all
(Y U {z})-bridges of G are trivial. So ¢(P;) = 1 and |G| = |Y| + 1. Now assume that

|X| > 3. Then X + zu is a 2-connected graph containing no Ko ;-minor. By applying

| X +zul
th(X tzusz,u) *

induction to X + xu, we find an z-u path P, in X + zu of length at least
We can always choose P, to be a path in G.
If Y| =2, then let P, := Y. In this case, {(P,) > % Now assume that |Y| > 3. By

m
applying induction to Y, u,y, we find a u-y path P, of length at least tu(‘y#y) > |Y|/tH.
We can always choose P, to be a path in G.

10



Let P := P, U X; then P is an z-y path in G and (P) = {(P,) + {(Py).

If |X| =2, then |Y| >3 and ¢(P) > 1+ |Y|/t* > |G|/t*. So assume that | X| > 3.
Note that pu(X + zu;z,u) < u(G;z,y), and if G has at least two non-trivial (Y U {z})-
bridges then w(X + zw;z,u) + 1 < p(Giz,y). So ((Py) = —ateul > |G‘_(t‘3/‘_1).

(X tzusz,u)  —
Therefore, {(P) > M_J# + Y|/t > |G|/t O
To prove (2.1), we also need to consider 2-connected graphs obtained from a 3-
connected graph by deleting a connected subgraph.

(3.4) Lemma. Let G be a 3-connected graph, let H be an induced subgraph of G such
that U := G — V(H) is connected, and let H* := G/U. Then (1) H* is a minor of G,
and (2) if H is 2-connected then H* is 3-connected.

Proof. Since U is connected, H* is a minor of G. Now assume that H is 2-connected.
Then |H| > 3, and so, H* is 2-connected (since G is 3-connected). Suppose for a
contradiction that H* is not 3-connected. Let T be a 2-cut of H*, and let u denote the
vertex of H* resulted from the contraction of U. If u € T, then T' — {u} is a 1-cut of H,
contradicting the assumption that H is 2-connected. Thus, u € T. Hence H* — T has a
component, say D, not containing u. Then D is also a component of G—T', contradicting
the assumption that H is 2-connected. O

4 Paths avoiding a vertex

In this section, we prove the following lemma which will serve as the induction step
for proving (a) of Theorem (2.1).

(4.1) Lemma. Suppose n > 5 and Theorem (2.1) holds for graphs with at most n — 1
vertices. Then (a) of Theorem (2.1) holds for graphs with n vertices.

Proof. Let t > 3 be an integer, let G be a 3-connected graph with no K3 ;-minor, and let
|G| = n. Let {z,y,z} C V(G), and assume that {zz,zy} C E(G). For convenience, we
let b:= 8! r:=log, 2, and H := G — 2.

Claim 1. We may assume that H is not 3-connected.

Suppose H is 3-connected. Since [H| < n, (2.1) holds for H. In particular, (b) of (2.1)
holds for H. Therefore, H has an z-y path of length at least |[H|" = (|G| —1)" > (‘thﬂ_l )
(because p > 1 and ¢t > 3). Hence (a) of (2.1) holds for G.

Claim 2. We may assume that {x,y} is not a 2-cut of H.

Suppose on the contrary that {z,y} is a 2-cut of H. Let Hq, Hs, ..., Hg be the non-
trivial {x,y}-bridges of H. Note that s > 2. (See Figure 2.) Without loss of generality,
we may assume that |Hq| > |H;| for all i = 1, ..., s. Since G is 3-connected, z has a
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neighbor in H; — {x,y} for each 1 <i < s. Since G has no K3;-minor, s <t —1. By the
choice of Hy, |Hi| > |H|/s > |H|/t.

First, let us assume that H; is 2-connected. See Figure 2(a). Since G is 3-connected,
U := G-V (H,) is connected. Let Hf := G/U and let u denote the vertex of H{ resulted
from the contraction of U. Note that uz,uy € E(HY). Since H; is 2-connected, it follows
from (3.4) that H{ is 3-connected and contains no K3 ;-minor. Let pq := p(Hy;2,y,u).
Recall that u = u(G;x,y, z). Since z has a neighbor in V(H;) —{x, y} for each 2 <i < s,
> py+(s—1) > p1 + 1. Since [H| < n, (2.1) holds for H{. In particular, (a) of (2.1)
holds for H{. So Hy = H} — u contains an z-y path P such that

=By~

tH

Gl -1

‘Hik‘ - 1)r > (’Hl‘
tH

E(P) =z ( tH1 -t

)"

Hence (a) of (2.1) holds for G.

(a) (b)

Figure 2: Two cases in the proof of Claim 2.

Now assume that H; is not 2-connected. Since H is 2-connected, the blocks of H;
can be labeled as Fy, ..., I} and the cutvertices of H; can be labeled as x1,...,x; such
that (i) for each 0 < i <k —1, V(F;) NV (Fi11) = {mit1}, (ii) for any 1 < 4,5 <k —1
with i —j| > 2, V(F;) NV (F;) = 0, and (iii) zg := z € V(Fy) — {z1} and 2441 ==y €
V(F)) — {xx}. Since G is 3-connected, W; := G — V (F;) is connected for each 0 < i < k.
Let F} := G/W; and let w; denote the vertex of F* resulted from the contraction of W;.
Then w;x;, wix;41 € E(FZ*) Let p; = /L(F;*,l'i,l‘i_;_l,wi) if |FZ| > 3, and let p; = 1 if
|F;| =2. Then pu > p; + (s — 1) > py + 1. If |Fj| = 2 then let P; := F;, and it is easy to
see that {(P;) =1 > (%)’" (because t > 3 and p; = 1 in this case). If |F;| > 3, then it
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follows from (3.4) that F}* is 3-connected and has no K3;-minor. Since |F}| < n, (2.1)
holds for F}*. In particular, (a) of (2.1) holds for F}. So F; = F — w; has an z;-x;1
path P; such that ¢(FP;) > (lFi - 1) = (LI:@') Let P := UfZOPZ-; then P is an z-y path
in Hy. Since ) oo, (|Fi| —1) = |Hi| — 1 and by (2.4),

k k
- e 3 € L e
=0

tu 1 th th
=0

So (a) of (2.1) holds for G. This completes the proof of Claim 2.

Let U := {{u1,v1},...,{uk,vr}} denote a maximal collection of 2-cuts of H satisfying
the following three properties:
(C1) for each 1 <i <k, {x,y} is contained in a {u;,v;}-bridge B; of H;

(C2) for each 1 < i <k, for any 2-cut T" of H with T # {u;,v;}, and for any T-bridge B
of H containing {x,y}, B € B;; and

(C3) (H—-V(B))N(H—-V(Bj)=0for1<i+#j<k.

Let X := (N, Bi) + {zy,wiv; - i = 1,...,k} and let G; := (G — (V(B;) — {us, v;})) +
{zu;, zv;, uiv; }.

Figure 3: The description of U = {{u1,v1},...,{uk,vx}}, X and G;.

Claim 3. (1) X is a minor of G, (2) either X is a triangle or X is 3-connected, and
(3) for each 1 <i < k, G; is a minor of G and G; is 3-connected.
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We may view X as obtained from G by contracting connected subgraphs G; — {z, u;}
to v; and by contracting z to x (because zz,yz € E(G)). So X is a minor of G.

Clearly, X is 2-connected. If |X| = 3 then X is a triangle. Now assume |X| > 4.
Suppose that T is a 2-cut of X, and let By denote a non-trivial T-bridge of X not
containing {x,y}. Then T may be viewed as a 2-cut of H, and by (C2), E(B7) N{u;v; :
i=1,...,k} =0. Hence, Y U {T} contradicts the maximality of .

Since H is 2-connected, H — (V(G;) — {u;,v;}) has disjoint paths P,, P, from {z,y} to
{u;, v}, with u; € V(P,) and v; € V(P,). So H — (V(G;) — {u;,v;}) is the disjoint union
of connected graphs P,, P/ such that P, C P, and P, C P). Since H — (V(G;) —{u;,v;})
is connected, there is an edge of G between P, and P,. Therefore, we may view G; as
obtained from G by contracting P, and P, to u; and v;, respectively. So G; is a minor
of G. Clearly Gj; is 3-connected. This completes the proof of Claim 3.

i,

Suppose | X| > @ By Claim 3, either X is a triangle or X is 3-connected. If X is
a triangle, then let Px be the z-y path in X of length 2. Then ¢(Px) =2 > 3" = | X]|".
Now assume that X is 3-connected. By (1) of Claim 3, X is a minor of G. So X contains
no Kj;-minor. Since |X| < n, (2.1) holds for X. In particular, (b) of (2.1) holds for X.
Recall that xy € E(X). Hence, X contains an z-y path Px such that {(Px) > |X|".

In any case, X contains an z-y path Px such that

Claim 4. We may assume that |X| <

1H]

H
(P2 x> (> (2

y 2 (2 (

|G|_1r
th )"

Clearly, Px can be extended to the desired x-y path P in H by replacing each edge
u;v; in E(Px) with a u;-v; path in G; — 2z of length at least 2. So we have Claim 4.

Next, we define w : E(X) — R as follows: w(e) =0ife € E(X)—{uv; :i=1,...,k},
and w(u;v;) = |G| =3 fori =1,... k. Let S := {uv; : 1 =1,...,k} = {e € E(X) :
w(e) > 0}. Since G contains no K3;-minor, X contains no S-link of size ¢ between = and
y. By Theorem (3.1), we have the following.

Claim 5. X contains an z-y path Px such that

3 ePxy(e) > w(S) = [H| — |X],
GEE(Px)

where a(Px;e) is the greatest integer m such that X has an (S; Px)-ladder with top e
and m rungs.

Let p; := pu(Gy;uq, v, 2) for each 1 < i < k. From an (S; Px)-ladder, if we replace
each rung u;v; by G;, we see that G has a K3 ,-minor rooted at {z,y,z}, where p =
wi + a(Px;u;v;). So we have

14



Claim 6. t —1 > p > pu; + a(Px;u;v;) for each 1 <i < k.

By Claims 4 and 5, w(S) > 0. Hence E(Px) NS # (. Without loss of generality,
we may assume that uwjv; € E(Px) and w(:‘}f”) > w(;ifi”i) for all u;v; € E(Px). We
distinguish two cases.

Case 1. |X| > ZeeE(PX)_{uwl}ta(PX?e)w(e)-

By Claim 5, we have

) > o (H - XY ()

ta(Pxiuiv1
e€E(Px)—{uiv1}
1
- m(|H| —2|X]) (by Case 1)

1 9|H|

Therefore, since a(Px;ujvy) <t — 1, we have

(1) w(ujvy) > W|H| > 2| H|.

By Claim 3, Gy is 3-connected and has no K3 ;-minor. Since |G1| < n, (2.1) holds
for Gi. In particular, (a) of (2.1) holds. Recall that {zu1,zv1} C E(G1). Hence, G — =z
contains a ui-v1 path P; (other than wjv; so that P; C G) such that

(2) 4(Py) > (5" = ()

By Claim 3, either X is a triangle or X is a 3-connected minor of G. If X is a triangle,
then wjv; # zy (since {z,y} is not a 2-cut of H), and so, X has an z-y path Qx of
length 2 and through ujv;. Because t > 3, £(Qx) =2 >3"+1 > (|X‘) +1. If Xisa
3-connected minor of G, then (2.1) holds for X. In particular, (c) of (2.1) holds for X.
Recall that {zy,u;,v1} € E(X). Hence X has an z-y path Qx through wjv; such that
(Qx) = (F) + 1.

In any case, X has an z-y path @ x through wyvy such that

(3) ¢Qx) = () +1.
Let P := (Qx —ujv1) U P;. Clearly, P is an x-y path in H.
If % < %, then

(P) = P)+(UQx)—1)
>ty B by ) ana )
> ((b—-1) w(urv) + ﬁ) (by (2.3) and since w(;‘,}lvl) < %)

tH1
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3w(uivy)

= s )" (becausebzlland%g%)
3(t—2)|H| .,
> (amemogn) by (1)
=
= (m) (since t > 3)
H
= (‘t—u‘)r (by Claim 6)
G -1,
= (=
Hence (a) of (2.1) holds for G.

So we may assume % > % Since we are in Case 1, t*Pxvi)y(y vy) + | X| >

D oecE(Py) t*(Pxi€)y(e). By Claim 5, t4Pxuv)y(yyv1) 4| X| > |H| — | X|. Thus, we have

(4) |X] > 3(|1H| — tExsmv) (g vy)).

Then
(P) > P+ (£(Qx) 1)
> Uy (Bl by () and 3)
> ) By sinee s > B ana by (2)
> () DL ) e P ) (by (1)
> (w(zjlvl) tu1+a(1£x;u1v1)(!H!—ta(Px;um)w(uwl)))r (by Claim 6 and b = 8¢'*1)
> (tu+a’(+))
> (A by otaim 6
_ (\G\tu—l)r'

Hence (a) of (2.1) holds for G.

Case 2. |X| < ZeeE(PX)_{ulvl}ta(Px;e)w(e).
For each 1 < i < k, |G;| < n. By Claim 3, G; is 3-connected and contains no
K3 -minor. So (2.1) holds for G;. In particular, (a) of (2.1) holds for G;. Recall that

{zu;, zv;} C E(G;). Hence G; — z contains a u;-v; path P; such that ¢(F;) > (‘Gg%)r >
(%)T Let P := (Px = 8) U(Uy,v,ep(py) Fi)- Clearly, P is an 2-y path in H and
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Py
=
v

> up)

uiUiEE(Px)

w(uivi) |,
Z ( i )

uiUiEE(Px)

- ey, o ety

uiv; €E(Px)—{uiv1}

v

(b 1) 3 w{uivi) ).

tHi
uiv, €EE(Px)—{uiv1}

Y

The final inequality above follows from the assumption that “’(;ﬂf’l) > “’(t“kffi) for

all uw;v; € E(Px) (see before Case 1) and by applying Lemma (2.4). By Claim 6,
thatelPxiuiv) < ¢4 Hence,

wuvy) b-—1 a(Pyuvy) .
p)y z (== o > )
UiviEE(Px)—{ulvl}
w(uvy)  b—1 o P ;
= T om (11 + Z 1) (ui0;)))" - (by Case 2)
uiv; €E(Px)—{uiv1}
w(ulvl) b—1 « ULV r .
> 1 + oLH ([H|—t (Pxciun 1)W(ulvl)) (by Claim 5)
w(ulvl) 1 o ULV r .
> (St ey VHL = 20 (o) (since b— 1> i)
= (&)r
T Vpmta(Pxiuivr)
H
> (u)T (by Claim 6).
th
Hence (a) of (2.1) holds for G. O

5 Paths in 3-connected graphs

In this section, we prove the following result which will serve as the induction step
for proving (b) in the proof of Theorem (2.1).

(5.1) Lemma. Suppose n > 5 and Theorem (2.1) holds for graphs with at most n — 1
vertices. Then (b) of Theorem (2.1) holds for graphs with n vertices.
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Proof. Let t > 3 be an integer, let G be a 3-connected graph with no K3;-minor, and
let |G| = n. Let zy € E(G). For convenience, we let b := 8t'*! and r := log, 2. It is
easy to see that (b) of (2.1) holds when n < 8t*1. So we may assume that n > 8t'1.
Therefore, W > 1.

To find the desired z-y path in (b) of (2.1), we start from = and “extend” our path to
y. At certain point, the remaining graph is no longer 3-connected, and we are forced to
chose one out of several parts of the graph. While our choice may be “good” at certain
stage, it may become undesirable at some later stage. In that case, we need to come back
and modify our choice. This is a very complicated process, and the following concept of
“magic minor” will help us explain things in a precise and concise way.

Let Hy be an induced subgraph of G and let zg,y9 € V(Hy) be distinct such that
Hy + zgyo is 2-connected. We say that (Ho,xo,y0) is a magic minor of (G, xz,y) if the
following conditions hold:

(M1) G — (V(Hp) — {zo,y0}) contains vertex disjoint paths X, Y, from z,y to zg, yo,
respectively;

(M2) Up := G — V(Hy) is connected and Hj is 3-connected, where Hj := G /Uy if Hy is
2-connected and H := (G/Up) + zoyo otherwise; and

(M3) |Ho| > n/2 and, for any a > g5 with a > 1,
a” +£(Xo) + £(Yo) = (a +4(n — [Hol))".

We say that (Ho, 2o, y0) is a minor of (G, x,y) if (M1) and (M2) hold.
Let M denote the set of all magic minors of (G, z,y). Then

(1) M # 0 and we may choose (Hy,xo,y0) € M such that |Hp| is minimum.

Let Hy := G — =z, let yo := y, and let g be a neighbor of z other than y. Then
G — (V(Hy) —{xo,y0}) consists of vertex disjoint paths Xy and Yy with V(Xy) = {z, 20}
and V(Yy) = {yo}. So (M1) holds. Clearly, Uy := G — V(Hp) consists of only one
vertex (namely x), and so, is connected. Since G is 3-connected, Hy is 2-connected. So
Hj = G/Uy = G is 3-connected, and (M2) holds. Note that |[Ho| =n —1 > n/2. Also,
for any a > 5% with a > 1, a” + £(Xo) +£(Yo) = a”" +1> (a+b)" > (a +4)" by Lemma
(2.2) (because @ > 1 and b > 4). Since |[Ho| =n—1, (a+4(n—|Hp|))" = (a+4)". Hence
(M3) also holds. Therefore (Hy,zg,yo) € M, and so, we have (1).

Next we recursively define minors of (G, x,y) starting from (Hg, xo,yo). Suppose we
have already defined a minor (H;, z;,y;) (for some i > 0) of (G, z,y, z). That is, (m0) H;
is an induced subgraph of G and H; + z;y; is 2-connected, (m1l) G — (V(H;) — {z;, yi})
contains vertex disjoint paths from z,y to x;,y;, respectively, (m2) U; := G — V(H;) is
connected and H is 3-connected, where H} := G/U; if H; is 2-connected and H; :=
(G/U;) + z;y; otherwise, and (m3)|H;| > n/2.
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According to the rules (R1), (R2) and (R3) below, we define the following:
(Hi—i-lal'i—l-lvyi—i-l)) U2+17u2+17 and H+17 (Fl—i-lv ;+17y1,+1) Wl+lvw2+17 and F+17

(Hi-i-l,jaxi—klayi-i-l,j)y Uit1,j, Uit1,5, and H2+1 g and (F; 41,55 2+17yz+1 J) See Figure 4
for an illustration.

(R1)

Suppose {x;,y;} is a 2-cut of H;. See Figure 4(a). Let B; denote an {x;, y; }-bridge
of H; with maximum number of vertices, and let H; 1 := G[V(B;)]. Let H;11 j,
j=1,...,8i+1, denote the non-trivial {x;,y;}-bridges of H; different from B;. Let
Tix1 = Tj, Yir1 = Yi, and yiqp1; = y; for 1 < j < s;4q. In this case, Fj11 and
Fi+1,; = 0 are not defined.

Suppose {z;,y;} is not a 2-cut of H;. See Figure 4(b) and Figure 4(c). Let B;
denote the unique block of H; — x; containing y;. Let B; , be a (B; U {z;})-bridge
of H; with maximum number of vertices, and let z; € V/(B;) N V(B; ;). Let B, , be
a maximum {y;, z; }-bridge of B;. (Possibly B;, = B;.) If |B; z| > |B;,l, then let
Hiy1 = G[V(Big)], iy1 = x;, and y;41 = 2; let Hipq 5, j =1,..., 841, denote
the non-trivial (B; U {x;})-bridges of H; different from B; ., let y;11,; denote the
vertex in V(Hiq1,5) NV (B;); let Fiyq == G[V(Biy)], @, := 2, and y;, ;= y;; let
Fiy14, 7 = 1,...,ti11, denote the non-trivial {y;, z;}-bridges of B; different from
B, and let ygﬂ,j = y;. See Figure 4(b). If |B;,| < |Bi,l|, then let H;1; =
GV (Biy)l, ®it1 := 2, and yi11 = y;; let Hipq 45, j = 1,...,8i41, denote the non-
trivial {z;,y;}-bridges of B; different from B;,, and let y;11,; = vi; let Fipq =
GV(Bix)], #ipy = xi, and y; | := 235 let Fyyy 5, j = 1,...,t;11, denote the non-
trivial (B; U {x;})-bridges of H; different from B;;, and let y;_, ; be the vertex in
V(Fit1,) NV(B;). See Figure 4(c).

Let Uiy1 := G — V(Hjq1), let HY | = G/U;yy if H;j 1 is 2-connected and let
H} | = (G/Uit1) + zi41yi41 otherwise, and let w;y1 denote the vertex of H} ;
resulted from the contraction of U;y1. Let Ujy1; := G — V(Hit1;), let Hz*—i-lj =
G/Uiy1,;if Hiy1 5 is 2-connected and let H, = (G/Ujs1,j)+xit1Yiv1,5 otherwise,
and let u;y1 ; denote the vertex of H, 1) resulted from the contraction of U;;q ;.
Let Wiy1 == G —V( Z+1) let F\, = G/W;yy if Fiyq is 2-connected and let
Ff = (G/Wiy1) + 2, 1y;,, otherwise, and let w;;1 denote the vertex of Fj,
resulted from the contraction of W, 4.

Next we derive some useful properties (assuming the graphs involved are defined).

(2) Uit1, Uit1,; and Wiy are connected subgraphs of G, H; 41 and Fjq are induced

subgraphs of G, H;+1 + T;+1y;+1 is 2-connected, Hz*+1= H

1, and F* 1 are 3-connected

minors of G, {u;412Zi+1, Uit1Yi+1} C E(HZFH) {yz+173$2+1’yl+173ul+13} < E(HHI J) and
{wi12}, 1, wir1yi ) € E(F ).
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Q
(a) < (b) |Biz| = |Biyl

— L

» () [Bial < |Byy|

Figure 4: The descriptions of (R1) and (R2).

Since G is 3-connected and U; is connected (see (m2)), it follows from (R1), (R2),
and (R3) that U;11, Ujt1 5, and Wjy; are connected. Since H; is an induced subgraph of
G (by (m0)), it follows from (R1) and (R2) that H;11 and F;;; are induced subgraphs
of G. Since H; + z;y; is 2-connected (by (m0)) and |H;| > n/2 (by (m3)), we see that
|Hit1| > 3 and Hiq1 + 2iy1Yit1 is 2-connected. If H;iq is 2-connected then H; is 3-
connected by (3.4). If H;;1 is not 2-connected then, since H; 1+ 2;11yi+1 is 2-connected,

i1 = (G/U;) + zip1yiv1 = (G + wi419i11)/Us is 3-connected. Similarly, we can show
that 17, (if Fi41 # 0) and Hf,, ; are 3-connected. The rest of (2) follows from (R3).

From (R1) and (R2), we have (3) and (4) below.

(3) Hi — (V(H;4+1) — {®i+1,yi+1}) contains vertex disjoint paths from x;;1,¥y;+1 to
xi, yi, respectively, and H; — (V(H;+1,5) — {i+1,yit1,;}) contains vertex disjoint paths
from @it1,yit1,; to 4, y;, respectively. Also if Fji is defined, then H; — (V(Fit1) —
{x},1,yi,1}) contains vertex disjoint paths from x}_ 9}, to z;,y;, respectively.

(4) Hi+1 and Fi+1 intersect at Zi € {xi+1,yi+1}, |V(Hi+1,j) N V(FZ'+1)| § 1 and
V(Hiz15) NV (Fiy1) € {Zit1,Yit1,5 ) and Higr —{@ip1, yip1  and Hig1; —{2it1, Yiv1,5 )
j=1,...,8i+1, are disjoint.

By (m0), H; is an induced subgraph of G. Since G is 3-connected and has no K3 ;-

20



minor, s;41 <t—1and t;4; <t—1. Because |H;1| > |Hit1 | for j =1,...,s;41 and
|Fig1| > |Fiqp1,] for j =1,...,ti41, it follows from (R1) and (R2) that

(5) (t = D[Hig1| + (t = 1)|Fipa| > [H;l.

Now suppose {(H;,x;,y;) : ¢ = 0,...,k} is a maximal sequence constructed recur-
sively starting from (Hy,zo,yo) by rules (R1) and (R2), subject to the following two
conditions:

(S1) |Hg| > %, and

(S2) for each 1 < s <k,

SO Il < g0 |

i=1 j=1

By (R1), (R2) and (R3), we can construct from (Hg,xk,yr) the follow-
ing:  (Hit1, Tho1s Yrr1)s (Hr1g, Trgt, Yksry) for 5 = 1o skqn, (Fegts Ty gs Ypr)s
U1, Wis1, Hp s Friyqs Ugs1, and wgg.

By (2) and (3) and since (Hy, zo,yo) is a minor of (G, z,y), (H;,2;,y;) is a minor of
(G,z,y) for all 1 <i <k+1. Also (2)-(5) hold for i =1,... k.

Note that, for each 1 < s < k + 1, the vertices of G outside H; is either outside Hy,
or in H; ; for some 1 <¢ <sand 1 < j <s;, orin F; for some 1 <4 < s, or in F;; for
some 1 <i < sand 1l <j<t:. Also note that n — |Hy| is the number of vertices of G
outside Ho, >_;_; > % |Hij| is the number of vertices of G in H; ; for 1 <4 < s and
1 <7< s, (t—1) <<, |Fi| is at least the number of vertices of G in F; or Fj; for
1<i<sand1<j<t;,andn— |H| is the number of vertices of G outside Hg. Hence,
we have

(6) For each 1 < s <k +1,

s

SOS U H 4 (- D) SR+ (1 [Hol) > 0~ [H,|.

i=1 j=1 =1

Since |Hgy1| < |Ho| and by (1), (Hgt1, Tk+1,Yk+1) is not a magic minor of (G, z,y).
By (2) and (3), (Hg41,%k+1,Yk+1) is a minor of (G, z,y). So (Hg41,Tk+1,Yk+1) does not
satisfy (M3). Hence either (S1) or (S2) fails. That is,

(7) |Hy1] < n/2, or |Hya| > n/2 and S5 S50 1 H, | > Lo — [Hy ).

(2
Since |[H} | <n > |F}|for 1 <i < k+1, it follows from (2) that (2.1) holds for H}
and F*. In particular, (a) of Theorem (2.1) holds for H}; | and F;". Recall from (2) that
{urs1Tps1, uprayrs1y € E(H,,), and {w;xj, wiy;} € E(F}). Hence, since pu >t — 1,
we have the following.
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(8) Hpy1 = Hj | — upyy1 contains an xpy1-yYpt1 path Qpyq1 such that £(Qpq1) >
(%)T, and for each 1 <i < k+1, F; = F — w; contains an x}-y, path R; such that
UR) = ().

Recall that |H| > g for 1 <i < k. It follows from (5) (with i = k) and (S1) that

| Hpt] F; .
( ) |Hk+1| > 2(t ll) Z ﬁ, and hence, tt]iﬁl 2 4(t_?)tt—1 Z 2(t—|1)1|ft*1 fOl“ 1 S (3 S kf’

H; . .
and ‘i{’iﬁll > 4(t—1)tt*1 > 2(t‘_1)’1l,1 forl<i<kand1l<j<s,.
So by (5) (with ¢ = k) and (S1), we have
(10) Bt (e — 1) SE B > 2t Hia| + (8= D[ Frgal) > FHy| > 2.

Let Qk := Qg+1 U Ri11. Then, by (4) and (8), Qk is an xx-yx path in Hy and

UQk) = UQk+1) + {(Rk+41)
> Uﬁﬁ”r+d?ﬁ”r (by (8)

Hy, .
(| i +11| + gy ’Fk.ﬁrl‘) (since |Hyy1| > |Fri1] and by (2.2))

v

H
(‘ ttk_tl’ +4(t — 1)|Fppq1|)”  (because b — 1 > 4(t — 1)tt=1).

Similarly, let Qx_1 := Qr+1 U Rkyr1 U Ry = QU Ry. Then, by (4) and (8), Qk_1 is
an rr_1-yrx_1 path in Hi_ ;. By the above inequality, we have

(Qr—1) = UQk)+L(Ry)
|

> (Bl s sty + 2y y ®)
> (“Zk+1’ + 4(t — 1)|Fk+1| + 2(bt _11) ‘ttF’Tkl‘)r (by (9) and by (23))
> (“;Ik+1’ +4(t — 1)|Fy1| +4(t — 1)|F|)"  (because b — 1 > 8(t — 1)%¢71).

Continuing in this fashion, let Qo := Qg+1 U (Uf:ll R;). Then by (4) and (8), Qo is
an xo-yo path in Hy and

k+1

Qo) > (! “”+4t—1§jww
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Let P := Xy U Qo UYp. Recall Xy and Yy from (M1). Then P is an z-y path in G,
and

{P) = £Qo)+L£(Xo) +£(Yo)

> (‘H’““‘ +4(t—1)]§\F\)’"+€(X)+£(Y)
it tt_l — (3 0 0
Hitl 0 e
> (e +4t 1) |Fi| +4(n — [Hol))”  (by (M3) and (10)).
=1

(11) We may assume that Zfill >y [Hi gl > $(n — |Hy11]).
For, suppose S5 S |H, ;| < 1(n — [Hiya). Then by (7), |Hia| < n/2. By (6),

k+1 k+1 s;
1

(t=1) Y IF]+ (0= Hol) 2 n = [ Hya = 30 3 [Higl = 50— | Hyal)

i=1 =1 =1

Hence
|Hk+1| A, r r r
(P) > ( 1 T At — 1) |Fi| +4(n — [Ho|))" = (2(n — |Hpa])" = n".
i=1

So (b) of (2.1) holds for G. Hence, we have (11).

Statement (11) suggests that we route the desired path through H;;, 1 <i<k+1
and 1 < j <'s;. Since |[H/;| < n and by (2), (2.1) holds for H;;. In particular, (a)
of (2.1) holds for H};. Recall that {y;ju;;,yiz:} C E(H};). Hence, H; — y;; has a

u; j-z; path QF ; of length at least ('H"i{)_l)? > (‘gﬂ{l)” (because p >t —1).

Since U; is connected and V/(P[z,2;)) C V(U;), we can extend Q;; in U; to obtain
a path Q;; in G such that (i) Q;; is an x; j-z; path in G for some z;; € V(P), (ii)
V(Qij) N V(P) = {x;;,;}, and (iii) subject to (i) and (ii), |P[z;, z; ]| is maximum.
Then we have (12) and (13) below.

(12) for any (i1,j1) # (i2,J2), E(P[xiy, 24 5]) N E(P[wiy,2i,,5,]) = 0 implies that
V(Qil,jl) N V(QiQJQ) C V(P)'

(13) £Qug) 2 4(Q5y) = (7).

Next, we show that some @;;’s can be used to construct our desired path.
For convenience, we define an auxiliary graph A with vertex set V(A) = {Q;; :

1<i<k+1landl<j<s;}suchthat Q; ;, and Q;, j, are adjacent in A if and only if
E(Plxi,, 4, j,]) N E(P[z4,, i, j,|) # 0. By definition,
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(14) A is an interval graph, and therefore, is perfect.
Let 6 be the cardinality of a maximum clique of A.

(15) We claim that § <t — 1.

For, let C be a clique of A with V(C) = {Qi, j1» Qisjos - --» Qir,je}- Without loss of
generality, we may assume that i; < i3 < ... < 4. Then, z; ; € V(P[z,z;)) for all
s =2, ..., t. Note that (from (3)) all y; ;’s are contained in a connected subgraph Y of
G — V(P[z,xg+1]) containing Plyr+1,yo]. Since z;, € V(Plx;,,xk41]) for all 2 < s < ¢,
we can produce a K3 ;-minor in G by contracting Y, Plx, x;, ), and P[z;,, Zk4+1]. But this
is a contradiction. So 8 <t —1.

It follows from (14) and (15) that the chromatic number x(A) < 6 < t—1. Therefore,
there is an independent set Z of A such that

(16) ZQ er [Hijl 2 -1 ZkHZ 1 | Hijl-
Hence by (11), we have

H
(17) Xq., ez | Hijl >~ L ﬁﬁﬂ'

Since 7 is an independent set in A and by (12), two distinct members Q;, ;, and
Qi,,j» of T have one vertex in common if and only if either x;, j, = x4, or x4, j, = ;. So
no three members of 7 share a common vertex of P. Thus, (UQ”Ez Qi ;) U Plz, xp41]

contains an z-xgy1 path X1 which contains UQMEI Qi ;- Let Yii1 = Plyr41, 0] U Yo.

Note that Xj11 and Y41 are vertex disjoint paths in G — (V(Hg11) — {®g+1, Yk+1})
from x,y to Xgy1, Yrs1, respectively. So (M1) holds for (Hii1, k11, Yk+1). By (2), Hii1
is an induced subgraph of G, Uiy := G — V(Hg4q) is connected, and H,’;H is a 3-
connected minor of G. So (M2) holds for (Hp41,%k+1,Yx+1). For any a > we have
a > 1 (since n > 8t'*1) and

a” + E(X]H_l) + E(Yk_H)

Qtt )

> "+ Y Qi)
Qi €T
> a"+ Y (5=p) (by (13)
Qi ;€T
b—1 2q ez Higl
> (a+ " ( Q 'Jtte_l )" (because a > 1(5r) > %('H”‘) and by (2.4))
> (a+8(t—1) Z |H; ;)" (because t > 3 and b — 1 > 4(t — 1)t!)
Qi ;€T
k+1 s;
> (a+8) > [Hi )" (by (16))
i=1 j=1
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> (a+4(n—[Hgul)" (by (11)).
Since |Hy11| < |Hpl, it follows from (1) that (Hgy1,Zk+1,Yk+1) iS not a magic minor of
(G,z,y). Hence (M3) does not hold for (Hp11,Zk+1,Yk+1). Therefore,

(18) [Hgy1] < 5.

Let Q := Xky1 U Qg1 UYyr1. Recall that UQijeI C Xji1 and Xgyq is an z-xp4q
path. Then @ is an z-y path in G and

0Q) > UQk+1) + U Xk41)

> (Wil s Baly (g 9) ana (13))
Qi €T
H b—1 Hijl.,
St tt’“_*f' 5 Z ’tt_{‘) (by (9) and (2.4))
> (@’“ff' +A(t—1) > [Hig)" (since b—1>8(t — 1)%71)
Qi ;€T
> (2(n = [Heal)"  (by (17))
> n" by (13)).
Therefore, (b) of (2.1) holds for G. O

6 Paths through a given edge

In this section, we first prove a result which serves as the induction step for proving
(c) in the proof of Theorem (2.1). We then complete the proof of (2.1).

(6.1) Lemma. Suppose n > 5 and Theorem (2.1) holds for graphs with at most n — 1
vertices. Then (c) of Theorem (2.1) holds for graphs with n vertices.

Proof. Let t > 3 be an integer, let G be a 3-connected planar graph with no K3 ;-minor,
and let |G| = n. Let xy, f € E(G). For convenience, we let b := 8t/*! and r := log, 2.
First, assume that f is incident with one of {z,y}. By symmetry, we may assume that
f is incident with y. Let y’ denote the other end of f. Since f # xy, y' # z. By applying
(4.1) to G, z,y',y (as G, x,y, 2, respectively), we see that (a) of (2.1) holds for G, x,y’,y.
That is, G — y contains an z-y’ path P’ such that ¢(P’) > (‘G:J—M_l)" > (E’:‘%II)T We can

Gl=1, el

extend P’ to an x-y path P through f in G such that ((P) > (S5=)" +1 > (F)r +1
(since t > 3). Hence (c) of (2.1) holds for G.
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Therefore, we may assume that f is incident with neither x nor y. Since G is 3-
connected, G contains an z-y path @ through f. Let Q. and @, be the components of
Q) — f containing x and y, respectively.

Let X denote the minimal union of blocks of G — V(Q,) containing @),. Then the
blocks of X can be labeled as Xg, X1, ..., X, and the cutvertices of X can be labeled as
Z1,...,%p such that

(X2) V(X)) NV(X;)=0if j >i+2, and
(X3) wo 1= € V(Xo) — {z1}, 2pr1 € V(Xp) — {7}, and x4 is incident with f.

See Figure 5. Since G is 3-connected, U; := G — V(Xj;) is connected for each 0 < i < p.
By (3.4), X} := G/U; is either a triangle or a 3-connected minor of G. Let u; denote
the vertex of X/ resulted from the contraction of U;. Since zy, f € E(G), wi;, u;iZit1 €
E(X]). Since |Qy| > 2, | X7| < n.

Since G is 3-connected, Y := G — V(X)) has all its cutvertices contained in V(Q,). So
the blocks of Y can be labeled as Yp,Y7,...,Y, and the cutvertices of ¥ can be labeled
as Y1, ..., Yq such that

(Y1) V(Y5) NV (Yir) = {yi},
(Y2) V(V;) NV (Y;) =01if j >i+2, and
(Y3) yo:=y € V(Yo) —{v1 }, yg+1 € V(Yy) — {yq}, and y,41 is incident with f.

See Figure 5. Since zy € E(G), for each 0 < i < g, W; := G — V(Y;) is connected. By
(3.4), Y := G/W; is either a triangle or a 3-connected minor of G. Let w; denote the
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vertex of Y;* resulted from the contraction of W;. Since zy, f € E(G), wiyi, wiyi+1 €
E(Y). Because | X| > 2, |Y;*| <n.

If | X;| = 2 then let P; := X;, and so {(F;) =1 > (5 1')7’ (since t > 3). If |X;| > 3
then, since |X/| < n, (2.1) holds for X/. In particular, (a) o ( 1) holds for X*. Thus

[
X, == X} — u; has an x;-x;41 path P; such that ¢(FP;) > (IX ) = (l;XTq')T’

If |Y;] = 2 then let Q; :=Y;, and so 4(Q;) =1 > (' |1)T (since t > 3). If |Y;] > 3
then, since |Y;*| < n, (2.1) holds for Y;*. In particular, ( ) of (2.1) holds for Y;*. Thus
Y; := Y —w; has an y;-y; 1 path Q; such that £(Q;) > (‘Yt{#)r = (%)T~

Now let P := ((Ut_; P,)U(UL, Qi)+ f. Then P is an z-y path in G through f and

(P) = Ze Z Qi) +1

AV
M@
;
MQ
”ig

v

Thus (c) of (2.1) holds for G. O

Proof of Theorem (2.1). For convenience, we let b := 8t!T! and r := log; 2. We apply
induction on n := |G|. First assume that n = 4. Then G is isomorphic to the complete
graph on 4 vertices. It is easy to see that G—z contains an z-y path P such that ¢(P) = 2.
Since t > 3, {(P) =2 > (tt )" = (F= L)r. So (a) holds. Clearly, G' contains an z-y path
@ such that £(Q) = 3. Hence ¢(Q) =3 > 4" =n", and (b) holds. Finally, G contains an
x-y path R through f such that ¢(R) = 3. Hence {(R) =3 > ( ) +1=(7)"+1

So we may assume that n > 5 and (2.1) holds for graphs Wlth at most n — 1 vertices.
By Lemmas (4.1), (5.1) and (6.1), we see that (2.1) also holds for G. O
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