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Abstract

Consider a general linear Hamiltonian system 0;u = JLu in a Hilbert space
X. We assume that L : X — X* induces a bounded and symmetric bi-linear form
(L-,-) on X, which has only finitely many negative dimensions n~(L). There is no
restriction on the anti-self-dual operator J : X* D D(J) — X. We first obtain a
structural decomposition of X into the direct sum of several closed subspaces so
that L is blockwise diagonalized and JL is of upper triangular form, where the
blocks are easier to handle. Based on this structure, we first prove the linear ex-
ponential trichotomy of e!/“. In particular, e®/* has at most algebraic growth in
the finite co-dimensional center subspace. Next we prove an instability index the-
orem to relate n~ (L) and the dimensions of generalized eigenspaces of eigenvalues
of JL, some of which may be embedded in the continuous spectrum. This general-
izes and refines previous results, where mostly J was assumed to have a bounded
inverse. More explicit information for the indexes with pure imaginary eigenvalues
are obtained as well. Moreover, when Hamiltonian perturbations are considered,
we give a sharp condition for the structural instability regarding the generation
of unstable spectrum from the imaginary axis. Finally, we discuss Hamiltonian
PDEs including dispersive long wave models (BBM, KDV and good Boussinesq
equations), 2D Euler equation for ideal fluids, and 2D nonlinear Schrodinger equa-
tions with nonzero conditions at infinity, where our general theory applies to yield
stability or instability of some coherent states.
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CHAPTER 1

Introduction

In this paper, we consider a general linear Hamiltonian system
(1.1) Ou=JLu, ue X

in a real Hilbert space X. We assume that the operator J : X* D D(J) - X
satisfies J* = —J and L : X — X* is bounded and satisfies L* = L. This abstract
equation is motivated by the linearization of a large class of Hamiltonian PDEs
at equilibria or relative equilibria. Our first goal is to understand the structural
and spectral properties of (1.1), its linear stability /instability, and the persistence
of these properties under small perturbations in a general setting. Secondly, the
general results on (1.1) will be applied to study the linearization at some coher-
ent states of nonlinear Hamiltonian PDEs such as the 2-dim incompressible Euler
equation, generalized Bullough-Dodd equation, Gross-Pitaevskii type equation, and
some long wave models like KdV, BBM, and the good Boussinesq equations.

Our main assumption is that the quadratic form (L-,-) admits a decomposition
X =X_@®kerL ® X, such that

dimX_ =n" (L) <oo, (L-,-)|x_ <0, and (L-,-)|x, >0 > 0.

An additional regularity assumption is required when dimker L = co (see (H3) in
Section 2.1). We note that there is no additional restriction on the symplectic op-
erator J, which can be unbounded, noninvertible, or even with infinite dimensional
kernel.

* Background: stability/instability and local dynamics near an equilibrium. As
our motivation for studying the linear system (1.1) is to understand the stabil-
ity /instability of and the local dynamics near coherent states (steady states, travel-
ing waves, standing waves etc.) of a nonlinear PDE, we first give a brief discussion
of several standard notions of stability/instability and local dynamics. In a simple
case of an ODE system

xy = f(x), ze€R",
the local dynamics near an equilibrium zy, without loss of generality assuming
xg = 0, is very much related to the dynamics of its linearized equation

xy = Az,  Apxn = Df(0).

On the one hand, if A has an unstable eigenvalue A (Re A > 0), then the above
linearized equation has an exponential growing solution and is therefore linearly
unstable. Here, linear stability means e*4 is uniformly bounded for all ¢ > 0. While
it is clearly linearly stable if ReA < 0 for all A € o(A), there might be linear solutions
with polynomial growth if ReA < 0 for all A € o(A), which is often referred to as
the spectrally stable case. Nonlinear instability immediately follows from spectral
instability for ODEs. However, it is a much more subtle issue what properties in
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2 1. INTRODUCTION

addition to the spectral (or even linear) stability would ensure nonlinear stability.
On the other hand, assume o1 C 0(A) and ReX < a (or ReX > «) for all A € oy.
Let E; be the eigen-space of o, which is invariant under e*4, then we have the
spectral mapping property

(SM) there exists C' > 0 s.t. |e!dz] < Ce®|z|, Vo € Ey, t >0 (or t <0).

Suppose ar > a_ and o(A) = o4 Uo_ with Red > ay for all A € o4 and
ReA < a_ forall A € o_. Let F. be the eigen-spaces of o1, then the above spectral
mapping property (SM) and oy > a_ imply an exponential dichotomy of e!4: in
the decomposition R® = E, @ E_ which is invariant under e*4, the relative minimal
exponential expanding rate of e!4|g . is greater than the maximal rate of e .
For the nonlinear ODE system, the classical invariant manifold theory, based on the
cornerstone of the exponential dichotomy, implies the existence of locally invariant
(pseudo-)stable and unstable manifolds near 0. They often provide more detailed
dynamic structures than the mere stability /instability and also help to organize the
local dynamics.

It often happens that f(x) and thus A depend on a small parameter e, so
one naturally desires to understand the dynamics of the perturbed systems for
0 < |e] << 1 based on that of ¢ = 0. A system is said to be structurally stable if its
dynamics does not change qualitatively under any sufficiently small perturbation.
For ODEs, it is well known that the local dynamics is structurally stable if A is
hyperbolic, namely o(A) NiR = 0.

The above ODE results may serve as guidelines in the study of local dynamics
of PDEs near equilibria and relative equilibria while one has to keep in mind the
following issues (among others):

e Sometimes it is highly non-trivial to analyze the spectra of linearized PDEs, par-
ticularly when the linear operator is not self-adjoint and has continuous spectrum.
e On the eigen-space F; of a spectral subset o1, the above spectral mapping type
property (SM) may not hold for solutions of the linearized PDEs, due to the exis-
tence of continuous spectrum of the linearized operator (see e.g. [66]).

e Regularity issues in spatial variables can cause serious complications in proving
nonlinear properties (stability /instability, local invariant manifolds, etc.) based on
linear ones (spectral stability /instability, exponential dichotomy, etc.). The existing
systematic results are mainly for semilinear PDEs.

* Background: regarding Hamiltonian systems. On a Hilbert space X, a Hamil-
tonian system takes the form

(1.2) uy = JVH (u),

where the symplectic operator J : X* — X satisfies J* = —J and H : X — R is the
Hamiltonian energy functional. In a more general setting, J = J(u) may depend
on u or (1.2) may be posed on a symplectic manifold M where J(u) : T*M — TM.
In the classical setting, the symplectic structure w € T*M @ T*M is a 2-form given
by
w(u)(Ul, UQ) = <J(u)71U1,U2>, Ul,g e T M,

which is required to be closed, namely dw = 0. It is standard that H and w are
invariant under the Hamiltonian flow associated with (1.2). Suppose u, is a steady
state of (1.2) (possibly in an appropriate reference frame, see examples in Chapter
11), then the linearized equation at u, takes the form of (1.1) with L = V2H (u..).
In some cases, even though the nonlinear equation is not written in a straightforward
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Hamiltonian form, the linearization at an equilibrium wu, can still be put in the
Hamiltonian form (1.1), see Section 11.5 for the example of 2D Euler equation. It
is standard for Hamiltonian ODEs and also proved for many Hamiltonian PDEs
that the spectrum o(JL) is symmetric with respect to both real and imaginary
axes. Therefore, either (1.1) is spectrally unstable or its spectrum must lie on the
imaginary axis. Even though the latter falls into the spectral stability category,
it is often subtle to obtain properties of even the linear dynamics, such as linear
stability and exponential dichotomy, based on the spectral properties, particular
when there is continuous spectrum. Existing results in the literature often take
advantage of the conservation of H or w.

The structural stability is also more subtle even for linear Hamiltonian PDEs.
On the one hand, the linearized operator JL associated with the linearization of
Hamiltonian PDEs arising from physics and engineering usually has most of its
spectrum lie on the imaginary axis. Therefore, the structural stability results based
on the hyperbolicity of JL are hardly applicable. On the other hand, properties of
Hamiltonian systems, such as the notions of Krein signatures and the conservation
of H and w, provide crucial additional tools. The structural stability of linear
Hamiltonian PDEs addressed in this paper is mainly related to spectral properties
and linear exponential dichotomy.

For Hamiltonian PDEs, there have been some works on local nonlinear dy-
namics based on properties of the linearized equations. For semilinear Hamiltonian
PDEs u; = JH' (u) with nonlinear terms of subcritical growth, such as nonlinear
Klein-Gordon equation, nonlinear Schrodinger equation, and Gross-Pitaevskii equa-
tion, local invariant manifolds can be constructed by combining ODE techniques
with dispersive estimates (e. g. [4] [38] [62]). Such results for traveling wave solu-
tions of the generalized KdV equation had also been obtained ([37]) with the help of
smoothing estimates. The construction of invariant manifolds for quasilinear PDEs
is more difficult, and was only done in very few cases (e. g. [57]). However, the
passing from linear to nonlinear instability, which is a much weaker statement than
the existence of invariant manifolds, had been done for many quasilinear PDEs (e.g.
[27] [31] [36] [50] [51]). Several techniques were introduced to overcome the diffi-
culties of loss of derivative of nonlinear terms and the growth due to the essential
spectra of the linearized operators (see above references). The passing from spectral
(or linear) stability to nonlinear stability is more subtle, particularly when (Lu, )
is not positive definite after the symmetry reduction. When such positivity holds,
the nonlinear stability can usually be proved by using the Lyapunov functional, see
e.g. [29] [30] for Hamiltonian PDEs. If such positivity fails, there is currently no
general approach to study the nonlinear stability based on the linear one.

Our motivation of analyzing the linearized Hamiltonian system (1.1) in such
a general form is to understand the stability /instability of and the local dynamics
near a coherent state u, of a nonlinear Hamiltonian PDE in the form of (1.2) with
L = V?H (u,). We first make some comments on the hypotheses.

On L, the assumption n~ (L) < oo is equivalent to that H (u) has a finite
Morse index at the critical point u,. This assumption is automatically satisfied
if u, is constructed by minimizing H (u) subject to finitely many constraints. In
applications to continuum mechanics (fluids, plasmas etc.), the PDEs are often of
a noncononical Hamiltonian form u; = J (u) VH (u), with a symplectic operator
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J (u) depending on the solution w. In many cases, the linearization at an equilibrium
u, can still be written in the Hamiltonian form (1.1) and the assumption n~ (L) <
oo is satisfied (see Section 11.5 for the example of 2D Euler equation). The uniform
positivity of L on X, could be relaxed to positivity by defining a new phase space
(see Chapter 10).

In the existing literature on systems in the form of (1.1), J=! : X — X* is
mostly assumed to be a bounded operator, which is not only for technical con-
venience but also natural in the sense that the symplectic 2-form w is defined in
terms of J~!. However, it happens that .J does not have a bounded inverse for
many important Hamiltonian PDEs such as the KdV, BBM, the good Boussinesq
equations, 2D Euler equation, etc., see Chapter 11.

The goal of this paper regarding the general Hamiltonian PDE (1.1) is to study
its spectral structures, linear dynamics, as well as certain structural stability prop-
erties under the assumption n~ (L) < oo, but without any assumption on J in
addition to J* = —J. Our main general results include the symmetry of the spec-
trum o(JL), an index theorem relating certain spectral properties of JL to n™ (L)
which is useful for linear stability analysis, the linear exponential trichotomy of
e’ and the persistence of these properties for slightly perturbed Hamiltonian
systems. These results are mostly achieved based on a structural decomposition
of (1.1). In Chapter 11, several Hamiltonian PDEs are studied using these general
results.

In the below, we briefly describe our main results and some key ideas in the
proof. More details of the main theorems can be found in Chapter 2 and proofs in
later chapters.

Structural decomposition. Most of the general theorems in this paper are
based on careful decompositions of the phase space into closed subspaces through
which L and JL take rather simple block forms. Omne of the most fundamental
decomposition is given in Theorem 2.1. In this decomposition,

0 Apr Aoz Aoz Aps 0 O
0 Ay A Az Ay 0 0
0 0 Ao 0 Asy 0 0
JL+— |0 0 0 A3 A34 0 0 s
0 O 0 0 Ay 0 0
0 O 0 0 0 As O
0 0 0 0 0 0 Ag
0 O 0 0 0 0 0
0 O 0 0 Bia 0 0
0 0 Ly, 0O 0 0 0
Les|o 0 0 Ly, 0 0 0 |,
OB, 0 0 0 0 0
0 O 0 0 0 0 Bsg
0 0 0 0 0 Bif 0

where L takes an almost diagonal block form with Lx, > d for some § > 0 and JL
takes a blockwise upper triangular form. Moreover, all the blocks of JL are bounded
operators except for Az which is anti-self-adjoint with respect to the equivalent inner
product (Lx,-,-) on X5. In particular, all other diagonal blocks are matrices and
therefore have only eigenvalues of finite multiplicity. The upper triangular form of
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J L simplifies the spectral analysis on JL tremendously and plays a fundamental
role in the proof of the exponential trichotomy of e, the index formula, and the
structural stability /instability of (1.1).

We briefly sketch some ideas in the construction of the decomposition here
under the assumption ker L = {0}, from which the decomposition in the general case
follows. First, we observe that JL is anti-self-adjoint in the indefinite inner product
(L+,-). Thus, by a Pontryagin type invariant subspace Theorem for symplectic
operators in an indefinite inner product space, there exists an invariant (under JL)
subspace W C X, satisfying that L|y <0 and dim W =n~ (L).

It would be highly desirable to extend W to a finite dimensional invariant
subspace W such that L|y is non-degenerate. This would yield the invariant
decomposition X = W @ WL, where WL is the orthogonal complement of W
with respect to (L-,-) and L|jj;.. > 0. Since JL|j .. is anti-self-adjoint in the
equivalent inner product (L-,-) and W is finite dimensional, this immediately gives
the decomposition we want.

However, such an invariant decomposition X = W & W= is in general impos-
sible since it would imply that L is non-degenerate on the subspace of generalized
eigenvectors of any purely imaginary eigenvalue of JL (Lemma 4.1), while the
counterexample in Section 8.4 shows that L can be degenerate on such subspaces
of embedded eigenvalues in the continuous spectra. Our proof is by a careful de-
composition of the invariant spaces W, W+ and their complements.

Exponential trichotomy. Our second result is the exponential trichotomy of
e!’L in X and more regular spaces (Theorem 2.2). More precisely, we decompose
X = E* @ E° @ E*, such that: E“%* are invariant under e/~

dim E* = dim E* < n~ (L), E° = (E*® E*)*",

and As = e'’L|g. (Ag = "'%|g-) has exponential decay when ¢ < 0 (t > 0) and
e!’E|ge has possible polynomial growth for all ¢ with the optimal algebraic rate
explicitly given. Roughly speaking, the unstable (stable) spaces E“ (E®) are sub-
spaces of generalized eigenvectors of the unstable (stable) eigenvalues of JL and
the center space E° corresponds to the spectra in the imaginary axis.

Such exponential trichotomy is an important step to prove nonlinear instability,
and furthermore to construct local invariant (stable, unstable, center) manifolds
which are crucial for a complete understanding of the local dynamics, see, for
example, [4, 16, 17]. Such exponential trichotomy or dichotomy might be tricky
to get due to the spectral mapping issue, that is, generally o (e!/L) C et*(/L). So
even if the spectra of JL is understood, it is still a subtle issue to prove the estimates
for /L. In the literature, the exponential dichotomy is usually obtained either by
resolvent estimates (e.g. [26]) or compact perturbations of simpler semigroups
([72] [67]). The proofs were often technical (particularly for resolvent estimates)
and only worked for specific classes of problems. Our result gives the exponential
trichotomy for general Hamiltonian PDEs (1.1) with n~ (L) < co. Moreover, the
growth rates (particularly on the center space) obtained are sharp. In particular,
our sharp polynomial growth rate estimate on the center space implies a stronger
result than the usual spectral mapping statement. Our proof of the exponential
trichotomy which is very different from traditional methods, is based on the upper
triangular form of JL in the decomposition given in Theorem 2.1. It can be seen
that the Hamiltonian structure of (1.1) plays an important role in the proof.
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Index theorems. Our third result is an index formula to relate the counting
of dimensions of some eigenspaces of JL to n~ (L). Denote the sum of algebraic
multiplicities of all positive eigenvalues of JL by k, and the sum of algebraic mul-
tiplicities of eigenvalues of JL in the first quadrant by k.. Let k;o be the total
number of nonpositive dimensions n=°(L|g,, ) of the quadratic form (L-, ) restricted
to the subspaces Ej,, of generalized eigenvectors of all purely imaginary eigenvalues
ip € o(JL) NiR of JL with positive imaginary parts, and kogo be the number of
nonpositive dimensions of (L-,-) restricted to the generalized kernel of JL modulo
ker L. We note that, when all purely imaginary eigenvalues are semi-simple and
(L-,-) restricted to these kernels is non-degenerate, k?o is equal to k; which repre-
sents the number of purely imaginary eigenvalues (with positive imaginary parts)
of negative Krein signature. The situation is more complicated if the eigenvalue is
not semi-simple or even embedded into the continuous spectra. In the general case,
we have

(1.3) K + 2k + 2650 + k50 =07 (L).

Two immediate corollaries of (1.3) are: n~ (L) = k5 implies spectral stability and
the oddness of n~ (L) — k5" implies linear instability. Since by (1.3) all the negative
directions of (L-,-) are associated to eigenvalues of JL, conceptually the continuous
spectrum of JL is only associated to positive directions of (L-, ).

There have been lots of work on similar index formulae under various settings
in the literature. In the finite dimensional case where L and JL are matrices, such
index formula readily follows from arguments in a paper of Mackay [59], although
was not written explicitly there. In the past decade, there have been lots of work
trying to extend it to the infinite dimensional case. In most of these papers, J

is assumed to have a bounded inverse ([18] [21] [44] [47]), or Jg, s+ has a
bounded inverse, as in the cases of periodic waves of dispersive PDEs ([11] [13]
[32] [43]). Recently, in [46] [65], the index formulae were studied for KDV type

equations in the whole line for which J = d, does not have bounded inverse. Our
result (1.3) gives a generalization of these results since we allow J to be an arbitrary
anti-self-dual operator. In particular, J|, y+ does not need to have a bounded
inverse. This is important for applications to continuum mechanics (e.g. fluids and
plasmas) where J usually has an infinite dimensional kernel with 0 in the essential
spectrum of J in some appropriate sense (see Section 11.5 for the example of 2D
Euler equation).

We should also point out some differences of (1.3) with previous index for-
mulae even in the case with bounded J~!. In previous works on index formula,
it is assumed that (L-,-) is non-degenerate on (JL)~! (ker L) /ker L. Under this
assumption, the generalized kernel of JL only have Jordan blocks of length 2 and
kogo =n" (L‘(JL)fl(kcrL)/kcrL) (see Propositions 2.7 and 2.8). In (1.3), we do not
impose such non-degeneracy assumption on L|(y1)-1 (ker L)/ ker . and thus the possi-
ble structures may be much richer. In the counting of (1.3), we use k?o, k:OSO, which
are the total dimensions of non-positive directions of L restricted on the subspaces
E;,, of generalized eigenvectors of purely imaginary eigenvalues i or zero eigen-
value (modulo ker L). Since (L-,-) might be degenerate on such subspace E;,, of
an embedded eigenvalue (see example in Section 8.4), they can not be replaced by
k7, kg (ie. the dimensions of negative directions of L) as used in the index formula
of some papers (e.g. [44]). However, in Proposition 2.3, we show that if a purely
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imaginary spectral point iy is isolated, then L is non-degenerate on its generalized
eigenspace Fj;, which consists of generalized eigenvectors only. In this case, we also
get an explicit formula (2.16) for n~ (L|g,,) by its Jordan canonical form, which
is independent of the choice of the basis realizing the canonical form. This formula
suggests that even for embedded eigenvalues which might be of infinite multiplicity,
the number and length of nontrivial Jordan chains are bounded in terms of n~ (L).

Moreover, even for the case where (L-,-) is degenerate on F;,,, we give a block
decomposition of JL and L on E;, (Proposition 2.2). In this decomposition, L
is blockwise diagonal and JL takes an upper triangular form with three diagonal
blocks corresponding to the degenerate part of L, the simple eigenspaces and the
Jordan blocks of iy of JL. Furthermore,we construct a special basis for each Jordan
block such that the corresponding L is in an anti-diagonal form (2.15). The above
decomposition of Ej, yields formula (2.16) for the case where (L-,-)|g,, is non-
degenerate and also plays an important role on the constructive proof of Pontryagin
type invariant subspace Theorem 5.1 and the proof of structural instability Theorem
2.6. To our knowledge, the formula (2.16) and the decomposition in Proposition
2.2 are new even for the finite dimensional case.

We also note that for an eigenvalue A with ReX # 0, (L-,-) |g, = 0 and by

Corollary 6.1 (L-,-) |\@E_5 is non-degenerate with

(14) n- (L|E)\€BE,;\) = d1mE>\
Therefore, we get the matrix form

0 A
<L’> |Ex@E,; A ( A* 0 > )

where A is a nonsingular n x n matrix with n = dim FE,.
Now we discuss some ideas in our proof of index formula and the decomposi-
tion in Proposition 2.2 after we briefly review previous approaches for the index

formulae. Like in the literature ([44] [21]), the index formula was usually proved
by reducing the eigenvalue problem JLu = A\u to a generalized eigenvalue problem
(R—2zS)v = 0 (so called linear operator pencil), where 2 = —\? and R, S are

self-adjoint operators with ker S = {0}. To get such reduction it is required that
J has a bounded inverse and L is non-degenerate on (JL)™! (ker L) / ker L. Notice
that the operator S™'R is self-adjoint in the indefinite inner product (S-,-). So
by the Pontryagin invariant subspace theorem ([28] [18] [48] [64]) for self-adjoint
operators, there is an n~ (9)-dimensional invariant (under S~!R) subspace W such
that (S-,-) |w < 0, where

n=(S)=n" (L) =1 (Ll(s0) 1 (ker L)/ ker L) -
Going back to the original problem JLu = Au, an index formula can be obtained
by counting the negative dimensions of L on the eigenspaces for real, complex and
pure imaginary eigenvalues. However, it should be pointed out that the counting
in some papers used the formula (1.4), for which the required non-degeneracy of
L|p,eE_; seemed to be assumed but not proved.

In [32] and later also in [13] [11] [43], the index formula was proved without
reference to the Pontryagin invariant subspace theorem. In these papers, some
conditions on J and L were imposed to ensure that the generalized eigenvectors of
JL form a complete basis of X. Then the index formula follows by the arguments
as in the finite dimensional case ([59]). Such requirement of a complete basis is
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very strong and mostly true only in some cases where the eigenvalues of JL are all
discrete.

Our proof of the index formula (1.3) is based on the decomposition in Theo-
rem 2.1, where we used the Pontryagin invariant subspace theorem for the anti-
self-adjoint operator JL in the indefinite inner product (L-,-). The proof of the
detailed decompositions of JL and L on E;, given in Proposition 2.2, particularly
the construction of the special basis realizing the Jordan canonical form, is carried
out in two steps. First, in the finite dimensional case, we construct a special basis
of the eigenspace F;, of JL to skew-diagonalize L on the Jordan blocks by using
an induction argument on the length of Jordan chains. Second, for the infinite
dimensional case, we decompose I;, into subspaces corresponding to degenerate
eigenspaces, simple non-degenerate eigenspaces and Jordan blocks. Since the Jor-
dan block part is finite dimensional, the special basis is constructed as in the finite
dimensional case.

Hamiltonian perturbations. Our fourth main result is about the persistence
of exponential trichotomy and a sharp condition for the structural stability of linear
Hamiltonian systems under small Hamiltonian perturbations. Consider a perturbed
Hamiltonian system u; = JxLuu where Ju, Ly are small perturbations of J, L in
the sense of (2.24). This happens when the symplectic structure or the Hamiltonian
of the system depends on some parameters.

First, we show that the exponential trichotomy of e*/! persists under small
perturbations. More precisely, we show in Theorem 2.4 that there exists a decom-
position X = EY © E3 @ EY, satisfying that: > are invariant under etT#L# and
are obtained as small perturbations of £**¢ in the sense that E,*“ = graph(S,*"°)
where

Sy E"— FE ®©FE° S,:FE° - E'©LE° S4,:E°— E°®FE"Y, |S;fgs’c| < Ce,

and e is roughly the size of perturbations Ly — L and Jyu — J (see (2.24)). More-

over, e!’#L# has exponential decay on EY and Ej in negative and positive times
tJL

respectively with at most O (e) loss of decay rates compared with e'/*|gu.s; on
E¢, e'’#l# has at most small exponential growth at the rate O (¢). We note that
JyLy| B, might contain eigenvalues with small real parts which are perturbed from
the spectra of JL in the imaginary axis and thus the small exponential growth on
et?#1# is the best one can get. In the perturbed decomposition E*°, we obtain
the uniform control of the growth rate and the bounds in semigroup estimates for
et?#1# on Ey*°. Such uniform estimates of the exponential trichotomy (or di-
chotomy) are important for many applications of nonlinear perturbation problems,
such as the modulational instability of dispersive models (see Lemma 11.2).

We briefly discuss some ideas in the proof of Theorem 2.4. The spaces E,*
are constructed as the ranges of the projection operators P;S by the Riesz pro-

jections associated with the operator JxLy in a contour enclosing o (JL|gu.s) and

ES = (E;;’S)LL#. The smallness assumption (2.24) is used in the resolvent esti-
mates to show that E;* are indeed O (¢) perturbations of E"*°. Tt is actually
not so straightforward to prove the small exponential growth of et/#%# on EY since
the perturbation term J(L4 — L) may be unbounded. We again use the decompo-
sition Theorem 2.1, where in the decomposition for JL, only one block is infinite
dimensional, with good structure, and others blocks are all bounded.
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In Theorems 2.5 and 2.6, we prove that a pure imaginary eigenvalue iy # 0 of
JL is structurally stable, in the sense that the spectra of JuLx near iy stay in
the imaginary axis, if and only if either L|g,, > 0 or iu is isolated and L|g,, <O0.
In particular, when (L-,-) is indefinite on E;, or ip is an embedded eigenvalue
and (Lu,u) < 0 for some 0 # u € E;,, there exist perturbed operators JLy with
unstable eigenvalues near iy and |Ly — L| being arbitrarily small. The structural
stability of finite dimensional Hamiltonian systems had been well studied in the
literature (see [24] [59] and references therein). It was known that (see e.g. [59]) a
purely imaginary eigenvalue iy # 0 is structurally stable if and only if L is definite
on Ej;,. As a consequence, for a family of Hamiltonian systems, the equilibrium can
lose spectral stability only by the collision of purely imaginary eigenvalues of op-
posite Krein signatures (i.e. sign of (L-,-)) . For Hamiltonian PDEs, the situation
is more subtle due to the possible embedded eigenvalues in the continuous spec-
trum. In [28], the linearized equation at excited states of a nonlinear Schrédinger
equation was studied and the structural instability was shown for an embedded
simple eigenvalue with negative signature. A similar result was also obtained in
[21] for semi-simple embedded eigenvalues. The assumptions in Theorems 2.5 and
2.6 are much more general and they give a sharp condition for the structural stabil-
ity of nonzero pure imaginary eigenvalues of general Hamiltonian operator JL. In
particular, in Theorem 2.6, structural instability is proved even for the case when
the embedded eigenvalue is degenerate, which was not included in [28] or [21] for
linearized Schrédinger equations.

In the below, we discuss some ideas in the proof of Theorems 2.5 and 2.6. In
the finite dimensional case, the structural stability of an eigenvalue iy of JL with
a definite energy quadratic form L|g,, can be readily seen from an argument based
on Lyapunov functions. The above intuition can be used to show structural sta-
bility in Theorem 2.5 for isolated eigenvalues with definite energy quadratic forms.
The proof is more subtle for embedded eigenvalues with positive energy quadratic
forms. We argue via contradiction by showing that if there is a sequence of un-
stable eigenvalues perturbed from ip, then this leads to a non-positive direction of
L|Eg,,- In this proof, the decomposition Theorem 2.1 again plays an important role.
The proof of structural instability Theorem 2.6 is divided into several cases. When
L|E,, is non-degenerate and indefinite, it can be reduced to the finite dimensional
case for which we can construct a perturbed matrix to have unstable eigenvalues.
In particular, in the case when FE;, contains a Jordan chain on which L is non-
degenerate, we use the special basis in Proposition 2.2 to construct a perturbed
matrix with unstable eigenvalues.

The proof is more subtle for an embedded eigenvalue iu with non-positive and
possibly degenerate (L-,-) |Eg,,. First, we construct a perturbed Hamiltonian system

J ﬂ# near JL such that iu is an isolated eigenvalue of J I~/# and there is a positive
direction of L/, (Jiy): In this construction, we use the decomposition Theorem
ip #)

2.1 once again along with spectral integrals. Then by Proposition 2.3, f/#|Em(JE#)

is non-degenerate and is indefinite by our construction. Thus it is reduced to the
previously studied cases. In a rough sense, the structural instability is induced by
the resonance between the embedded eigenvalue (with (L-,-) non-positive in the
directions of some generalized eigenvectors) and the pure continuous spectra whose
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spectral space has only positive directions due to the index formula (1.3).

In some applications (see e.g. Section 11.6), it is not easy to get the uniform
positivity for L|x+ (i.e. assumption (H2.b)) in an obvious space X and only the
positivity L|x+ is available. In Theorem 2.7, we show that under some additional
assumptions ((B1)-(B5) in Section 2.6), one can construct a new phase space Y
such that X is densely embedded into Y'; the extension Ly of L satisfies the uniform
positivity in ||-||y; Jy : D(J)NY™* — Y is the restriction of J, and (Jy, Ly,Y") sat-
isfy the main assumptions (H1-3). Then we can apply the theorems to (Jy, Ly, Y).

Hamiltonian PDE models. In Chapter 11 (see also Section 2.7 for a sum-
mary), we study the stabilities and related issues of various concrete Hamiltonian
PDEs based on our above general theory, including: stability of solitary and pe-
riodic traveling waves of long wave models of BBM, KDV, and good Boussinesq
types; the eigenvalue problem of the form Lu = Au’ arising from the stability of
solitary waves of generalized Bullough—Dodd equation; modulational instability of
periodic traveling waves; stability of steady flows of 2D Euler equations; traveling
waves of 2D nonlinear Schrodinger equations with nonzero condition at infinity.

This paper is organized as follows. In Chapter 2, we give the precise set-up
and list the main general results more precisely with some comments, where the
readers are directed to the corresponding subsequent sections for detailed proofs.
For some readers, who would like to see the general results but do mot desire to
get into the technical details of the proofs, it is possibly sufficient to read Sections
2.1-2.6 only. The stability analysis of various Hamiltonian PDEs are outlined in
Section 2.7. The proofs of the main general results are given in Chapters 3 to 10.
Chapter 3 studies some basic properties of linear Hamiltonian systems. Chapter 4
is about the finite dimensional Hamiltonian systems. In particular, the special basis
in Proposition 2.2 is constructed. Chapter 5 is about the Pontryagin type invari-
ant subspace Theorem for anti-self-adjoint operators in an indefinite inner product
space. Two proofs are given. One is by the fixed point argument as found in the
literature ([18] [25] [48]), which provides the existence of an invariant Pontryagin
subspace abstractly. The second one in separable Hilbert spaces is via Galerkin ap-
proximation which also yields an explicit construction of a maximally non-positive
invariant subspace. Chapter 6 is to prove decomposition Theorem 2.1 which plays
a crucial role in the proof of most of the main results. Chapter 7 contains the proof
of the exponential trichotomy of e?’Z. In Chapter 8, the index theorem is proved.
Besides, the structures of the generalized eigenspaces are studied and more explicit
formula for the indexes k‘?o, k;ogo, etc. are proved. The non-degeneracy of L|g,,
for any isolated spectral point iy is also proved there. In Chapter 9, we prove the
persistence of the exponential trichotomy and the structural stability /instability
Theorems. In Chapter 10, we prove that the uniform positivity assumption (H2.b)
can be relaxed under some assumptions. We study the stability and related issues
of various Hamiltonian PDEs in Chapter 11. In the Appendix, we prove some
functional analysis facts used throughout the paper, including some basic decom-
positions of the phase space, the well-posedness of the linear Hamiltonian system,
and the standard complexification procedure.



CHAPTER 2

Main results

In this chapter, we give details of the main results described in the introduc-
tion. The detailed proofs are left for later sections.

A remark on notations: Throughout the paper, given a densely defined linear
operator T' from a Banach space X to a Banach space Y we will always use T™ to
denote its dual operator from a subspace of Y* to X*. It would never mean the
adjoint operator even if X =Y is a Hilbert space. Given a Hilbert space X and
a linear operator L : X — X* since L* : (X*)* = X — X* it is legitimate to
compare whether L = L*.

2.1. Set-up
Consider a linear Hamiltonian system
(2.1) Ou=JLu, uelX

where X is a real Hilbert space. Let (-,-) denote the inner product on X and (-, -)
the dual bracket between X* and X. We make the following assumptions:
(H1) J: X* D> D(J) — X is anti-self-dual, in the sense J* = —.J.
(H2) The operator L : X — X* is bounded and symmetric (i.e. L* = L) such
that (Lu,v) is a bounded symmetric bilinear form on X. Moreover, there
exists a decomposition of X into the direct sum of three closed subspaces

X=X _@kerL®X,, n (L)&dimX_ < oo

satisfying
(H2.a) (Lu,u) <0 for all u € X_\{0};
(H2.b) there exists 6 > 0 such that

(Lu,u) > 6 ||lul|® , for any u € X,.
(H3) The above Xy satisfy
keriy gx ={fe€ X" [(fiu)=0,Vue X_® X} C D(J)
where ity gox X" — (X1 @ X_)* is the dual operator of the embedding
X ioX_-

REMARK 2.1. If in addition we assume

(2.2) kerifye, yr ={f € X" | (f,u)=0,vue (ker L)} C D(J),
where
(2.3) (ker L)* = {u € X | (u,v) =0, Vv € ker L},

it is possible to choose X1 C (ker L)*. See Lemma 12./ and Remark 12./.

11
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Regarding the operator L, what often matters more is its associated symmetric
quadratic form (Lu,v), u,v € X, (or the Hermitian symmetric form after the
complexification). We say a bounded symmetric quadratic form B(u,v) is non-
degenerate if

(2.4) inf sup [Bu,v)|

>0
020 wzo fulllloll =

or equivalently, v — f = B(-,v) € X* defines an isomorphism from X to X* (or a
complex conjugate (sometimes called anti-linear) isomorphism — satisfying av — af
for any a € C — after the complexification). Under assumptions (H1-3), (Lu,v) is
non-degenerate if and only if ker L = {0} (see Lemma 12.2).

REMARK 2.2. It is worth pointing out that n~ (L) = dim X_ is actually the
mazimal dimension of subspaces where (L-,-) < 0, see Lemma 12.1. Thus n~ (L)
is the Morse index of L.

By Riesz Representation Theorem, there exists a unique bounded symmetric
linear operator L : X — X such that (Lu,v) = (Lu,v). Let Iy, A € R, denote the
orthogonal spectral projection operator from X to the closed subspace corresponding
to the spectral subset o(L) N (—oo, A]. From the standard spectral theory of self-
adjoint operators, assumption (H2) is equivalent to that there exists &' > 0 such
that
i.) o(L)N[=¢, 6] C {0}, which is equivalent to the closeness of R(L), and
i1.) dim(IT_5 X) < oo.

The subspaces
X =T yX  Xy=(-Tlg)X,

along with ker L lead to a decomposition of X orthogonal with respect to both (-,-)
and (L-,-), satisfying (H2).

REMARK 2.3. We would like to point out that (H3) is automatically satisfied
if dimker L < co. In fact in this case,

dimkeriy, ox =dim{f € X" | (f,u) =0,Vu € X_ & X} = dimker L < oco.

Let {f1,...., fx} be a basis of keriy gy . As D(J) is dense in X*, one may take
g; € D(J) sufficiently close to fj, j=1,...,k. Let

Xi={ueX|(g9j,u) =0, Vj=1,...,k}.

Since X7 is close to X @& X_, it is easy to show that there exist closed subspaces
X1+ C X1 satisfying (H2) and X1 = X141 ® Xq—.

In fact, if we had treated L and J as operators from X to X through the Riesz
Representation Theorem and Xy happen to be given as in Remark 2.2 then (H3)
would take the form ker L C D(J).

Assumption (H8) does ensure that JL is densely defined, see Lemma 12.5.

REMARK 2.4. Assumption (H2.b) requires that the quadratic form (Lu,u) has
a uniform positive lower bound on X,. This corresponds to that 0 is an isolated
eigenvalue of L defined in Remark 2.2, which also implies that R(L) is closed and
R(L)={v € X*| {(y,u) =0, Vu € ker L}.

For some PDE systems, (H2.b) may not hold or be hard to verify, see, e.g.
Section 11.6. In Section 2.6, we consider a framework where assumption (H2.b)
for the uniform positivity of L|x, is weakened to the positivity of L|x,, if some



2.2. STRUCTURAL DECOMPOSITION 13

additional and more detailed structures are present. In that situation, we construct
a new phase space Y D X and extend the operators L and J to Y accordingly so
that (H1-3) are satisfied.

2.2. Structural decomposition

Our first main result is to construct a decomposition of the phase space X
which helps understanding both structures of JL and L simultaneously.

THEOREM 2.1. Assume (H1-HS3). There exist closed subspaces X;,j=1,...,6,
and Xo = ker L such that

(1) X =% X;, X; c 2, D((JL)¥), j # 3, and
dim X; = dim X4, dim X5 = dim Xg, dim X; + dim X5 4+ dim X5 = n~(L);

(2) JL and L take the following forms in this decomposition

0 Aopr Aoz Aoz Aops 0 O
0 Ay A Az Ay 0 0
0 0 Ay 0 Asy 0 0
(2.5) JL+— |0 0 0 A3 A34 0 0 s
0 O 0 0 Ay 0 0
0 O 0 0 0 A O
0 0 0 0 0 0 Ag
0 0 0 0 0 0 0
0 0 0 0 Bia 0 0
0 0 Lk, 0 0 0 0
(2.6) Les|0 0 0 Ly, 0 0 0
OB, 0 0 0 0 0
0 0 0 0 0 0 Bsg
0 0 0 0 0 B 0

(3) Bis: X4 — X and Bsg : Xg — X2 are isomorphisms and there exists
§ > 0 satisfying F(Lx, ,u,u) > 8||ul|?, for all u € X 3;

(4) all blocks of JL are bounded operators except As, where Agz and Ay3 are
understood as their natural extensions defined on X3;

(5) Az are anti-self-adjoint with respect to the equivalent inner product +(Lx, ,-, ")
on X2’3,'

(6) the spectra o(A;) CiR, j=1,2,3,4, £ReX >0 for all A € 0(As), and
0(As) = —0(Ae);

(7) n~ (Llxspx,) = dim X5 and n™ (L|x,ex,) = dim X;.

(8) (u,v) =0 forallu e X1 & Xo® X3® X4 and v € ker L.

Through straightforward calculations, one may naturally rewrite the operator
J and obtain additional relations among those blocks Aj;, using J* = —J.

COROLLARY 2.1. Let Pj, 5 = 0,...,6 be the projections associated to the
decomposition in Theorem 2.1 and X7 = P;X; C X*. In the decomposition
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X* = Z?ZOX;, J has the block form

Joo Jo1 Jo2 Joz Joa O O

Jwo Juu Jiz2 Jiz Jia 0 0

Jyo Ja1 J2 O 0O 0O O

J +— Jgo J31 0 J33 0 0 0
Jwo Juu O 0 0 0 0
0 0 0 0 0 0 Jsg

0 0 0 0 0 Jgs O

where the blocks, except Joo, are given by
— Jio = Jor = AuuBy), —J30 = Joa = Aga Ly’
—J3g = Joz = AosL}L —J5o = Joa = Ao1(Biy) "
Jin = AuBy), Jia = A12L}i, Jiz = A13L}i, Ju = Ai(B7,) ™!
Jo1 = Aoy By}, Joo = AzL)_gi, J31 = Ay By}, Jsz = A3L)_(;
Ju = AyBy', Jsg = As(Bis) ™', Jos = AgBig
Due to J* + J =0, we also have Lx;A; + ATLx,;=0, j = 2,3, and
Bi A1s + AjyB1a =0, Lx,Asq + Aj3B14 =0, Lx,Asy + Aj3B14=0
Bi4 Ay + AIBM: =0, Bsgds+ A;B56 =0.

REMARK 2.5. From the corollary, we have the following observations.

(i) Ay and —AT are similar through B4 and thus have the same spectrum,
contained in 1R and symmetric about the real axis. This in turn implies that
O‘(Al) = O'(A4).

(i1) Asy and Asy can be determined by other blocks

Ay = —LxLA}yBu, Ay = —Lx. Aj3Bia.
Consequently,
Jo1 = —Lx. A}y, Ja1 = —Lx Afs.

The proof of Theorem 2.1 is given in Chapter 6, largely based on the Pontryagin
invariant subspace theorem 5.1. Theorem 2.1 decomposes the closed operator JL
into an upper triangular block form, all of which are bounded except for one block
anti-self-adjoint with respective to an equivalent norm. This decomposition plays a
fundamental role in proving the linear evolution estimates, the index theorem, the
spectral analysis, and the perturbation analysis.

2.3. Exponential Trichotomy

One of our main results is the exponential trichotomy of the semigroup e*/%

on X and more regular spaces, to be proved in Chapter 7. Such linear estimates
are important for studying nonlinear dynamics, particularly, the construction of
invariant manifolds for nonlinear Hamiltonian PDEs.

THEOREM 2.2. Under assumptions (H1)-(HS3), JL generates a C° group e'/-
of bounded linear operators on X and there exists a decomposition
X=E'"®E°@FE°, dimE"“=dmFE’<n (L)
satisfying:
i) B¢ and E*,E* C D(JL) are invariant under e'’*; Here, E* = X5, E* = Xg
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are the unstable and stable spaces defined in Theorem 2.1, and the center space E°
is defined by

E°={ue X |(Lu,v)=0, Y€ E°®E"} =a|_,X;

it) (L-,-) completely vanishes on E“*, but is non-degenerate on E* & E*;
i) let A\, = min{ReX | A € o(JL), ReX > 0}, there exist M > 0 and an integer
ko > 0, such that

21 ’et‘]L|Es < M(1+tdimES—1)e—)\1,,t, Vt>0;

’ |etJL|Eu| <M1+ ‘t|dimE“—1)e)\ut7 Vt<o0,
(2.8) le"7E| ge| < M(1+t™), VteR,
and

ko <1+ Q(n_(L) — dimE“);
Moreover, for k > 1, define the space X* C X to be
XF=D((JL)*) ={ueX | (JD)"ueX, n=1,---,k}
and
(2.9) lull o = llull + | TLull + - - + [(JL)*ull.

Assume E™* C X*, then the exponential trichotomy for X* holds true: X% is
decomposed as a direct sum

Xt=FE'@E @ E*, E{ =E°NnX*
and the estimates (2.7) and (2.8) still hold in the norm X*.

An immediate corollary of the theorem is that there are only finitely many
eigenvalues of JL outside the imaginary axis in the complex plane.

REMARK 2.6. The above growth estimates is optimal as one may easily con-
struct finite dimensional examples which achieve upper bounds in the estimates.

REMARK 2.7. Naturally, the above invariant decomposition and erponential
trichotomy are based on the spectral decomposition of JL. The unstable/stable
subspaces E** are the eigenspaces of the stable /unstable spectrum, which have finite
total dimensions. Therefore, it is easy to obtain the exponential decay estimates of
et |gus. While E€ is the eigenspace of the spectrum residing on the imaginary
awis, the growth estimate of e'’L|ge is far from obvious as the spectral mapping is
often a complicated issue especially when continuous spectra is involved. Normally
some sub-exponential growth estimates, like in the form of

Ve>0, 3C>0=|e’E|g | < Celtl Vi eR,

are already sufficient for some nonlinear local analysis. Our above polynomial
growth estimate on e*’L|ge with uniform bound on the degree of the polynomial
based on dim X_ is a much stronger statement.

REMARK 2.8. Often the invariant subspaces E“*¢ are defined via spectral de-
compositions where the L-orthogonality between E°® EY and E€ is not immediately
clear. In fact, this is a special case of more general L-orthogonality property. See
Lemma 6.2 and Corollary 6.2.
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2.4. Index Theorems and spectral properties

Roughly our next main result is on the relationship between the number of neg-
ative directions of L (the Morse index) and the dimensions of various eigenspaces of
J L, which may have some implications on dim E"* and thus the stability /instability
of the group e'/L.

We first introduce some notations. Given any subspace S C X, denote n~ (L|g)
and n=°(L|s) as the maximal negative and non-positive dimensions of (Lu, u) restricted
to S, respectively. Clearly, n™(L|;) < n~ (L) < cc.

In order to state and prove our results on the index theorems, we will work with
the standard complexified spaces, operators, and quadratic forms, see Appendix
(Chapter 12) for details.

For any eigenvalue A of JL let E) be the generalized eigenspace, that is,

Ey={ue X | (JL—-X)*u=0, for some integer k > 1}.

REMARK 2.9. As JL generates a C° semigroup (Proposition 12.1), (JL—\)* is
a densely defined closed operator (see [33]) and thus E) is indeed a closed subspace.
It will turn out that Ey = ker(JL—XI)?>" (141 for any eigenvalue . See Theorem
2.3 for A ¢ iR and Proposition 2.1 for more details.

Let k, be the sum of algebraic multiplicities of positive eigenvalues of JL and
k. be the sum of algebraic multiplicities of eigenvalues of JL in the first quadrant
(i.e. both real and imaginary parts are positive). Namely,

(2.10) k, = Z dim Ey, k.= Z dim E,.
A>0 ReX, TmA>0
For any purely imaginary eigenvalue iy (0 # u € RT) of JL, let

(2.11) O (i) = 0= (Lls,), k0= 3 SO (ip).
0#peERT

The index counting on FEj is slightly more subtle due to the possible presence of
nontrivial ker L C Ey. Observe that, for any subspace S C X, L induces a quadratic
form (L-,-) on the quotient space S/(ker LN S). As ker L C Ej, define

(2.12) kg =10 ((L, ) gy ker 1) -
Equivalently, let Ey C Ey be any subspace satisfying Fy = ker L & Ey. Define
<0 _ <0 ~
kg~ =n (L |Eo) :
It is easy to see that kogo is independent of the choice of Ey. We have the following
index formula which is proved in Section 8.1.

THEOREM 2.3. Assume (H1)-(H3), we have

(i) If X\ € o(JL), then £\, £\ € a(JL).

(ii) If X is an eigenvalue of JL, then £\, £\ are all eigenvalues of JL. More-
over, for any integer k > 0,

dimker(JL £+ \)* = dim ker(JL 4+ \)F.
(iti) The indices satisfy
(2.13) ky 4 2ke + 2k=° + k=0 =n (L) .

Combining Theorems 2.2 and 2.3, we have the following corollary.
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COROLLARY 2.2. (i) If kogo =n" (L), then (2.1) is spectrally stable. That is,
there exists no exponentially unstable solution of (2.1).

(ii) If n= (L) — kogo is odd, then there exists a positive eigenvalue of (2.1), that
is, k. > 0. In particular, if n= (L) — kOSO =1, then k. =1 and k. = kfo =0, that
is, (2.1) has exactly one pair of stable and unstable simple eigenvalues.

REMARK 2.10. The formula (2.13) might seem more intuitive if those above
k=<0 had been replaced by k~. In fact such an index formula with k~ instead of k<°
is true only if the quadratic form (Lu,v) is non-degenerate on all E;,, pp € RT and
Ey, which would imply n~(L|g,,) = n=°(L
possible and the correct choice has to be k=0. Such an example is given in Section

8.4.

Even though we can not claim dim E;, < oo for an eigenvalue iy € ‘R which
might be embedded in the continuous spectrum, in fact E;, is spanned by eigen-
vectors along with finitely many generalized eigenvectors, except for u = 0. More
precisely, we prove the following two propositions in Lemma 3.5 and Section 8.2.

PROPOSITION 2.1. Assume (H1)-(H3). For any p € o(JL) NR\{0}, it holds
By = ker(JL — ip)?*=" 0+ dim ((JL — i) Eiy) < 2650 (ip).

Moreover,

E,,). However, the degeneracy is indeed

By =ker(JL)* 5 2 dim ((JL)*Ey) < 2k5°.

The above proposition does not hold if (JL)?FEj is replaced by JLEj as in the
case of p # 0. See an example in Remark 8.2 in Section 8.2.

For u € R, Theorem 2.3 and Proposition 2.1 mean that, in addition to eigen-
vectors, JL|g,, has only finitely many nontrivial Jordan blocks with the total di-
mensions bounded in term of n~(L). The number and the lengths of nontrivial
Jordan chains of JL|g,, are independent of the choice of the basis realizing the
Jordan canonical form. Intuitively if a basis consisting of generalized eigenvec-
tors simultaneously diagonalizes the quadratic form (Lu, u) and realizes the Jordan
canonical form of JL, it would greatly help us to understand the structure of (2.1).
However, usually this is not possible. Instead, we find a ‘good’ basis for the Jordan
canonical form of JL which also ‘almost’ diagonalizes the quadratic form L. To our
best knowledge, we are not aware of such a result even in finite dimensions.

PROPOSITION 2.2. Assume (H1)-(H3). Foriu € o(JL)NiR\{0}, there exists
a decomposition of E;, into closed subspaces E;, = EP @ E'® EC such that L and
JL take the block forms

0 0 0 Ap Ap1 Apc
(L, )+— |0 Ly 0], JL+— | 0 iy 0
0 0 LG 0 0 AG

For 1 = 0, there exists a decomposition Ey = ker L ® EP @ E' @ E® such that L
and JL take the block form

00 0 0 0 Aop Ao Ao

0 0 0 0 Ap Ap1 Apg

Lde= 1o 0, ol 7L 0 0o o 0
00 0 Lg 0 0 0 Ag
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In both cases, all blocks are bounded operators, L1 and Lg are non-degenerate,
o(Ag) = o(Ap) = {ip}, and

dim FY < 3(k§0(i,u) —dim EP — n_(L\El)), dim B! < co.

Moreover, ker(Ag —ip) C (Ag —in)E, namely, the Jordan canonical form of JL
on EY has non-trivial blocks only. Let 1 < ky < --- < kj, be the dimensions of
Jordan blocks of Ag in E¢. Suppose there are l; Jordan blocks of size k;j x k;. For

each j =1,...,70, there exist linearly independent vectors
(2.14) (W) | p=1,....0;, ¢=1,...,k;j} C E°
such that

1) V1<p<ly,
J
{uf) = L =i}, g =1, k)

form a Jordan chain of length k;. More explicitly ,
) () @) ()

on span {uyly, ... SUT o U s Uk
ig 0 - 0 0O -+ 0 O -~ 0 O
1 g - 0 0 -+ 0 0 - 0 0
0 0 - 1 dg -+ 0 0 -~ 0 0
Ag +—
0 0 - 0 0 - dig 0 -+ 0 0
0 0 -0 0 - 1 4u -~ 00
00 - 0 0 -+ 0 0 - 1 ip

The above count for all Jordan blocks of Ac of size kj.

(2) (Lufh,ul ) =0 ifp#p orj#j.
(3) V1<p<ly, the kj x k; representation matriz of L on a chain (2.14) is

0 0 --- ?A) az(ﬂ
PR ']
(2.15) (L), u§))), , = 0 0 ay 0|
all 0 - 00
where the entries satisfy
afl = (-7l 20, al) ., =all)

and thus the above matriz is non-degenerate.
(4) If k; is odd, then a( )1 (k1) — = £1 and the k;-th Krein signature of iy

defined by

is independent of the choices of such bases {u,(,j,)l .
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REMARK 2.11. Since (Lu,u) is symmetric (Hermitian after the complexifica-
tion), we can normalize the above az(;{; such that az(,{t)] = *1if k; is odd and a‘g?] =i
if k; is even. In particular, when p = 0, since the generalized eigenspace is spanned
by real functions in X, it follows that the Jordan chains in ES C Ey are all of odd
length.

In the splitting of E;,,, we note that only E' may be infinite dimensional, where
L is positive except in finitely many directions. If (L-,-) is non-degenerate on E;,,,
the subspace E” may be eliminated and many of our results can be improved.
However, this degeneracy indeed is possible. See such an example in Section 8.4.
On the positive side, in that section, we also prove the following proposition on
the non-degeneracy of L|g,, for isolated eigenvalues ip. In particular, the isolation
assumption for ip € o(JL) N iR usually holds if the problem comes from PDEs
defined on bounded or periodic domains.

PROPOSITION 2.3. Ifip € o(JL) NiR is isolated in o(JL), then

(1) ip is an eigenvalue, i.e. E;, # {0}, and (L-,-) is non-degenerate on E;,/
(ker LN E;,).

(1) there exists a closed subspace Eyx C X invariant under JL such that X =
E;, ® Ey and (Lu,v) =0 for allu € E;;, and v € Ey.

(iii) o ((JL)| s, ) = o(JL)\{is}-

In the case of an isolated spectral point iy, one may define the invariant
eigenspaces and its complement eigenspace via contour integral in operator cal-
culus. Usually it is not guaranteed that such iu is an eigenvalue and its eigenspace
coincides with E;,. This proposition implies that, under assumptions (H1-3), this
is exactly the case and (L-,-) is non-degenerate on E;,. As a corollary, we prove

PROPOSITION 2.4. In addition to (H1-3), we assume

(H4) (L-,-) is non-degenerate on Ey for any non-isolated A € o (JL) NiR\{0}
and also on Ey/ker L if 0 € o(JL) is not isolated,

then there exist closed subspaces N and M, which are L-orthogonal, such that
N @ker L and M ®ker L are invariant under JL, X = N®& M &ker L, dim N < oo,
and L > 6 on M for some § > 0.

In particular, if eigenvalues of JL are isolated, then by Proposition 2.3, (H4) is
automatically satisfied and Proposition 2.4 holds. If we further assume ker L = {0},
then X = N @& M and both N and M are invariant under JL. Proposition 2.4 can
be used to construct invariant decompositions for L—self-adjoint operators. The
next proposition gives a generalization of Theorem A.1 in [23], which was proved
for a compact L-self-adjoint operator A with ker A = {0}. Such decomposition was
used to study the damping of internal waves in a stably stratified fluid ([23]).

ProprOSITION 2.5. Let X be a complex Hilbert space along with a Hermitian
symmetric quadratic form B(u,v) = (Lv,u) defined by an (anti-linear) operator
L: X — X* satisfying (H2) with ker L = {0}. Let A: X — X be a L—self-adjoint
complex linear operator (i.e. (LAu,v) = (Lu, Av)) such that nonzero eigenvalues
of A are isolated. If L|ker o is non-degenerate, then there exists a decomposition
X = N®M such that N and M are L-orthogonal and invariant under A, dim N <
oo and Ly is uniformly positive.
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We will extend the notion of the Krein signature to eigenvalues iu for which
(L-,-) on E;, is non-degenerate, and give more detailed descriptions of k;” and kg .
As commented above, the non-degeneracy assumption means EP is eliminated in
E;,. For such p, define

Eio={v €ker(JL —ip) | <Lv,uz(,{,)1> =0, V1<j<jo, 1<p<li;, 1<q<k;}

which is the complementary subspace of R(JL —ip)Nker(JL —iu) inside ker(JL —
ip). It corresponds to the diagonalized part of JL

E;p-

DEFINITION 2.1. For p > 0 such that (L-,-) is non-degenerate on E;,,, define
the first Krein signature

n; (ZIU’) =n" (L Ew,o)
and kj-th Krein signatures as 0y (ip) given in Proposition 2.2, for odd k; = 2m —
1>1.

REMARK 2.12. The Krein signature n;,_ (ip), for odd kj =2m—1> 1, does not
have to be defined as in Proposition 2.2 using the above special bases. In fact, for any

7, let {vg{)}} be an arbitrary complete set of Jordan chains of length k;. Define the

1; x 1 matriz M; = (<Lv1(,{)7m,vl(,2m>) 1< p1,p2 <1lj. Thenng (ip) =n~ (Mj),
the negative index (Morse index) of M.

REMARK 2.13. The signatures ny, (1) may also be defined in an intrinsic way
independent of bases. See Definition /.1 and equation (4.2).
According to Proppsition 2.2, the 2-dim subspace span{uz(,{z, uz(f,)% 41_qr and 1-
dim subspace span{u](f );(kv +1)} for odd k; are L-orthogonal to each other. With
»2 (Kj

respect to the basis {u,(,{,)l,u;j,)cﬁl_p} there, L takes the form of the Hermitian

symmetric matrix <2 g) with a # 0, whose Morse index is clearly 1. Therefore,
we obtain the following formula for k; .

PROPOSITION 2.6. In addition to (H1)-(H3), assume iy € o(JL)NiR satisfies
that (L-,-) is non-degenerate on E;,. Then we have

(2.16) E<(ip) = k™ (i) = > l]éﬁJr > F](k]_l)wzk] (ip)| -

2
k; even k; odd

As Hamiltonian systems often possess additional symmetries which generate
nontrivial ker L, k5° deserves some more discussion if ker L # {0}. The following
propositions are proved in Section 8.3, based on a decomposition of the subspace
Ey. Recall that for any subspace S C X, L also induces a quadratic form (L-,-) on
the quotient space S/(S Nker L).

PROPOSITION 2.7. Assume (H1)-(H3), then (JL) !(ker L) is a closed sub-
space. Furthermore, let

no =n="((L,)|(y0)~1(ker L)/ ker L.)-

Then
(i) ks° > ng.
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(ii) If (L-,-) is non-degenerate on (JL) ! (ker L)/ ker L, then
ks =m0 =n"((L+, ) (70)~1 (ker L)/ ker .-
REMARK 2.14. Practically, in order to compute ng in the above proposition, let
S C (JL) Y(ker L) be a closed subspace such that
(2.17) (JL) '(ker L) = ker L & S,
then ng = n=°(L|s). Often S can be taken as (ker L)* N (JL)™!(ker L).

It is worth comparing the above results with some classical results (e.g. [29,
]). Consider a nonlinear Hamiltonian equation

(2.18) Opu = JDH (u)

which has an additional conserved quantity P(u) (often the momentum, mass etc.)
due to some symmetry. Assume that for ¢ in a neighborhood of ¢y, there exists u,
such that DH(u.) —cDP(u.) = 0, which gives a relative equilibrium of (2.18) such
as traveling waves, standing waves, etc. The linearized equation of (2.18) in some
reference frame at u., takes the form of (2.1) with L = D?H (uc,) — coD?P(ue,)-
It can be verified that JDP(uc,) € ker L and LO.uc|ec=c, = DP(u¢,). In the case
where ker L = span{JDP(u.,)} and J is one to one (not necessarily with bounded
J~1 as assumed in [29, 30]), we have

(JL)_l(ker L) = span{JDP(uc,), Octic|c=co }
when %P(uc)\czco # 0 and

o { 0 if 4 P(ue)|emco <0
L if ZP(uc)|e=c, >0
1,
[

If we further assume n=(L) =

Theorem 2.3 implies the result in

0 and unstable if & P(uc)|c=c, > 0.
In the following special cases, kOSO as well as ng can be better estimated, which

is often useful in applications.

LEMMA 2.1. Assume (H1)-(H8). we have
(i) (Lu,v) =0, Yu € ker(JL), v € R(J).
(#i) (Lu, u) is non-degenerate on ker(JL)/ ker L if and only if it is non-degenerate

on R(J)/(ker LN R(J)).

then the combination of Proposition 2.7 and
] that equation (2.1) is stable if £ P(uc)|c=c, <

While the statement of the lemma and the following proposition in the language
of quotient spaces make them independent of choices of subspaces transversal to
ker L, practically it might be easier to work with subspaces. The following is an
equivalent restatement of Lemma 2.1 using subspaces. Actually the proof in Section
8.3 will be carried out by using subspaces.

COROLLARY 2.3. Let Sy, 8% C X be closed subspaces such that
(2.19) ker(JL) =ker L & S, R(J) = (R(J)Nker L) & S*.

We have that (L-,-) is non-degenerate on Sy if and only if it is non-degenerate on

S#.

Under this non-degeneracy, we have
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PROPOSITION 2.8. Assume (H1)-(H8), and that (Lu,u) is non-degenerate on
ker(JL)/ker L which is equivalent to ker(JL) N R(J) C ker L, then

(i) X = ker(JL) + R(J) and
n~ (L) =n" (Llxer(sr)/xer ) + 0~ (L]

73/ (ker LOET) )"
(i) Let
S=R(J)N(JL) (ker L).
Then
5" > 1" (Llker(sr)/ ker ) + 1=(L|3 ) (ker L03))-

(iii) If, in addition, (Lu,u) is non-degenerate on S/(ker LN S), then
k5" = 0" (Llker(rny/er £) + 17 (L3 (o £03))

2.20
(2.20) ker + 2ke + 2k7° = n~ (L)

m/(kerLﬂﬁ)) -n (L|§/(kean§)) ’

We notice that the last equality is only a consequence of the previous two
equalities on n~ and kOSO and the index Theorem 2.3.
In terms of subspaces, equivalently we have

COROLLARY 2.4. Let S1,S% C X be closed subspaces assumed in Corollary 2.3
and Sy € X be a closed subspace such that

(2.21) R(J)N(JL) '(ker L) = Sy & (R(J) Nker L).
Assume the non-degeneracy of {Lu,u) on Si. Under this condition, we have
X=kerL® S & S%,

and this decomposition is orthogonal with respect to the quadratic form (L-,-). More-
over, we have

n~ (L) =n"(Ls,) + n~(L|g#) and k3°>n"(Lls,) +n=°(Ll|s,).
The additional non-degeneracy assumption of (Lu,u) on S/(ker LNS) is equivalent
to its non-degeneracy on Sy and it implies
o =n" (Lls,) +n~ (Ls,)
ky + 2k + 2k =n" (Lls#) —n~ (L|s,)-

Very often subspaces S1,S%,S, can be taken as various intersections with
(ker L)*.

2.5. Structural stability/instability

Our next main result is on the spectral properties of the Hamiltonian operator
J L under small bounded perturbations. Consider the perturbed linear Hamiltonian
system

(2.22) uy = JyuLyu, Jy=J+J1, Ly=L+L;, ueclX.
We assume the perturbations satisfy
(A1) J and L satisfies (H1-2) and the perturbations J; : X* — X and Ly :
X — X* are bounded operators with J = —J; and L} = L;.

(A2) dimker L < oo;
(A3) D(JL) C D(JLy).
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We note that (A2) implies (H3) for JL by Remark 2.3. From the Closed
Graph Theorem, JL; is a bounded operator on the Hilbert space D(JL) equipped
with the graph norm
(2.23) [lullg = [lull® + [|JLul[?, w € D(JL); |J L1l = S [ L.

ul|lg=

We first point out that assumptions (A1-3) imply (H1-3) for JuLx when the
perturbations are sufficiently small as assumed in Theorem 2.4 below. See Lemma
9.1. As indicated in assumption (A1) we consider bounded perturbations to both
the symplectic structure J and the energy quadratic form L, while the Hamil-
tonian structure is preserved. Assumption (A2) ensures n~ (Ly) < oo so that
the perturbed problem is still in our framework. Assumption (A3) is a regular-
ity assumption which implies that JxLx is not more unbounded compared to JL.
Therefore, the resolvent (A — JxLy)™! is a small perturbation of (A — JL)™! as
proved in Lemma 9.2.

Let E™*° be the unstable/stable/center subspaces of JL, as well as the con-
stants A, > 0, as given in Theorem 2.2. The next theorem and the following
proposition will be proved in Section 9.1.

THEOREM 2.4. Assume (A1-3). There exist C, ey > 0 depending only on J and
L such that, if

(2.24) €= ||+ |L1| + |JLi]a < eo,
then
(a) There exist bounded operators
S4B E*®E°, S§4:E° - E'®E, S§5:E°— E°@E",
such that
|S;’S’c| < Ce, et‘@‘*ﬁL#E;;g"”C = E;ZS’C, where E;’S’C = graph(S;fé’s’c),
for allt € R. Moreover,

( | ot# L 5, <C(1+ tdimEsfl)ef()\ufce)t, V>0
2.25

|€tJ#L#|E;| < C(l + |t|d1mE”—1)e(Au—Ce)t’ V<0,
(2.26) et/ # 5% | ge | < Ce“l, VieR.

(b) (Lg,-) vanishes on E°, but is non-degenerate on E ® EY,, and
ES ={u | (Lyu,v) =0,Yv € B} © Ej}.

(c) If (L-,-) > § > 0 on E°, then there exists C' > 0 depending on 6, J, and
L such that |etJ#L#\E%| < foranyteR.

Due to assumption (A3), the resolvent (A—JgLx)~! is only a small perturba-
tion of (\—JL)~! as proved in Lemma 9.2. Therefore, the existence of the invariant
subspaces E, % as a small perturbation to E“*¢ follows immediately. Statements
(b) and (c) basically result from the Hamiltonian structure and the estimates of
ett#L# on E”° are basically due to their finite dimensionality. If Jy Ly — JL had
been a bounded operator, estimate (2.26) would follow easily from the standard
spectral theory as well. However, since J : X* D D(J) — X is only assumed to
satisfy J* = —J*, the term JL; may not be bounded and thus (2.26) does not
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follow from the standard spectral theory. Our proof heavily relies on the decompo-
sition given by Theorem 2.1. In fact, the usual resolvent estimate often neglects the
Hamiltonian structure of the problem which actually plays an essential role here.
Otherwise a counterexample without the Hamiltonian structure is J = J4 =4 and
Ly = 0z + €05 with X = H(S!,C), for which the equation u; = JyLyu is not
even well-posed in X for € # 0.

Another consequence of Lemma 9.2 of the resolvent estimate and Lemma 6.2
is the following structural stability type result.

PROPOSITION 2.9. Suppose closed subsets 01,2 C o(JL) satisfy

(1) o(JL) =01 Uosg, o1 Nog =0, and o9 is compact.
(2) For any A € 01 and 0 # u € Ej, it holds (Lu,u) > 0.
Then there exist o, 9 > 0 depending only on J and L such that (2.24) implies

{)\ S O'(J#L#) | d()\,dz) > OZ} c iR.

From Proposition 6.2, any A € o(JL)\iR is an eigenvalue, i.e. E\ # {0}, and
(L-,-) vanishes on E). Therefore, it must hold that oy C iR. Even though the
second assumption on o seems weaker than that (L-,-) is uniformly positive on its
eigenspaces, it along with Theorem 2.3 actually implies the latter. This proposition
means that, under small perturbations, unstable eigenvalues can not bifurcate from
such o7.

In the next we consider the deformation of purely imaginary spectral points of
J L under perturbations as they are closely related to generation of linear instability.
The next two theorems are proved in Section 9.2. Firstly we prove that if ip € o(JL)
and (L-,-) has certain definite sign on E;,, then o(JxLy) would not have nearby
unstable eigenvalues.

THEOREM 2.5. Assume (A1-3), ipn € o(JL) NiR, and either a.) there exists
§ > 0 such that (Lu,u) > 6||u|[* for all u € E;y, or b.) i is isolated in o(JL)and
(Lu,u) < =d|ul|* for all u € E;y,, then there exist a,eg > 0 depending on J, L, p,
and 0 such that, if (2.24) holds, then

{Neoa(JgLy) | |IN—iul <a} CiR.

REMARK 2.15. On the one hand, note that in the above theorem, we do not
require 1u being an isolated eigenvalue or even an eigenvalue of JL. If iy is not
an eigenvalue, E;, = {0} and the sign definiteness assumption is automatically
satisfied. On the other hand, if ip is an isolated spectral point, then Proposition 2.3
implies that E;, is nontrivial and is precisely the eigenspace of ip. Moreover, from
Lemma 3./ and the sign definiteness of L on E;,,, we have E;, = ker(JL —ip).

On the one hand, the above theorem indicates that under Hamiltonian pertur-
bations, hyperbolic (i.e. stable and unstable) eigenvalues can not bifurcate from
either a.) any iy € o(JL), whether isolated or not, for which (L-,-) is positive
on Ej,, or b.) any isolated eigenvalue ip where (L-,-) has a definite sign on E;,.
Theorem 2.5, as well as Theorem 2.4 can be viewed as robustness or structural
stability type results.

On the other hand, as given in the next theorem, the structural stability con-
ditions in Theorem 2.5 are also necessary for an eigenvalue iy # 0. As in many
applications parameters mostly appear in the energy operator L instead of the sym-
plectic operator J, we will study perturbations only to L for possible bifurcations
of unstable eigenvalues near ip.
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THEOREM 2.6. Assume that (J, L) satisfies (H1-3) and 0 # iy € o(JL) NiR
satisfies
(1) (L-,-) is neither positive nor negative definite on E;, or
(2) ip is non-isolated in o(JL) and there exists u € E;, with (Lu,u) <0,
then for any € > 0, there exist a symmetric bounded linear operator Ly : X —
X* such that: |L1| < € and there exists A\ € o(J(L + L1)) with ReXA > 0 and
A —iu| < Ce, for some constant C' depending only on p, J, L.

It is easy to see that conditions in Theorem 2.6 are exactly complementary
to those in Theorem 2.5 for i # 0 and thus they give necessary and sufficient
conditions on whether unstable eigenvalues can bifurcate from 0 # iu € o(JL)NiR
under Hamiltonian perturbations.

REMARK 2.16. In [28], Grillakis proved that an embedded purely imaginary
etgenvalue with negative energy of the linearized operator at excited states of a
semilinear nonlinear Schrédinger equation is ‘structurally unstable’ under small
perturbations and unstable eigenvalues can be generated. The linearized operator is
of the form JL, where

JZ(_Ol (1)> L:<_A+0V1(x) —A+0V2(x) )

Here, V1 (2),Va () — w > 0 exponentially when |x| — oco. Under some assump-
tions, Theorem 2.4 in [28] implies that that if i # 0 is an embedded eigenvalue
of JL with (Lu,u) < 0 for some eigenfunction u, then an unstable eigenvalue may
bifurcate from iy under Hamiltonian perturbations. Similar result was also obtained
in [21]. This is a special case of the above theorem. Actually, we can relax the struc-
tural instability condition to be that (L-,-) is not positive definite on E;,,, including
cases of degeneracy of L|g,, or with Jordan chains.

However, it should be pointed out that it is not clear that the above structural
instability may be realized by the linearized equation of the monlinear Schrddinger
equation at a perturbed excited state. It would be interesting to see if one can prove
the structural instability in the sense that there is linear instability for nearby excited
states.

REMARK 2.17. The case p = 0 is not included in Theorem 2.6 since this may
be related to some additional degeneracy of L or J. See for example Cases 3b and
3d in Section 9.2. The analysis of possible bifurcations of unstable eigenvalues from
1 =0 could be carried out in a similar fashion based on the Propositions 2.2, 2.3,
Lemma 9.4, etc., but more carefully. We feel that it might be easier to work on
this case directly in concrete applications and thus do not include it in the above
theorem.

2.6. A theorem where L does not have a positive lower bound on X

Among our global assumptions (H1-3), (H2) requires that the phase space
X is decomposed into the direct sum of three subspaces X = X_ @ ker L @ X,
such that the quadratic form (L-,-) is uniformly positive/negative on Xy. This
assumption plays a crucial role in the analysis throughout the paper. However,
in some Hamiltonian PDEs L, which usually appears as the Hessian of the energy
functional at a steady state, may not have a positive lower bound on X,. One
such simple example is X = H'(R™) and L = —A + a(x) where lim;|_, a(z) = 0.
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Even if a > 0 which implies L > 0, but for any J > 0, there exists « € H' such that
(Lu,u) < 8l|ul|?:. A potential resolution to this issue in this specific example is
to take a different phase space such as H' instead of H'. In Chapter 10, we show
that this observation may be applied in a rather general setting. As a non-trivial
example of this case, the stability of traveling waves of a nonlinear Schrodinger
equation in 2-dim with non-vanishing condition at |x| = oo is considered in Section
11.6.

In this section, let X be a real Hilbert space with the inner product (-,-) and
we assume

(B1) Qo,Q1 : X — X* are bounded positive symmetric linear operators such
that

<(Q0 + Ql)u,’l}> = (U,U), QS,I = QO,17 <Q0,1u7u> > 07 v 0 7& U, v € X.
(B2) J: X — X is a bounded linear operator satisfying
J7V =1, (QoJu,Ju) = (Qou,u), Yuc X.

Let J=JQp"': X* D Qo(X) — X.
(B3) L:X — X*isabounded symmetric linear operator such that L; = L—Q1
satisfies

|<L1u’ 7]> |2 < CO(<QOU7 ’LL> <Q0’U, U> + <Q0U7 ’LL> <Q1U7 U> + <Q1U7 U><Q0’U, U>)
(B4) There exist closed subspaces X1 C X such that

(2.27) X=X_okerL®X,, n (L)=dimX_ < oo,
(2.28) + (Lug,ug) >0, (Luy,u_) =0, VO #uy € Xq.
(B5) Subspaces Xy satisty
kerik, ={f € X* | (f,u) =0,Vu € X;} C Quo(X) = D(J)
where i}+ : X* — X7 is the dual operator of the embedding ix, .

Obviously the assumption in (B1) that Q1 + Qo is the Riesz representation
of the inner product can be weakened to that it is the Riesz representation of
an equivalent inner product. It is also easy to verify that J is closed and anti-
symmetric, namely, J C —J*. Roughly the L-orthogonal decomposition of X can
be constructed a.) by taking ker L @& X, as the L-orthogonal complement of a
carefully chosen X_ and then X, as any complimentary subspace of ker L there;
or b.) from a spectral decomposition of the linear operator on X corresponding to
the quadratic form (L-,-) through certain inner product. In a typical application
as in Section 11.6, @)1 is often a uniformly positive elliptic operator of order 2s, L
is a perturbation containing lower order derivatives with variable coefficients, and
Qo corresponds to the L? duality. It is convenient to start with X = H* initially.
The assumption n~ (L) < co may come from the construction of the steady state
via some variational approach. The lack of a positive lower bound of L restricted
to X C H* is often due to the missing control of the L? norm by (L-,-). This also
forces us to make the slightly stronger assumption (B5) than (H3). In Chapter 10
we prove

THEOREM 2.7. There exists a Hilbert space Y such that
(a) X is densely embedded into Y ;
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(b) L can be extended to a bounded symmetric linear operator Ly : Y — Y*;
(c) (Y, Ly, Jy) satisfy (H1-3), where Jy : D(J)NY™* =Y is the restriction of J.

It is natural to define Y through the completion of X under a norm based on
L. To prove this theorem, the key is to show (H1) and (H3) are satisfied.

2.7. Some Applications to PDEs

We briefly discuss the applications of the general theory to several PDE models
in Chapter 11. First, we consider the stability of traveling waves of dispersive wave
models of KDV, BBM and good Boussinesq types. These PDE models arise as
approximation long wave models for water waves etc. We treat general dispersion
symbols including nonlocal ones.

For solitary waves, the linearized equations are written in a Hamiltonian form
where the symplectic operators J turn out to be non-invertible unbounded oper-
ators. The index formula and the exponential trichotomy estimates are obtained
from Theorems 2.2 and 2.3.

For periodic waves, the linearized equations for perturbations of the same period
are again written in the Hamiltonian form with J having nontrivial kernels. This
brings changes to the index counting formula and stability criteria. In recent years,
similar index formula had been studied in various cases. Our results give a unified
treatment for general dispersion symbols. For both solitary waves and periodic
waves, the linear stability conditions are also shown to imply nonlinear orbital
stability. For the unstable cases, the exponential dichotomy can be used to show
nonlinear instability and even to further construct local invariant (stable, unstable
and center) manifolds near the traveling wave orbit in the energy space. Moreover,
when a.) the negative dimension of the linearized energy functional is equal to the
unstable dimension of the linearized equation and b.) the kernel of the linearized
energy functional is generated exactly by the symmetry group of the system, the
orbital stability and local uniqueness on the center manifold could be obtained.
These invariant manifolds also give a complete description of dynamics near the
orbit of unstable profiles. For more details, we refer to recent papers ([37] [38]) on
the construction of invariant manifolds near unstable traveling waves of supercritical
KDV equation and 3D Gross-Pitavaeskii equation.

We then consider the linearized problems arisen from the modulational (Benjamin-
Feir, side-band) instability of period waves. Besides obtaining an index formula for
each Floquet-Block problem, we also carry out some perturbation analysis to jus-
tify that unstable modes in the long wave limit can only arise from zero eigenvalue
of the co-periodic problem. Subsequently we obtain the semigroup estimates for
both multi-periodic and localized perturbations, which played an important role on
the recent proof ([36]) of nonlinear modulational instability of various dispersive
models.

As another application, we consider the eigenvalue problem of the form Lu =
Au’, which arises in the stability of traveling waves of generalized Bullough-Dodd
equation (11.43). Let J = 8;!, then it is equivalent to the Hamiltonian form
JLu = Au. Thus general theorems can be applied to get instability index formula
and the stability criterion which generalize the results in [69] by relaxing some
restrictions. In particular it implies the linear instability of any traveling wave of
generalized Bullough-Dodd equation (11.43), removing the convexity assumption
in [69].
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Next, we consider stability/instability of steady flows of 2D Euler equation in
a bounded domain. For a large class of steady flows, the linearized Euler equation
can be written in a Hamiltonian form satisfying (H1)-(H3). Here, the symplectic
operator J has an infinite dimensional kernel. The index formula is obtained in
terms of a reduced operator related to the projection to ker L. By using the pertur-
bation theory in Section 2.5, the structural instability in the case of the presence
of embedded eigenvalues is shown. The Hamiltonian structures are also useful in
studying the enhanced damping and inviscid damping problems.

Lastly, we study the stability of traveling waves of 2D nonlinear Schrodinger
equations with nonzero condition at infinity. When written in the Hamiltonian form
JL, the quadratic form (L-,-) does not have uniform lower bound on the positive
subspace X ;. The strategy used for the 3D case ([53]) does not work in 2D. We use
the theory in Section 2.6 to construct a new and larger phase space to recover the
uniform positivity of (L-,-) on the positive space. Then the theory in Section 2.4 is
used to prove the stability criterion in terms of the sign of dP/dec, where P (c) is the
momentum of a traveling wave of speed c¢. As a somewhat unusual application of
the index formula, we prove the positivity of the momentum P for traveling waves
(in both 2D and 3D) with general nonlinear terms.



CHAPTER 3

Basic properties of Linear Hamiltonian systems

In this chapter, we present a few basic qualitative properties of the linear equa-
tion (2.1), including the conservation of energy, some elementary spectral proper-
ties, etc. As our problem is set up in a functional analysis theoretical framework,
in some cases we have to follow the painful rigor at an orthodox level. To make
it less tedious, we only keep those basic results directly related to the dynamics of
(2.1) in this chapter, while some more elementary properties of (2.1), including its
well-posedness (Proposition 12.1), are left in Chapter 12, the Appendix.

Like any Hamiltonian flow, we have the conservation of energy and the sym-
plectic structure of the flow defined by (2.1).

LEMMA 3.1 ([59]). For any solutions u(t),v(t) of (2.1), then we have
(1) g (Lu(t),v(t)) = 0;
(2) R(J) is invariant under e*’L; and
(3) if J is one-to-one (J~' not necessarily bounded) and u(0) € R(J), then
a (J7hu(t),v(t)) = 0.

PrOOF. Property (1) is clearly true if u(0),v(0) € D(JL) and then the general
case follows immediately from a density argument. To prove (2), we first notice,
for x € D(JL),

t
’7
ey —x = J/ Let Thxat’.
0

Since J is closed and D(JL) is dense, a density argument implies that fot Let' TLydt €
D(J) for all x and the above equality holds for all z and thus R(J) is invariant
under e*’L. For (3), first consider v(0) € D(JL) and the above equality yields

& (T u(e),0(6)) = (L), o(0) + (7 u(t), TLo(0) = 0

where we used the assumption that J is anti-self-adjoint. Again the general case of
(3) follows from the density of D(JL). O

An immediate consequence of the conservation of the quadratic form (L-, ) is
on invariant subspaces.

LEMMA 3.2. Suppose a subspace X1 C X is invariant under e~ i.e. e’ X, C
X, for all t € R, then e’V Xy C X, for all t € R where the closed subspace
Xo={ue X | (Lu,v) =0, Yv e X;}.

PRrROOF. For any u € Xo, v € X7, and t € R, Lemma 3.1 and the invariance of
X1 imply
(LeLu,v) = (Lu, e "Ev) = 0
which yields the conclusion. ([

29
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While in a substantial part of the paper, we shall work with the real Hilbert
space X and real operators J, L, etc., for considerations where complex eigenvalues
are involved, we have to work with their standard complexification. See the
Appendix (Chapter 12) for details.

Let A be an eigenvalue of JL (i.e. A € o (JL)) and

Ex={u€ X | (JL—A)*u =0, for some integer k > 1}.
Then by Lemma 3.1, we have

LEMMA 3.3 (Lemma 2 in [59] or Lemma 2.7 in [32]). If vy € E),,v2 € Ej,
and Ay + Ay # 0, then (Lvy,ve) = 0.

The following lemma will be repeatedly used to analyze the structure of E;,,
ueR.

LEMMA 3.4. For any ip € o(JL) (ne€R), w1 € (JL —ip)'X, and uy €
ker(JL —ip)!, then (Luy,ug) = 0.

PROOF. First, we observe that for any u,v € X,
(3.1) (L(JL —ip)u,v) = — (Lu, (JL —ip) v) .
Let v € X such that (JL —iu)'v = uy, then we have
(Lut,uz) = (L(JL — ip)'v,uz) = (=1)"(Lv, (JL — ip)'uz) = 0.

The following lemma is a direct consequence of Lemma 3.4 and (3.1).
LEMMA 3.5. For any ip € o(JL) NiR, it holds
By = ker(JL — ip)*="GWF1 1 20, and Eo = ker(JL)2R 2.

REMARK 3.1. As JL—ip is a generator of a strongly C° semigroup, (JL—iu)™
is closed for any m and thus E;, is a closed subspace and JL|g,, is a bounded
operator with o(JL|g,,) = {ip}.

Proor. We first consider u # 0 and argue by contradiction. Suppose u € E;,
such that

(JL—ip)fu=0, (JL—ip)*tu#0, K >2k=%iu)+2.
For any K — 1> j1,j52 > K — k=%(iu) — 1, we obtain from Lemma 3.4
(L(JL —ip)? u, (JL — ip)2u) = 0.

Therefore, the quadratic form (L-, -) vanishes on span{(JL—iu)%~tu, (JL—ip)

i,u)K*kSO(i“)*lu}, whose dimension is ¥<°(iu) 4+ 1. This contradicts the definition
of k=0(iu).

To finish the proof, we consider y = 0. Again we argue by contradiction.
Suppose u € Ej is such that

(JL)Xu=0, (JL)X'u#0, K>2k°+3.
Case 1. (JL)X~1u ¢ ker L. In this case, clearly
span{(JLYu|0<j< K —1}Nker L = {0}.

K-2
g
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Let Ey C Ey be a subspace such that Ey = Ey @ ker L and (JL)u € E, for any
0 <j< K —1. Much as in the above, (L-,-) vanishes on

Z 2 span{(JL)X~tu, (JL)X2u,. .., (JL)kaOSU*lu} C E.

Since dim Z = kOSO + 1, this is a contradiction to the definition of k;OSO.
Cases 2. (JL)K~1u € ker L\{0}. Clearly,

span{(JLYu |0 < j < K — 2} Nker L = {0}.
Let Ey C Ey be a subspace such that Ey = Ey @ ker L and (JL)Yu € E, for any
0<j<K-—2 Let
Z 2 span{(JL)K2u, (JL)K3u, ... (JL)K=5 =24} C E.

According to Lemma 3.4, for K — kOSO —2< 751,72 < K—-2and j; +j2 > K, we
have (L(JL)"u, (JL)2u) = 0. If K — kogo —2<j1,jo < K—2and j; +js < K, it
must hold j; = jo = K — kOSO —2and K = 2/{030 + 3. Using (3.1) we obtain
(L(JLYK =K "=2y (JLYK =R =2y = (= 1)Kk =2(L(JL)K "L, u) = 0
where in the last equality we used (JL)X~'u € ker L. Therefore, (L-,-) vanishes

on Z. Since dim Z = k50 + 1, this is again a contradiction to the definition of k5°.
The proof of the lemma is complete. O

To end the chapter of basic properties, we prove the following Lemma on the
symmetry of o (JL) about both axes.

LEMMA 3.6. Assume (H1)-(H3), except for n~ (L) < co. Suppose A € o (JL),
then we have

i) £\, EX € o (JL).

ii) Suppose X is an eigenvalue of JL and assume in addition ker L = {0} or
A\ # 0, then X is also an eigenvalue of JL and —\, —\ are eigenvalues of (JL)* =
—LJ. Moreover, for any k > 0,

(3.2) ker(JL — A\)* = {@ | u € ker(JL — \)¥}
and
(3.3) L :ker(JL — \)* = ker ((JL)* + A)" = ker(LJ — M)*

is an anti-linear isomorphism.

i11) Suppose X is an isolated eigenvalue of JL with finite algebraic multiplicity,
then —\, £\ are also eigenvalues of JL with the same algebraic and geometric
multiplicities.

Here the operators J and L are understood as their complexification, and thus
are anti-linear mappings satisfying (12.9).

PROOF. As i) is trivial if A = 0, so we assume \ # 0 or ker L = {0}.

Due to (12.12) which states that JL is real, (3.2) and A € o(JL) follow imme-
diately. We are left to prove —\, —A € o(JL) and (3.3).

The anti-linearity property (12.9) implies
(3.4) L(JL —Nu= (LJ — \)Lu = —((JL)* + X\)Lu, Yu € D(JL).
Therefore, we have that, for any integer k£ > 0,

(3.5) ((JL)* + X Lu = (~1)FL(JL — \)*u, Yu € D((JL)¥).
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It follows from (3.5) that L(ker(JL — A\)¥) C ker ((JL)* + S\)k. Under the
assumption A # 0 or ker L = {0}, it holds ker L N E) = {0} and thus L is one-
to-one on FE). Therefore, if A is an eigenvalue of JL, then E) is nontrivial which
implies L(ker(JL — \)¥), as well as ker ((JL)* + S\)k, are nontrivial. We obtain
that —\, as well as — ), is an eigenvalue of (JL)*. Consequently —\, =\ € o(JL).

To finish the proof of (3.3), we only need to show

L(ker(JL — A)*) D ker (JL)* + X)".
This is obvious from (3.5) if ker L = {0}. In the case of A # 0, it is clear ker ((JL)*+

X)k C R(L). Therefore, for any v € ker ((JL)* +;\)k, there exists u; € X such that
v = Lu;. Equation (3.5) again implies

w = (JL — \)*u; € ker L.
As A #0, let u = u; — (—\)"*w, then since (JL — \) w = (—\) w, we have v = Lu
and u € ker(JL — \)* due to (JL —A)*w = (—\)* w. Therefore, ker ((JL)* +5\)k C
Lker(JL — \)*¥ and thus L is an one to one correspondence (actually an anti-linear
isomorphism) from ker(JL — A)* to ker ((JL)* + /_\)k.

Finally, suppose A # 0 and R(JL — \) # X, we will show R((JL)* + ) # X*
which implies —A, =X € o((JL)*) = o (JL) and thus completes the proof of (i).
Assume one the contrary R((JL)* + A\) = X*. Let v € D(J)\R(L), according
to Remark 2.4, there exists u € ker L such that (y,u) # 0. One can compute
(((JL)* + A)v,u) = A{y,u) # 0 and thus ((JL)* + )y ¢ R(L). Therefore, if
R((JL)* + A) = X*, it must hold ((JL)* + X)(R(L)) = R(L), which is the range
of the right side of (3.4). However, since A # 0, we have (JL — \)(ker L) = ker L.
Along with R(JL — X) # X, it implies R(L) ¢ R(L(JL — X)), which is the range
of the left side of (3.4). We obtain a contradiction and thus R((JL)* + A) # X*.

If X € o (JL) is isolated and of finite multiplicity, then the same is true for A. By
i) and ii), —A, =X € o((JL)*) are also isolated and of the same multiplicities, this
implies that —\, —\ € o (JL) have the same (geometric and algebraic) multiplicities
(see [42] P. 184). O

REMARK 3.2. As in the proof of Lemma 12.3 and Corollary 12.3, the assump-
tion n~ (L) < oo is not required in the above proof. So Lemma 3.6 holds even when
n~ (L) = co. On the other hand, this lemma gives the symmetry of o(JL), but not
for general eigenvalues, except for purely imaginary eigenvalues or isolated eigenval-
ues of finite multiplicity. If X € o (JL) is a nonzero eigenvalue which is non-isolated
or of infinite multiplicity, then above lemma implies that —\, —\ are eigenvalues
of 0((JL)*). In general, we can not exclude the possibility that —\, —\ are not
eigenvalues of JL. However, when n~ (L) < oo, any A € o (JL) with ReX # 0
must be isolated and of finite multiplicity, and the symmetry of eigenvalues and the
dimensions of their eigenspaces are given in Corollary 0.1.



CHAPTER 4

Finite dimensional Hamiltonian systems

In this chapter, we consider the case where the energy space X of (2.1) is
X = R" which is complexified to C". The assumptions (H.1-3) become that J is
a real anti-symmetric n X n matrix and L is a real symmetric n x n matrix. The
counting formula (2.13) essentially follows from [59], except for the formula (2.16).
We do not need to assume that J is invertible as assumed in [59].
For A € o (JL), define
I :E)\@E_/‘\ lf)\ﬁl].:{7 and I = E) if A € iR.

We have C" = I, @ --- @ I,,, where \; € o (JL) are all distinct eigenvalues of JL
with ReA; > 0. By Lemma 3.3, we have

(4.1) n (D)= 0 (L|IM> .

Based on Lemma 3.6 of the symmetry of o(JL), to prove Theorem 2.3 in the finite
dimensional case, it suffices to compute n~ (L|;, ) for any 0 # A € o (JL) \iR.

LEMMA 4.1 ([59]). Let A € o (JL). Assume ker L = {0} or A # 0, then the
restriction (L-,-) |1, is non-degenerate.

PROOF. Suppose (L-,-) |1, is degenerate. Then there exists 0 # u € I such
that (Lu,v) = 0 for any v € I,. Since C™ is the direct sum of all different I,
N € o(JL), this implies that (Lu,v) = 0 for any v € C™ by Lemma 3.3. So Lu =0
and thus 0 # u € Iy Nker L. It implies that A = 0 and ker L # {0}, a contradiction
to our assumptions. O

LEMMA 4.2 ([59] or [32]). IfRe X > 0 and let my to be the algebraic multiplicity
of . Then n~ (L|1,) = my.

PRrROOF. From Lemma 3.3, the quadratic form (L-,-) on I, = E) @ E_5 can be
represented in the block form <£* 81) Lemma 4.1 implies the non-degeneracy
of A and thus the lemma follows. (]

The counting formula (2.13) in the finite dimensional case follows from these
lemmas and (4.1).

In the rest of this section, we carefully analyze k= (in) = n~ (L|g,,), 1 € R,
and obtain Proposition 2.2 in finite dimensions. Based on Lemma 3.4 and equation
(3.1), we first prove

LEMMA 4.3. Suppose ip € o (JL) (p € R) and K > 0 is an integer, then
(1) for u,v € ker(JL —ip)¥,

QK(U; ’U) £ Z'K71<L(JL - i:u)Kiluv v>

33
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defines a Hermitian form on ker(JL — iu)%; and
(2) assume ker L = {0} or pn # 0, then
Vi 2 (ker(JL —ip)® NR(JL —ip)) +ker(JL —ip) ! = ker Q.
PROOF. That Qp is a Hermitian form on ker(JL — iu)¥ is an immediate
consequence of equation (3.1). Lemma 3.4 also implies Y C ker Q. We will show
Yx = ker Qx under the additional assumption ker L = {0} or u # 0. Suppose
u € ker(JL —ip)¥ is such that

Qr(u,v) =i HL(JL —ip)* tu,v) =0, Vo €ker(JL —iu).
By duality, it implies that
L(JL —ip)5 " u € ((JL —ip) )" (C") = (LT —ip)*(C™).
Therefore, there exists w € C™ such that
L(JL —ip)"tu = (LJ — ip)5w.

Since p # 0 or L is surjective, the above equation implies w € R(L) and thus there
exists w € C™ such that w = Lw. Consequently,

(LJ —ip)"'L(u— (JL —ip)w) = L(JL — ip)* tu— (LJ —ip) 5w =0

which along with Lemma 3.6 implies

L(u— (JL —ip)w) € ker(LJ — ip)* ' = Lker(JL —ip)* 1.
Therefore, there exists v € ker(JL —iu)®~! such that

y=u—(JL —iu)w —v € ker L.

If u#£0, let wy =+ Z—Ly If ker L = {0}, we have y = 0 and let w; = w. In both
cases, we have

uw=v+ (JL —ip)wy, v€ker(JL —ip)5 1 C ker(JL —ip)X.
Therefore, (JL —iu)w; € R(JL —iu)Nker(JL —ip)® and then u € Y. The proof

is complete. ([

COROLLARY 4.1. Assume ker L = {0} or u # 0, then Qi induces a non-
degenerate Hermitian form on the quotient space ker(JL — ip)® /Y.

If K is odd, for any u,v € ker(JL — iu)¥, clearly
(4.2) Qe (u,v) = (L(JL = ip) 7w, (JL — i) = ).

DEFINITION 4.1. For odd K, define ny(in) to be the negative index of the
quadratic form Q.

The above quotient space ker(JL —iu)’ /Y is closely related to Jordan chains.
Suppose a basis of C™ realizes the Jordan canonical form of JL, and there are totally
I Jordan blocks of size K x K corresponding to ¢u. There must be [ Jordan chains of
length K in such basis, each of which is generated by some v € ker(JL —ip)® /Yy
as

v, (JL —ip)v, ..., (JL—iu)5 1o,

From standard linear algebra, we have the following lemma.
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LEMMA 4.4. Vectors vy 1,...,v,1 generate all I Jordan chains of length K in
the sense that

vig = (JL—ip) vy, 1<k<K, 1<j<lI,

are in a basis of C™ realizing all I Jordan blocks of size K of JL corresponding to

ip € o(JL), if and only if
v+ Yr, oo, v+ Y
form a basis of ker(JL —iu)¥ /Y.

The following lemma would lead to the realization of the Jordan canonical form
of JL and skew-diagonalization of L simultaneously.

LEMMA 4.5. Assume ker L = {0} or p # 0 where ip € o(JL) NiR. Suppose
dimker(JL — ip)X )Y =1> 0 and Z C ker(JL — ip)¥ satisfies

JL(Z)=Z and Z/(Yx N Z) =ker(JL —in)" )Yk,
then there exist vy, ...,v; € Z such that
(4.3) (L(JL — i)™ vj,v) = 25716, 16m k-1, 0<m< K —1.

PROOF. Since Qg induces a non-degenerate Hermitian form on ker(JL —iu)¥ /
Yk = Z/(ZNYk), there exist wy,...,w; € Z such that wy + Yk, ..., w; + Yk form
a basis of ker(JL —iu)¥ /Y and diagonalize Qg , that is,
(L(JL —ip) 5 7wy, wi) = (=) K1 Qr (wj, wy,) = £ 716, .

Therefore, we have found wy, ..., w; satisfying (4.3) for m = K — 1.
Suppose 1 < mg+1 < K —1 and we have found wy, ..., w; € Z satisfying (4.3)
for m > mg + 1. Denote
a=K—-1-my>1, Qr(w;,wr) =b,r =20k, (L(JL—ip)™w;, wg) = ¢j k.

In the next step we will construct vy, ..., v; satisfying (4.3) for m > mg in the form
of

j
v; = wj + Z ajd'/(JL - iu)o‘wj/ € Z.
i=1
According to (3.1), (L(JL —ip)™-,-) is Hermitian or anti-Hermitian. Without loss
of generality, we may consider only j < k in (4.3). Compute using (3.1)

K
(LUTL = ip)™vj,v8) = (=1)* Y @G (L(JL — i) ™ wj, wie)

k'=1
J
(4.4) +A{L(JL — i)™ w;, wy) + Z a; i (L(JL — i) ™ wr, wy)
i'=1
J k
+ (=1 Y > @y g (DL — i) > " wye wi).

§'=1k'=1
Ifm+a=K-1—mg+m > K, the induction assumption and the above equation
imply
(L(JL — i)™ vj, v) = (L(JL — ip)™wj, wi) = £ 710, k0m i1
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and thus (4.3) for m > mg + 1 holds for these vy,...,v; with any choices of a; ;.
For m = mg, i.e. m+a=K — 1,if j < k, (4.4) implies

(L(JL — i)™ vj, k) = ¢+ (=1)* (=) an by
Noticing b; ; = £1 and letting
a; = (=1)*FH (=) TlgEbs . G <k,

then we have
<L(JL - i:u)movjvvk> =0, J< k.

It j = k,
<L(JL — Zﬂ)movk, Uk> = Cp,k + (—Z')K_lbk,k (a;%k + (—l)aak7k)).
Let
1 K —1 1 el ‘M
A = — 51 br kCr.k = —5¢ b k1" C k-

Since (3.1) implies ¢ ; = (—1)"°¢; %, we have i"°¢c,; € R and thus i®ax; € R
which makes it easy to verify

(L(JL —ip)™ vy, vg) = 0.

Therefore, vy,...,v € Z satisfy (4.3) for all m > mg and the lemma follows from
the induction. O

We are in a position to prove Proposition 2.2 in finite dimensions.

Proof of Proposition 2.2 assuming dimX < oo and kerL = {0}: Let
EP = {0}, then 1 < k; < --- < kj, are the dimensions of nontrivial Jordan blocks
in By, n € R, and there are [; > 0 Jordan blocks of size k;. For each 1 < j < jo,
we will find linearly independent

() 1p= 1oy =1 k) € B

which form all Jordan chains of length k; and satisfy the desired properties. The
construction is by induction on j.

For j = jo, applying Lemma 4.5 to Z = ker(JL — iu)*o = E;,, where
dim ker(J L — ip)kio /Yk;, = lj, according to Lemma 4.4, there exist u(lj;‘{), . ,ul(j")
such that

(45)  (L(JL — i)™ ull”) uld)) = %0718, b0k, 1, 0 <m < o — 1.

1071

In particular we have QK(uglO)l,u;f;)l) = £6p, p,. Lemma 4.3 and Corollary 4.1

imply that ugj‘i) +Yij0- s ul(j::)l + Yk, form a basis of ker(.JL — ip) o /Yk;, - From
Lemma 4.4, we obtain that

ué{‘;) = (JL - Z‘/”L)qilul(i(i)? g=1,-- ,kjo, p=1,..., le

form [;, Jordan chains realizing all Jordan blocks of size kj;, of JL corresponding
to iy € o(JL). Moreover, equation (4.5) implies
i i ki —1
<LU§?{?}1,U§J;{?ZZ> = 07907 0p, py Ogy +q2,kjo+1-
Suppose 0 < j,. < jo and we have constructed linearly independent u](f ,)1 for all
Jx <3 < Jo, 1 <p <y, 1< g < kj satisfying

(46) )= (JL—im) " gy, (Lufly, ufl)y,) = £ 6 0 g
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Clearly,
Zy = span{ul) | j. < j < jo, 1<p<l;, 1<q<k;} CEy

is a subspace invariant under JL. Moreover, vectors {ul(,jg} form a basis of Z;
realizing the Jordan canonical form of JL on Z; consisting of all those Jordan
blocks of JL corresponding to iu of size greater than k; . According to (4.6), the
quadratic form (L-,-) is non-degenerate on Z;. In the next step we will construct

uz(,jt*l for1<p<l;, and1<q<k;, . Let
Z={ue€ E;, | (Lu,v) =0, Vv € Z}.

Due to the non-degeneracy of (L-,-) on both Z; and I;, = E;, (Lemma 4.1), we
have F;, = Z; ® Z. For any v € Z and v € Z;, due to the symmetry of L and J,
we have
(LJLu,v) = —(Lu,JLv) =0, as JLv € Z;

which implies JL(Z) C Z. Since the Jordan canonical form of JL on Z; includes
all Jordan blocks of JL on E;, of size greater than k;, , the Jordan canonical form
of JL on Z must be those Jordan blocks of JL on Ej, of size no greater than
k;.. Therefore, Z C ker(JL — ip)*+ and then Lemma 4.4 implies Z/(Z N Y}, ) =

ker(JL — ip)*i /Yy, . Lemma 4.5 provides vectors ug{’i), .. ,ul(f)l € Z. It is easy

to verify that ul(,{()z, Jj« < j < jo, satisfy the induction assumption for j, < j < jo.
Therefore, by induction, we find all u,(f,,)l satisfying (4.6) and realizing all Jordan
blocks of JL on Ej, of size greater than 1. It is straightforward to verify all the
properties in Proposition 2.2. In particular, Lemma 4.4 and equation (4.2) imply
that the Krein signature defined in Proposition 2.2 and Remark 2.12 coincides with
the one in the above Definition 4.1 in terms of Q. Therefore, it is independent of
the choice of the basis (Jordan chains) realizing the Jordan canonical form.

Finally, let

—{’UGE“L|<LUPJ(1, >:OaV1S]SJOa 1Sp§lj7 ISQSkQ}

Much as in the invariance of Z in the above, JL(E') C E'. Since all the Jordan
blocks are realized by

{w) 1< <go, 1<p<l 1Sa <k},

we have E' C ker(JL — ip). This completes the proof. O
Based on Proposition 2.2, we give the following result to be used later.

LEMMA 4.6. Let J, L be real n x n matrices. Assume J is anti-symmetric
and L is symmetric and nonsingular. Then there exists an invariant (under JL)
subspace W of C™ such that dimW =n~ (L) and (L-,-) |w < 0.

PROOF. For any purely imaginary eigenvalue A = iy € iR, we start with
the special basis of E;, given by Proposition 2.2 (as well as Remark 2.11). For

(4) (J)

each Jordan chain {u RN } of even length, define the subspace Z;, ;, =

) pk
span {uz(fi,- - ](DJ,)C /2} For each Jordan chain {uz(f%, , ;J,)C } of odd length
k; > 1, define the subspace
: (4) e
- {sp(m{up e, ’(’gk'_l)/2} if (Lu fjgk +1y/20 1(7j7§kj+1)/2> >0,
i11,3,0
span{uld el et L ) ) <O
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Proposition 2.2 implies that (Lu,u) < 0 for all u € Z;, j,, defined above. For any
eigenvalue A of JL with Re A > 0, recall (Lu,u) = 0 for all u € E by Lemma 3.3.
Define
Zip = EB?J:o EB;27:1 Zip.j.p
and
W = ®Rrexr>0EN\ Dipco(JL)niR Zip-

Then (L-,-) |w < 0 since these subspaces are pairwise orthogonal in (L-,-). More-
over, dimW =n~ (L) due to the counting formula (2.13) and (2.16). O



CHAPTER 5

Invariant subspaces

In this chapter, we study subspaces of X invariant under JL, including both
positive and negative results. As the first step to prove our main results, a non-
positive (with respect to (L-,-)) invariant subspace of the maximal possible dimen-
sion n~ (L) is derived in Section 5.1. The existence of such subspaces is not only
useful for the linear dynamics, but also a rather interesting and delicate result
as demonstrated in the discussions and examples in Section 5.2. Throughout this
chapter, we work under the non-degeneracy assumption that (2.4) holds for L which
is equivalent to L : X — X* is an isomorphism.

5.1. Maximal non-positive invariant subspaces

THEOREM 5.1. In additional to hypotheses (H-3), assume L satisfies the non-
degeneracy assumption (2.4), then
(1) dimW < n~=(L) holds for any subspace W C X satisfying (Lu,u) < 0 for
any uw € W; and
(2) there exists a subspace W C D(JL) such that

dimW =n=(L), JL(W)CW, and (Lu,u) <0, YVu € W.

REMARK 5.1. Though the theorem is stated for real Hilbert spaces, the same
proof shows that it also holds for complex Hilbert space X and Hermitian forms L
and J. Furthermore, the invariance of W under J L implies that W C N7, D((JL)*).

This theorem is basically equivalent to the classical Pontryagin invariant sub-
space theorem which is usually stated for a self-adjoint operator A with resect to
some indefinite quadratic form (L-,-) on X with finitely many negative directions
(i.e. L satisfies (H2) with n~ (L) < oo and ker L = {0}). It states that there exists
a subspace W C X such that W is invariant under A, (L-,) |y < 0 and dim W =
n~ (L) (i.e. maximal non-positive dimension). Such theorems have been proved
in the literature (e.g. see [28] [18] and the references therein). We believe that it
will play a fundamental role in further studies of Hamiltonian systems and deserves
more attention than it currently does. For the Hamiltonian PDE (2.1) considered
in this paper, one important observation is that the operator JL is anti-self-adjoint
with respect to the inner product (L-, -). Since both anti-self-adjoint and self-adjoint
operators are related to unitary operators by the Cayley transform, the Pontryagin
invariant subspace theorems can be equivalently stated for unitary, self-adjoint or
anti-self-adjoint cases. By Lemma 3.1, !/ is unitary in (L-,-). But to study the
eigenvalues of JL more directly, we still use Cayley transform to relate JL to an
unitary operator and then apply the Pontryagin invariant subspace theorem. For
the sake of completeness, in the following we outline a proof of Theorem 5.1 by the
arguments given in [18] for the proof of Pontryagin invariant subspace theorem via
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unitary operators which is based on compactness and fixed point theorems (see also
125] [48)).

We also give another more constructive proof of Theorem 5.1, by using the
Hamiltonian structure of (2.1) and Galerkin approximation. It provides more in-
formation about the invariant subspace W.

PROOF. The assumption (2.4) is equivalent to ker L = {0}. The first statement
of the Theorem follows by the same proof of Lemma 12.1. Below we give two
different proofs of the construction of the invariant subspace W in the second part
of the Theorem.

Proof (#1.) Here we sketch a proof of Theorem 5.1 by using the arguments in
[18]. Let X4 C X be given by Lemma 12.4. Assumptions (H2-3) and (2.4) ensure
that

X=X_@©X;, X'=X'oX:, =+(Luu)>dlul? Yuc X,

where X3 = P:X} and Py are the associated projections. As in the proof of
Lemma 12.5, let ix, : X4 — X be the embedding and

Ly =+Pliy, Lix, Py, (u,0)L 2 ((Ly + L)u,v).

There exists § > 0 such that (Liu,u) > §|jul/?, for all w € X4 and the quadratic
form (-,-)z induces an equivalent norm |u|;, = \/(u,v);, on X. We denote the
Hilbert space (X, (L4 4+ L_)-,-)) by Xp.

Step 1. Tt is clear that J(L, + L_) is an anti-self-adjoint operator on X, and
JL_ is a bounded linear operator of finite rank on X as L_X_ = P*X* C D(J).
Writing JL = J(L4 + L_) — 2JL_, we obtain that there exists a > 0 such that
a ¢ o(JL) if [Real > a. Let

T =(JL+a)(JL —a)™', then (LTu, Tv) = (Lu,v), Yu,v € X

through straightforward calculation using J = —J* and that L is bounded and
symmetric. In some sense, JL is anti-self-adjoint with respect to the quadratic
form (L-,-) and thus T is formally the Cayley transformation.

Step 2. Let X4 be the subspaces X1 equipped with the inner product (-,-),
which is equivalent to +(Lx,-,-) on X4, where Lx, is defined in (12.1). One
may prove (see Lemma 3.6 in [18]) that a subspace W C X, satisfies dim W =
n~ (L) and (Lu,u) < 0 for all w € W if and only if W is the graph of a bounded
linear operator S : Xy — Xy, with operator norm [S| < 1. Denote this set of
operators, i.e. the unit ball of L(Xy_, X)), by B1(Xr—,Xr+). This proves the
first statement.

Step 3. For any S € B1(Xr—, X1+), since T preserves the quadratic form (L-,-),
one may show that T'( graph(S)) is still the graph of some S’ € By(X—,X14).
Hence we define a transformation 7 on By (X_, X1) as

graph (T(S)) = T( graph(S)).

Step 4. The space of bounded operators L(Xj_,Xr+) equipped with the
weak topology is a locally convex topological vector space. Since Xp_ is finite
dimensional, the unit ball By (X _, X1) is convex and compact under the weak
topology. Using the boundedness and the finite dimensionality of X;_, one may
prove (see [18] for details) that 7 is continuous under the weak topology. Ac-
cording to the Tychonoff fixed point theorem (sometimes referred as the Schauder-
Tychonoff fixed point theorem, see [76]), T has a fixed point S € B1(X_, X11).
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Let W = graph(S) and thus T(W) C W. According to the definition of T', we have

1
JL—a)'=—(T-1
(JL—a) = (T~ 1)
which implies that W is invariant under (JL—a)~!. As W is finite dimensional and
(JL — a)~! is bounded and injective, it is clear that W = (JL —a)~'W C D(JL)
and thus JL(W) C W. O

Alternative proof (#2) of Theorem 5.1 via Galerkin approximation on
separable X. On the one hand, the above proof given in [18] is elegant and is based
on fixed point theorems involving compactness, which does not yield much detailed
information of the invariant subspace W. On the other hand, clearly Theorem
5.1 is a generalization into Hilbert spaces of Lemma 4.6 whose constructive proof
provides more explicit information of the invariant subspaces. In fact, assuming X
is separable, in the rest of this chapter we give an alternative proof of Theorem 5.1
based on Lemma 4.6.
Denote

(5.1) [,]= (L") on X.

Let X4 be the same subspaces of X chosen as in the above proof #1 (as well as in
the proof of Proposition 12.1). We will study the eigenvalues of JL by a Galerkin
approximation. Choose an orthogonal (with respect to [,-]) basis {&x}ro, of X
such that & € D (JL),

X =span{&,- &)} X4 = span{&}pl, - ()11

and [§, &) = 0f k # ji [§.4] = -1 1 < j<n (L); [§&] =10 F >
n~ (L)+1. For each n > n~ (L), define X = span {&,--- ,&,} and denote 7 be
the orthogonal projection with respect to the quadratic form [-, ] from X to X (),

Let X,JL, and [-,] (as a Hermitian symmetric form) also denote their com-
plexifications as in Chapter 3. Still {£1,&a, ...} form a basis of the complexified X.
Define the operator F(™ : X(") — X () by

FMy = a"JLo.
Notice that, for j, k < n,

(P66 = (7T L6k, &) = (LILG, &) = (L, JL&) 2 (1™)

)
Jk

where the n xn matrix (J(”)) is real and anti-symmetric. Let v = Z;;l y;& € XM

and denote 7™ = (y1, - - - ,yn)T and the n x n matrix
H("):([fk,fj}):dmg _17"'7_17 ]-7"'7]-
—_————  ——

lton=(L) n—(L)+lton
Then F™v =37 ay, where
@™ = (a1, - ,an)" = H™ J g,
So the eigenvalue problem F(™) (v) = \v is equivalent to

(5.2) H ) =\
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Let Z(™ = HM™ 7" then the eigenvalue problem (5.2) becomes
J@ g(n) An) — \#An)
For any n > n~ (L), since n~ (H™) = n~ (L), by Lemma 4.6, there exists

a subspace Z(™ C C" of dimension n~ (L), such that Z(™) is invariant under
JH® and <H(”)z, z> < 0 for any z € Z("). Define Y™ = H(™ Z(") and

n

Then W is invariant under the linear mapping F™, dim (W(”)) =n~ (L) and
the quadratic functions

(Lo ) [ = <H(")-,-> lyom = <H(")«,«> |y < 0.

As in the proof (#1) above, denote Py : X — X to be the projection operators
with ker Py = X. Since the definitions of X, and W) imply W n X, = {0},
it holds that P_ (W(™) = X_. So we can choose a basis {w(™ ... T(Ln)(L } of

W™ such that w; (n) — =& tw; n) with w(n) € X.. For each j <n~ (L), since
02 (Luf™, wi™) = (L&, ") + (Ll ) > —1+ bo g’ |

S0 ||w§n) || < C for some constant C' independent of j and n. Therefore, as n — oo,

subject to a subsequence, we have wj(n) — w® € X weakly and P_(w$°) = &;. The

subspace W = span {woo}n_(L) is of dimension n~ (L) since P_ (W) = X_.
We now show that: 1) WC>C is invariant under the operator JL and ii) (Lu,u) < 0

for any uw € W. To prove i), first note that since W) is invariant under F(),

we have
n~ (L)

F(”)w,g Z a(n) 5»"), al(»;i) e C.

For any integer I € N and a fixed w € X when n > 1,

(L)
(5.3) 3 @l [, w] = [F®w, w] = (LI Lw(™, w)
J=1

—(Lw(", JLw) = —[w™, J Lw).

We claim that { (")} is uniformly bounded for 1 < k,j < n~ (L) and n > n~ (L).

Suppose otherwise, there exists 1 < kg, jo < n~ (L) and a subsequence {n,,} — oo,
such that, for all j <n~ (L),

(”L m )
kojo

(nm)

max {‘a
1<j<n (L) koj

(nm)

koo exists .

}% oo and Vj, cg,,; = lim a(nm)/a
m— o0

Then from (5.3), we get

n~ (L N
Vi T 1 L[ JL
Z L) {“’j ’w] = T o {wko ) w}

=1 %kojo kojo
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and letting m — oo, we obtain

n~ (L)

(5.4) Z Cho.j [w;-’o,w} =0

=1

where in particular we also notice |cg, j,| = 1. By a density argument, the identity

(5.4) holds also for any w € X. Therefore, Z;’;l(L) Cko,j W5° = 0 by the non-

degeneracy of [-,-]. This is in contradiction to the independency of {w°}. So
{a,(;;)} is uniformly bounded. Let n — oo in (5.3), subject to a subsequence, we
obtain

(n)

= ,w] =— [w;v’o,JLw} = [JLwg®,w], where ap; = nl;rgo apy -

o0
akj

[w]

By a density argument again the above equality is also true for any w € X, which
implies

So W*° is invariant under JL.
Now we prove the above claim ii), that is, (L-, ) [ < 0. For any

n~ (L)
U= Z c]-wjo-O e Wee.
=1

denote
n” (L)
u™ = Z cng»n) ewm,
j=1
Clearly, u(™ — v weakly in X and <Lu(”), u(”)> < 0, which converges subject to a
subsequence. Since

lim <LP_u<”>, P_u(”)> — (LP_u, P_u),

n—oo

which is due to P_w;® = &; and therefore P_u™ — P_u strongly in X, and

lim <LP+u("), P+u(")> > (LPyu, Piu).

n—oQ

1.
as (Lz,z)? is a norm on X . Therefore,

(5.5) 0> lim <Lu(”),u(")> = (LP_u,P_u) + lim <LP+u("),P+u(")>
n—oo

n—oo

> (LP_u, P_u) + (LPiu, Pru) = (Lu,u).

This complete the proof of claim ii) and thus the proof of Theorem 5.1 under the
separable assumption on X. [
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5.2. Further discussions on invariant subspaces and invariant
decompositions

Continuous dependence of invariant subspaces on JL. In perturbation prob-
lems, the operator JL may depend on a perturbation parameter e. One would
naturally wish that a family W, of non-positive invariant subspaces of dimension
n~ (L) may be found depending on € at least continuously. However, this turns
out to be impossible in general, even if L is assumed to be non-degenerate. See an
example in Section 8.3.

Invariant splitting, I. In the presence of W invariant under JL with dim W =
n~ (L), it is natural to ask whether it is possible to make it into an invariant (under
JL) decomposition of X, i.e. whether there exist such W and a codim-n~ (L)
invariant subspace W7 C X such that X = W & W;. This is usually not possible
as in the following example

0 -1 1 0 0 0 0 1 0 -1 1 0
1 0 01 0 0 -1 0 1 0 0 1
J= -1 0 0 0f” L= 0 -1 0 0)° JL = 0 0 0 -1
0 -1 0 0 1 0 0 0 0 0 1 0

Here n~= (L) = 2 and the only eigenvalues are o(JL) = {£i}. The only possi-
ble non-positive 2-dim invariant subspace, where the eigenvalues of the restriction
of JL are contained in o(JL), has to be the geometric kernel of +i and thus
W = {z3 = x4 = 0}. There does not exist any 2-dim invariant subspace W7 such
that R* = W @ W, since the restriction of JL on W; has to have eigenvectors of
+i as well.

Invariant Splitting, II. In light of Lemma 3.2,
Wt ={ue X | (Lu,v) =0, Yo € W}

is invariant under e*/. While one may wish X = W @ WL~ the only obstacle
is that W1% may intersect W nontrivially as Ly, as defined in (12.1), may be
degenerate as in the above example. A more natural question is whether it is
possible to enlarge W to some closed W D W such that

dim W < oo, JL(W) c W, and L; an isomorphism.
If so, Lemmas 12.2 and 3.2 would imply
Wt ={ue X | (Lu,v) =0, Yo € W}

is invariant under e/~ and X = W@ WLz, Moreover, Ly 1, is positive definite due
to Theorem 5.1 and thus e/~ is stable on W=z Consequently all the index counting
and stability analysis related to e’/ can be reduced to the finite dimensional W,
which has been analyzed in Chapter 4. For example, we would have a counting
theorem like Theorem 2.3, in particular with k:OSO and k;o replaced by k; and k;,
respectively.

Unfortunately the above splitting is not always possible either, as can be seen
from a counterexample in Section 8.4. In Proposition 2.4, we give conditions to get
such a decomposition.



CHAPTER 6

Structural decomposition

In this chapter, we prove Theorem 2.1 and Corollary 2.1 on the decomposition
of X. Our first step to decompose X is the following proposition based on the
invariant subspace Theorem 5.1.

PROPOSITION 6.1. In addition to (H1-H3), assume ker L = {0}. There exist
closed subspaces Y;, j =1,2,3,4, such that X = EB;*:le and

(6.1) dimY; =dimY; =n" (L) —dimYs < 0o, Yi24 C M2, D((JL)F),

and accordingly the linear operator JL and the quadratic form (L-,-) take the block
forms

/11 z‘~1~12 ~13 /:114 0 0 0 B
0 Ay 0 Ay 0 Ly, 0 0

L ~ ~ L 2
JL +— 0 0 As A~34 , — 9 0 Ly 0
0 0 0 Ay B* 0 0 0

Here B : Y, — Y is an isomorphism and the quadratic forms Ly, < —d&g and
Ly, > 0o for some 69 > 0. Moreover, Ay D(Ag) =YsND(JL) — Y3 is closed,
while all other blocks are bounded operators. The operators ;1273 are anti-self-adjoint
with respect to the equivalent inner product F(Ly, ,-, ).

Before we give the proof the proposition, we would like to make two remarks.
Firstly we observe that (JL)* takes the same blockwise form as the above one of
JL. Secondly, the bounded operator Ay3 should be understood as the closure of
P, JLly,, which may not be closed or everywhere defined itself. Here P; : X — Y
is the projection to Y}, j = 1,2, 3,4, according to the decomposition.

PROOF. Theorem 5.1 states that there exists W C D((JL)*) such that dim W =
n= (L), JLOW) C W, and (Lu,u) < 0 for all u € W. Let Y1 = W N W=t (L
defined as in Lemma 12.2), Yy C W, and Ys € Wz be closed subspaces such that
W =Y, ®Y, and Wt =Y; @ V3. Recall the notation Ly as defined in (12.1) for
any closed subspace Y.

Claim. Ly, = 0 and there exists dg > 0 such that Ly, < —dp and Ly > dg.

In fact, since the quadratic form (Lu,u) < 0, for all u € W, the variational
principle yields that v € W satisfies (Lu,u) = 0 if and only if (Lu,v) = 0 for
all v € W, or equivalently v € W N W=+t = Y;. Therefore, (Lu,u) < 0 for any
u € Y5\{0} which along with dim Y5 < oo implies Ly, < —6o for some dg > 0.

If there exists u € WE\W satisfying (Lu,u) < 0, the definition of W+r
would imply (Lu,v) < 0 for all v € W = W @ Ru and dim W = n~ (L) + 1. This
would contradict Theorem 5.1 and thus we obtain (Lu,u) > 0 for all u € Y3\{0}.

45



46 6. STRUCTURAL DECOMPOSITION

Consequently, Lemma 12.2 implies that Ly, > 0o for some dg > 0 and the claim is
proved.

Since L is assumed to non-degenerate, it is easy to see codim-(W + W-z) =
dimY; < oo. Let Y3 be a subspace such that X = (W—l—WLL)@fQ = Y10YohY30Y,
and Y3 C N3, D((JL)*), which is possible as N3, D((JL)*) is dense and dim Y; =
dimY; < co. With respect to this decomposition, L takes the form
0 0 0 By
0 Ly, 0 1?22
0 0 Ly, Bis

By Biz Bus Ly,

L +—

The non-degeneracy of L implies that By = i§74LiY1 Y — }74* is an isomorphism.
Let

L5 % H—1 75 Y .
S4=—§B41 L)~/4ZY4—>Y1, Sj:—B41 B4jZij—)Y17j:2,3.
For any u,v € Y;, we have

(L(u + Syu),v + Sqv) =(Ly, u,v) + (LS4 + (LS1)*)u,v)
=(Ly,u,v) + ((Ba1Ss + (Ba1S1)")u,v) = 0.

Similarly, for any u € f/j, j=2,3,and v € 574,
(L(u + Sju),v + Sqv) = (Byju, v) + (B Sju, v) = 0.

Let Y; = (I + Sj)ffj. Clearly, it still holds X = @?:13/4. Moreover, Yj 24 C
M2, D((JL)*), the dimension relationship in (6.1) holds, and in this decomposition
L takes the desired form as in the statement of the proposition. Due to W = Y, ®Ys
and W=t = Y, @Y3, the same claim as above implies the uniform positivity of — Ly,
and Ly,. The non-degeneracy of B follows from the non-degeneracy assumption of
L.

The invariance of W, and thus the invariance of W% due to Lemma 3.2, yields
the desired form of JL. The properties that 121273 are anti-self-adjoint with respect
to (Ly, ,-, ) and the boundedness of other blocks can be proved by applying Lemma
12.3 repeatedly to the splitting based on X = (Y1 ®Yy) @ (Y2 @ Ys). O

The following general functional analysis lemma on invariant subspaces will be
used several times in the rest of the paper.

LEMMA 6.1. Let Z be a Banach space and Z; o C Z be closed subspaces such
that Z = Z1® Zs. Suppose A is a linear operator on X which, in the above splitting,

takes the form Ar An , such that
0 A

o Ay19: 719D D(A12) = Z1,2 are densely defined closed operators, one of
which and Ao : Z9 — Z1 is bounded and
e o(A))No(A2) =0,
then there exists a bounded operator S : Zo — Z1 such that
(1) SZy € D(A;) and
(2) A(ZQ N D(A)) C 22, where Zz = (I + S)ZQ = {ZQ + S(ZQ) | Z9 € ZQ}
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REMARK 6.1. Clearly, the above properties also imply D(A)NZy = (I+S)D(Ay)
is dense in the closed subspace Zy and Alz, : D(A)N Zy — Zy is a closed operator.
By using the splitting Z = Zy & Zs, A is block diagonalized into diag(Ai, Ay).
Moreover, if As is bounded, then the closed graph theorem implies that A|22 1s also
bounded.

The proof of this lemma may be found in some standard functional analysis
textbook. For the sake of completeness we also give a proof here.

PROOF. Let us first consider the case when As is bounded. Since o(Az) is
compact and o(Az) No(Ar) = (), there exists an open subset 2 C C with compact
closure and smooth boundary I' = 9Q such that o(A2) C @ C @ C C\o(A;). We
have

1 1
— p(A=A)TMdA=0, — p(A—Ay)ldr=1
2mi F( 1) 0’ 2 ‘741;( 2)
Define
1
S = = T(N)d\, where T(\) = (A1 — \) " Ap(Ay — N) 7L
™ Jr

Since (A4; — A\)~Y, j = 1,2, is analytic from C\o(4;) to L(Z;), it is clear that
S 1 Zy — Zy is bounded. In particular, observing T'(A)z € D(A;) for any z € Zs,
one may verify

(6.2) TN Asz — A\T(N)z = (A1 — A) P Az — App(As = N) 12 2 TNz,

where T(\) € L(Za, Zy) is also analytic in \.

We first show that Sz € D(A;) for any z € Z5. In fact, let S,, n € N, be the
values of a sequence of Riemann sums of the integral defining S, such that S,, — S.
Clearly, the discrete Riemann sums satisfy S,z € D(4;) and along with (6.2) we
obtain that

SpAsz — A1Spz = Tnz — i ]{ T()\)zd)\ = A2z
2 Jr

where T,z is the corresponding Riemann sum of the integral on the right side.
Therefore, we obtain from the closedness of A; that Sz € D(A;) and

(6.3) SAy — A1S = Ags.
From this equation it is straightforward to verify, for any z € Zs,
(6.4) A(z+ Sz) = Asz+ SAzz.

In the other case where A; is bounded, the proof is similar. In fact, let Q@ C C
be an open subset with compact closure and smooth boundary I' = 92 such that
(A1) CQC QcC C\o(Az). Define

1
S=—-—— T()\)d)\ S L(ZQ,Zl).
27 r
It holds trivially Sz € D(A;) = Z; for any z € Zy. The same calculation, based
on (6.2) but without the need of going through the Riemann sum as D(A4;) = Z1,
leads us to (6.3) which implies (6.4) for any z € D(A3). The proof is complete. O

In the next step, we remove the non-degeneracy assumption on L and split the
phase space X into the direct sum of the hyperbolic (if any) and central subspaces of
JL. In particular, the non-degeneracy of the quadratic form (L-, ) on the hyperbolic
subspace X,, ® X is of particular importance in the decomposition of JL.
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PROPOSITION 6.2. Assume (H1-3). There exist closed subspaces X, 5. C X
such that

1) X = X,® X, ® X,, Xy, C D(JL), dimX, = dim X, < n~(L), and

ker L C X.;
(2) with respect to this decomposition, JL and L take the forms
A. 0 0 Lx, 0 O
JL+— |0 A, 0|, L+— 0 0 BJ;
0 0 A 0 B* 0

(3) B: X, — X7 is an isomorphism, A, is densely defined, closed, and the
spectral sets satisfy o(A.) C iR and £ReX > 0 for any A € 0(Ay.s).

PROOF. Let Xg = ker L and Y = X_ @ X where X, are given in Lemma
12.4. Let P : X — Y be the projection associated to X =Y & Xy and Jy =
PJP*. Lemma 12.3 implies that (Y, Ly, Jy) satisfy assumptions (H1-3), with Ly
being an isomorphism. Applying Proposition 6.1, we obtain closed subspaces Y7,
j=1,2,3,4, such that X = Xy @ (@?Zle) and JL and L take the forms

0 Ao Agx Aoz Ao 0 0 0 0 0
0 1211 A12 12113 A14 0 O 0 0 B
JL+— |0 0 Ay 0 Ay|, L= |0 0 Ly, 0 0],
0 0 0 Ay Ay 0 0 0 Ly 0
0o 0 0 0 A 0 B 0 0 0

where B is an isomorphism, Ly, < —d¢, Ly, > 0y, for some §p > 0, and /12,3 are
anti-self-adjoint with respect to the equivalent inner products F(Ly, ,-,-) on Ya 3.
The upper triangular structure of JL implies o(JL) = {0} J U;*:lo([lj). Moreover,
we have 0(1212,3) C iR due to the anti-self-adjointness of 1212’3.

For j = 1,4, as dimY; < oo, let Y; = Yj. @ Yjp, where Y;. and Y}, are the
eigenspaces of flj corresponding to all eigenvalues with zero and nonzero real parts,
respectively. For any x14 € Y7 4, the above form of JL and L imply

(Biy, Ayxy) + (BAyxy, 21) =(LAyxy, 24) + (LAgzy, 1)
=(LJLx1,24) + (LJLag, 1) = 0.
Much as in the proof of Lemma 3.3, due to the difference in eigenvalues, we obtain
(6.5) (Baap, 10) = 0 = (Bye, 211), Y2je € Yo, 251 € Y, j = 1,4.
Therefore, the non-degeneracy of B implies that
(6.6) (Bx4h, x1p) and (Ba:4c, x1.) are non-degenerate quadratic forms

on Ylh X Y4h and ch X Y4C.
Applying Lemma 6.1 to Xo @ Y15 and JL|x,qv,,, we obtain a linear operator
Sy : Y1, — Xo such that Xy, £ (I +8;)Y1, C D(JL) satisfies JL(X1;,) = X1; and
o(JL|x,,) = 0(Aily,,). Clearly, we still have the decomposition
X=X00Y1:®X1p ®Yo® Y30 Yse D VYap.
Applying again Lemma 6.1 to

Z=X00Y1.0YodYsD Yy,
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and the projection (with the kernel Xy, @ Yy.) of JL|z to Z, we obtain a bounded
linear operator

Si: Yy 2 Xo@Y1.0Y2 @ Y3
such that Xy, = (I + S4)Yan, C D(JL) satisfies JL(Xan) C Xin © Xapn. Let
Xn = X1n @ X4p, we have

Xp, € D(JL), JL(Xn) = Xn, 0(JL|x,) = o(JL)\iR = o(Aily;,) Uo(Aalyy,).
According to (6.5) and the form of L, it holds
(L(I 4 S1)@1n, (I + Sa)xan) = (La1p, 2an) = (Baap, T13).

Therefore, we obtain the non-degeneracy of (L-,-) on X} from (6.6) and the con-
struction of Xj,. Let X}, = X,,® X, where X, s are the eigenspaces of all eigenvalues
A € o(JL|x,) with £ReX > 0. Lemma 3.3 implies (Lu,v) = 0 on both X, and
X, and thus (L-,-) is a non-degenerate quadratic form on X, x X due to the
non-degeneracy of (L-,-) on X}. This also yields

1
dim X, = dim X, = §dith <dimY; <n”(L).

Let
X, :X}JL‘L ={ue X | (Lu,v) =0,V € X}.
By Lemmas 12.2 and 3.2, X = X}, @ X, and X, is invariant under e*/%. Therefore,
JL is densely defined on X, and A, (D(AC) N XC) C X. where A, = JL|x,.. More-
over, from the non-degeneracy of (L-,-) on X}, it is straightforward to show that X,
can be written as a graph of a bounded linear operator from Xo®Y1.8YoBY3PY). to
Xp. Therefore, due to the upper triangular structure of JL, the spectrum o(JL|x,)
is given by the union of the spectrum of those diagonal blocks of JL complementary
to Y15, and Yy, and thus o(JL|x,) C iR. O

As a by-product, we prove the symmetry of eigenvalues of o(JL).

COROLLARY 6.1. Suppose A € o(JL).

(i) If X € o(JL)\iR, then X is an isolated eigenvalue of finite algebraic multi-
plicity. Its eigenspace consists of generalized eigenvectors only. Moreover, let my
to be the algebraic multiplicity of X\, then

(67) n- (L|E>\69E,;\) = dim (E,\) =M.

(ii) If X is an eigenvalues of JL, then £\, £\ are also eigenvalues of JL.
Moreover, for any integer k > 0, dimker(JL — a)* are the same for a = £\, £\.

For an eigenvalue A € iR, it may happen dimker(JL — A\) = cc.

ProOOF. According to Lemma 3.6, we only need to prove A € o(JL)\iR im-
plies that ) is an isolated eigenvalue of finite multiplicity and dimker(JL — \)* =
dimker(JL + \)¥.

In fact, if A € o(JL)\iR, then Proposition 6.2 implies that A € o(A,) Uo(As).
As A, are finite dimensional matrices, A must be an isolated eigenvalue of JL
with finite algebraic multiplicity. Moreover, from the blockwise forms of L and JL
and J* = —J, it is easy to compute

JIx, 0 0
J+— | 0 0 Ay (B*)~1
0 A,B7! 0
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Again since J* = —J, we have A, = —B7'A*B. As A, , are finite dimensional
matrices and eigenvalues of JL with positive (or negative) real parts coincide with
eigenvalues of A, (or Ay), the statement in the corollary follows from this similarity
immediately.

Since by Proposition 6.2 L|x, e x, is non-degenerate, formula (6.7) follows from
Lemma 4.2 in the finite dimensional case. U

Proof of Theorem 2.1. Let X5 = X, s and Jx, = P.JP}, where X, ;. are
obtained in Proposition 6.2 and P, : X — X, be the projection associated to
X =X.® X, ® X,. According to Lemma 12.3, (X., Lx,, Jx, ) satisfy assumption
(H1-3) as well. Since Proposition 6.2 also ensures the non-degeneracy of Lx,gx,
and dim X5 ¢ < n~ (L), the finite dimensional results in Chapter 4 (Lemma 3.6 and
4.2) imply the symmetry between the spectra o(A4s) and o(4g) and n~ (L] x ¢ x,) =
dim X5. Therefore, we obtain, from the L-orthogonality between X, and X, ® X,

n~(Lx,) =n" (L) — dim X5.

Recall Xg = kerL = ker Ly, C X.. Let X4 be given by Lemma 12.4 applied
to (Xe,Lx,,Jx.), Y = Xy @ X_, Py : X = Y be the associated projection,
and Jy = Py JP;. Again Lemma 12.3 implies (Y, Ly, Jy) satisfy (H1-3) with Ly
being an isomorphism. Applying Proposition 6.1 to Y and we obtain subspaces X i
j =1,2,3,4. To ensure the orthogonality between Xy = ker L and X;, j = 1,2, 3,4,
we modify the definition of X; as

X;={ueXo®X;| (u,v) =0, Vo ckerL}, j=1234.

It is straightforward to verify the desired properties of the decomposition X =
@?ZOXJ- by using Propositions 6.1 and 6.2. The proof of Theorem 2.1 is complete.
O

To finish this chapter, we give the following lemma on the L-orthogonality
between certain eigenspaces defined by spectral integrals.

LEMMA 6.2. Let Q@ C C be an open subset symmetric about iR with smooth
boundary T' = 9Q and compact closure such that T No(JL) = (. Let

— 1 -1

and then it holds that (L(I — P)u, Pv) =0, for any u,v € X.
The above P is simply the standard spectral projection operator.

PROOF. We first observe for any w,w’ € X, (12.8) and (12.10) imply
1

(6.8) 57 (Lw, (z — JL) 'w')dz = (Lw, Pw'),
r

(6.9) zim (L(z — JL) 'w,w')dz = —(LPw,w'),
r

where the first equality is used in the derivation of the second equality. Here the
dz and the minus sign in the second equality are due to the anti-linear nature of L
in (12.10).
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Let Q1 C Q be an open subset symmetric about iR such that I'; = 9Q; C Q is
smooth and o(JL) N (2\Qy1) = (. Clearly,

1
P=— ¢ (z—JL) 'dz,
211 r,

due to the analyticity of (z — JL)~!. Denote
a(z) = (z — JL) tu, 9(2) = (2 — JL) *v, Vz ¢ o(JL).
For z1,z9 ¢ o(JL) satisfying z; + 22 # 0, one may compute using (12.8) and (12.10)

7 JerQ (<L(Z1 — JL)—lu,v> + (Lu, (22 — JL)_1U>)
:Zl —T—ZQ (<L'L~l/(21)7 (22 - JL)T)(ZQ» + <L(zl _ JL)?NL(Zl)71~)(22)>)

—(Lit(z1), 9(22)) = (L(z1 — JL) ", (22 — JL) ).

Due to the definition of I'; and its symmetry about the imaginary axis, z; + zo # 0
for any z; € I' and 2z, € I';. Integrating the above equality along these curves,
where T'; is enclosed in I', we obtain from the Cauchy integral theorem and (6.8)
and (6.9)

-1
(27i)2
-1 1 . .
:(271'2')2 > § Zl+z2(L(z1—JL) u, v)dzadZ;

1
+ W f;‘ f}‘ m(Lu, (ZQ - JL)71U>d21d22.
1

Since —Zz; is not enclosed in I'; while —Z; is enclosed in I', the above first integral
vanishes and the we obtain from (6.8) and the Cauchy integral theorem

(LPu, Pv) = (Lu, Pv).

(LPu, Pv) = ?g ]]{F (L(z1 — JL) tu, (20 — JL) " 'w)d2zadz,

This proves the lemma. O

The above lemma implies that (Lu,v) = 0 for any u € ker P and v € PX,
where X = PX @ker P is a spectral decomposition of X invariant under JL. As a
corollary, we give the following extension of Lemma 3.3.

Let ¢ C o(JL) be compact and also open in the relative topology of o(JL),
namely & is isolated in o(JL). There exists an open domain {2 C C with compact
closure and smooth boundary such that QN o(JL) = 6. Let

1
Ps=—¢ (z—JL) 'dz, Xs;=P;X, Xz =kerP;.
2mi o0
According to the Cauchy integral theorem, the projection operator P; as well as

the above subspaces, which are invariant under JL, are independent of the choice
of Q and JLP; = P5JL. Moreover,

o(JLlx.) =&, o(JL|x,.)=a(JL)\G.

COROLLARY 6.2. Suppose o; C o(JL), j =1,2, are compact and also open in
the relative topology of o(JL). In addition, assume

o1 N&y =0, where 63 ={\€C|\E oy or X € oy}
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Then (Lu,v) = 0 for any v € X5, and v € X,, where X, , are defined as in the
above.

PrROOF. According to our assumptions, there exists an open domain 2 C C,
symmetric about iR with smooth boundary and compact closure such that QN
o(JL) = 5 and 0 N o(JL) = (. The corollary follows from Lemma 6.2 and the
facts X5, C ker P5, and X,, C P5,X. d



CHAPTER 7

Exponential trichotomy

We prove Theorem 2.2 on the exponential trichotomy in this chapter. The proof
is based on the decomposition Theorem 2.1 and we follow the notations there.
Let

E'"=X5;, E°=Xg FE°= GB?:OXJ"

where X, 7 =0,...,6, are given by Theorem 2.1. Based on Theorem 2.1, it only
remains to prove the growth estimates.

Since Ay 3 are anti-self-adjoint with respect to the equivalent inner product
F(Lx,,",), there exists a constant C' > 0 such that

(7.1) let42]) et < C, Yt € R.

Since dim X5 = dim Xg < oo and 0(A5) = —o(Ag), it is clear

72) let4s| < C(1 + [t|dimXs—hyeret vt < 0,
. |€tA6‘ S C(l + ‘t|dimX671)ef)\ut, Vi >0

for some C' > 0 and A\, = min{Re\ | A € 0(A45)}. Finally, as dim X7 = dim X < o0

and o(A4; 4) C iR, we also have

(7.3) letAra] < C(1 + [t|4m X1 vt e R.

For any x € X, write

6
ey = ij(t), z;(t) € Xj,
j=0
where X;, 7 =0,...,6, are given by Theorem 2.1. One can write down the equations

explicitly:

Orxo = Ag1x1 + Aoawa + Agzws + Agazs

Opxy = A1xy + Arowo + Arzws + A1474
(7.4) Orxo = Aoxg + Asyxy

Oyrs = Azxz + Azazy

z;(t) = et4iz;(0), j = 4,5,6.

For j = 2,3, we obtain from Theorem 2.1 and inequalities (7.1) and (7.3) that

25 (2)]

t
5) =|letiz;(0) + / A A e, (0)dr ||
. 0

<O ([l )] + (1 + 15 ) |l (0)]])

53
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for some C' > 0. Regrading z;(t), we have from (7.1), (7.3), and (7.5)

t
||.731(t)|| §||etAla:1(O) + / e(tiT)Al (A12332(7’) + A13.233(7') + A14€TA4$4(0)>d7’||
0

) [t] ) .
gc(l + [ dim Xt +/ 14t — Tldl“‘Xl‘llT\d““deT) [2:(0)
0

(7.6) <SCO(1 4 [t[>5™ 1) [[2(0)].
Much as on the above we also have
(7.7) lzo(8)]] < C(1+ [¢)> ™ X+ |[z(0)]],

The above inequalities prove the desired exponential trichotomy estimates.
Finally, repeatedly applying JL to equation (2.1) and using the above inequal-
ities yield the trichotomy estimates in the graph norms on D((J L)k)



CHAPTER 8

The index theorems and the structure of E;,

Our goal in this chapter is to complete the proof of the index theorems and
related properties.

8.1. Proof of Theorem 2.3: the index counting formula

The symmetry of o(JL), the eigenvalues of JL, and the dimensions of the
spaces of generalized eigenvectors have been proved in Lemma 3.6 and Corollary
6.1. The index formula (2.13) will be proved in the next two lemmas. Recall the
notations n~ (L|y) and n<°(L|y) for a subspace Y C X and indices k., k., k=°(iu),
k?o, k50 ete. defined in Section 2.4.

LEMMA 8.1. Under hypotheses (H1-3), it holds
kr + 2k, + 2650 + k50 >0 (L).

Proor. Let X;, j = 0,...,6, be the closed subspaces constructed in Theo-
rem 2.1 and Z = EB?:OXJ-. From Theorem 2.1, Z is an invariant subspace of JL
containing ker L satisfying o(JL|z) C iR. For any eigenvalue iy € o(JL|z), let
E;,(Z) = E;,NZ be the subspace of generalized eigenvectors of iy in Z, and denote
the corresponding non-positive index of L|z by

kiSO(Z) = EipEa(JL|Z)ﬁiR+kS0(i/u'7Z)a

where k<(iu, Z) = nSO(L|EW(Z)).

On the one hand, for any eigenvalue iy # 0, it clearly holds E;,(Z) C E;,
and thus k=<0(iy, Z) < k=0(iu). Therefore, we have k="(Z) < k=". For the same
reason, we also have k3°(Z) < k3° as ker L C Ey(Z), where k5°(Z) has a similar
definition as k3" (defined in (2.12)) except applied to Eo(Z) instead of Ey. From
Theorem 2.1 and the finite dimensionality of X5, it is clear k, + 2k, = dim X5.
Consequently, we obtain
(8.1) Ep + 2k + 2650 + k50 > dim X5 4 2k2°(2) + k5°(2).

On the other hand, due to the finite dimensionality of X;, 7 = 1,2, and the
blockwise upper triangular form of JL, we have Z = ®;,co(sr|,)nir Lip(Z). More-
over, since L is non-positive on Z according to Theorem 2.1, we have

262%(Z) + k3°(Z) = dim X, + dim Xy = n~ (L) — dim Xs.
Combining it with (8.1), we obtain the conclusion of the lemma. O
LEMMA 8.2. Under hypotheses (H1-8), it holds
K + 2k + 2650 + k50 <n” (L).

55
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Proor. Let X;, j = 0,...,6, be the closed subspaces constructed in Theo-
rem 2.1 and Y = @?lej- Let Py be the projection associated to X = ker L &
Y. Lemma 12.3 implies that (Y, Ly, Jy) satisfies assumptions (H1-3), where
n~ (Ly) = n~(L). The definitions of Jy and Ly also imply Jy Ly = Py (JL).

Let iu € o(JL) NiRT. By the definition of k<%(iyu), there exists a subspace
Eio C E;, such that dim Eio = k=%(ip) and (Lu,u) <0, for all u € Eio. Since
p # 0 and thus E;, Nker L = {0}, we have dim PyEiO = dim Eio. For pn <0, let
Eio ={u|ue EE?#}. For =0, let Ey = Ey N'Y where clearly Ey = ker L & Ej.
There exists a subspace Es’ C Ey such that dim ES° = k50 and (Lu,u) < 0, for
all u € B, Let

W = X5 ® By’ @ (®ipcosnin Py E;)) C Y.

It is clearly (the complexification of) a real subspace of Y satisfying u € W for all
u € W. Theorem 2.1 implies

dim W = dim X5 + k0 + 2650 = ky + 2%, + ke + 2k50.

From Lemma 3.3, we have X5 and PyEiO (ip € o JL N iR) are mutually L-orthogonal.
Therefore, our construction of W yields that (Lu,u) < 0 for all u € W C Y. Ap-
plying Theorem 5.1 to (Y, Ly, Jy) implies dim W < n~(Ly) = n~ (L) and thus the
lemma is proved. ([l

8.2. Structures of subspaces E;, of generalized eigenvectors

In this section, we will prove Propositions 2.1 and 2.2. We complete the proof
in several steps.

LEMMA 8.3. Letip € o(JL)NiR and E C E;;, be a closed subspace such that
JL(E) C E. In addition to (H1-3), assume (L-,-) is non-degenerate (in the sense
of (2.4)) on both X and E. Then there exist closed subspaces E*, E C E such that
E=FE'®E and L, JL take the following forms on E

wie (i 2). ne (s 2
and ker(JL —ip) N E C (JL — ip)E with non-degenerate L and Ly and
dim E < 3(n"(L|g) —n~ (L|g)), dim ((JL —ip)E) < 2(n~(L|g) —n" (L|g1)).
REMARK 8.1. The property ker(JL —ip) N E C (JL —ip)E, or equivalently

ker(A —ip) € (A —ip)E, is equivalent to that the Jordan canonical form of A
contains only nontrivial Jordan blocks.

PROOF. From Lemma 3.5, E;, = ker(JL — ip)X for some K > 0 and JL :
E;, — Ej, is a bounded operator. Let

E'={uec Enker(JL —iu) | (Lu,v) =0, Vv € ENker(JL —iu)},
E'={u€ Enker(JL —iu) | (u,v) =0, Yv € E°}.
Obviously, ker(JL — ip) N E = EY & E'. Moreover, for any v € E'\{0}, there

must exist v € E! such that (Lu,v) # 0, otherwise it would lead to u € E°, a
contradiction. Applying statement 2 of Lemma 12.2 to Y = E', we obtain that



8.2. STRUCTURES OF SUBSPACES E;, OF GENERALIZED EIGENVECTORS 57

(L-,-) is non-degenerate on E'. Since (L-,-) is assumed to be non-degenerate on
both X and FE, we apply statement 1 of Lemma 12.2 to obtain

(8.2) X =FE'@®(EY)'* and E = E' @ E, where E = En (EY)*:.

Here (E')** C X is the subspace L-perpendicular to E'. Clearly, E° C E.

Claim. 1.) dimE < oo, 2.) (L-,-) is non-degenerate on E, and 3.) JL(E) C
E.

The invariance of E under JL follows directly from the invariance of E and
E! and Lemma 3.2. The non-degeneracy of (L-,-) on both E and E! implies that
(L-,-) is non-degenerate on E as well. To complete the proof of the claim, we only
need to prove dim E < co.

On the one hand, from the above definitions, (Lu,v) = 0 for any u,v € E°.
The non-degeneracy of (L-,-) on E and Theorem 5.1 along with Remark 5.1 imply

(8.3) dim E° < n™(L| ).
On the other hand, it is clear from the definitions of E and the non-degeneracy of
(L-,-) on E' that
(8.4) ENker(JL —ip) = E°.
Moreover, from Lemma 3.5, F C E;, = ker(JL — iu)® for some K > 0, and each
Jordan chain in E contains a vector in E°, we obtain

dim E < K dim E° < Kn™ (L|g),

from the invariance of E under JL. The claim is proved.

Now we complete the proof of the lemma by reducing it to a finite dimensional
problem satisfying our framework. Firstly, to replace E by the complexification of
some real Hilbert space, let

ER ={u+7|u,ve E}

which satisfies @ € E for any u € E®. Since u € Ej,, implies @ € E_;,, we have
Ef=FEif 4 =0.If p #0, from (12.12) and Lemma 3.3 we obtain

(La,v) =0, (Lu,v) = (Lu,v), Yu,v € E.

Therefore, EF satisfies the same properties as in the above claim whether = 0 or
not. Using the non-degeneracy of (L-,-) on X and EER and applying Lemma 12.3 to
the splitting X = E® @ (Ef) with the associated projections Pgr and I — P,
we have that the combination (E®, L zr, J5r) satisfies assumptions (H1-3), where
Jgr = PgrJ PER. We may apply Proposition 2.2, whose finite dimensional case
under the non-degeneracy assumption on (L-,-) has been proved in Chapter 4. As
E = ERnker(JL — ip)¥, that canonical form implies

dim ((JL —ip)E) < 2n~(L|g), ker(JL —ip)NE C (JL —ip)E,
where (8.4) is also used along with the canonical form. We notice (JL —ip)E =
(JL —iu)E, as B C ker(JL —ip), and thus
dim ((JL —ip)E) < 2n~(L|z) = 2(n" (L|g) —n~ (Lg1)).
The block forms of L and JL follow from the L-orthogonality and the invariance

of the splitting F = E' @ E. Finally, the estimate on dim E follows from the above
inequality and (8.3) and (8.4). The proof is complete. O
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Next we study FEj;, by assuming the non-degeneracy of L.

LEMMA 8.4. In addition to (H1-3), assume (L-,-) is non-degenerate. Let iu €
o(JL)NiR. There exist subspaces EP1'¢ C E;, such that

Ey=EPe@EB'®EY dim((JL—ip)E;,) < 2(k=°(ip) —n~ (L|m)),
dim B9 < 3(k="(ip) — dim EX — n~(L|p)),
and L and JL take the block forms on E

0 0 0 Ap Ap1 Apc
(Lyy«— |0 Ly 0], JL<—|[ O ip 0
0 0 Lo 0 0 AG

where all blocks are bounded operators and L1 and Lg are non-degenerate. More-
over, ker(Ag —iu) C (Ag —ip)Eg.

PROOF. Again, to apply previous results directly it would be easier to consider
the complexifications of real Hilbert spaces

Iiu £ Eiu + E—i,u, = {’LL +v | u,v € Ez,u,}
Due to Lemma 3.5, JL|r,, is bounded with
L(I;) € D(J), JL(Ii,) C Ly, o(JL|1,,) = {Fip}.
We split the spaces by starting with

EP ={u€ E;, | (Lu,v) =0, Vv € B}, IP = {u+ 0| u,v € EP},

E%D ={u€Ey | (u,v)=0, Yve EP}, I"? = {u+70|u,v EE%D .
From the anti-symmetry of JL with respect to (L-,-) and the invariance of Ej,
along with (12.12), we have JL(I?) C IP. In the splitting I;, = I® & IV (L., )
and JL can be represented in the following block forms

0 0 Ap Apnwnp
(L+, -y +— (O LND) ., JL+— ( 0 Avp )

where all blocks are bounded real (satisfying (12.12)) operators. In particular,
ker(L|,,) = I” and I;, = I” @ IV? and thus Lemma 12.2 implies that Lyp :
IND — (IND)* is an isomorphism. The anti-symmetry of JL with respect to (L-,-)
vields LypAnp + Ay pLnp = 0. Therefore,

IND)*

JND:ANDLX#D:( ‘>IND

is an anti-symmetric bounded operator satisfying Ayp = JypLnyp. Clearly,
the combination (IN?, Lyp, Jyp) satisfies (H1-3) with the non-degenerate Ly p.
Moreover, o(JnypLnp) = {£iu} with the eigenspace of iy given by EZ»]ZD where
(Lnp-,-) is also non-degenerate. Therefore, we may apply Lemma 8.3 (with X and
E replaced by IVP and E{XD, respectively) to obtain the splitting EZ-JXD =E'@EC
and the desired block forms of L and JL follow. The desired estimate on dim E¢
is obtained by noting

(8.5) E=O(ip) = n~ (L|gnp) + dim EP.
i
Moreover, according to Lemma 8.3, we have

dim(Anp — ip)EP < 2(n*(L|E%D) —n"(L|p1)).
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Along with (8.5) and the block form of JL, it implies
dim(JL — ip) By, < dim EP + dim(Anp — ip) Ef)”
<dim EP +2(n~ (L|gno) —n~ (L|p1)) < 2(k=°(ip) —n~ (L|p))
in

which finishes the proof. O

Proof of Proposition 2.1 and Proposition 2.2. What remains to be proved
in these two propositions can be obtained in a similar framework and we complete
their proofs together here.

Let X4 be given by Lemma 12.4 and X7 = X_ & X,. Clearly, X = Xy & X;,

where Xy = ker L, with the associated projections Px,,. According to Lemma
12.3, (L-,-) and JL take the following block forms

0 0 0 Ay
(L-,-) +— <O LX1> , JL<+— (0 JX1LX1> ,
where A; : X1 — ker L is bounded and Lx, = i, Lix, + X1 — X7 and Jx, =
Px,JP%, . Moreover, Lemmas 12.3 and 12.4 imply that (X1, Lx,,Jx,) satisfies
assumptions (H1-3) with the isomorphic Lx, and n~(Lx,) = n~(L). For any
eigenvalue iu € iR, let Eilu be the subspace of generalized eigenvectors of iy for
Jx,Lx,, possibly {0} if 4 = 0. From Lemma 3.5 and 8.4, for some K > 0,

Ej, =ker(Jx,Lx, —iw)™, dim(Jx, Lx, —ip)Ej, < 2n="(Lx,|g1 )-
For any integer k > 0, (JL — iu)* takes the block form
Nk
r =it (CU )

where the linear operator Ay : X; — ker L can be computed inductively

Apy1 = (—ip)" A1 + Ap(Jx,Lx, —ip), D((Jx,Lx, —ip)*) C D(Ajs1).
It is straightforward to show
(8.6) u€eFkE;, < Pxuc El-lﬂ and (—ip)® Px,u+ AgPx,u=0.

We first consider p # 0. We obtain from (8.6)

By = {u— (=ip) " Agu|u e E}},

i.e. vectors in E;,, are determined only by their X;-component. From Lemma 3.5
and Remark 3.1, EilH and E;, are both subspaces. Therefore, Ax is a bounded
operator. Since

(L(u— (—ip) M Agu),v — (—ip) K Agv) = (Lu,v), Yu,v € E}w
we obtain from Lemma 8.4
dim(JL — ip) B, =dim(Jx, Lx, —ip)E},
<2n=(Lx,|p: ) = 2n="(Lg,,) = 2k=(ip).
This proves the desired estimate on dim(JL — iu)FE;, in Proposition 2.1. Along
with Lemma 3.5, it completes the proof of Proposition 2.1 in the case of p # 0.

To prove Proposition 2.2, let Eilu = EP @ E' @ EC where these subspaces are
given by Lemma 8.4 for Jx, Lx,. Let

EPLE — fy — (—ip) K Agu | u e EPLEY,
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It is easy to verify that they satisfy the properties in Proposition 2.2. Since
dim E¢ < oo, the ‘good’ basis of E® has been constructed in the finite dimen-
sional cases in Chapter 4 and the proof of Proposition 2.2 is complete.

For u =0, it is easy to see from the above block forms

Ey = Xo @ EL.
Therefore, we have
(JL)*Ey = (JL)*Ej = JL(Px,JLE}) = JL(Jx, Lx, Ep),
which along with Lemma 8.4 implies
dim (JL)2Ey < dim Jx, Lx, B} < 2k3°.

This completes the proof of Proposition 2.1 in the case of u = 0.

To prove Proposition 2.2, let E} = EP @ E' @ EY where these subspaces are
given by Lemma 8.4 for Jx,Lx, and p = 0. It is easy to verify that they satisfy
the properties in Proposition 2.2. Again since dim E“ < oo, the ‘good’ basis of B¢
has been constructed in the finite dimensional cases in Chapter 4 and the proof of
Proposition 2.2 is complete. (I

REMARK 8.2. In the case of p = 0, we can not replace (JL)*Ey by JLEy, as
seen from the following counterexample. Consider X =Y @Y ®R? where Y is any
Hilbert space. Let

0 I 0 O 00 0 O 01 00
-I 0 0 O 0 I 0 O 0 0 0 0
J= 0 0 0 —1}" L= 001 0] JL= 0 0 0 1
0 01 0 00 0 -1 0 010

It is clear that k3 = 0, ker L = Xo = Y & {0} ®{(0,0)T}, By = Y &Y & {(0,0)T},
and dim JLFEy = dimker L = dimY'.

8.3. Subspace of generalized eigenvectors F, and index kOSO

In this Section we prove Propositions 2.7, 2.8, Lemma 2.1 and Corollary 2.3,
2.4 on the subspace Fy and the non-positive index kogo for the eigenvalue 0.

Proof of Proposition 2.7. According to Corollary 12.1, LJ : D(J) — X is
closed and thus LJL is also closed. Therefore, (JL) !(ker L) = ker(LJL) is also
closed.

Since (JL) !(ker L) C Ejp, due to the hyperbolicity of JL on X5g, we have
(JL) '(ker L) C @®j_yX;, where the decomposition of X = ker L ® ®%_,X; is
given in Theorem 2.1. Let

S =(JL) "(ker L) N ®j_, X;.

Since Xg = ker L C (JL) !(ker L), we have ker L & S = (JL) (ker L) C Ej.
Therefore, from the definition of kogo it is clear k3" > ng = n=(L|s) and we only
need to prove (ii) of Proposition 2.7.

Assume in addition that (L-,-) is non-degenerate on (JL)™!(ker L)/ ker L. We
claim

(8.7) Eo = (JL) '(ker L).
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In fact, suppose u € Eg\((JL) ! (ker L)). There exists m > 0 such that
up 2 (JL)™ 'u ¢ (JL) ' (ker L)
ug = JLuy = (JL)™u € (JL)*(ker L)\ ker L.
It follows that, for any v € (JL)~*(ker L),
JLv € ker L = (Lug,v) = (L(JL)uy,v) = —(Luy, JLv) = 0.
The existence of such ug would imply (L-, -) is degenerate on (JL)~!(ker L)/ ker L,

contradictory to our assumption. Therefore, (8.7) is proved and consequently we
obtain from the definition of k5 that

kg =n="((L-, Ny -1ker )/ kerr) =1 (L, )| (71)~1 (ker L)/ ker 1)
due to the non-degeneracy assumption. This completes the proof of the proposition.
O
We will prove Lemma 2.1, Proposition 2.8, and Corollary 2.3 and 2.4 in the
rest of the section. We first observe that it is straightforward to show (Lu,v) = 0,
for any u € ker(JL) and v € R(J). Through a density argument, we obtain

(8.8) (Lu,v) =0, Yu € ker(JL), v e R(J).

Throughout the rest of this section, let S, Sz, S# be defined as in Corollaries 2.3
and 2.4, i.e.

ker(JL) =ker L& Sy,  R(J)= (R(J)Nker L) & %

and
R(J)N(JL) ' (ker L) = S2 @ (R(J) Nker L).

LEMMA 8.5. Suppose (L-,-) is non-degenerate on S¥, then it is also non-
degenerate on S1 and moreover,

(8.9) X =ker(JL)© S* =ker L S; & S¥.

PROOF. The non-degeneracy of (L-,-) on S# implies the non-degeneracy of
Lg# : S* — (S%)*, which is defined in (12.1). For any u € X, as in the proof of
Lemma 12.2, let

u? = Lgi%yLu e S*
which satisfies
(Lup,v) =0, Yo € %, where u; = u — u™.
By the definition of S7, we also have

(Lup,v) =0, Vv € R(J).
Since J* = —J, we obtain
Luy € ker J* =kerJ = uy € ker(JL) =ker L & S;.

Therefore, u = uy + u? € ker(JL) + S# and thus X = ker(JL) + S%.

For any v € S# N ker(JL), from (8.8) we obtain (Lu,v) = 0, for any v €
ker(JL)+R(J) D ker(JL)+S# = X. Therefore, u € ker L. Since u € S#Nker L =
{0}, we have u = 0 and thus X = ker(JL) ® S* =ker L & S; © S¥.

From Lemma 12.2, (L-,-) is non-degenerate on S# @ S;. Since it is also assumed
to be non-degenerate on S#, the non-degeneracy of (L-,-) on S; follows from the
L-orthogonality (8.8) between S; and S#. O
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LEMMA 8.6. Suppose (L-,-) is non-degenerate on Sy, then it is also non-
degenerate on S7 .

ProoF. Like in the proof of the previous lemma, the non-degeneracy of (L-,-)
on S; implies the non-degeneracy of Lg, : S — S7. For any u € X, as in the proof
of Lemma 12.2, let

Uy = LglliglLu €5
which satisfies

(Luy,v) =0, Vv € ker(JL) =ker L & S;, where u, = u — u;.

Since JL = —(LJ)*, we obtain Lu, € R(LJ).

Claim: R(LJ) = L(S#). In fact, it is easy to see L(S#) C L(R(J)) C R(LJ)
due to the boundedness of L. In the following we will prove that R(LJ) C L(S#).
Let y € R(LJ), there exists a sequence y, = LJx, such that y, — y as n — +o0.
Since R(J) = ker L @ S#, let Jx, = 2,0 + 20,4 where z, o € ker L and z,, 4 € S#.
As y, = LJx, = Lz, 4 — y and the non-degeneracy assumption of (L-,-) on S#
implies that L|g# : S#* — L(S#) is an isomorphism, we obtain that {z, 4} is a
Cauchy sequence. Let z, 4 — zu4 € S# and then y = Lzy € L(S#). The claim is
proved.

We can now finish the proof of the lemma. Since we have proved

L(u—w) = Lu, € R(LJ) = L(5%),

there exists uy € S# such that L(u—u;) = Luy. Let ug = u—u; —uy. Clearly, up €
ker L. Therefore, u = up+u; +ux and thus X =ker LH S; @ S# =ker(JL)® S*.
The proof of ker(JL) N S# = {0} and consequently the non-degeneracy of (L-,-) on
S1 is the same as in the proof of the last lemma. O

The conclusion in Lemma 2.1 is already contained in the above lemmas.

Proof of Proposition 2.8 and equivalently Corollary 2.4. The property
X = ker(JL) + R(J) is a direct consequence of (8.9). Along with (8.8), it also
implies R(J) Nker(JL) = R(J) Nker L C ker L.

From the L-orthogonality (8.8), the decomposition (8.9), and the non-degeneracy
of (L-,-) on Sy, S#, and S; ©S#, we immediately obtain n= = n=(L|g, )+n~ (L|g#)-

From the decomposition (8.9) and the definitions of S; and Ss, we have

(JL)'ker L =ker L & S; & So.

Therefore, k5" > n~(L|s,) + n=<°(L|s,) follows from Proposition 2.7.

Finally, let us assume, in addition, that (L-, -) is non-degenerate on Ss. Immedi-
ately we have the non-degeneracy of (L-,-) on (JL)~!(ker L)/ ker L and Proposition
2.7 implies kogo =n"(L|s,) + n=°(L|s,). The proof is complete. O

8.4. Non-degeneracy of (L-,-) on E;,

In Proposition 2.2, the presence of the subspace EP C E;, is due to the possi-
ble degeneracy of (L-,-) on E;,. Otherwise the statement of the proposition would
be much more clean and some results can be improved. However, in case when i
is not isolated in o(JL), it is indeed possible that (L-,-) degenerates on F;,, even if
it is non-degenerate on X.
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Example of degenerate (L-,-) on E;,. Consider X = R*" & R*" @ X;, where
X is a Hilbert space. Here we identify Hilbert spaces and their dual spaces via
Riesz Representation Theorem. Let € R and

e A:X; D D(A) — X be an anti-self-adjoint operator such that iy € o(A) is not
an eigenvalue;

e A1 : R?™ — X such that ker A; = {0} and, after the complexification of A and
A; into complex linear operators, R(A;) N R(A £ iu) = {0}, which is possible due
to the spectral assumption on A; and

0 Jon 0 0 B 0
o J = | Jo, Jon -B7'A;|, L=|B 0 0 |, where Bsg, 2, is any
0 AlB_l A 0 O IXl
symmetric matrix and J,, = 0 _I"X”>.
In><77, O
One may compute
Jon B 0 0
JL =\ JyB Jy,B —B7'A}
Aq 0 A

LEMMA 8.7. For any integer k > 0,
ker(JL —ip)* = {(0,2,0)7 | x € ker(Jo, B —ip)*} € R*™ x R*" x X).
Consequently, (L-,-) vanishes on Ei;,.

REMARK 8.3. The embedding from R?" to {0} x R?" x {0} C X - an invari-
ant subspace under JL, serves as a similarity transformation between the 2n-dim
Hamiltonian operator Jop, B and the restriction of the infinite dimensional one JL.
If ip € o(JonB), then Jo, B and JL have exactly the same structures on the sub-
spaces By, (JonB) and E;y, of generalized eigenvectors of ipn. However, the energy
structure is completely destroyed. Namely the 2n-dim Hamiltonian operator Jo, B
has a non-trivial energy (B-,-) while the energy (L-,-) of JL vanishes completely
on R*™ to {0} x R?" x {0} C X.

PROOF. Using the invariance under JL of {0} x R*" x {0} and {0} x R?*" x X1,
it is easy to compute inductively

(JL — w) = A21 (JQnB — ZILL)k A23 s
Agy 0 (A —ip)*

where

Az = S50 (A —ip) Ay (Jon B —ip) 1
Let P 2,3 denote the projections from X to its components. For any u = (x1, 22, v)T S
X, we have

Ps(JL — i,u)ku = Az1x1 + (A — iu)kv
= A1 (JonB — i) Lay 4+ (A — ip) <(A — i)y
SN A = i) T A (o B = i) ).

Suppose P3(JL — ip)*u = 0. Since A; and A — iy are both one-to-one and
R(A1) N R(A —iu) = {0}, we obtain

(Jon B —ip)* oy = 0, (A—ip)*to+ S A —in) T Ay (J2n B —ip)" Tl = 0.
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Let m € [0, k—1] be the minimal non-negative integer satistying (Jo, B—ip) ™z, = 0.
If m > 1, from the definition of m, the above second equality and the injectivity of
(A— ip)*=1=m imply

0=(A—ip)™u+3F 1 (A—ip) T FA (JonB —ip)* 1y

l=k—m
= (A—ip) ((A — i)™+ ST (A = i) TR A (S, B — m)k—l—lxl)
+ A1 (J2n B —ip)™ ay.

Again since A; and A — iy are both one-to-one and R(A;) N R(A — ip) = {0},
we derive (Jo, B — i)™ 121 = 0 which contradicts the definition of m. Therefore,
m = 0, that is, #; = 0. Due to the injectivity of (A —iu)¥, it implies v = 0 as well.

Suppose u € ker(JL — iu)¥, the above arguments imply v = (0,z,0)7 and the
lemma follows immediately. (Il

In the rest of this section we will prove that the degeneracy of (L-,-) may occur
on E;, only if iyr € o(JL) is not an isolated spectral point.

LEMMA 8.8. Assume (H1-3) and iy € o(JL) NiR is isolated in o(JL), then
there exist closed subspaces I'*, Eg, C X such that
(i) I'" and Eg are complexifications of real subspaces of X, namely u € I**
(or Eg ) if and only if w € I'** (or Eg ). Moreover, they are invariant
under JL and

X=I"&Fe, o(/Lip) = {+ig}, o(JLIn,) = o(JL)\{in}.
(ii) ker L C Eg if p # 0 orker L C I** if u = 0.
(iii) (Lu,v) =0 for allu € I'"* and v € Eg,. Moreover, (L-,-) is non-degenerate
on quotient spaces I'*/(ker LN I**) and Eg /(ker LN Ey).

ProOF. Let I' € C\o(JL) be a small circle, oriented counterclockwisely, en-
closing iu but no other elements in o(JL). Define the spectral projection and the

eigenspaces
1

P,=—¢(AN—JL) Y\, E*=P,X.
b= g7 PO TD) u
It is standard to verify that P;, is a bounded projection on X satisfying

JLP,, = P;,JL; o((JL)|gi) = {in}; E™ C D(JL); e"’*E" = E* Vt € R.
By Lemma 3.6, —ip € o(JL) is also an isolated point of o(JL). Let P_;, and
E~ be defined similarly. It is standard that P, P_;, = P_;,P;, = 0 and thus
P;, + P_;, is also a projection (or P;, instead if y = 0). Define

Ey =ker(Py, + P_;,), I"=FE"+E""

and we have
(8.10)  e""Ey = Eg, Vt € R; o((JL)|p,) = o(JL)\{*ip}; X = I'" & Eg.

Therefore, statements (i) and (ii) in the lemma follow from the standard spectral
theory. The L-orthogonality between I** and Ej, follows from Lemma 6.2 where
can be taken as the union of the two small disks centered at +ipu.

To complete the proof of the lemma, it suffices to prove the non-degeneracy of
(L-,-) on I'**/(ker LN I**) and Eg /(ker L N Eg). According to Lemma 12.3, Ly
and L, satisfy (H2). Therefore, either they are non-degenerate or have non-trivial
kernels. Suppose there exists u € I** such that (Lu,v) = 0 for all v € I**. From
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X = I'* @ Eg and the L-orthogonality between I'** and Eg , we obtain (Lu,v) = 0
for all v € X, which implies uw € ker L. Therefore, (L-,-) is non-degenerate on
I'"/(ker LN I*). The proof of the non-degeneracy of (L-,-) on Eg/(ker LN Eyg) is
similar and thus we complete the proof of the lemma. [

Notice that I** is given not in terms of E;,, but of E defined using spec-
tral integrals. In the following we establish the relationship between I** and the
subspace F;, of generalized eigenvectors.

LEMMA 8.9. It holds I'* = E;, + E_;,.

PROOF. Let P* : X — I** be the projection associated to the L-orthogonal
decomposition X = I‘* @ Eg,. Let J* = PrJ(P*)*. As I'"* C D(JL), Lemma
12.3 implies that (I**, L., J*) satisfies assumptions (H1-3). The invariance of I‘#
under JL implies JL|yin = J*Lyin and o(J* Lyin) = {£ip}. Since tip ¢ o(JL|g, ),
we have Fy;, C I'*.

We apply Theorem 2.1 to JL on I**, where there is no hyperbolic subspace,
and obtain the decomposition of I** into closed subspaces I'*# = E?ZOX j, where
Xo=kerLif y=0o0r Xg={0} if u # 0. In this decomposition, L. and JL take
the block forms

0 AOl A02 A03 A04 0 0 0 0 0

0 A1 A12 A13 A14 0 0 0 0 Bl4
JL+ |0 0 A2 0 A24 s L['iu ~ 10 0 LX2 0 0
0 0 Az Ay 0 0 0 Lx, O

0
0 0 0 0 A 0O B, 0 0 0

Note Lx, > ¢ for some 6 > 0 and Ay 3 are anti-self-adjoint with respect to the
equivalent inner product F(Lx, ,-,-) with o(A123.4) = {in, —ip}.

In the case of u = 0, the anti-self-adjoint operator As s must be Ay 3 = 0.
Meanwhile all other finite dimensional diagonal blocks are also nilpotent. There-
fore, it is straightforward to compute that (JL|;:x)* = 0 for some integer k& > 0.
Therefore, I'* consists of generalized eigenvectors only and I* = E;, in the case
of u=0.

In the case of u # 0, Xg = {0}. Moreover, as Az is anti-self-adjoint with
respect to the inner product (Lx,-,-), we can further decompose X3 into closed
subspaces X3 = X3, ® X3_, where X3 = ker(As+iu), with associated projections
Q+ : X3 — X31. Accordingly A3z = iuQy — iu@_, which implies A% + % = 0.
As A; 54 are finite dimensional with the only eigenvalues iy, we obtain that
((JL

rin)? + ,u2)k = 0 for some integer k > 0. Rewrite it as
(JL —ip)*(JL +ip)* = (JL +ip)*(JL —ip)* =0 on I'*.

Let X4 be the invariant eigenspace of iy of JL|i. defined via spectral integrals.
We have I'* = X, @& X_. As JL £ iu is an isomorphism from X to itself, we
obtain from the above identity that X4 = ker(JL F iu)*. Therefore, Xy are the
subspaces of generalized eigenvectors of +ip of JL, that is,

I'" =ker(JL —ip)* @ ker(JL +ip)* = B\, @ E_y,.

O

Finally, let Ex = Eg if p = 0 or By = E_;, ® Eg, if p # 0. In the case of
p # 0, Lemmas 3.1, 12.2, 12.3 and the non-degeneracy of (L-,-) on I** imply that
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(L-,-) is non-degenerate on FE;, and Eyg /ker L. This along with the above lemmas
completes the proof of Proposition 2.3.
Based on Proposition 2.3, we are ready to prove Proposition 2.4.

Proof of Proposition 2.4: Let
A={0#iu€ o(JL)NiR | k=%(in) > 0},

which is a finite set according to (2.13) of Theorem 2.3.

Let iy € A. We have that (L-,-) is non-degenerate on E;, either by our as-
sumption if iu is not isolated in o(JL) or by Proposition 2.3 if iy is isolated.
From Proposition 2.2, we have the L-orthogonal and JL-invariant decomposi-
tion By, = E}, & ES,, where E}, C ker(JL — ip), dim Ef}, < oo, and (L-,-) is
non-degenerate on both Eilu and Ef,i Let Ezlﬁf C Eilu be a subspace such that

dim Ell;; = n’(L|E1"_M) and (L-,-) is negative definite on E}[ Let

Eif;mte = Ef,i @ E;2”, which satisfies dim Eif;mte <00, n (L] grinite) = k= (ip).
i

)

Moreover, JL(E{;”“E) = Ei{f"ite according to its construction.
If 0 ¢ o(JL), let I = {0} and we may skip to the next step to define N
and M. Otherwise, our assumption and Propositions 2.3, 2.2 imply an L-orthogonal

decomposition Ey = ker L @ E} @ E§, where
JL(E}) C ker L, dim E§ < oo, JL(E§) C E§ @ ker L,

and (L-,-) is non-degenerate on both E} and E§'. Let Ey~ C E} be such that
dim By~ = n~(L|g) and (L-, -) is negative definite on Ey~. Let E[™" = B}~ @
E§', which satisfies

dim Egimte <00, N (L|E[§'7‘,mf,e) = kOSO
Let
N = (BreazoEr) ® (@weAEﬁmw) D Ec};mitev M = N** = (N @ker L)**.

Clearly, dim N < oo, n~ (L|y) = n~ (L) (due to (2.13) of Theorem 2.3), (L-,-)
is non-degenerate on N, and N & ker L is invariant under JL. Therefore, M is
also invariant under JL, X = N @& M (due to Lemma 12.2), ker L C M, and
n~(L|y) = 0. Moreover, N and M are complexifications of real subspaces as E
and E5 have exactly the same structure. Let M C M be any closed subspace such
that M = M @ ker L and this completes the proof of proposition. O

To end this chapter, we prove the decomposition result Proposition 2.5 for L-
self-adjoint operators.

Proof of Proposition 2.5: In order to apply the previous results, which
have been given in the framework of real Hilbert spaces, to prove this proposition,
we first convert it into a problem on real Hilbert spaces. Recall (-,-) and (-,-)
denote the complex inner product and the complex duality pair between X* and
X, respectively. Let X, be the same set as X but equipped with the real inner
product (u,v), = Re(u,v). On X,, the i—multiplication i : X — X becomes a
real linear isometry 4, : X,, — X, with i2 = —I. Let L, : X,, — X be the linear
symmetry bounded operator defined as (L,u,v), = Re(Lu,v) where (-,-), denote
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the real duality pair between X and X,. Subsequently, the non-degeneracy of L
yields the non-degeneracy of L,. Accordingly, A becomes a real linear operator
A, : X, D D(A,) —» X,. The linearity of L and A implies that ¢, A, = A,i,
and L,i, = —i}L,. Finally, that A is L-self-adjoint is translated to the L,-self-
adjointness of A,, namely, L, A, = A’L,.

Define J = i, A, L;! : X* — X,. The L,-self-adjointness of A, implies J* =
—J and thus i, A, = JL, with (J, L, X,.) satisfying (H1-3). It is easy to prove

o(Ay) =0(A) CR, o(irAy) = (i0(4)) U (—io(4;)),

so the nonzero eigenvalues of i, A, are isolated and ker (i,A4,) = ker A. It is
straightforward to deduce the non-degeneracy of (L,-,-), on ker(i,A,) from our
non-degeneracy assumption of (L-,-) on ker A, and thus (H4) is satisfied. Thus by
Proposition 2.4, there exists a decomposition X, = N @ M such that N and M
are L,-orthogonal and invariant under i, A,., dim N < oo and Ly|y > 0, which also
implies L is uniformly positive on M. Let

N=N+i,N, M=N"% ={uecX,|(Luv),=0YveNCM.

Clearly, dimN < 2dim N < oo and (Ly+,-) is uniformly positive on M, thus so
is (L-,-) on M. To complete the proof, we only need to show N, M C X are
L-orthogonal and invariant under A. We first consider the L-orthogonality which
also involves the imaginary part of the quadratic form of L. Suppose there exist
uy,up, € N and v € M such that (L(u; + iug),v) = Re? # 0. It implies (Lu,v) =
(Lyu,v), = R € R\{0}, where
u = (cos0)uy + (sinf)uz + iy ((cos)ug + (sinf)uy) € N

which is a contradiction to the definitions of N and M and thus they are L-
orthogonal. Secondly, i,,AT(N) C N, i A, = A i,, and i2 = —I imply Ar(iTN) cN
and A,N C i,N. Therefore, N is invariant under A. It along with the L-self-

adjointness of A also implies the invariance of M and the proof of Proposition 2.5
is complete. ([






CHAPTER 9

Perturbations

In this chapter we study the robustness of the spectral properties of the Hamil-
tonian operator JL under small perturbations preserving Hamiltonian structures.
Consider

ut:J#L#w J#:J+J1, L#:L+L1, u € X.

Unless otherwise specified, assumptions (A1-3) given in Section 2.5 are assumed
throughout this chapter. We first prove

LEMMA 9.1. Assumptions (A1-3) imply that there exists € > 0 depending on
J and L such that, if |L1| <€, then (H1-3) is satisfied by Ju and Ly and

dimker Ly < dimker L < oo, D(JuLy)= D(JL).

PRrROOF. It is obvious that (H1) is satisfied by Jx. Let X4 be the subspaces
provided in (H2) satisfied by L. Clearly, we still have, for e << 1,

+(Luu,u) > 6|ull?, Vue Xy

for some § > 0 independent of e. Let X; = X, & X_. Assumption (H2) for L
implies that(L-,-) restricted to X7 is non-degenerate, i.e.

LX1 = i}lLiXI X — XT,
defined as in (12.1), is an isomorphism. Therefore,
L#,X1 = ij(lL#in : X1 — Xi

as a small bounded perturbation of Lx,, is also an isomorphism. Suppose u =
ug +u1 € ker Ly, where ug € ker L and u; € X5, then we have

0= L#U = L#Ul + Ll'LLO —— U] = —L;&}Xli}lLluo,
that is,
ker Ly C Y, where Y = graph(S) and S = _L#}Xli}ll’l tker L = X;.

Moreover, from the (12.2) type identity, it also holds that, for any v € ker L and
up € Xl,

(Ly(v+ Sv),u1) =(Liv,u1) — <L#L;}Xli§(lL107U1>
=(Liv,u1) — (i, L1v,u1) = 0,

that is, Y and X; are Lx-orthogonal.
Since dimY = dimker L < oo due to (A2), the quadratic form (Ly-,-) re-
stricted to Y leads to a decomposition of Y

Y=Y, ®kerLy ©Y_,

69
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where L4 is positive on Y1. Let Xyy = X4 © Yy, then
X = X#Jr (&) kerL# @X#,.

Due to the Ly-orthogonality between Y and X, it is easy to derive that +(L4-,-)
are positive definite on Xy . Therefore, (H2) is satisfied.

Finally we prove (H3). Suppose v € X* and (y,u) = 0 for all u € Xy, &
Xu- D X+ @ X_. From (A1) which requires that (H1-3) being satisfied by J and
L, we have v € D(J) = D(Jy) as Jp is assumed to be bounded. O

Much as in Remark 2.2 by composing with the Riesz representation, we may
treat Ly as a bounded symmetric operator on X and then apply its spectral de-
composition, a decomposition satisfying (H2) can be obtained much more easily.
However, that decomposition may not satisfy (H3).

In Section 9.1, we will obtain the persistence of exponential trichotomy of the
perturbed system. In Section 9.2, we will focus on purely imaginary spectral points
of o(JL) and the possibility of bifurcation of unstable eigenvalues of JyLy. To
start, following the standard procedure we show that assumption (A3) implies the
convergence of the resolvents. Recall || - ||¢ denote the graph norm on D(JL) and
| - | the corresponding operator norm.

LEMMA 9.2. Let K C C\o(JL) be compact, then there exist C,e > 0 depending
on K, J, and L, such that, for any A € K and

| 1], [T Li|g <€, |Li| <1,

it holds that the densely defined closed operator A\ — JgLy : D(JL) — X has a
bounded inverse and

(A= JyLy)™ = (A= JL) | < C(lh] + T L)
PROOF. It is straightforward to compute
A= JyLy=(I—(JLi+ JiLyg)(A—JL)" ") (A= JL).

According to assumption (A3), JL;(A—JL)™! is a closed operator with the domain
X. The closed graph theorem implies that it is actually bounded with

TLy(A = JL) ™ [Tl (| = JL) ™ + |[JL = JL) 7))

<|TLila (1 + 1+ DI = TL) ),

where JL = A — (A — JL) was used in the last step. The conclusion of the lemma
follows from this along with the boundedness of Ji, L, and Lj. O

9.1. Persistent exponential trichotomy and stability

In this section, our main task is to prove Theorem 2.4 as well as Proposition
2.9. With the help of Lemmas 9.2 and 6.2, we are able to prove most of Theorem
2.4 and Proposition 2.9 by standard arguments in the spectral theory. However,
proving (2.26) requires more elaborated arguments as one of the perturbation term
JL; is not necessarily a small bounded operator.

Proof of Theorem 2.4 except (2.26). Adopt the notation used in (2.24)

(9.1) ¢ £ 1|+ |L1| + | T La|g-

Let
ous ={A€c(JL)| £ReX >0} Co(JL)



9.1. PERSISTENT EXPONENTIAL TRICHOTOMY AND STABILITY 71

and €, C C be open and bounded with smooth boundary I, = 9, C C\o(JL)
such that o(JL)NQ, = 0. According to Lemma 3.6, o is symmetric to o,, about
iR and thus we let 5 be the domain symmetric to Q, and I'y = 9. For small e,
Lemma 9.2 allows us to define the following objects via standard contour integrals

DU,S __ 1 —1 uU,8 __ pPU,S

P# = % Fupg(z — J#L#) dZ7 E# = P# X,
u,s __ _ 1 —1

A# = (J#L#) E;&“ = % - Z(Z - J#L#) dz.

Let
PG =1-Py—Py, FEf=PiX, AY=(JuLly)les,
and P, Fwsc A%5:¢ denote the corresponding unperturbed objects.

From the standard spectral theory, subspaces E;gs’c are invariant under Jyu L.
Therefore, A;™“ are operators on E,*“ with 0(Ay") C Qs and 0(A%) C (C\(Q,U
Q,)). Lemma 9.2 implies

[Py — P"*| < Ce,

and thus EY is O(e) close to £, too. Along with the non-degeneracy of (L-,-) on
E" @ E° and |Li| < ¢, above implies the non-degeneracy of (Ly-,-) on B & Ej.
Therefore, we obtain from X = EY & £ © EY and Lemma 6.2

By ={u€ X |[(Lyu,v)=0,Vu € Ey © Ey}.
As O(e) perturbations, it is clear that subspaces E;ff’c can be written as graphs of
O(e) bounded operators S, in the coordinate frame X = E*®E°®E°. Moreover,
from the above integral forms, A;gs are only O(e) bounded perturbations to JL on
finite dimensional subspaces E;fgs which are O(e) perturbations to E**®, and thus
inequality (2.25) follows as well. Since the subspace EY & Ej, invariant under
Jy Ly, is finite dimensional, the vanishness of (Ly-,-) on E,* follows from Lemma
3.3. Through this point we complete the proof of parts (a) and (b), except (2.26),
of Theorem 2.4.

Suppose, as in part (c) in Theorem 2.4, there exists § > 0 such that (Lu,u) >
O||ul[* for all u € E°. Since L and Ly are bounded and EY, is O(e) perturbation
of E¢, we have (Lyu,u) > 3|[u||? for all u € Eg,. Therefore, the conservation of
(Ly-, ) by e'’#1# and the invariance of E% under et’#L# imply the boundedness
of e"/##| e uniformly in t € R which proves part (b) of Theorem 2.4. O

To complete the proof of Theorem 2.4, we shall prove the weak exponential
growth estimate (2.26) in the perturbed center subspace E%, which involves much
more than simple applications of the standard operator calculus and the conser-
vation of energy. We first consider a special case where JL has no hyperbolic
directions.

LEMMA 9.3. Assume E° = X, then (2.26) holds for some C,eq > 0 depending
on J, L.

PROOF. From the construction of E};*“ and the additional assumption E¢ =
X, it is clear £ = X and (2.26) is reduced to

et#L#| < CeCeltl vt e R, where € 2 ||+ |L1| +|JLi]c.
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Since

JyLy = JLy + Ji(L+ Ly)
and Jq, L, and L; are bounded with |J;| < e, it suffices to prove
(9.2) let/L#| < Ce“ll) vt e R.

Let X = @?ZOX ; be the decomposition, associated with projections P;, given
by Theorem 2.1 for J and L, where Xy = ker L and X5 = Xg = {0} due to the
assumption E¢ = X. Much as in (12.1), let

Llﬁjk:i;LlikZXk%X;, j7k:0,...,4,
which satisfy Ly, = L7 ; and
Ly =55 4_oPr Ly ji Py, (Ly jru,v) = (Liu,v), Yu € X, v € X.

Let Jj, = P;JP} be the blocks of J associated to this decomposition, which have
the forms given in Corollary 2.1 and satisfy

J =55 hmoix, Jirik,, 1] —ix,Jssik,| < C.
We write
JLy =JL+ JL1Ps+ Sieqo.2.47 L1 P
—JL+ (J — ix, Jasi’,) L1 Ps
+ix, J33i§(32?,k:opffdl,jkpkp3 + Yreqo,1,2,4y S L1 P
=JL +ix,J33L1 33P5 + (J —ix,J33i%,) L1 P3 + Yieqo,1,2,4yJ L1 P,

where Px ix, = d;xlx, is used. Since, for k # 3, X3, C D(JL) C D(JLy), we have
that JLq Py is a bounded operator with the norm bounded in terms of |JLy|q, | Psl,
and |JLPy|. Along with the boundedness of J —ix, J33i%,, We obtain

(93) |JL# — (JL + iX3J33L1’33P3)| < Ce.

From Theorem 2.1 we have

0 Ap1 Ao Aps Agy
0 A A Ass Ay
JL + ixg J33L1’33P3 «~—— 10 0 Ag 0 A24
0 0 0 As+JszLizs Asa
0 O 0 0 Ay

Note all blocks of JL +ix,Js3L1 335 are identical to those of JL except its (4, 4)-
block

As + J33L4 33 = J33(Lx, + L1,33).
Since (Lx,-,-) is uniformly positive on X3, so is ((Lx, + L1,33)-, ). Therefore, the
group et(As+Jsali33) conserving ((Lx, + L1.33)-, ), satisfies

|et(A3+J33L1,33)| <C, VteR.

By using the upper triangular form of JL, this inequality, assumption £ = X that
J L has no hyperbolic eigenvalues, and the finite dimensionality dim X; = dim X4 =
n~ (L) — dim X5, it is easy to prove

|t Ltixg Jsslusa )| < O(1 4 |¢'T27 (1)) vt e R.

Along with (9.3), above estimate implies (9.2) and we obtain (2.26) assuming E° =
X. O
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By using the invariance of Ef under Jy Ly, in the following we convert e'/## | e

to a flow e!/#L# on E° via a similarity transformation and then apply Lemma 9.3
to obtain (2.26).

Proof of (2.26) in Theorem 2.4. In the general case, let E},”“ be the invariant
unstable/stable/center subspaces and P;;’S’C be the projections associated to the
decomposition X = £, @© £, @ EY. We also adopt the notations £} = £ © Ej
and Py* = Py + Pj. Correspondingly, let E**"* and P"*%"* denoted the
unperturbed invariant subspaces and projections. Recall £, can be written as the
graph of a bounded operator S§ : B¢ — E** with [Sg| = O(e). Let SY;E = ipe+55
E° = B C X so that B = §4(X°). Clearly, Péige = (95)7".

Let

JO=PCI(PY)*, Jg=PyJu(Py)", Ly = i*E%L#iE%, L¢ =ig Lige.

From the invariance of EY under JyLy, the Ly-orthogonality between EY and
EY?, and Lemma 12.3 applied to the decomposition X = ES @ EY, we have

JuL JG LS
J:% ;:J#L#‘E;iv et( # #)|E§# :et ##,

and the combination (EY, J§, L) satisfies (H1-3). Using the mapping S¢,, we may
just consider its conjugate flow on E°

L HJSLG G : : 3
PCZE;€ #7#8%, with the generator PCZE;J;LC#S; on E°.

Let
Ly = (8%)"L555 = (5;)*iE;L#iE;§; i B¢ — (E°)*,
and
Jy = Plipe JG(PCips)" = P°PGJy4(P°Pg)" : (E€)" D D(Jy) — E°.
Clearly,
(9-4) Jyly = Ping JG155G = Pling JyLySG.

Since [Pigg|, |§;ﬁ| < 2, in order to prove (2.26), it suffices to prove on E°

(9.5) le#L#| < CeCell vt e R

for some C' depending only on J and L. Our strategy is to verify that (E°, Ju, L4)
as a perturbation to (E€, J¢, L) satisfies (A1-3) and then apply Lemma 9.3.
When e = 0, Lemma 12.3 ensures that the unperturbed

(EC, Jy =J¢ Ly =L =ik Lige)
satisfies (H1-3). Moreover, since (L-,-) is non-degenerate on E“*  we have
dimker L¢ = dimker(ig. Lige) = dimker L < 0o
due to the L-orthogonality between E€ and E"® and thus (A2) is satisfied by E#

for € = 0. From the definitions, j# — J¢ is clearly anti-symmetric. We will show
that it is also bounded. Using the fact I — Py = P4*, one may compute

Ju — J°=— PPy Ju(P°Pg)* — P°Ju(P°PY)* + PCJ(P°)*
= — PPy Py Ju(P°Pg)" — Py (Py®)* (PCPys)* + PCJL(PY)".
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Due to the Ly-orthogonality between E%° and EY and the non-degeneracy of
(Ly-,-) on Ey, it is straightforward to obtain that Ly is an isomorphism from
EYF to R((P#S)*) = (Py*)"(By7)". Since EY® C D(JgLy), we have R((P#S)*) C
D(Jy) and thus J#|R(( ) is a bounded operator. To estimate its norm, we use

the relationship

P#S)*

E;j)il = (AL & AY)(Ly

Tl p((pyryr) = T Laleyg ) Ly Bye)

Recall £ is O(e) perturbation to ¢ and Ly is O(e) to L. Moreover, the spectral
integral representations of A;;’S yield that they are O(e) perturbation to JL|gus.
Therefore, we obtain that

J.
Tl (i)
for some C > 0 depending on J and L. Since |p0p#s| < Ce, we have
|J14| < Ce, where Jy 4 2 Ju — JC.

SC = PP Jy| = Jx(PP)| < C

From the definition of [~/#, it is easy to obtain
[N/L# = Ei#, |I~/17#| S 06, where [N/L# £ E# — L.
Therefore, we finish verifying (A1) for (E€, Jy, L4).

We proceed to verify (A3). From Lemma 9.2, we have D(JxLy) = D(JL).
Since E;; = S5 (E°) is the graph of S§ : B — E** and E** C D(JL) = D(JyLy),
we obtain )

D(JyLy) N ES = 54 (E° N D(JL)).
From the boundedness of J; 4 and (9.4), we further obtain
D(J°Ly) = D(JyuLy) = E°N D(JL) = D(J°L®)
which along with Ly = L¢ 4 Ly 4 obviously implies D(J¢L¢) C D(JLy ).
In the next we estimate the graph norm of J°L; 4, like the one defined in

(2.23), on the domain D(J°Ly) = E°ND(JL). From (9.4) one may compute that,
when restricted on E°N D(JL),

(9.6) JyLy — J°LS = —P"ipe JyLySG + JyuLySh + JyLy — JL.
We shall use
(9.7) JuLy =JL+ JL1 + J1 Ly
to estimate the three terms in (9.6). In fact, for any v € D(JL),
[T Lygv — JLo|| < [JLalclvlle + |JiLg|l[ol] < Cellv]la

for some C' > 0 depending on J and L. A combination of this inequality with (9.6)
and the fact |P"%ige | < C'e implies, for any u € E°N D(JL),

1(Jg Ly — J°LEYul| < C(el|SGulle + |Sgulle + ellulle) < Cellulle,
where we used the fact that JL is bounded on E** C D(JL). Since
JLy gy =JyLy — JL° — Jy 4Ly
with |j1,#\ < Ce, the above inequality implies
1Ly pul| < Cellulle, Yue E°ND(JL)
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for some C' > 0 depending on J and L. The above estimates allow us to apply

Lemma 9.3 to obtain (9.5) for e!/#L# on E° which in turn implies (2.26) for

et#l# on EY. O
To complete this section we present

Proof of Proposition 2.9. Adopt the notations used in (2.24)-(9.1), and let
€ é |J1| + |L1‘ + |JL1|G.

Let © C C be an open domain with the compact closure and smooth boundary
I' € C\iR such that Q@ No(JL) = o2. For small ¢, Lemma 9.2 allows us to define
the following objects via standard contour integrals

1 _
Py = %jé(z — JyLy) 'z, XJ = PyX C D(JyLy), X[ =(I-Py)X

1 _
Aty = UpLplxis = o § 2= JpLy) ld
™ Jr

Let P, X 2, and A; > denote the corresponding unperturbed objects.

From the standard spectral theory, the decomposition X = X f @X;7£ is invari-
ant under Jux Ly and thus AﬁQ are operators on Xf; with o(A¥) € Q. (In fact
0(A1,2) = 012.) Since o(JuLy) = U(Aft) U U(Af), we only need to prove that
o(A%) CiR.

Since the decomposition X = X; & X5 is L-orthogonal and Xy, C D(JL),
Lemma 12.3 implies that (X1,Jx, = (I — P)J(I — P)*, Lx,) satisfies (H1-3).
Therefore, the index theorem Theorem 2.3 applies to Lx, and JL|x, which along
with the second assumption of Proposition 2.9 implies that n~(Lx,) = 0. As Ly,
satisfies (H2), we obtain that Lx, is positive definite. Lemma 9.2 implies

‘P#*P|§CE.

and thus Xfé is O(e) close to X;. Namely X# can be written as the graph of an
O(e) order bounded operator Sy : X; — X,. It immediately implies that L« is
1

uniformly positive on X f& and the proposition follows from the invariance of X f
under JyuLy. O

9.2. Perturbations of purely imaginary spectra

In this section, we consider o(JgLx) near some iu € o(JL) NiR and prove
Theorems 2.5 and 2.6.

‘Structurally stable’ cases. We still adopt the notation used in (2.24) and let
(9.8) ¢ £ 1|+ |L1| + | T La |-

Case 1: iy € o(JL) N iR is isolated with (L-,-) sign definite on E;,,.
Suppose § > 0 and (Lu,u) > §|ul|?, for all u € E;, (the opposite case (L-,-) <
—0 < 0on E;, is similar). Since ip is assumed to be isolated in o(JL), there exists

a > 0 such that the closed disk B(ip,a) No(JL) = {ip}. Let I' = 0B(ip, ) and
I'No(JyuLy) =0 for small € due to Lemma 9.2. Define

= _—— ¢ (2—JuLly) 'dz, Eu = PuX.
4= 5 F(Z JypLy) 'dz, Eyp=Py
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From the standard spectral theory, Ey is invariant under Jy Ly and

o(JyLy) N B(ip, o) = o(JuLylg,)-

Lemma 9.2, the isolation of i, and Proposition 2.3 imply that Ey is O(e) close to
E;,,. The positive definiteness assumption of (L-,-) on E;, and the boundedness
of L and L, imply that (Ly-,-) is also positive definite on E#. The stability —
both forward and backward in time — of e!/#L# on E#, due to the conservation of
energy, implies

o(JyLy) N Blip, o) = o(JuLylp,) CiR.

Case 2: iy € o(JL)NiR and (L-,-) is positive definite on E;,.
Then

(9.9) E;, = {0} or (Lu,u) > d|[ul]?, Vu € E;,,
for some ¢ > 0.

REMARK 9.1. In this case, besides the possibility of an isolated eigenvalue iu €
o(JL) with L positive definite on E;,, we are mainly concerned with the scenario
that i is embedded in the continuous spectrum, whether an eigenvalue or not, but
without any eigenvector in a non-positive direction of L. Our conclusion is that,
under small perturbations, no hyperbolic eigenvalues (i.e. away from imaginary
axis) may bifurcate from ip.

We argue by contradiction for Case 2. Suppose Theorem 2.5 does not hold in
this case, then there exist a sequence

Jyn=J+Jny Lgn =L+ L,, n=12,...,
satisfying (A1-3) for each n such that
I, € 0(JgnLyn)\iR; €, 2 [Jn| + |Ln| + |JLnle — 0; 6, 2 |\ —iu| — 0.
Since not in iR, A, must be eigenvalues. Let
un € X,  JgnLanun = Ay, |ug|] =1.
Using the graph norm of JL1, one may estimate
T Lnun|| < |JLnlG(1 + |[JLuy|]) < |JLnlc (1 + M| + |[JLun — Apunl|)
and
[T Lty — Antin|| = || T Lty — Jgn Lgnin|| < || T Lgntin || + || Lntin] .
Therefore, we obtain
(9.10) [|JLuy — Apun|| < Cep, || JLuy — ipuy|| < (Cep + 6,)

for some C' > 0 depending on |L| and px.
Let X = 69?:0 be the decomposition given by Theorem 2.1 for (L, J), with
Xo = ker L, P; be the associated projections, and u, ; = Pju,. Let A; and Aj;
denote the blocks of JL in this decomposition as given in Theorem 2.1. From the
commutativity between JL and P; ¢, we obtain from (9.10)
[ Astn,5 — iptin 5| + [[Aetn,e — ipunel| < Clen + dn)-
Since 0(As,6) N iR = 0, we have

(9.11) |[wn 511 + [lune

| < Clen +6n).
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From Lemma 3.3, we have (Ly,uy, u,) = 0. Along with (9.11) this implies that

(9~12) |2<Lun,la Un,4> + <L2un,2a Un,2> + <L3un,Sa un,3>| < C(En + 5n)
Applying P;, j =0,...,4 to (9.10) and using Theorem 2.1, we have
(9.13) [|Agty 4 — iptn al| < Cen + 0n);

[|Astin,3 + Agatina — ipun 3]| < Clen + dn);

[|A2tn 2 + Aogtin.a — ipn 2| < Clen + 6n);

[|A1un 1 + Aroun2 + A13un3 + A1atn 4 — ipun 1|] < Clen + 0p);
(9.14) [|[Ao1tn,1 + Ao2tn,2 + Aostin,z + Aoatina — iptinol| < Clen + 6y).

Since dim X; < oo when j # 0,3, subject to a subsequence, we may assume that
as n — 00,

Upj —> Ui, J=1,2,4; Ups, Une —+0; upy; — uj, j=0,3.

Passing to the limits in the above inequalities and using the boundedness of A; and
Aji except As, we obtain

Agug —ipug = 0;  Agug + Asguy — ipus = 0;

Aquy + Argug + Arzuz + Argug — ipuy = 0;

Aopr1ur + Agaug + Agzus + Agaug — ipug = 0.
Moreover, the above inequality involving Asu,, 3 also implies that

Upg — Uz, Azt sz — —Assug +ipus.

Since the graph of the closed operator of A3 as a closed subspace in X3 x X3 is also
closed under the weak topology, we obtain

us € D(As) and Asug + Asqug — ipug = 0.
These equalities imply that
JLu = ipuu, where u = ug + u1 + uo + usg + uy.
In addition, (9.12) implies
(Lu,u) = 2{Luy, ug) + (Lous, ug) + (Lsus, uz) < 0.

Due to property (9.9) of iy, we must have v = 0, which immediately yields
Un; — 0, 7 = 1,2,4,5,6 and thus (9.12) implies u, 3 — 0 as well. Then the
normalization ||u,|| = 1 implies that we must have dimker L > 1, |Juno|| — 1
and u,o — 0. From (9.14), we obtain pr = 0. As ker L is nontrivial, this again
contradicts to (9.9). Therefore, Theorem 2.5 holds in this case.

Summarizing the above two cases, Theorem 2.5 is proved.

‘Structurally unstable’ cases. In the following, we will consider cases in Theo-
rem 2.6 for the structural instability. In many applications the symplectic structure
J usually does not vary, therefore we will fix J and focus on constructing perturba-
tions to the energy operator L to induce instabilities arising from a purely imaginary
eigenvalue iu of JL. Recall we have to complexify X, J, and L accordingly. How-
ever, keep in mind that we would like to construct real perturbations to create
unstable eigenvalues near iy. This would require the perturbations to also satisfy
(12.12), see Remark 12.5. Recall that while JL is a linear operator, L and J are
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complexified as Hermitian forms or anti-linear mappings, see (12.8) and (12.9).

Case 3: iy € o(JL) and 3 a closed subspace {0} # Y C E;, such that
JL(Y) CY, and (L-,-) is non-degenerate and sign indefinite on Y.

REMARK 9.2. Clearly, this includes, but not limited to, the situation where
(L-,-) is non-degenerate and indefinite on E;,, a special case of which is when iu
is isolated in o(JL). It is analyzed in several subcases below.

We will construct a perturbation Ly such that o(JLy) contains a hyperbolic
eigenvalue near ip. The proof will basically be carried out in some finite dimensional
subspaces. Such finite dimensional problems had been well studied in the literature,
mostly for the Case 3b below when there are two eigenvectors of opposite signs of
(L-,-) (see e.g. [59, 24]). We could not find a reference for the proof of structural
instability when the indefiniteness of L|g,, is caused by a Jordan chain of JL (Case
3c below). So we give a detailed proof for the general case, which will also be used
in later cases of embedded eigenvalues. Our proof for the Case 3c uses the special
basis constructed in Proposition 2.2 for the Jordan blocks of JL on Ej,,.

Recall uw € E_;,, for any u € F;,,. Let

Y,={u+0|uveY}CE,+E_,.

From Lemma 3.3 and the assumption on Y, (L-,-) is still non-degenerate on Y,
which is also clearly invariant under JL. Recall that

1
Y, " ={ue X | (Lu,v) =0, Vv e Y,}.

From Lemmas 12.2 and 3.2, YuJ-L is also invariant under e/~ and X = Y, ® Y:-L.
The definition of Y}, implies that Y, is real, in the sense u € Y, for any u € Y,
and thus the complexification of a real subspace of X. According to Lemma 12.3,
JLly, is a also a Hamiltonian operator satisfying hypotheses (H1-3) with the non-
degenerate energy Ly, , defined in (12.1). Therefore, we may apply Proposition 2.2
to Y, and JL|y,, where Y C Y, is the subspace of all generalized eigenvectors of
ip of JL|y,. Since L is non-degenerate on Y, it is clear that Case 3 contains the
following three subcases only.

Case 3a: u # 0 and (L-,-) changes sign on ker(JL —iu)NY.
In this subcase, let uy € ker(JL —iu) NY be such that +(Luy,uy) > 0. By a
Gram-Schmidt process, without loss of generality, we may assume

<Lui, ui> = il, <LU+,U,> =0.

Note that u+ can not be real for p # 0. As we will construct real perturbations to
create instability, we have to consider the complex conjugate of uy as well. Let

X; = spanf{uy,u_,uy,u"}, Xo=Xit={veX| (Luy,v)=(Lug,v)=0}.
It is clear that subspaces X o are comlexifications of real subspaces in the sense
(915) (S Xl,g if uwe X172.

Note that wx are eigenvectors of —ip (% ip) and that E;, and E_;, are L-
orthogonal. Therefore, from the complexification process, it is easy to verify that,
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with respect to this basis of the invariant subspace X; of JL, operators Lx, and
JL|x, take the forms

A O e 0

1 0 1 0
A: (0 1)7 I2><2 = (0 1) .

From the invariance of X; and Lemmas 12.2 and 3.2, X, = XlJ‘L is also invariant
under JL and X = X; & X5. In this decomposition, L, JL, and J take the forms

_(Lx, 0 _[Ax, O (Jx, O
(9.16) L_<O LX), JL-(O AX)’ J_<O JX)’

where, with respect to the basis of X7 dual to {uy, ux},

JX1:'LM (0 A), JX2:X2 :)D(JXQ)—>X2, JX2:—JX2.

where

Here, J* = —J is used.
Consider a perturbation L; in the form of

o L17X1 0 o eR 0 o 0 1
Ll—( 0 0), WhereLLXI—(O eR)’ R_(l O>'

It is straightforward to verify that L; is real, namely, (Liu,v) = (Liu,v). Let
Ly = L+ L;. Clearly, the decomposition X = X; & X, is still invariant under JL
and orthogonal with respect to L. Therefore, by a direct computation on the 4 x 4
matrix JLyg|x, which can be further reduced to the 2 x 2 matrix ipA(A + €R), we
obtain

ipteu € o(JLy).

Therefore, o(JLy) contains hyperbolic eigenvalues near iy for any e # 0.

Case 3b: p =0 and (L-,-) changes sign on ker(JL —ip)NY.

In this case one may proceed as in the above through (9.16), however, with
Jx, = 0. Therefore, no hyperbolic eigenvalue can bifurcate through such type of
perturbations of L.

Cases 3c: # 0 and Y contains a non-trivial Jordan chain u; = (JL —ip)?tuy,
j=1,...,k > 1, of JL such that u; € ker(JL — iu)\{0} and (L-,-) is non-
degenerate on span{ui,...,ux}.

Again in this case let

Xy =spanfuj, @ | j=1,...,k}, Xo=X{",

which is a L-orthogonal invariant decomposition under JL satisfying (9.15) and
thus the forms (9.16) hold. From Proposition 2.2, without loss of generality, we
may assume that, with respect to the basis {us,...,ug,a1,...,Ug} (as well as its
dual basis in X7), Lx,, JL|x, £ Ax,, and Jx, take the forms

(B 0 (AL 0 () 0
LX1_<O .B+)’ AXI_(O 14+>a JX1_(0 Z7
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where
0 0 bx, w0 0 0
B, = 0 ... b1 O A= 1 4 ... 0 O 7
.b'l. ... 0 0 0 0 ... 1 ip

and bj11 = —bj, byp1—; = bj. Therefore, b; € {&i} if 2|k or b; € {1} otherwise.
Then one may compute

0 0 ... 0  iub !
1 ——1
JJr — 0 0 [N Z,U,bQ bl
ibr b .0 0

—=1. — .
Here, note that b;  instead of bj L appears in above J4, namely

R "
Jr(uf) =ipbpri—j  Ukt1—j +0py1—j Ukt

where upy1 = 0 is understood. This is due to the anti-linear complexification of
L and J, see (12.9). In fact, let {u}, w;" | j = 1,...,k} be the dual basis in X7
which are complex linear functionals. We have

* * * — * T——1
(uis Jui) =(ui, T (b jLupsr—5)) = (uf beri—y JLugsr—))
1, & 1, %
=bgt1-;  (uf, JLugy1—5) = ber1—j (U], ipug1—j + Ukto—j)
E—
=bry1—; (101 kp1—5 + O kt2—j) -

Consider perturbations in the form of

0 ... 00

(Lix, 0 (B 0 s
Ll_( 0 0)’ WhereLLXl_ﬁ(o B) P10 .00
0 ... 01

Clearly, L; is real in the sense (L14,?) = (Liu,v). Let Ly = L + Ly and the
decomposition X = X; ®@ Xy is still invariant under JLx and orthogonal with
respect to L. Therefore, o(J4(By + €B)) C o(JLy). By direct computation, we
obtain the matrix

in 0 ... 0 deuby |

: —1
Ji(By +¢eB) = 1 g ... 0 eb
0 0o ... 1 i

and its characteristic polynomial
det (A — J(By +€B)) = (—i)*p(i(N —ip)),
where
PN = A — ebX + by, b= (—i)" 1By € {£1}.

To find hyperbolic eigenvalues of J (B4 +€B), it is equivalent to show that p(A) =0
has a root A ¢ R. Choose the sign of € such that ebu > 0. Denote c1,- - , ¢ to be
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all the k—th roots of — |bu|, which are not real except for at most one. So we can
1
assume Imey # 0. Let § = |¢|*. Then p(A) = 0 is equivalent to

(9.17) <§>k - 6|b||Z| (2) + [bu| = 0.

When ¢ < 1, by the Implicit Function Theorem, (9.17) has k roots of the form

s
Fj :Cj+0(6)7 ]:17 aka

among which A\; = d¢; + O (62) satisfies Im Ay # 0. This implies that J; (B4 + €eB)
has a hyperbolic eigenvalue of the form iy — idcy + O (62).

Cases 8d: u = 0 and Y contains a non-trivial Jordan chain of length > 3. Let
u;j = (JL)Y " tuy, j=1,...,k,(k > 3) be a Jordan chain of JL such that (L-,-) is
non-degenerate on span{uy,...,ux}.

In this case one may proceed as in the above with

p(A) = A —ebd = XML —eb).

Choose € such that eb < 0. Since k > 3, p()\) has a complex root which implies that
J4+ (B 4 €B) has a hyperbolic eigenvalue. For y = 0 and k = 2, by straightforward
computations, it can be shown that J must be degenerate and J, (B4 + €B) has
only eigenvalue 0 and a purely imaginary eigenvalues for any 2 x 2 Hermitian matrix
B and e < 1.

Case 4: iy € o(JL)NiR\{0} and (L-,-) is degenerate on E;, # {0}.
In this case, Proposition 2.3 implies that 4 must be non-isolated in o(JL) and
we start with the following lemma to isolate ¢u through a perturbation.

LEMMA 9.4. Assume (H1-3). Suppose ipn € o(JL) N iR is non-isolated in
o(JL). For any € > 0, there exists a symmetric bounded linear operator Ly : X —
X* satisfying (12.12) such that |L1| < € and ip € 0(JLy) is an isolated eigenvalue,
where Ly = L+ Ly, and (Lgu,u) > 0 for some generalized eigenvector u of the
eigenvalue ipt of JLy.

PROOF. Since o(JL) is symmetric about both real and imaginary axes, without
loss of generality we can assume that p > 0.

Let X = Z?:OXj be the decomposition given in Theorem 2.1 with associated
projections P;. We will use the notations there in the rest of the proof. Recall
Theorem 2.1 is proved without the complexification, i.e. in the framework of real
Hilbert space X and real operators J and L, the resulted decomposition and op-
erators are real. After the complexification, X; are real in the sense of (9.15) and
the operators satisfy (12.12) and the blocks in L and J are anti-linear.

As ip € o(JL) is assumed to be non-isolated and dim X; < oo, j # 0,3, it
must hold iy € o(As). Since As is anti-self-adjoint with respect to the positive
definite Hermitian form (Lx,-,-), it induces a resolution of the identity. Namely
there exists a family of projections {II)}rcr on X3 such that
) limy—ag4 Iyu = Iy u, for all Ag € R and u € X3;

) II), Iy, = Hmin{Al,Az}v for all )\172 € R;
) (Lx,I\uy,us) = (Lx,u1, Myug) for any u; o € X3 and A € R;
) u= fjooj dlly\u, Asu = fj;o i\ dIl\u, for any u € Xs;

1
2
3

(
(
(
(4
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(5) dIIy =dII_} for any A € R.

Here the last property is due to the fact that J and L are real satisfying (12.12).
For p > 0, define a perturbation L; : X3 — X3 by

~ A— A
Liu= LXS(/ JdHAU +/ ﬂdHAu), Vu € X3,
A—pl<v A tpl<v

where v € (0, i) is a small constant to be determined later. As ITyu is continuous
from the right, the integrals take the same values on the open intervals or half open
half closed interval like [ — v, u + v).

For p = 0, define

Liu= Lx, / dllyu, Yu € Xs,

-V

where again v > 0 is determined later.

For > 0, like Lx,, it is clear that L, is anti-linear satisfying (12.9). We will
verify that L; is also real and symmetric. For any u € X, one may compute using
dlly = dIl_)

< N —
Lqiu ZLX3(/ )\'LLdH)\u+/)\+ < Tdﬂ)\u)
_ al<v
ey A po
=Ly, / 2P+ / At M)
| Abul <

A— A
:LXB(/ — ”dH_mjL/ 7;(”6511—@)-
[A— A p|<v

Through a change of variable A\ — —\, we obtain Lyu = Ly, namely, L; is real
(the complxification of a real linear operator). Moreover, for any u; 2 € X, we have

) A A+
<L1’LL1,U2> = <LX3(/ Jdl’hul +/ JdHAul),uQ)
[A—pl<v [A+pl<v
A— A+
=/ 3 Md<LX3H/\U1,U2> +/ Jd@xafhm,ug)-
[A—p|<v [Ap|<v

Since Ly, is Hermitian and (ITy-,-) = (-, II-) on X3, we obtain that L, is Hermitian.
Therefore, <f/1~, > is the complexification of a real bounded symmetric quadratic

form on X3. Clearly, in the equivalent norm (Lx,u,u)2 on Xs,

|]31|§L%O, as v — 0.
w—v

The same properties also hold for Ly for © = 0 and we skip the details.
Let

Ly=P;L1Ps, Ly=1L-1L,.
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Accordingly in this decomposition

0 O 0 0 0 0 0

0 O 0 0 By 0 0

0 0 Lx, 0 0 0 0

Ly+— 10 0 0 Lx,+Li 0 0 0

0 By, O 0 0 0 0

0 0 0 0 0 0 Bsg
0 o0 0 0 0 B O
From Corollary 2.1, one can compute

0 Agr Ag2 Aos( — L}%Iﬂ) Aps 0O
0 Al A12 A13(I — L;(3Ll) A14 0 0
0 0 Ao 0 Asy 0 0
JLyp«— [0 0 0 As(I-Ly'Ly) Az 0 0
0 0 0 0 Ay 0 0
0 0 0 0 0 A4 O
0 0 0 0 0 0 Ag

Due to the upper triangular structure of JLy and the finite dimensionality of X o,
in order to prove that iu belongs to and is isolated in o(JLy), it suffices to show
that ip belongs to and is isolated in O'(A3 (I- L;(iLl)). In fact, for any v € X3 ,

(9.18) As(I — L}iil)u = z/ I dH,\u—l—i/ A dIlyu,
s R\S
where S = (—p —v,—p +v) U (u — v, 0 + v). Since II, is not constant on S as

ip € o(As), we obtain that iy is an isolated eigenvalue of Ag(I — L;(ifq) and thus
of 0(JL4) as well. Indeed, for any u € R (11,4, —II,_,), by (9.18) we have

So i is an eigenvalues of As(I — L;(i Ly). To show iy is isolated, taking any a € C
such that 0 < |a — ip| < v, then we have

-1
(ang(IfL;(iLlo - / (a —ipg) ™" dII, +/ (o —iN) " dIIy,
s R\S
which is clearly a bounded operator.

Finally, we prove that there exists a generalized eigenvector u of ip of JLy
such that (Lyxu,u) > 0. Since dim X; < oo, there exists an integer K > 0 such
that

X, =Y,®Y, whereY, =ker(4; —ip)* N X, Y = (4, —ip)KX;.

In the following we proceed in the case of pu > 0 first. Let

Z,={u— (—ip) KPy(JL —ip)®u|ucY,}, Z=kerLaVY.
Note that the upper triangular structure of JL implies that
(A1 —ip)"™ = PL(JL —ip)"x,.

Using this observation and the invariance of X = ker L @& X; under JL, we obtain
through straightforward computations

(9.19) X=2Z,02, Z,=ker(JL —ip)" N X, Z = (JL —ip)* X,



84 9. PERTURBATIONS

and on the invariant subspaces Z,, and 4
(9.20) o(JLl,) = {in} if ipeo(Ar), indo(JLly).

Let P : X — Z be the projection associated to the above decomposition and
uz € X3 be such that

Ag(I — L}iil)u;; = Z[L’U,g

The structure of JLy implies (JLy — ip)uz € X. Let
= ((JL— iu)\z)_lﬁ’(JL# —ipus € Z C X, u=us— .
By using (Ly — L)| ¢ =0, it is easy to verify that
(JLy —ip)u € Z,,
which implies
(JLy —ip)*Ttu = 0.
From the structure of Ly, straightforward computation leads to
(Lyu,u) = ((Ls + L1)u, us) > 0,

for 0 <v << 1.
The case of p = 0 is largely similar. Let

Zo=Yy®kerL, Z=Y
and (9.19) and (9.20) still hold. The rest of the argument follows in exactly the

same procedure. ([l

We return to construct a perturbation L; to L to create unstable eigenvalues.
In Case 4, EP in Proposition 2.2 is non-trivial and finite dimensional, therefore

(9.21) 30 # up € ker(JL —ip) such that (Lug,ug) =0,
where ug € EP. Since p # 0 implies g € E_;, with (Lug,ag) = 0, let
(9.22) Yo = span{ug, o} C ker(JL — i) ® ker(JL + ip).

The following decomposition lemma is our first step in the construction of a hyper-
bolically generating perturbation.

LEMMA 9.5. Suppose 0 # ip € o(JL) NiR satisfying (9.21). Let Yy be defined
in (9.22). Then there exists w € D(JL) with W # w and a codim-4 closed subspace
Yy C X satisfying (9.15) such that X = Yo ® Y, @ Ys, where Yo = span{w,w}.
Moreover, in this decomposition and the bases {ug,ug}, {w,w} on Yo o respectively,
L and JL take the forms

0 0  Ixxo inA Ao Aoz 10
L+«— | 0 Ly, 0 |,JL+— | 0 A Ap),A= (0 _1> .
ng2 O O 0 0 iuA

Here, all blocks are bounded operators except Ay = Jy, Ly, and (Y1, Jy,, Ly,) satis-
fies (H1-3).
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PROOF. Let
5} = {U eX | <L'LL,U0> =0= <Lua%>} o {UOaTO}'

Clearly, Y, satisfying (9.15), is the complexification of some real codim-2 subspace.
Lemma 3.2 implies that Y is invariant under JL. Let

Yi={ueY| (uu) = (u,Tg) = 0}.

Since Yp Nker L = {0} and D(JL) is dense in X, there exists a 2-dim subspace
Y2 C D(JL) such that (Lu,v), u € Yp and v € Y5, defines a non-degenerate bilinear
form on Yy ® Y5. Clearly, we have X =Yy @ Y7 @ Y5 and in this decomposition L

takes the form
0 0 DBog2

L +— 0 Lyl Blg s
Bgy Biy Ba
where Bys : }72 — Yy is non-degenerate and B3, = Bay. Through exactly the same
procedure as in the proof of Proposition 6.1, we may obtain subspaces Y; and X,
as graphs of bounded linear operators from 171,2 to Yy such that X =Yy &Y & X
and in this decomposition L takes the form

0 0 B
L+— | 0 Ly, 0],
B 0 0

where B : Xy — Y is non-degenerate. There exists w € Xy C D(JL) such that
(Lug,w) = 1 and (Lug, w) = (Lug, w) = 0, which also implies (Lug, w) = 0, where
(12.12) is used. Let Y5 = span{w,@}. From the definition of w, ¥, and Y, we have
X =Y, ®Y; @Y, associated with projections Fy 1 2, and in this decomposition, the
desired block form of L is achieved. Applying Lemma 12.3 to X = (Y & Y3) @ Y7,
we obtain that (Y7, Jy,, Ly,) satisfies (H1-3), where Jy, = P;JP;. The upper
triangular block form of JL is due to the invariance of Y, and Y =Y, @Y.

To complete the proof of the lemma, we are left to show PyJLw = ipw, which
along with the facts that Y satisfies (9.15) and JL satisfies (12.12) also implies
Py JLw = —ipw. From (JL)* = —LJ (Corollary 12.1), we have

<LJL’UJ,U0> = 7<Lwa JLUO> = Z,LL<L’LU,U0> = ZM

and similarly (L.JLw,Tg) = —ip(Lw,Tg) = 0. According to the definitions of ¥
and w, we obtain PoJLw = ipw and the lemma is proved. O

With the above lemmas, we are ready to construct a perturbed energy operator
L4 to create unstable eigenvalues of J Ly near i in the Case 4. We start with the
decomposition given in Lemma 9.5. Since iu is an eigenvalue of JL non-isolated in
o(JL), we have iy € o(Jy, Ly, ) and is non-isolated in o(Jy, Ly, ). From Lemma 9.4,
there exists a sufficiently small symmetric bounded linear operator Ly Yy — Yy
such that ip € o(Jy, (Ly, + ig)) and is isolated with an eigenvector u; € Y;
satisfying ((Ly, + Lo)uy,u1) > 0. Let Ly = PfLoP; and Ly = L + Lo, then the
block forms of Ly and Ji# imply that i € U(JE#) is isolated and

(9.23) ug,uy € ker(JLy —ip), (Lyug,uo) =0, and (Lyuy,u) > 0.

Since iy is isolated in o (.J L4 ), Proposition 2.3 implies that (L4-, -) is non-degenerate
on E;,(JLy), the subspace of generalized eigenvectors of iu for JLy. Moreover,
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by (9.23), (L4-,-) is sign indefinite on E;,(JLy). This situation has been covered
in Case 3. Therefore, there exists a sufficient small symmetric bounded linear
operator Lg : X — X* such that there exists A € o(JLx)\iR sufficiently close to
ip, where Ly = L + Lo + Ls.

Case 5: iy € o(JL)NiR\{0} is non-isolated and (L-,-) is negative definite
on E;, # {0}.

Much as in Case 4 (but more easily), we can construct sufficiently small sym-
metric bounded perturbations to the energy operator L to create unstable eigen-
values. In fact, Proposition 2.2 implies that in Case 5, it holds ker(JL —iu) = F;
Let

Yo=Ey, ®F_i,, Y=Y5"={veX]|(Llv,u)=(Lv,a) =0, Vuc E,}.

Since (L-,-) is negative on Yy, Lemma 12.2 implies that X = Yy @ Y associated
with projections Py, y. In this decomposition L and JL take the forms

L<—><LY° 0), JL<—><AO O),

e

0 Ly 0 A

where Ay is a bounded operator satisfying A% + p? = 0. Lemma 12.3 implies
that A = JyLy and (Y,Jy,Ly) satisfies (H1-3). Clearly, it still holds that
ip € o(JyLy) and is non-isolated there. Applying Lemma 9.4 to Ly, we ob-
tain a perturbation L:Y — Y* such that i is an isolated point in U(Jy (Ly —&-i))
Let Ly = L + Py LPy and we obtain that iy is an isolated point in o(JLy) with
(i#-, -} sign indefinite on its eigenspace. This is a case covered in Case 3 and thus
there exists a sufficient small symmetric bounded linear perturbation L4 to L so
that JL4 has an unstable eigenvalue close to i.

Proof of Theorem 2.6. It suffices to show that Cases 3, 4, 5 cover all the cases
in Theorem 2.6. In fact, if (L-,-) is degenerate on E;, # {0} and p # 0, this is
precisely Case 4. Let us consider the case when (L-,-) is non-degenerate on Fj,
and satisfies the assumptions in Theorem 2.6. Then (L-,-) is either sign indefinite
on E;, (Case 3) or is negative definite on F;,, for an eigenvalue iy # 0 non-isolated
in o(JL) (Case 5). O



CHAPTER 10

Proof of Theorem 2.7 where (H2.b) is weakened

In this chapter, we consider the case when (H2.b) is weakened, namely, L is
only assumed to be positive on X, but not necessarily uniformly positive. More
precisely, we will prove Theorem 2.7 under hypotheses (B1-5) given in Section 2.6.
In Section 11.6, as an example we will consider the stability of traveling waves of
a nonlinear Schrodinger equation with non-vanishing condition at infinity in two
dimensions.

Initial decomposition of the phase space. We adopt the notations as in
Chapter 3. Let Py o : X — X4 ¢ be the projections associated to the decomposition
X=X_@@kerL® X, where Xy = ker L, and

Xio=PioXioC X"
We also let
X<co=X_@kerL, Pcg=P+P.=1-P,, X=X &X;.
Clearly, we have
(10.1) Xt =keriy_,, Xij=kerik%, CQo(X), X*=XI,&X],
where assumption (B5) is used. Since (Lu,u) < 0 on X_\{0} and dimX_ =
n~ (L) < oo, there exists § > 0 such that
(Lu,u) < —Sl|ul®>, Yue X_.
From (B4), we also have
LX, C X7, LX<o=X"CXZ,
Denote
Ly =ix Lix, : X4 = X}, Leco=ix_,Lix,, : X<o = XZo,
which along with the L-orthogonality in (B4) implies
L= P{L{ Py + P L<oP<o.

While the decomposition is not necessarily QQg-orthogonal, we have the following
lemma. Let

<0+ _ o= ; . * +,<0 _ -* S *
0 —lSOQQ’LX+ .X+_>XS0, 0 —%X+Qol§0.X30—)X+,
<0 __ % . . * 4+ % . . *
5 *ZXSOQOZngXSO_)Xgm Qs —ZX+QOZX+ X — X7

Clearly, Q5" = (QF'=")* and in the decomposition X = X<y ® X, and X* =
<0 <0,+
P: X%, ®P; X%, operator @ takes the form ( Yo 22+ > Since (Qou,u) > 0
-7 0~ 0
for all 0 # u € X, QS’ and Q%O, as well as L, are bounded, symmetric, and

87
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positive. Therefore, Q?O 1 X<o = X%, and QS‘,L+ : X4 — X1 are injective with

dense ranges. Consequently, ( 0§0)71 1 X2y = X<o and (Q(J{)*l,LI_l X = Xy

are densely defined, closed, and positive operators with
(@) ™) = (@) (@) ™) =@H™,

and (L7")* = L7

LEMMA 10.1. Tt holds that PrQ{ (X4) C X7 is dense in X* and

Qo(X) = X2 & PIQT(Xy),  PIQT(Xy) = Qo(X) N XL,
with (QEO)_l and (Qg)_ng’SO being bounded operators. Moreover,
A= QO_IP_’;Q(J{ : Xy — Xo, where Xo = le(f(i) cX,

is an isomorphism.

This lemma makes the natural connection between Qo (X) and QF (X ).

PROOF. Since the quadratic form (Qou,u) is positive on X, we have that Q) :
X — X* is injective with dense Qo(X) C X*. As XZ; = keriy C Qo(X) due
o (B5) and X* = X;O @ X, we obtain that X% N Qy(X) is dense in X* and
Qu(X) = X;O ® (Qo(X) N )N(j) In the rest of the proof, we study Qo(X) N X%
and its associated properties. ~

Let Xy = Qal(Xzo) C X, which is a closed subspace. Since XZ; C Qo(X)
and @ is injective, Qg : X7 — f(;o is bounded, injective, and surjective and thus
an isomorphism. Let

¢ =(Qolx,) "Py: Xty = X1, ¢<0=Pcod, ¢4 =Pyio,

which are bounded operators. For any f,g € XZ, since
(9:0<0f) = (P09, 0f) = (Qouog, of),

we obtain that ¢<o: XZ; — X<o is symmetric and (f, ¢<of) > 0 for any 0 # f €

X%,. Therefore ¢_; is a densely defined closed operator satisfying (¢=4)* = ¢=p >
0. B B B
For any f € XZ, let

of =u<otuy, up=o4f, u<o=¢<of,
then we have
Q5 u<o+ Q5" ur = f, Qo uzo + Qgus =0,
Tt implies that QF " ="u<o € QF (X) and uy = —(QF) ' Q" ="u<o. Therefore,
(Q6° - Q5" (@) Q8 =")u<o = .
which implies that the closed positive symmetric operator (;S;é satisfies

—1 _ <0 <0,+/~+\—1+,<0 <0
0<¢dp=Qy —Qy "(Qy) Q= <Qy -

Here we also used Q§0’+ = (Q; ’SO)* and the positivity of the symmetric closed

operator (Qg)~!. Therefore, ¢<¢ is an isomorphism and
“1+,<0 -
Q) 'Qg =" = —d+0%

is bounded. The above inequality also implies the boundedness of (Q&O)’1 < ¢<o.
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On the one hand, for any v € X, using I = ngoPSO +ix, Py we can write
Panru = Qou — P;Oi}SOQOu =Qo(I — qSi}SOQO)u.
Therefore, P1Qg (X4+) C Qo(X) N Xi and
A2 Q' PLQY =1~ ix_,Qo: Xy — Xo

is bounded, where X, = Q' (X%) is a closed subspace of X and Qo(X) N X% =

Qo(X2).
On the other hand, suppose © = u<g + uy € Xo, let f = i}+Q0u € X} and

f+:ij:Q0ue)~(*. We have
Q5 U<0+Qo Tup =0, Qf=uco + Qfuy = f,

and thus u<g = —( ) Q<0 +u+. Substituting it into the second equation in
the above, we obtain

f=(QF —Q5="(Q5") 715" )us = Qs
where, from the above boundedness of (Qg )~ Q+ =
iy = (I-(@QNH'Q="(@Q5") Q5" )uy € Xy
It implies f € QF (X4) and thus fy € P;QF (X4). Therefore
Qo(X) N X} € PEQF(X4).
Moreover, the above equality on %, also implies
A= (@)1 ="(Q5") Q5" ) Pru= Q) ' PiQf s = Qg fy = .
Therefore we obtain

AT = (1= (@) 15" Q) Py

is bounded and the proof of the lemma is complete. O
Construction of Y. As our main concern is that L, is not uniformly positive
definite on X, we will actually work on the completion Y, of X under the positive
quadratic form (L;-, ).

We start with a resolution of identity to rewrite L on X;. From (B3), there
exists a > 0 such that

1
(10.2) el < lullz, o < Cllul?, Vo e Xy,
for some C > 0, where, for u,v € X, ||uH2L+’a = (u,u)r, o and
(,0) 4.0 = (L + Qg Ju,v) = (L + aQo)u, v).
For u,v € X4, let
L=(Ly+aQf) 'Ly: X, = X,
which implies (Lu,v)r, o = (Lu,v) and
(10.3) D=(Qf) 'L+ +aQf) : X4 D D(D) = (L4 +aQy) Qg (X4) — X

Clearly, the Riesz representation L. of L, with respect to the equivalent metric
(*+*)L4,a is a bounded symmetric linear operator. Since

(10.4) D' = (Ly +aQf) "' Qf =a'(I-L)
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is a bounded linear operator symmetric (and positive) with respect to (-,-)r, 4, D
is self-adjoint with respect to (-,-)r, . In applications, if @ is a uniformly positive
elliptic operator and Qg corresponds to the L? duality, the operator D is basically
a differential operator on X of the same order as (J;. The symmetric operator L
admits a resolution of identity consisting of bounded projections IIy : X — X,
A € [0,1], where

(1) limy—ag+ Myu = Iy u, for all Ag € [0,1) and v € X4;

(2) H)\1H>\2 = Hmin{)\l,/\g}v for all )\1’2 S [07 1];

(3) (Lt + aQ)Myur,uz) = ((Ly + aQg )ur, Myug) for any v € X, and

A€ (0,1];
(4) u= fol dllyu, Lu = fol A dIlyu, for any u € X .
Here, TI; = I and IIp = 0 since L, is bounded and 0 < L, < Ly + aQg as

a quadratic form. Using this resolution of identity, we have the representations of
Lyand ||z, .a

1 1
(L) = [ AdM,0)n s Julf o = [ ATl e v € X
0 0

Let (Y4, | -|lz,) be the Hilbert space of the completion of X with respect to
the inner product

1
(u,v)p, = (Lw,v)r, 0 = (Lyu,v) = (Lu,v) = / Ad(IT\u,v)r, ar u,v € X4
0

Therefore, X is densely embedded into Y, through the embedding iy . Using the
above spectral integral representation of IL, one may extend II to be bounded linear
projections on Y orthogonal with respect to (-,-)r, as well, satisfying |II |y < 1.
Moreover, for A € (0,1], (I — )Y, C X4 and

Vue Xy, ||H>\u||L+ < )‘||H>\UHL+7G’

09 e v AN = Tullz o < 10 = Tl < 10~ T )uls o
where I —II, = f()\,l] dIl, is used.

As Y, is defined as the completion of X with respect to the metric (Lu,w)r q,
elements in Y, are defined via Cauchy sequences in X, with respect to this metric.
This is rather inconvenient technically. Instead, we give an integral representation
of elements in Y, and some linear quantities on Y, using II, and the following
lemma.

LEMMA 10.2. limyo4 [[Izul|z, =0 for any v € Y.

PROOF. For any € > 0, there exists v € X such that ||u —v||L, < 5. Since
limy 04 Iyv = Ilgv = 0 in X, there exists Ao > 0 such that [[IIxv|[, o < § for
any A € (0, Ag). Therefore, for any A € (0, o),

Myullz, < [Mx(u—=o)llz, + [Mavllr, < flu—vlz, + A0l 0 <€

The lemma is proved. [l
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COROLLARY 10.1. For any u,v € Y1, we have

1 1 1
u= / dllyu = —/ d(I —II)\)u = — lim d(I —II))u,
0 0 A—=0+

1 1
Lu=— / AT~ L), [lull2, = / AT~ Ty)ul2, .,

(Liu,v) = —/O M((I - HA)U’U)L+,a = )\1351+<L+(I —II))u, (I —1Iy)v),

Vi={f=(Ls+aQq)u|ue Xy,
1
11 == [ A7 =l 0 <o} € X

Here, the first integral converges in the || - ||z, norm and the minus signs are
due to the non-increasing monotonicity of ||(I — HA)u||2L+’a. With (I —IIy)u € X4
for A € (0, 1], these integral representations are more convenient than the Cauchy
sequence representations of elements in Yy . In particular, for f = (L4 + aQ{)u €
Y and v € Yy,

o= lim (s + aQy ) (I = Ty)u, (I = Ty)v)

(frv) = — / d((I — )u,v)

<||fI
Let

(106) VY =X<0®Y:, (u,v)y = (P<ou,P<ov)+ ((I — P<o)u, (I — PSO)U)LJr,

Y—; U||L+.

where, with slight abuse of notations, P<y : Y — X<( represents the projection
operator with kernel Y, . Clearly, X is densely embedded into Y and let ix denote
the embedding.

The dual space Y* is densely embedded into X* through 7% and thus can
be viewed as a dense subspace of X*. It is straightforward to see that i%Y™* =
XZo @YY,

<f71}> = <g7u> = Oa Yu S XSOa v E Y—‘rv f S X;m g € ff-ﬁa
and
Vi= XN (V") = PL{f = (Ly +aQf)u | u € Xy,
(10.7) 2 ! -1 2 *
[l == [ A7 (I =Tullz, , < oo} C X7
0

Operator L is naturally extended as a bounded symmetric linear operator Ly :
Y - Y* by
(108) <Ly’u,,’l}> = <L§0P§0U, PSO”) + <L+(I — PS())U,7 (I — PS0)1J>7

where L4 on Y, is computed by the formula given in Corollary 10.1.
From assumption (B4) on the L-orthogonality of the decomposition

X=X_0dker LOX{ = XD Xy

and Corollary 10.1, the operator Ly defined in the above satisfies (H2) on Y with
0 =1in (H2.b).
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Operator Jy. We define Jy : Y* D D(Jy) — Y essentially as the restriction of J
on Y*, namely,

(10.9)  Jy 2ixJQyli% : Y* D D(Jy) =Y, D(Jy) = (i%) 'Qo(X) C Y*,

where we recall that ix : X — Y is the embedding. Assumption (H3) is satisfied
due to (B5) and (10.1). Therefore, to complete the proof of Theorem 2.7, it suffice
to prove Jy = —Jy.

LEMMA 10.3. It holds that i% D(Jy) is dense in X* and
ixD(Jy) = Qo(X) NixY" = X2y ® P} (L + aQf ) X1+,
where
b1
Yoo = {ue Xo | [ el ~Toul® < oo} € X,
ProOF. From i%,Y™* = X%o @ ffj and (B5), we can decompose
% D(Jy) = Qo(X)Nix Y™ = X2y @ (Y7 N Qo(X)).

As Yjﬁ C X_*H we obtain from Lemma 10.1
(10.10) i%D(Jy) = Xioe (Y7 NP (Xy)).

Recall (10.3) and we have (L + aQf)u € QF (X4), u € X4, if and only if
u € D(ID), which is equivalent to u € (I —LL)(Xy) according to (10.4). Therefore,
we obtain that

(Ly +aQf)u € Q5 (X4), u e Xy,
if and only if

1
- [ n -l <.
0
which can be seen from

1 1
(10.11) Du = (Qf) L+ +aQf)u = _E/ (1—XN)"td(I —0)u.

0
The lemma follows immediately from this property and the characterization (10.7)
of V7. O

To prove Jy = —Jy, suppose f € D(Jy) and u = J5 f, namely, f € Y* and
u €Y satisfies

Firstly, for any € € (0, §), take
1
2 -
9= ~(0%) " PH(Ly +a@)) [ dd ~L)Pyu € DY) N (i5) 71X,
where Lemma 10.3 is used. Equalities (10.12) and (10.11) imply
3
- [C =Pl = (9) = () = 0. Q5 i)

1 1

@i £ AD [T - ) Pen) =~ (LA [ ) - TP
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where A is defined in Lemma 10.1 and proved to be bounded. Since A € (0, %],
there exists C' > 0 such that

3
- / AT~ Ty Pyl . < CIlf|

Therefore, we obtain u € X, or more precisely,

1
%/»«, Ve € (0,5)

u=ixi, @cX.
For any g € D(Jy), from (B1-2) we can compute
(% f,3Q0 "ixg) = (. Jvg) = (g,u) = (g,ix7)
=(QoQy i% g, @) = (QIQy 'ix g, Ji) = (Qola, JQ; ik g)-

Since J is assumed to be isomorphic in (B2), Qo_l is surjective, and % D(Jy) is
dense in X* (Lemma 10.3), we obtain

ixf=Qolu € Qu(X).
Thus it follows from (B2) that
Jyf =ixT*=—u,

which implies Jy C —Jy. Again from (B2), it is easy to see that Jy is symmetric,
namely, Jy C —J5-. Therefore, we complete the proof of Theorem 2.7.






CHAPTER 11

Hamiltonian PDE models

In this chapter, based on the above general theory, we study the stability issues
of examples of Hamiltonian PDEs including several dispersive wave models, the 2D
Euler equation for inviscid flows and a 2D nonlinear Schrodinger equations with
nonzero conditions at infinity.

First, in Sections 11.1 to 11.3, we study the stability /instability of traveling
solitary and periodic wave solutions of several classes of equations modeling weakly
nonlinear dispersive long waves. They include BBM, KDV, and good Boussinesq
type equations. These equations respectively have the forms:

1. BBM type
(11.1) Opu + Opu + O, f (u) + O Mu = 0;
2. KDV type
(11.2) Opu+ O f (u) — Oz Mu = 0;
3. good Boussinesq (gBou) type
(11.3) OPu— O2u+ 02 f (u) — 2 Mu = 0.
We follow the notations in [52]. Here, the pseudo-differential operator M is defined

as
Mg(§) = a(§)g(§),

where ¢ is the Fourier transformation of g. We assume: i) f is C* with f(0) =

f(0) =0, and f (u) /u — oo. ii) al&|™ < a (&) < b|€]™ for large &, where m > 0

and a,b > 0. If f (u) = u? and M = —92, the above equations recover the original

BBM, KDV, and good Boussinesq equations, which have been used to model the

propagation of water waves of long wavelengths and small amplitude.

11.1. Stability of Solitary waves of Long wave models

Consider the equations (11.1)-(11.3) with (z,f) € R x R. Up to a shift of a
constant of the wave speed/symbol « (§), we can assume that 0.5 (M) C [0, 00).
Each of the equations (11.1)-(11.3) admits solitary-wave solutions of the form
u(z,t) = ue(z—ct) for ¢ > 1,¢ > 0,¢* < 1 respectively, where u. () — 0 as
|z] — oo. They satisfy the equations

(11.4) Mu, + (1 - i) Up — %f(uc) =0, (BBM)
Mu + cue — f (ue) =0, (KDV)
and

Mue+ (1= c®)ue — f (uc) =0, (gBou)

95
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respectively. We refer to the introduction of [52] and the book [2] for the literature
on the existence of such solitary waves. Before stating the results, we introduce
some notations. For BBM type equations (11.1), define the operator

(11.5) Lo= M+ (1-1) —%f’ (ue) : H™ — L2,
and the momentum

(11.6) Plo) = %/u (M-+1) we.

For KDV type equations (11.2), define

(11.7) Loi=M+c—f (u), P(@:%/ug.
For good Boussinesq type equations (11.3), define

(11.8) Lo:=M+1-c*—f (u), P(c):—c/uz.

Denote by n~ (Ly) the number (counting multiplicity) of negative eigenvalues of
the operators Ly.
The linearizations of (11.1)-(11.3) in the traveling frame (z — ct,t) are

(11.9) (0 — cOz) (u+ Mu) + 0, (u+ [ (ue)u) =0, (BBM)
(11.10) (8y — cOz) u+ 0z (f (o) u — Mu) =0, (KDV)
and

(11.11) (8 — c0p)*u — 02 (u— f' (ue) u+ Mu) =0, (gBou)

respectively. We consider the Hamiltonian structures of these equations.

For BBM type equations, (11.9) can be written as yu = JLu, where J =
8y (1+ M) " and L = Ly is defined in (11.5). By differentiating (11.4) in z and
¢, we have Lou., = 0 and

1
LoOctte = —— (1 + M) u,
c
which implies that JLoO ue = —tc,p and (LoOcte, Octic) = —%dP/dc.

For KDV type equations, (11.10) is written as dyu = JLou, where J = 9, and
L = L is defined in (11.7). Similarly, Lotc ., = 0, LoDcte = —u,, and
(11.12) JLoOctte = —Ucg, (LoOclUc, Octie) = —dP/de.

For good Boussinesq type equations, we write (11.11) as a first order system.
Let (8¢ — ¢0z) u = vy, then

(0 — cOx)v =0,  M~+1— f'(ue))u=0, (ﬁo +C2) U.

Thus
o(1)=(0)
v v
with
(11.13) J:(aoz %“?), L:(f’ojc2 f)
We have

ker L = {(u, —cu) | v € ker Lo} .
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Since

(11.14) <L< :j )( Zf )> = <£0u,u>+/(v+6u)27

son~ (L) =n~ (Ly). Similarly as in BBM and KDV types, we have
Ue,x _ —0 U, [ —cuc
L( —ClUe g ) =0 L( cOctte + U > B ( Ue )’
—0cue _ Uc,x
. ( cacuc + Ue ) o ( —ClUc ’
—0 U, —0 U, _
< L ( Ol + Up ) ’ ( Ol + Up = —dP/dc,

where P is defined in (11.8). For all three cases, we have .55 (Lo) C [dg, 00) for
some &y > 0. So the quadratic form (Lg-,-) is positive definite on H% in a finite
codimensional space. This along with Remark 2.3 shows that the quadratic form
(Lo, -) in the Hamiltonian formulation of BBM and KDV type equations satisfies
the assumption (H1-3) in the general framework with X = H%. By (11.14), the
quadratic form (L-,-) in the Hamiltonian formulation (11.13) of good Boussinesq
type equations also satisfies (H1-3) in the space (u,0;u) € X = HZ x L?. Thus
by Theorems 2.2, 2.3, and Corollary 2.2, we get the following results.

and

THEOREM 11.1. Consider the linearized equations (11.9)-(11.11) at solitary
waves u. (x — ct) of equations (11.1)-(11.3). Then: (i) The following index formula
holds

(11.15) Ky + 2k + 2650 + k50 = n” (Lo).

(ii) The linear exponential trichotomy holds in the space H? for the linearized
equations (11.9) and (11.10), and in H3 x L? for (11.11).

(#ii) When dP/dc > 0, we have kOSO > 1. Moreover, if ker Lo = span{uc}, then

<o _ [ 1 ifdP/de>0
0 T\ 0 ifdP/dc<0

COROLLARY 11.1. (i) When dP/dc > 0 and n™ (Lo) < 1, the spectral stability
holds true.
(i) If ker Lo = span{uc}, then there is linear instability when n~ (Ly) is even
and dP/dc >0 or n~ (Ly) s odd and dP/dc < 0.

In particular, when M = —(‘3320, by the fact that u., changes sign exactly once
and the Sturm-Liouville theory, we have ker Lo = span {u.,} and n™ (Ly) = 1.
Thus, we have

COROLLARY 11.2. When M = —3926 and dP/dc < 0, for the linearized equations
(11.1)-(11.3), we have k, =1 and k. = k; = 0. In particular, on the center space
E° as given in Theorem 2.2, we have

(11.16) (L) | pegu, .- = 00 > 0.

The stability and instability of solitary waves of dispersive models had been
studied a lot in the literature. Assume ker Lo = {uc,}, n~ (£o) = 1, then when
dP/dc > 0, the orbital stability of traveling solitary waves was proved (e.g. [5] [29]
[10]) by using the method of Lyapunov functionals. When dP/dc < 0, the nonlinear
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instability was proved in [9] [70] for generalized BBM and KDV equations, and
in [58] for good Boussinesq equation. The instability proof in these papers was
by contradiction argument which bypassed the linearized equation. The existence
of unstable eigenvalues when dP/dc > 0 was proved in [63] for KDV and BBM
equations. In [52], an instability criterion as in Corollary 11.1 (ii) was proved for
KDV and BBM type equations. In [63] and [52], an instability criterion was also
given for the regularized Boussinesq equation which takes an indefinite Hamiltonian
form (i.e. n~ (L) = o0) and is therefore not included in the framework of this paper.
Recently, in [46] and [65], an instability index theorem similar to (11.15) was given
for KDV and BBM type equations under the assumption that dimker £, = 1 and
dP/dc # 0. The proof of [46] [65] was by using ad-hoc arguments to transform the
eigenvalue problem 0,Lou = Au to another Hamiltonian form with a symplectic
operator which has a bounded inverse. The linear instability of solitary waves of
good Boussinesq equation (M = —92) was studied in [1] by Evans function and in
[68] by using quadratic operator pencils. The index formula (11.15) for the good
Boussinesq type equations appears to be new.

Besides giving a more unified and general index formula for linear instability,
Theorem 11.1 also gives the exponential trichotomy for e*/#¢, which is an important
step for constructing invariant (stable, unstable and center) manifolds near the
translation orbits of u.. Moreover, when ker Lo = span {u.,} and n~ (Ly) =
1, there exists a pair of stable and unstable eigenvalues and Ly is positive on
the codimension two center space modulo the translation kernel. This positivity
property has an important implication for the center manifolds once constructed.
For example, in [37], the invariant (stable, unstable and center) manifolds were
constructed near the orbits of unstable solitary waves of generalized KDV equation
in the energy space. More precisely, there exist 1-d stable and unstable manifolds
and co-dimension two center manifold near the translation orbits of unstable solitary
waves. These invariant manifolds give a complete description of local dynamics
near unstable traveling wave orbits. The positivity estimate (11.16) on the center
subspace implies that on the codimension two center manifold, the solitary wave
u. is orbitally stable, which in turn also leads to the local uniqueness of the center
manifold. Any initial data not lying on the center manifold will leave the orbit
neighborhood of unstable traveling waves exponentially fast.

11.2. Stability of periodic traveling waves

Consider the equations (11.1)-(11.3) in the periodic case. For convenience, we
assume the period is 27, that is, (z,t) € S* x R. A periodic traveling wave is of
the form u (z,t) = uc,q (x — ct), where ., satisfies the equations

(11.17) Mugq + (1 - 1) Ucyq — 1f (Uca) = a, (BBM)
C C

(11.18) Muc + cuca = f(Ue,a) = a, (KDV)

and

(11.19) Mucg+ (1= ) uea — f (tea) = a, (gBou)

for some constant a. In this section, we consider the perturbations of the same
period 27 (i.e. co-periodic perturbations) and leave the case of different periods to
the next section. The linearized equations in the traveling frame (x — ct,t) near
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traveling waves ., take the same form (11.9)-(11.11). Their Hamiltonian struc-
tures are formally the same as in the case of solitary waves. However, the operator
J has rather different spectral properties in the periodic case. More precisely, for
solitary waves the symplectic operators J, which is ¢d,, (1 + /\/l)f1 for BBM, 0, for

0 0,
KDV and < 9, 0
periodic case, J has nontrivial kernel in X*. Indeed, ker J = span {1} for BBM

and KDV, and
. 1 0
keszpan{el,eg}span{( 0 ),( 1 )}

for good Boussinesq. This degeneracy of J leads to the extra free parameter a in
traveling waves.

We now discuss the consequential changes in the index formula induced by
the nontrivial kernel of J. For BBM type equations, define the operator Ly :
H™ (S') — L? (S') and the momentum P as in (11.5) and (11.6). Differentiating
(11.17), we obtain

for good Boussinesq, has no kernel in L? (R). But for the

R(ﬁo) > ,Coaauc)a =1.

Let

(11.20) Uc,q = Oglic,q, d1 :/ Ueo dx, N = Uc,odr (total mass) .
st st
We have Ly0,uc, = 0 and from differentiating (11.17)

1
EOacuc,a = - (1 + M) Ue,q + g;
C C
and thus JLy0cuc,q = —0zc,q. Denote
(11.21)
D= <£OUc,aa Uc¢a> <£0Uc,a7 acuc,a>
<£OUc,a7 8cuc,a> <£Oacuc,a7 a(:uc,a>

dl N/ (C)
~ V' (¢) —idP/dc+ 2N'(c))’
that is, the matrix for (L-,-) on span {Ue a, Octic.a} C gker (JLp). Denote n=C (D)
to be the number of non-positive eigenvalues of D.
For KDV type equations, similarly, £o0zuc,q = 0,
EOacuc,a = —Uc,a, JEOacuc,a = _amuc’a7 anauc,a = 17

and we define U, ., d1, N, D,n<% (D) etc. as in (11.20) and (11.21).
For good Boussinesq type equations, still define U, 4, d1, N as in (11.20). Let

7 Uc,a 7 *CUc,a 7 *acuc,a
(1122) Ul - < _CUc,a )7 U2 - ( 1+C2Uc,a >7U3 - < cacuc,a +uc,a )7

then

Lﬁl = 51, Lﬁg = 82, Lﬁg = < _,lfulc,a > .

)
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Define the matrix D of (L-,-) on the space spanned by{ﬁl, Us, (73}, that is,

Lﬁ17[71 L[717[72 L(717(73

(11.23) D=| (LU, U,) (LU, Uy) (LUs, U,
LUy, Us LUs, Uy LU, Us
dl 7Cd1 7N, (C)
= —cdi fq (1+*Ucq)dz eN' (c)+ N (c)
—N'(¢) ¢eN'(¢)+ N (¢ —P' (¢

Again n=% (D) denotes the number of non-positive eigenvalues of D.

Since in the periodic case, the operator Ly has only discrete spectrum which
tends to +oo0, it is easy to verify that assumptions (H1-3) are satisfied in X = H%
for BBM and KdV type equations and X = HZ x L? for good Boussinesq type
equations. Thus similar to Theorem 11.1, we have

THEOREM 11.2. Consider the linearized equations (11.9)-(11.11) near periodic
waves u. (x — ct) of equations (11.1)-(11.3). Then: (i) the following index formula
holds

kv +2ke + 2k + kg =n" (Lo) .
(i) the linear exponential trichotomy is true in the space H'= (S*) for the linearized
equations (11.9) and (11.10), and in H? (S') x L* (S') for (11.11). (iii) ky >
n=0 (D), the number of non-positive eigenvalues of the matriz D defined in (11.21),
(11.22) and (11.23). Moreover, when ker Lo = {Ozuc,q} and D is nonsingular,
o =n~ (D) (the number of negative eigenvalues of D) and we have

(11.24) Ky + 2k + 2k =n~ (Lo) —n~ (D).

As corollaries, we have from Proposition 2.7 and Remark 2.14 the following
linear stability /instability conditions.

COROLLARY 11.3. (i) If n=9 (D) > n~ (Ly), then the spectral stability holds.
(i1) If ker Lo = span {Oyuc,q}, D is nonsingular and n= (Lo) —n~ (D) is odd,
then there is linear instability.

When n~ (Ly) = n~ (D), nonlinear orbital stability holds for (11.1)-(11.3) as
well. More precisely, we have

PROPOSITION 11.1. When ker Ly = span {Ozuc,q}, D is nonsingular andn™ (Ly) =
n~ (D), then there is orbital stability in X of the traveling waves ucq (x — ct) of
equations (11.1)-(11.3) for perturbations of the same period.

PROOF. Here we sketch the proof based on the standard Lyapunov functional
method (e.g. [29], [30]). Consider the KDV type equation (11.2). It has three
invariants: (1) energy E (u) = [ [fuMu — F (u)] dz, with F(u) = [} f(u/)du/;
(2) momentum P (u) = % [u?dz and (3) total mass N (u) = [udz. Define the
invariant

I(u)=FE(u)+cP(u)—aN (u),
then I’ (ucq) = 0 if and only if u., is a traveling wave solution satisfying (11.18).

So
(11.25) I (u) —I(ucq) = (Lodu,duy + O <||(5u||3) , where du = u — ucq.
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Denote
X1 = {u € H% | <u7£0UC,a> = <u7£08cuc,a> = 0}
to be the orthogonal complement of Xo = span {U. 4, 0ctic,o} in (Lo, ). Since
LoUcq = N'(tca)y LoOctic,a = P'(tc,q),

X is the tangent space of the intersection of the level surfaces of the conserved
momentum P and mass N. With D assumed to be nonsingular, Xs roughly rep-
resents the gradient directions of P and N and thus X = X; & X5. Moreover, we
have (Lo-, ) |x, > 0 since

n~ (Lolx,) =n" (Lo) =n~ (Lo|x,) =n" (Lo) —n~ (D) =0.
We further decompose
X1 =Y @ span{0yucq}, whereY = {u € X; | (u,0zucq)x = 0}.

Since ker Lo = span{dyuc.q}, there exists ¢o > 0 such that (Lodu, du) > ¢o ||6ul|®
for any du € Y.
Suppose u(t) is solution with u(0) close to u., and h(t) € S! satisfies

[t = teq (- = h)| = min [Ju —ueq (- — )],
yes!

then w(t) = u(t) — uc,q (- —h(t)) €Y & X,. By using the conservation of P and N
to control the Xy components of w(t), and the uniform positivity of £y on Y and
(11.25) to control the Y component, we obtain the orbital stability. More details
of such arguments can be found for example in [29] [53].
For BBM type equations, the Lyapunov functional is
I(u)=cP(u)— E(u) —caN (u),

where the energy functional E (u) = [ (3u? + F (u)) dz and P (u) is defined in
(11.6). The rest of the proof is the same as in the KDV case. For good Boussinesq
type equations (11.3), we write it as a first order Hamiltonian system

at( Z)JVE(u,v),

0 0

where J = < 9. 0

) and the energy functional

E (u,v) = % (Mu, u) +/ (;’UQ + %uQ —-F (u)) dx.

For the traveling wave solution (ucq (€ —ct),vc,q (x —ct)), uc,q satisfies (11.17)
and veq = —CUc,q. Let @ = (u, v)T and construct the Lyapunov functional

I (@) = E(4)+ cP (4) — aN:, (4),
where
P (@) = /uv dx, Ny (@) = /udz, Ny (0) = /vd:z:.

Then I’ (d.,,) = 0. The rest of the proof is the same. O
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Compared with solitary waves, the periodic traveling waves have richer struc-
tures. They consist of a three parameter (period T, speed ¢, and integration con-
stant a) family of solutions and different type of perturbations (co-periodic, multiple
periodic, localized etc.) can be considered. In recent years, there have been lots of
works on stability /instability of periodic traveling waves of dispersive PDEs. For
co-periodic perturbations (i.e. of the same period), the nonlinear orbital stability
were proved for various dispersive models (e.g. [2] [3] [41] [34] [11] [8]) by us-
ing Liapunov functionals. These stability results were proved for the cases when
dimker (£o) =1 and n~ (Lo) = n~ (D) as in Proposition 11.1. An instability index
formula similar to (11.24) was proved for KDV type equations ([32] [43] [13]). In
these papers, some conditions (e.g. Assumption 2.1 in [32] and Assumption 3 in
[43]) were imposed to ensure that the generalized eigenvectors of JLj form a basis
of X. These assumptions can be checked for the case M = —ai. In Theorem 11.2,
we do not need such assumptions on the completion of generalized eigenspaces of
JLy and therefore we can get the index formula for very general nonlocal opera-
tors M. In [11], an index formula was proved for periodic traveling waves of good
Boussinesq equation (M = —d2) by using the theory of quadratic operator pencils.
In [8], a parity instability criterion (as in Corollary 11.3 (ii)) was proved for periodic
waves of several Hamiltonian PDEs including generalized KDV equations by using
Evans functions.

Besides providing a unified way to get instability index formula and the stability
criterion, we could also use the exponential trichotomy of e/%° in Theorem 11.2 to
construct invariant manifolds near the orbit of unstable periodic traveling waves.
Moreover, as in the case of solitary waves, when dim ker (£y) = 1, D is nonsingular
and k; = 0, we have orbital stability and local uniqueness of the center manifolds
once constructed.

11.3. Modulational Instability of periodic traveling waves

Consider periodic traveling waves uc q (€ — ct) studied in Section 11.2. Assume
the conditions in Proposition 11.1, so that u., is orbitally stable under perturba-
tions of the same period. In this section, we consider modulational instability of
periodic traveling waves, under perturbations of different period or even localized
perturbations. The modulational instability, also called Benjamin-Feir or side-band
instability in the literature, is a very important instability mechanism in lots of dis-
persive and fluid models. Again, we assume the minimal period of the traveling
wave U, is 2. We focus on KDV type equations (11.2), and the consideration
for BBM and good-Boussinesq type equations is similar. We assume the Fourier
symbol « (§) of the operator M is even, so that M is a real operator. Based on
the standard Floquet-Bloch theory, we seek bounded eigenfunction ¢(z) of the lin-
earized operator JLq in the form of ¢(x) = e vy (z), where k € R is a parameter
and v € L?(S'). Recall that J = 8, and Ly := M + ¢ — f' (ucq). It leads us to
the one-parameter family of eigenvalue problems

Jﬁoei’”vk(x) = /\(k)eikmvk(x),
or equivalently JxLrvr = A (k) vk, where

(11.26) T = O + ik, Ly = Mg+c— f'(Uea)-
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Here, My, is the Fourier multiplier operator with the symbol a(€ + k). We say that
Uc,q s linearly modulationally unstable if there exists k ¢ Z such that the operator
Jx Ly has an unstable eigenvalue A(k) with Re A(k) > 0 in the space L?(S?).

Since J, and Ly are complex operators, we first reformulate the problem in
terms of real operators to use the general theory in this paper. Consider

(11.27) ¢(x) = cos (kx) uy (z) + sin (kz) uz (z),
where uy,uy € L?(S!) are real functions. By definition,
M (eik‘ru (z)) = e My
We decompose
My = M§ +iM3, M_p = Mj —iM;j,

where M¢, MY, are operators with Fourier multipliers

aj (§) = 5 (@ + k) + ol — k)

N |

and .
af (§) = —3 (al§ + k) — al¢ — k).

Then M§, M are self-adjoint and skew-adjoint respectively. Since o}’ (§) =

ap? (=§), Mg and M§ map real functions to real. In particular, for M = —02, we
have M¢§ = —9?2 + k% and M = —2k0,.. By using

eikw efik:v
(11.28) o(z) = 5 (uy —dug) + (uyr + dug)

and via simple computations, we obtain
Mo = cos (kz) (MGus + MRuz) + sin (kz) (—Moug + Mfuz),
and
J¢p = cos (kx) (Opu1 + kuz) + sin (kz) (Opuz — kuy) .
Define the operators

(0. k _ (Mite— f(uca) M
(11.29) Jp = (—k a@) , L= < —M¢ M§te— f(uea))

Then Jy, Lj are skew-adjoint and self-adjoint real operators and
T Lop = (cos(kx),sin(kxz))Jp L <u1> .
U2

As always in the spectral analysis, u; and ug, as well as operator JiLj and
quadratic forms (Lg-,-) and (-, Ji-), need to be complexified. By using operators
Jr and L we can diagonalize Ji Ly and Ly blockwisely. In fact, let

1 ) 1 .
wy = §(u1 —iug), we = §(u1 +iug), S (Z;) = (5;) .
One may compute using (11.28) and the definition of J; and L
o1 (Lx 0 _ o1 [ TLk 0
(11.30) Ly=25 ( 0 £, S, Jilp =S 0 VA S.

Moreover, £L_j and J_pL_; are the complex conjugates of Ly and JiLj respec-
tively, namely,

(1131) L_w= ﬁkﬁ), J_iL_rw = T L.
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From the above relations, we obtain
n~ (Ly) =n" (L) +n~ (L_k) =2n" (L),

where n~ (L) is understood as the negative index of the complex Hermitian form
(L}-,-). Moreover, (11.31) implies that A\ € o(JxLy) if and only if X € o(T_rL_1),
with ker(A—J_,L_x)"™ consisting exactly of the complex conjugates of the functions
in ker(A — JxLx)™ for any n > 0. Next, it is easy to see that JiLg, as well as
JiLy, has compact resolvents and thus o (JxLyg), as well as o(JpLy), consists of
only discrete eigenvalues of finite algebraic multiplicity. Therefore, by Proposition
2.3, for any purely imaginary eigenvalue iy € o (JipLy), Ly is non-degenerate on
the finite dimensional eigenspace Ej,, and thus n=0(Ly|g,,) = n™(Li|g,,). Let
(kr, ke, ki kg ) be the indices defined in (2.10), (2.11), and (2.12) for JxLy, and
(/;T, 1507 ) be the corresponding indices for the positive and zero eigenvalues of Ji L.
Let k. be the sum of algebraic multiplicities of eigenvalues of J, Ly in the first and
the fourth quadrants, k; be the total number of negative dimensions of (L, -)
restricted to the subspaces of generalized eigenvectors of nonzero purely imaginary
eigenvalues of J;Ly. On the one hand, (11.30) and (11.31) imply

kyp =2k, ke=ke, ki =k, kg =2k;.

(3

On the other hand, Theorem 2.3 implies
(11.32) ky 4 2ke 4+ 2k + kg =2n" (Ly) .
Therefore, we obtain
PROPOSITION 11.2. For any k € (0,1),
(11.33) ke + ke + ki + kg =n" (Ly).
The modulational instability occurs if &, # 0 or ke, #0.

REMARK 11.1. Note that Jy, is invertible for any k ¢ Z. With a more concrete
form of M, it is possible to determine ];0_
o Firstly, if ker Lo is known (recall Oyuc q € ker Lo ), then one may study ker Ly, as
well as kg , for 0 < |k| << 1 through asymptotic analysis.
o If M = —0,,, then ker L, = {0} for any k € (0,1) (and thus for any k ¢ Z). In
fact, in this case,

Lo=—0pz+c— f'(tUca), vEkerLly < ey € ker L

and ker Lo = span{Oyuc,}. Suppose Ly has nontrivial kernel for some k € (0,1)
and 0 # v € ker L. Denote vy £ OxlUc,q, then the Wronskian of vo and ey
satisfies

W(z) = etk (vgvg — VO + Tkvvg) = const.
Since v and vy are 2m-periodic and k € (0,1), it must hold that
(11.34) Vg — VU + thkvvg = 0.

We claim v(z) # 0 for any x € S'. In fact, if v(xo) = 0, then v,(zo) # 0 and
(11.34) imply vo(xo) = 0. The uniqueness of the solution to the ODE Lou = 0 leads
to the proportionality between vy and e™*v, a contradiction to k € (0,1) and the
2m-periodicity of v(z). Now that v(z) # 0, (11.34) implies 2> = Ce="** which is
again a contradiction.
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REMARK 11.2. The above index formula (11.33) was proved in [32] for the
case when ker Ly, = {0}, with additional assumptions to ensure that the generalized
eigenfunctions of JpLy form a complete basis of L? (Sl) as assumed in the case of
co-periodic perturbations. Proposition 11.2 is proved without such assumptions.

REMARK 11.3. We can also consider the case when the operator M is a smooth-

ing operator, that is, |[M()||gr ~ || - ||L2 for some r > 0. One example is the
Whitham equation which is a KDV type equation (11.2) with the symbol of M
being taréhé and thus r = % In this case, if we assume that

(11.35) — ¢ — ||f"(ue) || oo (r,,) = € >0,

then Lo and Ly, are compact perturbations of the positive operator —c+ f' (uc.q) S0
that n= (—Loy) ,n~ (=Lg) < 0o. Then the index formula

kr+ke+ ki +kg =n (—Ly)

is still true for the operator JpLy ,k € (0,1). The assumption (11.35) can be
verified ([36]) for small amplitude periodic traveling waves of Whitham equation
with f (u) = u?.

Under the conditions of orbital stability in Proposition 11.1, the spectra of the
operator JLg in L? (Sl) lie on the imaginary axis and are all discrete. Moreover, the
non-degeneracy of the matrix D (defined by (11.21)) implies that the generalized
kernel of JL is spanned by {O,uc q, Octic,a, Uc,a}- For k € (0,1) small, it is natural
to study the spectra of Jp Ly by the perturbation theory. Even though the results
in Section 2.5 and Chapter 9 do not apply directly as Jp — J : X* — X is not
bounded, the ideas there and the property that Jx L has only isolated eigenvalues
still yield the desired results. We start with the following lemma on the resolvent
of jk[:k.

LEMMA 11.1. Assume that the symbol a(&) of M satisfies al&|™ < a(§) < bl¢|™,
a,b>0, m >0, for large £ and

_ a -«
o o 2622
then the resolvent (X — Jp L)™' is continuous in k € [0, 1].
PrOOF. Fix k € [0,1]. From (11.26), one can compute
T L — Tl = (05 + ik)(Mp — My) +i(k' — k) (M + ¢ — f'(uca)).

On the one hand, there exists ag # 0 such that ag + (9, + ik) M}, has a compact
inverse on X. We obtain from (11.36)

(11.37) (a0 + (D + ik)My) ™ (T L — TuLi)] — 0 as k' — k.
On the other hand, (11.26) and m > 0 imply that
I+ (a0 + (9, + ik)My) " (A = TiLy)
— (I + (00 + ik)My) " (A + a0 — (0s + ik) (¢ — f'(tea))

is compact. Therefore, A = (ao—l—(@gj +ik)/\/l;€)_1(A—Jk£k) is a Fredholm operator
of index 0. Suppose A ¢ o(J,Lx), then A is injective and thus A~! is bounded on
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X. Along with (11.37), we obtain

(A= Tilr) (T L — Tilr)| = |A (ag + (9 + ik) M) ™ (T L — TuLr)| — 0
as k' — k. From
A= TwLy = (A= Tly)(I — (A= Tuly) (T Ly — Tulr)),

we obtain the continuity of the resolvent (A — J.Lx)~! in k € [0, 1]. O
REMARK 11.4. The assumption (11.36) is clearly satisfied if a(€) € C* (R) and
/
lim sup () < o0

lEj—oo €™ '

Next we show that when k is small enough, the unstable modes of J; Ly can
only bifurcate from the zero eigenvalue of J L.

PROPOSITION 11.3. Suppose ker Lo = span {Oyptc,q}, D is nonsingular, n= (Ly) =
n~ (D) and (11.36) holds. Then for any 6 > 0, there exists g > 0 such that if
|k| < g0, then o (TuLr) N{|z| > ¢} CiR.

PROOF. Since 0 is an isolated spectral point of JLg, there exists g > 0 such
that A ¢ o(JLp) as long as 0 < |A| < dp. Without loss of generality, assume
0 < 6 < dp. Lemma 11.1 implies A ¢ o(JpLy) for 0 < |k| << 1. Let

1
Pk) = — (A= TuLr)td\,  Zp=P(k)X, Y= (I-Pk)X.
27 [\|=6
The standard spectral theory implies that P(k) is continuous in k, Y3 and Zj, are
invariant under J Ly, and

|>\| < (5, Ve U(u7k£k|Zk) and |)\| > 5, Ve O’(jkﬁklyk)

For k = 0, our assumptions imply that Zy = span{0uc q,0ctic,a,Uc.a}. There-
fore, Zy, close to Z; is a 3-dim invariant subspace of Ji L) with small eigenvalues
containing ker £;. Moreover, the assumption

n”=(Lo) =n" (D) =n"(Lo|z)
and the Lyp-orthogonality between Zy and Yy imply that Ly is uniformly positive
definite on Y. As £, : X = H? — X* = H~% is continuous in k, there exists
a > 0 such that (Lru,u) > aljul|? for all u € Yj. Clearly, JpLkly, is skew-

adjoint with respect to the equivalent inner product given by (L, -) on Y}, therefore
o(JkLk|y,) C iR and the proposition follows. O

Since dimker (JLg) = 3, the perturbation of zero eigenvalue of JLq for Ji Ly
(0 < k < 1) can be reduced to the eigenvalue perturbation of a 3 by 3 matrix.
This had been studied extensively in the literature and instability conditions were

obtained for various dispersive models. See the survey [12] and the references
therein.
Recently, it was proved in [36] that linear modulational instability of the trav-

eling wave u. (z — ct) also implies the nonlinear instability for both multi-periodic
and localized perturbations. The semigroup estimates of e!/#° play an important
role on this proof of nonlinear instability. We sketch these estimates below, as an
example of the application of Theorem 2.2 on the exponential trichotomy of linear
Hamiltonian PDE. First, if u, is linearly modulationally unstable, then there exists
a rational kg = £ € (0,1) such that Jy,Lr, has an unstable eigenvalue. By the
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definition of Jj, Ly, , this implies that the operator JLy has an unstable eigenvalue
on the 2mq periodic space L? (S%m}) with an eigenfunction of the form e*o%y (1)
(u € L? (Sl)). The exponential trichotomy of the semigroup e*/#° on the space
H* (S3,,) (s> %) follows directly by Theorem 2.2. This is used in [36] to prove
nonlinear orbital instability of u. for 2mg periodic perturbations or even to con-
struct stable and unstable manifolds. To prove nonlinear instability for localized
perturbations, we study the semigroup e!/“° on the space H*® (R) (s > %) The
operator £y might have negative continuous spectrum in H® (R). For example,
when M = —82, the spectrum of £y = —02 +V (x) with periodic V (z) is well
studied in the literature and is known to have bands of continuous spectrum. So
Theorem 2.2 does not apply. However, we have the following upper bound estimate

of e/£0 on H* (R), which suffices to prove nonlinear localized instability.
LEMMA 11.2. Assume (11.36). Let Ao > 0 be such that
ReA < )Xo, VE€[0,1], A€ o(TeLe).

For every s > 7, there exist C(s) > 0 such that

A138) e en(@) gesn < C)1+ 27 COMN ()]s,
(11.39) et E0u() || ey < C(s)(1 + 2" EOTN ()| o (),
for any & € [0,1], v € H*(SY), and v € H*(R).

Proor. It suffices to prove the lemma for s = 7. The estimates for general

s > %3 can be obtained by applying J¢L¢ and JLy repeatedly to the estimates for

s = % (and interpolation for the case when % is not an integer). We start with the

first estimate in the 2m-periodic case. Due to the compactness of [0, 1], it suffices
to prove that for any &, € [0,1], there exist C,e > 0 and an integer K > 0 such
that (11.38) holds for £ € (& — €, &y + €). We first note that each A € o(Jg,Le,) is
an isolated eigenvalue with finite algebraic multiplicity and L, is non-degenerate
on Ey/(ExNkerLe,). Let

A={\€o(TeoLe,) | 36> 085t (Leyv,v) > dv)?}
Due to Proposition 11.2, o(Jg,Le,)\A is finite and

n= E)\EU(jggﬁgo)\A dim ) < oo.
Moreover, there exists € > 0 such that
QNA =0, where Q = Uxeo(z, cenalz | Iz = Al <e} C C.

From Lemma 11.1, there exists € > 0 such that 9Q N o(JeLe) = 0 for any £ €
[€o — €,&0 + €]. For such &, let

1

PO = g f = RL)TUN Ze=POX, Yo (I~ P)X.

™ JoQ
which are continuous in ¢ and invariant under e’7¢%¢. Therefore, dim Z¢ =n and
the continuity of L¢ in £ implies that there exists ¢ > 0 such that

0720l = (Lev,v) = 8*|lu]®, Vv € Ve, [€ &l <e.
Moreover, according to Proposition 2.2, for any A € QN o(J:Le¢), the dimension of
its eigenspace

E\(JeLe) = ker(A — j§£§)2(1+”_(ﬁs)),
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namely, the maximal dimension of Jordan blocks of J¢L¢ on Y is no more than
2(1+n"(Le)). So for any & € [§o — €,&o + €], there exists a generic constant C' > 0
independent of &, such that

" su]| < [l L PE)ul] + [le 55 (1 = P©)) o]
gc(u + 7 DTN P(E)o]| + (Lee! e (T — P(€))v, "< (I = P(€))v)

)

=

)

Nl

<C((1+ 2 EITN P(E)ol] + (Le(I = PE))o, (I = P(€))
SC(1+ 7 EFh Moty

Along with the compactness of [0, 1], it implies (11.38).
To prove (11.39), we first write, for any u € H*(R),

1
u(z) = / e“Tug(x)d¢, where ug(r) = Speze™a(n + &) € H*(SY),
0
and @ is the Fourier transform of u. Clearly, there exists C' > 0 such that
1 2 ' 2 2
(11.40) ollullze@ < ; l[ug () I+ (s1) d€ < Cllullzs w)-

Note .
etTEoy(z) :/ eigmewﬁﬁfu& (z) d¢
0

and thus
1
(11.41) e E0u(@) | 77 () ~ /0 le"e e ug () I3+ (1) dé.
Along with (11.38), it immediately implies (11.39). O

REMARK 11.5. The semigroup estimates of the types (11.38) and (11.39) can

also be obtained for s = —1, that is, in the negative Sobolev space H ! (S%ﬂq) and

H=Y(R) for e’*o (see [36]). Such semigroup estimates were used in [36] to prove
nonlinear modulational instability by a bootstrap argument.

11.4. The spectral problem Lu = \u/
In this section, we consider the eigenvalue problem of the form
(11.42) Lu =\,

where the symmetric operator L is of the form of £y in Section 11.1. As an exam-
ple, consider the stability of solitary waves of generalized Bullough-Dodd equation

([690)

(11.43) Uy = au — f(u),
where a > 0 and f is a smooth function of u satisfying
(11.44) fw) =0 (v?), f(u) =0 (u) for small u.

The traveling wave u,. (z + ct) satisfies the ODE
—cull + aue — f (u.) = 0.
Then the linearized equation in the traveling frame (z + ct,t) takes the form

(11.45) Uty = —Clgy + au — f' (ue) u.
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Thus the eigenvalue problem takes the form (11.42) with
2
—co
We consider the general problem (11.42) with L of the form L = M+V (z). We
assume that: i) M is a Fourier multiplier operator with the symbol « (§) satisfying

(11.46) L= +a— f"(ue).

(11.47) a(€)>0and o (€)= [¢]** (s> 0), when |¢] is large,
and ii) the real potential V (z) satisfies
(11.48) V (xz) = 6o > 0 when |z| — oo.

Let X = H?(R) (s> 0). Then the assumption (H2) is satisfied for L on X.
Namely, L : X — X* is bounded and symmetric, and there exists a decomposition
of X

X=X @kerL® X,, n (L)=&dimX_ < oo,
satisfying L|x_ <0 and L|x, >0 > 0.
Define J = 9;'. Now we check that J : X* — X is densely defined and
J* = —J. On X = H®(R) with s > 0, the operator 9, : X — X* is densely
defined and satisfies (0,)* = —0,. Since ker d,, = {0},

R () = (ker (97))" = (ker (—0,))" = X*,

so D (0;') = R(0,) is dense in X* and J = 9;' : X* — X satisfies J* = —J.

So the eigenvalue problem Lu = Au’ can be equivalently written in the Hamil-
tonian form JLu = Au, where (J, L, X) satisfies the assumptions (H1)-(H3). Let
ker L = span {41, -+ , ¢} and

span {4y, -+ i} N R(L) = span{gy, - ,gm}, m <.
Define the m by m matrix
D = (<Lflgi,gj>) , 1 <4, <m.
By Theorem 2.3 and Proposition 2.7, we get the following theorem.
THEOREM 11.3. Assume (11.47) and (11.48). Then
K + 2ke + 2650 + k3Y =0 (L),

where kr,kc,kfo,koso are the indexes for the eigenvalues of O; 'L, as defined in
Section 2.4. In addition, we have k3° > n=° (D), where n<° (D) is the number of
nonpositive eigenvalues of D. If D is nonsingular, then kOSO =n~ (D), i.e., the
number of negative eigenvalues of D.

For many applications, particularly the generalized Bullough—Dodd equation
where M = —¢d? (¢ >0), L has at most one dimensional kernel and negative
eigenspace. In this case, we get a more explicit instability criterion.

COROLLARY 11.4. i) Assume n~ (L) = 1 and ker L = {¢g}. Then there is a
positive eigenvalue of Oy 'L when <L‘1w6, w6> > 0.

it) Assume n™ (L) < 1 and there exists 0 # v € ker L such that (L™ 1, 1)) <
0, then 9; 'L has no unstable eigenvalues.
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REMARK 11.6. The above Corollary was obtained in [69] under some addi-
tional assumptions. In [69], Corollary 11./ i) was proved under the following two
assumptions:

C1) (fo,90) # 0, where fy is the eigenfunction of L with the negative eigenvalue
and g}, € ker L.
C2) For any X € R,

[P =207 Po|| <€) olle

where Py is the projection to the positive space of L and C (\) is bounded on compact
sets.
The proof in [69] is by constructing Fvans-like functions. Corollary 11.4 i) was
proved in [69] under the following additional assumptions:

D1) ker L = {1po} and (L™ 4f, 1) < 0;

D2) For any A ¢ iR, the operator L — A\, has zero index and the equation
(L — \0y) f = g satisfies certain Fredholm alternative properties (see (12)(13)(14)
in [69));

D3) The symbol «(§) of the leading order part M of L satisfies

1
a (€)= ¢ (s > 2) , when || is large.

The proof in [69] is by Lyapunov-Schmidt reduction arguments and the index the-
orem in [44].

For the Bullough-Dodd equation (11.43), ker L = {uC «} where L is defined by
(11.46). Since the momentum of the problem is 3 [ (u ? dz, by similar computation
as in (11.12), it was shown in [69] that

= ,,>7Ja/ ; C{C;/(u’l)%] >0,

where u, = u; (z/4/c) and —uf + aus — f (u1) = 0. So we get the following

THEOREM 11.4. Assume f (u) is a smooth function satisfying (11.44) and the
traveling wave solution u. (x — ct) to (11.43) exists with ¢ > 0 and u.(x) — 0 as
|z] — oo, then . is linearly unstable.

In [69], the above Theorem was proved for smooth and convex function f.
Their additional convexity assumption on f was used to verify the condition C1)
in Remark 11.6.

Besides the above linear instability result, Theorem 2.2 can be applied to give
the exponential trichotomy for the linearized equation (11.45). This will be useful
for the construction of invariant manifolds of (11.43) near the unstable traveling
wave orbit.

11.5. Stability of steady flows of 2D Euler equation

We consider the 2D Euler equations
(11.49) Ou+ (u-Vu) + Vp =0,

(11.50) V-u=0,
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in a bounded domain Q@ C R? with smooth boundary 02 composed of a finite
number of connected components I'; . The boundary condition is

u-n=0 on 09,

For simplicity, first we consider €2 to be simply connected and 92 = I'. The vorticity
form of (11.49)-(11.50) is given by

(11.51) Byw — Py Oy + 1Oy = 0,

where 9 is the stream function, then w = —Ay = — (83 + 85) 1 is the vorticity
and u = V¢ = (¢, —1;) is the velocity. The boundary condition associated with
(11.51) is given by ¥ = 0 on 9. A stationary solution of (11.51) is given by a
stream function 1 satisfying

(1152) — @Doy(?ﬂdo + ¢ow3yw0 = 0,
here wy = —Atg and ug = V=g are the associated vorticity and velocity. Suppose
g satisfy the following elliptic equation

Aty = g (¥o)

with boundary condition 19 = 0 on 0f), where g is some differentiable function.
Then wy = —Ayy = g (1) is a steady solution of equation (11.51). The linearized
equation near wy is

(11.53) Opw — 1o, Orw + o, Oyw = 1, 0pwo — Y2 0ywo,

with w = —A1t) and the boundary condition ¢ |sq = 0. The above equation can be
written as

(11.54) 0w — ug - Vw + ¢ (¢o) ug - Vip = 0.

Below we consider the case when ¢’ > 0 which appeared in many interesting
cases such as mean field equations (e.g. [14] [15]). Then (11.54) has the following
Hamiltonian structure

1

g (tho)
We take the energy space of the linearized Euler (11.55) as the weighted space

2 3
X = {w [|lw|lx < 0o}, where |jw||y = (//gngo(on) dmdy) .

If ¢’ has a positive lower bound, X is equivalent to L?(£2). In general, w € X implies
w € L? and V¢ € L2 Therefore, (L-,-) defines a bounded symmetric quadratic
form on X and L : X — X* is a bounded symmetric operator. Moreover, it is easy
to see that

(11.55) yw = JLw, where J = ¢ (o) ug -V, L= —(=A)7h.

S:L? X, Sw=g (Po)?w
defines an isometry. As f(t¢g)- and ug - V are commutative for any f, we have
J2 871 (S P =uy -V (L2 — L2

is anti-self-dual due to V - ug = 0, from which we obtain J* = —J and thus (H1)
is satisfied by J and X. Moreover, since m~ : X — X* is an isomorphism and



112 11. HAMILTONIAN PDE MODELS

(—A)~! is compact, we have dimker L < co and thus (H3) is satisfied. Note that
the closed subspace ker J C X™ is infinite dimensional since

ker J O {h (), he C}.
Let P : (L?)* — ker J be the orthogonal projection and define
P=(S)"1PS*: X* — ker J.
Clearly, P is a bounded linear operator on X* and it defines a projection on X*,

but orthogonal in the L? sense. In fact, due to the commutativity between f (1)
and ug - V for any f, operators P and P take the same form shown in ([49])

o(x,y)
.00 Vo dl

dl

Po i) =
k jg’vz(c) \V¢o

where c is in the range of ¥y and 7; (¢) is a branch of {t)g = ¢}. As in ([49]), define
operator A : H} N H?(Q) — L? (Q) by
Ap=—A¢ —g' (1) ¢+ g’ (vo) Po.
We also denote the operator
Ag=—A—g (o) : HH NH?(Q) = L*(Q) .

Clearly, A, Ay are self-adjoint with compact resolvents and thus with only discrete
spectra. The next lemma studies the spectral information of L on the weighted
space X.

Recall that for any subspace Y € X, (L-,-) also defines a bounded symmetric
quadratic form on the quotient space Y/(Y Nker L).

LEMMA 11.3. i) The assumption (H2) is satisfied by (L-,-) on X, withn~ (L) =
n~ (Ag) and dimker L = dimker Ay.

ii) The quadratic form (L-,) is non-degenerate on R(.J)/(R(J) Nker L) if and
only if ker A C ker Ag. Moreover,

(11.56) n (L|m/(mﬂkm)) =" (Liggs) =n (A).
PRrOOF. i) For any w € X, we have
(11.57)

) = //Q {g/c&zo) - IVW} dxdy
B //Q {g’(z)'(j)o) 2wt VW} dxdy

// (wW) ! (0) 62 + [V dudy

> [ [ [Vl = oy o2 ] dedy = (Av).

where ¢ = (—A) "' w. Recall that n=<° (L) and n<° (4g) denote the maximal di-
mensions of bubbpaceb where the quadratic forms (L-,-) and (Ag-, -) are nonpositive.
Let

{wl,"'ad}l}a l:nSO(AO)v
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be linearly independent eigenfunctions associated to nonpositive eigenvalues of Ag.
Define the space Y7 C X by

le{weX /wj(—A)_lw:O, 1§j§l}.
Q
Then for any w € Y7, we have

(Aoth, ) > 6 |91, for some & > 0.
So by (11.57), for any w € Y7,

(Lo, ) //{ Tom |V1/)2}d:cdy+(1s) (Los, )
>//{g°(’ — —|w2}dxdy+<1—e>5||w||ip
//{ O<J¢o vl }dxdy’

by choosing & > 0 such that (1 —&)d > 2e. Since the positive subspace Y] has
co- dlmensmn n=0(Ap), this shows that the assumption (H2) for L on X is satisfied
and n=0 (L) < n=Y(A).

To prove n=<0 (L) > n=0(A), let @; = ¢ (o) h; € X and ¢; = (—A) "' &,
j=1,...,1 and then

(Aoi/Jjﬂ/Jj)://Q[|V¢j|2—g'(¢o dxdy—// [lwm -5 )]dxdy

—// V5] — 2V - Vibj + i dxd
“S LY ] e

- //Q _g’fio) - ’V%F

and thus n=9 (L) > n=Y(Ap). Combined with above, this implies that n<0 (L) =
n=%(Ag). Since w € kerL if and only if ¢y = (=A) 'w € ker Ay, we obtain
dimker L = dim ker Ay and thus
n~ (L) =n=% (L) — dimker L = n=% (4) — dimker Ay = n~ (Ay).

ii) Note that, like J, the projection P also commutes with f(ig)- for any f.
Therefore, w € R(J) if and only if P—*— 5 = = 0. It implies that

dl’dy = <L(Z)j,&j> 3

9 (w
(11.58) (I - P)Lw = 7w (I-P)y= g’Wo) Vw € R(J),
where ¢ = (—=A) "' w, and thus
(11.59) (=A)ker A = R(J) Nker (I — P)L) = R(J) Nker JL.
Since

ker (<L., .>|W) = R(J) Nker JL,
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it immediately implies
(11.60) dim ker (<L-, '>|ﬁ) = dimker A.
Suppose (L-,-) is degenerate on R(J)/(R(J) Nker L), namely

Jw; € R(J)\ker L such that (Lwy,w) =0,V w € R(J).

Such w; satisfies 0 # Lw; € kerJ, or equivalently (I — P) Lw; = 0. Therefore,
(11.59) implies Ay = 0. Since Ag; # 0 due to Lwy # 0, we obtain ker A g ker Ag.
The converse can be proved similarly and the first statement follows.

To prove (11.56), first we notice that for any w € R (J),

(Lw, w) // ( — U\ g (Yo ) g (o) P? + \VW dxdy

=//Q[<m— g/(%)(I—P)w) T (o) (PY)

— g (o) ¥* + |Vy[*] dady

(11.61)
> / /Q VOl — g (60) 42 + ¢ () (P)? dady = (A, ).
Next, for any ¢ € HJ, let
G=g (o) (I-P)beR(), &=(-A)"a,

then
(1162 (a0w) = [ [ V0P =g () (T = P)v)’ dady
A
- 2 oo+ @2] dad
B //Q _WM Ty (o) Y
- r B

2//Q ook ‘vw‘ }dwdy— (L&, &)

From (11.61), (11.62) and (11.60), we get (11.56) as in the proof of i). O

By Lemma 11.3 and (iii) of Proposition 2.8, we have
THEOREM 11.5. Assume ¢’ (vo) > 0 and ker A = {0}, then the index formula
(11.63) Ky + 2k + 2k=0 =0~ (A).

holds. In particular, when n~ (A) is odd, there is linear instability; when A > 0,
there is linear stability.

PRrROOF. To apply (iii) of Proposition 2.8 to obtain (11.63), it suffices to verify
that a.) (L-,-) is non-degenerate on ker(JL)/ ker L, which is satisfied due to Lemma
2.1, Lemma 11.3, and {0} = ker A C ker Ag; and b.)

S 2 R(J)n(JL) (ker L) = {0}.
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To see the latter, we first note that ker A = {0} and (11.59) imply

R(J) Nker (I — P)L) = {0}.

Consequently, if w € R(J) N (JL) !(ker L), then JLw € R(J)Nker L must vanish,

namely, Lw € ker J, and thus (I — P)Lw = 0. Again, since w € R(J), we obtain
w = 0. Therefore, S = {0} and (11.63) follows.

The instability of e!/Z under the assumption of n~(A) being odd is straight-
forward from (11.63). Finally suppose A > 0, (11.56) and (11.60) imply that (L-,-)

is uniformly positive definite on R(J)/(R(J) Nker L) = R(J). Therefore, ¢'/% is

stable on the closed invariant subspace R(J) and thus its stability follows from the

decomposition X = ker(JL) + R(J), which is proved in Proposition 2.8. O

By Theorem 2.6, the index formula (11.63) and the fact iR C o(JL) for the
linearized Euler equation imply the following.

COROLLARY 11.5. Under the assumption of Theorem 11.5, when n~ (A) >
0, then there is linear instability or structural instability for JL (in the sense of
Theorem 2.6).

In the sense of Theorem 2.6, the structural instability of the linearized Euler
equation wy = JLw means that there exist arbitrarily small bounded perturbations
L4 to L such that JLx has unstable eigenvalues. However, it is not clear that
such perturbations can be realized in the context of the Euler equation, such as by
considering neighboring steady states along with possible small domain variation.

REMARK 11.7. In [49], it was shown that for general g € C', when ker A = {0}
and n~ (A) is odd, there is linear instability. Here, the index formula (11.63) gives
more detailed information about the spectrum of the linearized Fuler operator.

We give one example satisfying the stability condition A > 0. Let \g > 0 be
the lowest eigenvalue of —A in Q with Dirichlet boundary condition and g be the
corresponding eigenfunction. Then g’ (vo) = o and it is easy to show that A > 0.

REMARK 11.8. When the domain §2 is not simply connected, let 022 = U I';
consist of outer boundary I'y and n interior boundaries I'y,--- ,T',,. Then the oper-
ators Ag, A, —A should be defined by using the boundary conditions:

0
r; s constant, j{ —¢ =0 and // ¢ dxdy = 0.
r, On Q

The same formula (11.63) is still true. The linearized stream functions satisfying
(11.64) represent perturbations preserving the circulations along each T';, which are
conserved in the nonlinear evolution.

(11.64) ¢

Below, we consider the case when ker A is nontrivial. This usually happens
when the problem has some symmetry. As an example, we consider the case when
Q) is a channel, that is,

Q={y1 <y <ys, xis T — periodic}.
The steady stream function v satisfies

(11.65) — Aty = g () in O,
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with boundary conditions 1y being constants on {y = y;}, i = 1,2, where g € C*.
Define the operators L, Ay, A as before with the boundary conditions

(11.66) ¢ is constant on {y =y;}, %dx =0,i=1,2,
{y=v:} %Y
and [ [, ¢ dxdy = 0. Taking z—derivative of equation (11.65), we get
—A¢oz = g' (Y0) Yo,z in Q,
and 1o . satisfies the boundary condition (11.66). Thus we have Agtp, = 0 and
Lwo,e = L(g' (¥0) Y0,2) =0
Since 90,4 = uo - V (—y), so Py, = 0 and thus Ao, = Ao, = 0.
THEOREM 11.6. Assume ¢’ (o) > 0 and ker A = span {10}, then
Jw; € W such that JLwi = wp z.

Moreover, if

d= (Lon,wi) = / / yurdady = T(1y—y, — ¥1ly—ys) 70,

where ¥y satisfies — Ay = wy with the boundary condition (11.66), or more explic-
itly
U =—A" (g (o) (I~ P)y),

then we have the index formula
(11.67) ky + 2k, +2k— =n" (A)—n" (d),
where n™(d) =114fd <0 and n=(d) =0 if d > 0.

PROOF. Our assumption implies ker A C ker Ay and thus (L-, -) is non-degenerate
on R(J)/(R(J)Nker L) by Proposition 2.8. To apply index formula (2 20), we need

to obtain the non-degeneracy of (L-,-) on S§/(SNker L) and compute n= (L|S/(Smker )
where

S=R(J)N(JL)  (ker L) = R(J) N (JL) ' (ker LN R(J)).
Since P, = 0 implies wp, = % € R(J). From (11.59) and our assumption
on ker A, we have
span{wo .} C R(J) Nker L C R(J) Nker ((I — P)L) = Aker A = span{wo s},
which yields
R(J)Nker L = span{wp 4}
By the definition of S, w € S if and only if there exist w € R(J) and a € R such
that
awg z = JLw = J(I — P)Lw.
Since wp ; = —Jy = —J(I — P)y, we obtain equivalently (I — P)(Lw + ay) = 0.
From (11.58), it follows that
weS < weR() and AY = —ag'(o)(I — P)y, where — Ay = w.

Note ker A = span{i , } and

(o' (o) (I~ P)y, o) = / /Q yg' (Yo) Vo drdy = 0.
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There exists a stream function ) satisfying
Apy = —g' (o) (I = P)y

which implies w; = —Ay; € R(J) and JLw; = wp . Namely w; € S and S =
span{wo z, w1 }. One may compute

d= (Lwy,w1) = (I — P)Lwy,w1) ={(— (I — P)y,w1)
=—(y,w1) = T(¢1‘y=y1 - ¢1|y=y2)

where the last equal sign follows from integration by parts. If d # 0, then the
desired index formula follows from (iii) of Proposition 2.8. O

Similar to Corollary 11.5 (and the comments immediately thereafter), we have

COROLLARY 11.6. Under the assumption of Theorem 11.6, when n~ (A) —
n~ (d) > 0, then there is linear instability or structural instability for JL.

As another application of the Hamiltonian structure of the linearized Eu-
ler equation, we consider the inviscid damping of a stable steady flow. Assume
g (1) > 0 and A > 0, then by Theorem 11.5, the steady flow is linearly stable in
the L? norm of vorticity. There is no time decay in |wl||,.. However, the linear
decay in the velocity norm ||u|| r2 is possible due to the mixing of the vorticity.
For example, see [56] for the linear damping near Couette flow (y,0) in a channel.
Here, we give a weak form of the linear decay for general stable steady flows.

THEOREM 11.7. Assume ¢’ (¢g) >0 and A > 0. For w(0) € R(J), let w(t) €
m be the solution of the linearized Fuler equation (11.54). Then

(i) When T — oo, + fOTw (t)dt — 0 strongly in L>.

(ii) If there is no embedded imaginary eigenvalue of JL on R (J), then for any
compact operator C in L?, we have

1 (T
(11.68) T/ 1Cw (1)), dt = 0, when T — oo.
0
In particular, for the velocity u = curl tw,
I 2
(11.69) T llw(t)]|72dt = 0, when T — oo.
0
PRrROOF. By Lemma 11.3, L\m > 0. Since R (J) is an invariant subspace of
JL, we can consider the operator JL in R (.J). Define the inner product [-, -] = (L-,-)
on R (J), then the norm in [-, ] is equivalent to the L? norm. As noted before, the

operator JL|W is anti-self-adjoint with respect to the inner product [, ].
(i) By the mean ergodic convergence of unitary operators ([73])

1 [T I
i — = li — R(J) = P
i [ )= Jim . [ 00 = P 0

in L?, where P, is the projection operator from R (J) to ker JL|m orthogonal

with respect to [-,-]. Since ker A = {0}, by Lemma 11.3 and (11.58) in particular,
ker JL|grgy = {0} and thus Pyw (0) = 0.
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(ii) If JL has no embedded imaginary eigenvalue, then (11.68) follows di-
rectly by the RAGE theorem ([22]), again by using the anti-self-adjoint prop-
erty of J L|m. The conclusion (11.69) follows by choosing the compact operator

C = curl™!. O

REMARK 11.9. Assuming A > 0, from the proof of Theorem 11.5, the subspace
S defined in Proposition 2.8 is trivial. By Proposition 2.8, there is a direct sum
decomposition L? = ker (JL) ® R (J) invariant under JL. In fact ker (JL) cor-
responds to the steady solution of the linearized Euler equation. So above Lemma
shows that for any initial data in L?, in the time averaged limit, the solution of
the linearized Euler equation converges to a steady solution. This is a weak form of
inviscid damping.

A stable example satisfying the assumption A > 0 in Theorem 11.7 is given
in Remark 11.7. Below, we consider two examples of stable shear flows. First, we
consider the Poisseulle flow U (y) = y? in a 27-periodic channel {—1 < y < 1}. The
linearized Euler equation becomes

Opw + Y2 0,w + 20,9 = 0.

Consider the subspace of non-shear vorticities with a weighted L? norm

Xi=Sw= Y *u (), lwlk, = D lywrlliz <oo
keZ, k£0 keZ, k0

Define J = —8, and L = y®> +2(—A)~". Then L is uniformly positive on X.

Second, consider the Kolmogorov flow U (y) = siny in a torus T? = Szx x So,
with @ > 1. Here a > 1 is the sharp stability condition since the shear flow is
unstable when « < 1. The linearized equation is

Oww + sinyd,, (w — ) = 0.

Let J =sinyd, and L =1 — (—A)~". Then L is uniformly positive on

Xo=qw= Z e*rwy (y), we L?
k€Z, k#0

when o > 1. It can be shown ([54]) that for above two examples, the linearized
Euler operator has no embedded eigenvalues. Therefore, Theorem 11.7 (ii) is true
for the above two shear flows in X7 and X5 respectively. In particular, if we choose
C to be Py, the projection operator to the first N Fourier modes (in ), then

1 (7
11.70 — Pyw (t 2, dt — 0,when T' — oo.
T L
0

This shows that in the time averaged sense, the low frequency parts of w tends to
zero. This observation was used to prove ([54]) the metastability of Kolmogorov
flows. In the fluid literature (see e.g. [71]), for 2D turbulence a dual cascade was
known that energy moves to low frequency end and the enstrophy ( [ w?dz) moves
to the high frequency end. The result (11.70) can be seen as a justification of such
physical intuition in a weak sense.
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REMARK 11.10. Two classes of shear flows generalizing the above two examples
are studied in [54]. The linear inviscid damping in the sense of (11.69) is proved
for stable shear flows and on the center space for the unstable shear flows, when
w (0) € L? is non-shear. Recently, for monotone and certain symmetric shear flows,
more explicit linear decay estimates of the velocity were obtained in [77, 74, 75]
for more regular initial data (e.g. w(0) € H* or H?).

In [55], the stability of shear flows under Coriolis forces is studied. By using
the instability index Theorem 2.3, the sharp stability condition for a class of shear
flows can be obtained. Then the linear damping as in the above sense is proved for
non-shear w (0) € L2.

11.6. Stability of traveling waves of 2D NLS

In this section, we consider the nonlinear Schrédinger equation (NLS)

0
(11.71) ia—?—&—Au—l—F(|u|2)u:07 u=wu; +iuy : R x R? = C.
In particular, we assume that the nonlinearity F(s) satisfies
(11.72) FeC? F1)=0, F(1)<0.

Important well-known equations of this type are Gross-Pitaevskii (GP) equation
with F' (s) = 1 —s and the cubic-quintic NLS with F (s) = —ay +a3s — ass?, where
aq, a3 and as are positive constants. Assume s = 1 is a local minimal point of F, it
is natural to consider solutions u(t, z) satisfying the following boundary condition
in some appropriate sense

(11.73) |lul = 1 as |z| — oco.

After normalization, we can assume that u — 1 when |z| — oo in some weak sense
such as u — 1 being approximable by Schwartz class functions in certain Sobolev
norms. The equation (11.71) has the conserved energy and momentum functionals

1

F (u) = E/Rz (IVal® + V(Ju)) d,

P(u) = (P (u), Py (u) = %/R2<Vu7i(u —1)) dz = /R2 (u1 — 1) Vuadz,

where V(s) = fsl F(7)dr. We also denote the first component of P (u) by

P(u) = %/m)(azlu,i(u —1)) de = /R2 (ug — 1) O, uade.

A traveling wave (without loss of generality, in x;-direction) of (11.71) with

wave speed ¢ € (0,v/2) is a solution in the form of u = U,(21 — ct,x2), where U,
satisfies the elliptic equation

(11.74) —icdy, U. + AU, + F(|U|*)U, = 0,

with the boundary condition U, — 1 when |z| — oo in the sense U, — 1 € H'.
Here, v/2 is the sound speed and when ¢ > /2, in general the traveling waves do
not exist (see e.g. [61]). Formally, U, is a critical point of E — c¢P. Our goal is
to understand the linear stability/instability of such a traveling wave, namely, the
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evolution of the linearized equation of (11.71) at U, = u. + iv. put in the moving
frame z1 — x1 — ct, x5 — Xo:

(11.75) ug = JLeu, u= (u,uz)’ =0 as |z| = oo,
0 1
where J = (_1 O) and
LA (|Uc|2) —2F (|Uc|2) u? Dy, — 2F" (\UC|2) Uete
¢ By, — 2F" <|Uc|2> oo A-F <|UC|2) _oF <|UC|2) V2

Through L? duality, L. generates the quadratic form
(Leu, vy = / {Vu - Vv + c(vig, us — uivae,) — F(|Ue|?)u-v
R2

(11.76) —2F"(|U*) (U, - u) (U, - v) } da,

where u - v = Re(ud).
For the purpose of studying the linearized equation (11.75), we make the fol-
lowing assumptions:
(NLS-1) U, — 1 € H' x H satisfies (11.73) and |Ue.|c1 (r2) < 0.
(NLS-2) Let T' be the collection of subspaces S ¢ H'(R?) x H'(R?) such that
(Leu,u) <0 for all 0 # w € S, then

max{dim S | S eT} =n"(L.) < o0.

The above (NLS-1) is a natural regularity assumption. For any given trav-
eling wave of (11.71), it is probably not so straightforward to verify (NLS-2).
This, however, would be a direct consequence if U, is obtained through a con-
strained variational approach related to energy and momentum, which is often the
case. For example, in [19] [20], the 2D traveling waves of (11.74) were constructed
by minimizing the functional E (u) — ¢P (u) subject to a constraint P (u) = p or
Eyin (u) = [ |Vu|® dz = k, for general nonlinearity F. The variational problem of
minimizing E (u) — c¢P (u) subject to fixed P (u) was also studied in [7] to construct
2D traveling waves of GP equation. Since these 2D traveling waves U, were mini-
mizers of E (u)—cP (u) subject to one constraint, it can be shown that n~ (L) <1
(see e.g. the proof of Lemma 2.7 of [53]). Here, we note that U, is a critical point
of E(u) —cP(u) and L, = E" (U.) — c¢P" (U,).

To study the quadratic form (L,-,-), obviously one may take X = H!(R?) x
H'(R?). On the one hand, the above assumptions ensure that L. : X — X* =
H~!'x H~! is bounded, satisfies L* = L., and has n~ (L) negative dimensions. On
the other hand, it is easy to see that J : X* — X is unbounded, but has a dense
domain H! x H! ¢ X* = H~! x H™!, and satisfies J* = —J. However, as the
boundary condition (11.73) does not provide enough control of |u|? near |z| = oo
in (L.u,u), it is not clear that (H2.b) can be satisfied by any decomposition.

For (11.71) considered on R™, N > 3, as in [53], it would be possible to work
on X = H'xH', where u; € H' and us € H', and verify assumptions (H1-3) for .J
and L. based on the following two observations. Firstly, in such higher dimensions,
the Gagliardo-Nirenberg inequality implies that H* functions decay at x = oo in the
L? sense. Therefore, we may reasonably strengthen the boundary condition (11.73)
to U. — 1 as |z| = oo. Consequently the ‘principle part’ in (L.u,u) provides the
control on the H' x H' norm of u. Secondly, there are indications that U, decays
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like u. — 1 = O(|z|™™) and v. = O(|z|*~") as in the case proved for the (GP)
equation in [6]. Along with the Hardy inequality, this allows us to control those
terms in (11.76) with vanishing variable coefficients by the H' x H' norm of u. See
[53] for more details.

The situation is much worse on R? unfortunately since both of the above key
observations break down on R2. To overcome these difficulties, our idea is to study
the stability of the linearized equation (11.75) on some space roughly between
H' x H' and H' x H' defined according to the properties of L. by applying
Theorem 2.7.

Let X = H! x H! for (11.75) and define Qo, @1 : X — X* as

Qo) =R |

wodr, (Qiu,v) = Re/ (U, Uy + Uz Ts,) di,
R2

R?2
namely, the L? and H? duality, respectively, which satisfy (B1) in Section 2.6. Let

0 1
J: X > Xbel= (_1 0
J=1Qy 1. X* — X has the same matrix representation through the L? duality.
As L. — Q1 consists of terms of at most one order of derivative, it satisfies (B3).
From (INLS-2), there exists a subspace S C X such that dimS = n~(L.) and L.
is negative definite on S. By a slight perturbation, e.g. applying the mollifier to a
basis of S, we obtain a subspace X_ C H3 x H3 such that dim X_ = n~(L.) and
L. is negative definite on X_. Let

) . Clearly, J satisfies (B2) and the unbounded operator

Xso =X ={u e X | (Lew,u) =0} D ker L,
and

X+:{u€XZO\/ u-vdx =0, Vv € ker L}.
R?2

Since dim X_ < oo and L. is negative definite on X_, from Lemma 12.2 where
(H2.b) is not necessary (see Remark 12.1), we have X = X_ @& X>¢. It is obvious
X>0 = X4 @ker L. and the decomposition X = X_ @ker L. ® X is L.-orthogonal.
From (NLS-2) and the definition of Xy, (L.u,u) is (not necessarily uniformly)
positive on X and thus (B4) is satisfied. Finally, one may compute from the
construction that

keriy, = Qo(ker L) ® Lo(X_).

Since we take X_ C H®*x H? and |U.|c1 < oo, (B5) is also satisfied. From Theorem
2.7, there exists a function space Y roughly between X = H! x H' and H' x H!,
an extension L.y : Y — Y™ of L., and the restriction

Jy :Y* O D(Jy) =Y

of J, such that (Y, L.y, Jy) satisfies assumption (H1-3). Therefore, all our main
results apply to the linearized NLS (11.75) on Y.
In the rest of this section, we assume, for some co > 0,

(NLS) There exists a C'! curve of traveling waves for ¢ near cg satisfying (NLS-1)
such that n~ (L) < 1 and (NLS-2) is satisfied for ¢ = ¢y.

As mentioned in the above, n™(L.,) < 1 is satisfied if U, is constructed as
minimizers of E — ¢oP subject to one constraint such as fixed P (u) or Egip (u).
We shall apply Theorem 2.3 to study the linearized equation (11.75) on Y. In order
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to estimate kOSO in the counting formula (2.13), differentiating (11.74) in z; and we
get ker Loy D {0y, Ue,,t = 1,2}. Moreover, differentiating (11.74) in ¢, we have

Ley0.Ucley = P'(Uey) = J 104, Uy,

and thus JL.,0.U.lc, € ker L,. Since

dpP (U.)
<L006€UC|60786UC|00> = T‘Cm
by Proposition 2.7, we have kogo > 1 when %ko < 0 and in this case U, is

spectrally stable by (2.13).

The traveling waves constructed in the literature ([7] [19] [20]) are even in x5,
that is, of the form U, (1, |z2|). Thus, we can consider odd and even perturbations
(in z9) respectively. We consider the even perturbations, that is, in the space
Y. ={u €Y |uisevenin x5}. For traveling waves as constrained minimizers of
FE —cP, in general it can be shown that there is at least one even negative direction
of (L¢, ), which then implies n™ (L.|y,) = 1. Such a symmetry preserving negative
direction of L. was constructed in [53] for the 3D case. For the 2D case, an even
negative direction could be constructed by refining the Derrick type arguments
used in [39]. More specifically, one can consider a scaled traveling wave U%® =
U, (ax1,bx2) and choose a family of parameters a(s),b(s) near 1 with a(0) =
b(0) = 1 such that

(B —coP) (U*") < (E — coP) (Us,)

from which an even negative direction d%U a(s),b(s) |s=0 may be obtained. If in addi-
tion to the condition n~ (L.|y,) = 1, we assume that d,, U, is the only even kernel

of L., then by Theorem 2.3 and Proposition 2.7, there is linear instability in case
dP(U.)
de

leo > 0. We summarize above discussions in the following theorem.

THEOREM 11.8. (i) Assuming (NLS), the 2D traveling wave U, is spectrally
stable if %‘60 <0.

(i1) If we further assume that U, is even in xo and there exists v € Y. in
the negative direction of L., and ker L., N Y. = span{0;,U,,}, then %ko >0

implies linear instability of U, .

For the GP equation, by numerical computations ([39]) dP/dc < 0 is true for
the whole solitary wave branch. Thus 2D traveling waves of GP are expected
to be linearly stable. In [19], the orbital stability of these GP traveling waves
was obtained by showing concentration compactness of the constrained minimizing
sequence, under the assumption of local uniqueness of minimizers. The transversal
instability of 2D traveling waves of GP to 3D perturbation was proved in [53]. For
general nonlinear term F' such as cubic-quintic type, it is possible that there is an
unstable branch of 2D traveling waves with dP/dc > 0. See the numerical examples
given in [20].

Lastly, as a corollary of Theorems 2.3 and 11.8, we prove that the traveling
waves U, have positive momentum P (U,,).

COROLLARY 11.7. Under the assumptions in both (i) and (ii) of Theorem 11.8,

except for the signs of dpcgg“) leo, we have P (Ug,) > 0.
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PROOF. First, we find vy such that L. vs = J~19,,U.,. Consider traveling
waves Uz (& — ¢t) with velocity vector & = (c1,¢2) and |é] = ¢ € (0,v/2), which
satisfies

(11.77) — J&-VUz+ AUz + F(|U#*)Uz = 0.

Let
_ 1 C1 C2
Q‘|a<02 >

be the rotating matrix which transforms ¢ to (¢,0), then it is easy to check that
Uz (Z) = U, (Q7T) is a solution of (11.77) and

P(U:) = Q"P(U) = P(U.) .
where we use P (U,) = P (U,)(1,0)" which is due to the evenness of U, in .
Differentiating (11.77) in co and then evaluating at (co,0), we get
LcoaC2U€|(c0,O) = J718a72 UCQ'
Thus we can choose vy = 0, Ugl(¢,,0) and

C2 P (Uco )

Co

(Leyv2,02) = 00, Py (U2) lic0.0) = Os (P (U2)

Denote v; = 0.U,|., and recall that

) |(Co70) =

c

dp (U.) |
de '

LCOUI = J_laJZlUCO) <L60v17vl> =
Also, by using the evenness of U, in z3, we get

<L001)2’UI> = <J718$2U00780UC‘CO> = 07

dP(U.
(gc )|CO 0 )

and thus

<Lco'7 > ‘span{vl,vg} = < 0 P(UCO)
co

Since
n=’ (LCO‘span{vl,vz}) < kogo (Ley) <n7 (Ley) <1,

when %SC)L;O < 0, we must have P (U.,) > 0. When %ho > 0 and with the
assumptions of Theorem 11.8 (ii), U, is linearly unstable, which again implies that
P (U.,) > 0. Since otherwise P (U,,) <0, then k5° (L,) > 1 and by Theorem 2.3,
U, is linearly stable, a contradiction. g

REMARK 11.11. For 2D traveling wave solution U, satisfying (11.74), one can
prove the identity

(11.78) cP (U.) :2/ V (|U])? do,
R2

by using energy conservation and virial identity (see [20] for general F' and [39] for
GP). So for F' such that V is nonnegative (such as GP), we have P (U.) > 0 from
(11.78). However, when V also takes negative values (such as cubic-quintic), then
one can not conclude the sign of P (U.) from (11.78). By using the index counting,
above Corollary 11.7 shows that P (U.) > 0 is true for any nonlinear term F under
the assumptions there.
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Consider azial symmetric 3D traveling waves U, = (xl, }zLD which are con-
strained energy-momentum minimizers, as constructed in [60]. We can also prove
that P (U.) > 0 by the same arguments as in Corollary 11.7. Actually, the argu-
ment for 3D is much simpler than 2D and does not need the additional assumptions
on ker L.. Let

vy = .U, v = 8cj UE‘(C,O,O)? J=12,3,

where & = (c1,¢2,¢3) with |c] = ¢ € (0,V2) and Uz is the traveling wave with the
velocity vector ¢. Then we can compute in a similar way that

dP(gi]c) 0 0
<Lc'7 > ‘span{vl,vg,v3} = 0 w 0
0 0 P(Uc)
Since
nSO (LC|span{v1,U2,v3}) S n- (LC) S 1
by the index counting formula (2.13), so regardless of the sign of %, we must

have P (U.) > 0. The 3D analogue (see [60]) of the identity (11.78) is

2
cP(UC):/ ZUC dz+/ V (|U))? d,
R3 T R3

which is again not enough to conclude P (U.) > 0 when V takes negative values.




CHAPTER 12
Appendix

In this appendix, we give some elementary properties of (2.1), which are mostly
based on theoretical functional analysis arguments. They include some basic de-
composition of the phase space, the well-posedness of (2.1), and the standard com-
plexification procedure.

We start with some elementary properties of L. First we prove that n™= (L) =
dim X_ in assumption (H2) is the maximal dimension of subspaces where (L-,-) <
0.

LEMMA 12.1. If N C X is a subspace such that (Lu,u) < 0 for all u € N\{0},
then dim N < n~(L).

PRrROOF. Let X be given in (H2) and P4 o — be the projections associated to
the decomposition X = X @ ker L & X_. For any v € X, P_u = 0 would imply
u € ker L ® Xy and thus (Lu,u) > 0, so w ¢ N. Therefore, P_ : N — X_ is
injective and in turn it implies dim N < dim X _. [

In order to proceed we have to introduce some notations. Given a closed
subspace Y C X, let 7y : ¥ — X be the embedding and then 4§ : X* — Y™

Define

Ly = Z;LZY Y — Y*,
(12.1) n . .
Y-r =ker(iy L) = {u € X | (Lu,iyv) = (Lu,v) =0, Vv € Y},

which satisfy
(12.2) Ly = Ly and (Lyu,v) = (Lu,v), Yu,v €Y.
The following is a simple technical lemma.

LEMMA 12.2. Assume (H1-8). Let Y C X be a closed subspace.

(1) Suppose the quadratic form (L-,-) is non-degenerate (in the sense of (2.4))
onY, then X =Y @Y'tr,

(2) Assume dimker L < oo and ker Ly = {0}, then (L-,-) is non-degenerate
onY.

(3) If X =ker L@ Y then (L-,-) is non-degenerate on'Y .

PROOF. We first notice that Ly being an isomorphism implies Y NY+2 = {0}.
For any u € X, let

Uy = L;lii}Lu €Y = (Luy — Lu,v) =0, Yv €Y,
and thus us = u — u; € Y2 which implies X =Y @ Y ¢,

125
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In order prove the second statement, from the standard argument, it suffices
to show that

(12.3) inf KLw vl

we\{0} yeyqoy Iluflllvll
According to Remark 2.2 and the assumption of the lemma, there exist closed
subspaces X< and X such that the decomposition X = X<o @ X is orthogonal
with respect to both (-,-) and (L-,-), dim X< < oo, (Lu,u) < 0 for all uv € X<,
and for some § > 0, (Lu,u) > §||ul|? for all u € X . This splitting is associated to
the orthogonal projections P<g 4 : X = X<o 4. Let Yy =Y N X, and

Yi={ueY | {(Lu,v) =0, Vo e Y} }.

Clearly, Y, and Y7 are both closed subspaces of Y. Much as in the first statement,
using the uniform positive definiteness of (Lu,u) on Y, we have Y =Y, @ Y7 via

u=uy + (u—uyg), where uy = L{qli*nLu eY,, VueY.

For any u; € Y1\{0}, let x<o 4 = Px_, , u1 and we have u; = r<o + 2. Since
Px,u1 = 0would imply u; € X1 NY =Y, contradictory toY = Y, ®Y;, we obtain
that the linear mapping Px_, |y, is one-to-one. Therefore, diimY; < co. From the
definition of Y7, if u; € Y7\{0} satisfies that (Luj,v) = 0 for all v € Y3, we would
have Lyu; = 0 which contradicts the assumption ker Ly = {0}. Therefore, Ly |y,
defines an isomorphism from Y; to Y;* as dimY; < oo and thus there exists §' > 0
such that for any u; € Y7\{0}, there exists v € Y; such that (Lyuy,v) > 6’|us||||v]|-

Consider any u = u1 +u4 € Y. If ||ug|| > |lus||, there exists v € Y7 such that

/

)
(Lu, v) = (Luy, 0) = & flua o]} = 5 [[ullf]o]]-
If [lug|| > ||u1|l, then let v = uy and we have
]
(Lu,v) = (Lug,ug) > lluy|* > S fluf[vll

Therefore, (12.3) is obtained and the second statement is proved.

Finally we prove the last statement. We first show the non-degeneracy of (L-,-)
on X @ X_ though a standard procedure. The bounded symmetric quadratic form
(L-,-) on X4+ @ X_ induces bounded linear operators

Laﬁ:i}aLiXﬁ :Xg—)X:;, a,ﬁe {-i—,—}.

Since Ly and —L__ are both symmetric and bounded below, thus isomorphic,
and Ly_ = L* |, so the same are true for

Liw—Lo L7'L 4 and —(L__ —L_ L7 Ly ).
It is easy to verify that
L = (Lyy =Ly LD )7 his, + (Do = Loy LI Ly )7l

is a bounded operator from (X; @& X_)* to Xy ®X_. In general, if X =ker LY,
there exists an isomorphism 7' : X_ @ X — ker L such that Y = graph(T).
The non-degeneracy of (L-,-) on Y follows immediately from its non-degeneracy on
X_ @ X,. The proof of the lemma is complete. O
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REMARK 12.1. The first statement in the lemma holds actually for any closed
subspaceY C X as long as (L-,-) is non-degenerate on'Y . The finite dimensionality
assumption on ker L is essential for the second statement in the above lemma. A
counter example is

1
X=0Pa? L=I®0,Y = {({xn},{yn}) eX|a, = Eyn},

for which dimker L = oo, n= (L) = 0, ker L|y = {0}, but (L-,-) is not non-
degenerate on'Y in the sense of (2.4).

The next lemma will allow us to decompose equation (2.1).

LEMMA 12.3. Suppose X1 2 C X are closed subspaces satisfying X = X1 ® Xa.
Let Pro : X — X192 be the associated projections, which imply Pyy @ X{ 4 — X7,
and

Jir = P;JP; : D(Jji) = X;, D(Jji) = (P,:)_l(D(J) NPEXE), jk=1,2.

(1) Ifkeriy, C D(J), then Ji1 and Joy are bounded operators defined on X7,
Ji1 = —Ji1, Jaa = —J3y, and Jiy = —Ja1, and Ji2 can be extended to the
bounded operator —J5, = Ji5 defined on X3 .
(2) If (Lui,ug) =0, for all u; € X;, j = 1,2, then LX; C keri}sﬂ,, Lx, ,
satisfy (H2) on X1 2, n~ (L) =n~(Lx,)+n" (Lx,), and ker L = ker Lx, ®
ker Lx,.
(3) Assume (Luy,uz) =0, for allu; € X;, j =1,2, and keri’,, C D(J), then
the combinations (X;, Lx,,Jj5), j = 1,2, satisfy (H1-3).
PROOF. For j = 1,2, define X]* as
(124)  X;=P/X; =kerik,  ={feX"|(f,u)=0,Vue X3 ;} CX".
Clearly, it holds
(12.5) ix,Pr+ix,Po=1Ix, Piy, +Pyi%x, =Ix-, X'=X;®X;.
Assume X7 = PfX: C D(J). The Closed Graph Theorem implies that the
closed operator JPJ : X{ — X is actually bounded, and thus Ji; and Jy; are
bounded as well. The property Jf; = —Ji1 is obvious from J* = —J and tpe
boundedness of J11. We also obtain from this assumption and (12.5) that D(.J)N.X3
is dense in X5 and thus Ji2 and Jos are densely defined, as P; : Xj’-‘ — X; is an
isomorphism. It remains to prove Jjy = —Jo; and J3y = —Jao.
Suppose u = Ji5g, or equivalently, g € X7 and u € X, satisfy, Vf € D(J12) C
X3,
(126) <P2*fa Z'qu - 7/X1P1JP1*9> = <fv u) = <ga J12f> = <P1*ga JP2*f>a
where we used Pjix;, = id and P3_jix;, =0 on X;. For any h € X7, we have
<P1*hvim2u - Z.X1P1J]Dl*g> - <P1*g> Jpl*h>
Therefore, (12.5) and (12.6) imply u = J{5g is equivalent to
<’YaiX2u_iX1P1JP1*g> = <P1*g?JrY>a V’VED(J)
=ix,u—ix, P JPg=J"Pfg=—JPlyg
U = fPQJPfg = *ngg
Therefore, J{y = —Ja1.
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Similarly, using the assumption X; C D(J), one can prove u = Jiyg € Xo,
g € X5, if and only if
inu + iX1J2*19 = J*Pz*g U= _PQJPQ*Q = —Jggg.
Therefore, we obtain J3, = —Jas.
Assume (Lug,ug) = 0, for all u; € X;, j = 1,2. As a direct consequence, we
have LX; C X7, which, along with (12.5), immediately implies
L=P;Lx,Pi+P;Lx,Ps, P/Lx,P;(X)CX;,
which in turn yield
ker L =ker Lx, ®ker Lx,, kerLyx, = X;NkerL, j=1,2.
Let
Yig={ueXio|(u,v)=0,VvekerLy,,}, Y =Y ®Ys,
which implies
X=Y®kerL=Y,®YsDker L,
and
(Lyjsyn +ya +u) = (Ly;,05) = (Ly,¥5, 45)
for any y;, y§ €Y;,7=1,2,and u € ker L. Let Py, , , be the projections associated
to this decomposition, then we have
L(Y;) CY] 2 PLY) =kerife ray, ,» J=1,2

Assumption (H2) implies that L]y : Y — R(L) is an isomorphism to the closed
subspace R(L) C X*. Therefore, L(Y; 2) C ffij are closed subspaces and Lly, , :
Y19 — L(Y1,2) are isomorphisms. It implies that Ly, , are isomorphisms from Y7 o
to closed subspaces Ly, ,(Y1,2) C Y75. Due to their boundedness and symmetry,
we obtain that Ly, ,Y1 2 is equal to the orthogonal complement of ker Ly, , =
ker Ly, , = {0}. So Ly,, : Y12 — Y7, are isomorphisms, which induce bounded
non-degenerate symmetric quadratic forms on Y; 5. From the standard theory on
symmetric quadratic forms, Y, j = 1,2, can be split into Y; = Y} © Y;_, where
closed subspaces Y1 are orthogonal with respect to both (-, -) and (L, -). Moreover,
there exists § > 0 such that

+(Lx,u,u) = £(Lu,u) > §|ul?, VYu € Yji.
This proves that X; satisfies (H2) with
X;=Y;_@kerLx, ®Y;y, j=12.
Finally, since X = X; @ X5, there exists C' > 0 such that,
lud]|? + JJuzll? < Cllur +uz®, ¥V urs € Xp 0.
Therefore, the splitting
X=Yi-®Ys_)dkerL® (Y14 @ Yoy )

satisfies the properties in (H2), which implies n= (L) =n" (Lx,) +n~ (Lx,)-
Finally, assume (Luj, us) = 0, for all u; € X;, j = 1,2, and PfX{ C D(J). To
complete the proof of the lemma, we only need to show that (H3) is satisfied by
(Xj,Lx;,Jj5), = 1,2. This is obvious for j = 1, as Ji; is a bounded operator,
and thus we only need to work on j = 2. Let X1 C X be the closed subspaces
assumed in (H2-3) and Z = X_ @ X;. Since X = ker L& Z = ker LY, Z
can be represented as the graph of a bounded linear operator from Y to ker L.
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As ker L = kerLx, @ ker Ly, and Y = Y; @ Y3, there exist bounded operators
Sjr 1 Y — ker LXj such that

Z={y +y2+ X751 Sinuk | 12 € Vi)

We will first show
(12.7) WE{feX5|{fiu)=0,u€ Zy} C D(Js),
where

Zy = {y2 + S22 | y2 € Yo} C Xo.
Trivially extend Sj; to be an operator from Xj, to ker Lx, C X; via

Sik(yr +vk) = Sjkyk, YV yk € Yk, vi € ker Lx, .
It leads to S;x Sk =0, Vj,k,l = 1,2. Given any f € W C X5, one may compute,
for any
U=y +ys+ E?,kzlsjkyk € 7,
using the definition of W, and the property of the extensions of Sjy,
(Py f — PS5, fu) =(f,y2 + Sa1y1 + Sazya) — (S5, f,y1 + S1uyr + Si2y2)

=(f, S2191) — (f, S2ay1 + S21S11y1 + S21S12y2) = 0.

Therefore, (H3) implies Py f — PS5, f € D(J). Since we assume Py Xy C D(J),

we obtain Py f € D(J) and thus f € D(Ja2) which proves (12.7).
Since yo — y2 + Sa2ys is an isomorphism from Y5 to Zs,

(L(y2 + S2212), ¥ + S22yn) = (Ly2, ys),

and Ly, is isomorphic, we have (L-,-) is non-degenerate on Z5 and Ly, is also an
isomorphism. Therefore, there exist closed subspaces Xoyr C Z3 and 6 > 0 such
that Zo = Xo @ Xoy, dim Xy = n~(Lx,), and £{Lx,u,u) > §|jul|?, for any
u € Xoy. It along with (12.7) and Xy = Z5 @ ker Lx, completes the proof of the
lemma. (I

REMARK 12.2. Under assumptions (Luq,u2) = 0, for all u; € X;, j = 1,2,
and Py X7 C D(J), (Xj, Lx,,Jj;), j = 1,2, satisfies the same hypothesis (H1-H3)
as (X, L,J) andn= (L) =n"(Lx,)+n~ (Lx,). Moreover, it is easily verified based
on these assumptions that J;;Lx, = P;JL|x,. Therefore, this lemma would often
be applied to reduce the problem to subspaces when JL(X1) C Xy, which implies
JL has certain upper triangular structure.

COROLLARY 12.1. LJ : D(J) — X* is a closed operator and consequently
(JL)*=—LJ.

PRrROOF. Let X and ker L satisfy the requirements in (H2-3) and let X; =
ker L and Xo = X_®X,. Clearly, we have, Lx, =0, (Luq,u2) = 0, for all u; € X,
j=1,2, and P} X C D(J) due to (H3). Using

iX1P1 +iX2P2:I)(, Lin =0, ’L.j(lL:(L
LJ can be rewritten in this decomposition
LJvy = PyLx,Jo1ix, v + Py Lx,Ja2iY,y, Vvy€ X7,

which is equivalent to using the blockwise decomposition of J and L. Since Js; is

continuous, Py Lx, ngi}l is continuous too. Moreover, the facts that Lx, : X9 —

X3 is an isomorphism, P35 has a continuous left inverse % as Pyix, = Ix,, along
2
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with the closedness of Joo imply that Py Lx,Jao and thus Py Lx, J22i}2 is a closed
operator. Therefore, LJ is closed.

Since (LJ)* = JL is densely defined and thus (LJ)** = —(JL)* is well defined.
The closeness of LJ implies LJ = (LJ)** = —(JL)*. O

REMARK 12.3. We would like to point out that, in the proof Lemma 12.3 and
Corollary 12.1, we do not use the assumption that n~ (L) < oo. Therefore, they
actually hold even if n™ (L) = oo except that n™ (Lx, ,) might be co.

The following is a simple, but useful, technical lemma.

LEMMA 12.4. There exist closed subspaces X4+ C X satisfying the properties in
(H2-3) and in addition,
(1) X =Xo®X_® X, is a L-orthogonal splitting with associated projections
P+, where Xy = ker L;
(2) Lx, : X4+ — X1 are isomorphic; and
(3) X5_ C D(J) and D(J) N X7 is dense in X3, where X1, 2 Pi X%,
(see (12.1) and (12.4)).

PrOOF. Let Y1 C X be closed subspaces satisfying hypothesis (H2-3). Let
Y=Y @Y;, P: X = Y be the projection associated to the decomposition
X =XydY, X{j = (I — P)*X{, and Y* = P*Y*, which are closed subspaces.
According to (H3), we have X§ C D(J). Consequently, Y* N D(J) is dense in
Y* as X* = XS‘ @ Y*. Our assumptions imply Ly : ¥ — Y* is an isomorphism,
which induces a bounded symmetric quadratic form on Y with Morse index equal
to n~(L). Therefore, there exists a closed subspace X_ C Y such that dim X_ =
n~ (L), L(X_) € D(J), and (Lu,u) < —6§||u||?, for all u € X_. Let

Xy ={ueY|(Luv)=0,YveX_}.

Since L is uniformly negative on X_, Lemma 12.2 implies the L-orthogonal splitting
Y = X_ @& X, and thus the L-orthogonal decomposition X = Xo® X_ & X, as
well. The rest of the proof follows easily from the facts that Ly is isomorphic,
X* = XgeX oX:,dimX_ =n"(L), X5 C D(J),and X* = L(X_) C D(J). O

REMARK 12.4. Under assumption (2.2), it is possible to choose Xy such that
X, ® X_ = (ker L)* satisfies all properties in Lemma 12., where (ker L)* is
defined in (2.3). In fact, let Y = (ker L), then (2.2) implies that the splitting
X =ker L&Y satisfies all assumptions in Lemma 12.3. The rest of the construction
of X0 C Y = (ker L)* follows in exactly the same procedure as in the proof of
Lemma 12./.

In order to establish the well-posedness of the linear equation in the next, we
start with the following lemma.

LEMMA 12.5. There exists an equivalent inner product (-,-)r, on X, a linear
operator A : D(JL) — X which is anti-self-adjoint with respect to (-,-)r, and a
bound linear operator B : X — X such that JL = A+ B.

PrROOF. Let X = X_ & Xy & X be a decomposition as given in Lemma 12.4
with Xg = ker L. Let

Ly = +Pfi%, Lix, Pr: X — X*,
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which satisfy
Ly =Ly, L=L;—-L_, (Liu,v)=H(Lx, u,v)==x(Lu,v), Vu,ve Xy.

Let R : X — X* be the isomorphism corresponding to (-,-) through the Riesz
Representation Theorem and

Lo = Pyix, Rix,Px, : X = X* +— (Lou,v) = (Pou, Pyv).
From Lemma 12.4 and assumptions (H2-3), it is easy to verify that
(u,v), & ((Ly + L_ + Lo)u,v) = (Lyiu,v) + (L_u,v) + (Pyu, Pyv)
is uniformly positive and defines an equivalent inner product on X. Let
A=J(Ly+L_+Ly)=JL+2JL_+JLy= JL - B.

Since Py _ X C D(J), the Closed Graph Theorem implies that B is bounded. If
dimker L < oo, B is obviously of finite rank. The proof of the lemma is complete.
(]

A direct consequence of this lemma is the well-posedness of equation (2.1) which
follows from the standard perturbation theory of semigroups.

PROPOSITION 12.1. JL generates a C° group e*/*

on X.

of bounded linear operators

Complexification. For considerations where complex eigenvalues are involved, we
have to work with the standard complexification of X and the associated operators.
Let
X = {I:J?l + 120 | T1,2 EX} with 1 + 920 = 1 — Q2o
equipped with the complexified inner product
(z1 + iz, @) +izh) = (z1,3)) + (w2, 2h) + i((22, 7)) — (21, 25)).

Instead of complexifying L as a linear operator directly, it is much more convenient
for us to complexify its corresponding real symmetric quadratic form (Lu,v) into
a complex Hermitian symmetric form

B(z) + ixh, x1 + ixo) = (L(zy + izs), (z] + izh))
(12.8) =(Lay,21) + (L2, x5) +i((Lay, 25) — (Laa, 21)),

for any 219, 77 5 € X. Accordingly L is complexified to a (anti-linear) mapping L
from X to X* satisfying

(12.9) L(cx + ') = éLa + & La'.

A similar complexification can also be carried out for J corresponding to a Hermit-
ian symmetric form on X* and a (anti-linear) mapping from X* — X.

The composition J o L of (anti-linear) mappings J and L is a closed complex
linear operator from D(JL) C X to X. The fact that JL is anti-symmetric with
respect to the Hermitian symmetric form (Lu, v), that is,

(12.10) (L(JLu),v) = —(Lu, JLv),

will be used frequently. According to Corollary 12.1, the dual operator of JL is
given by

(12.11) (JL)* = —LJ.
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It is easy to verify that L, J, JL and LJ are real in the sense

(12.12) (Lx, 'y = (L7, 7'y, (f,Jg) = (f,J§), JLe = JLZ, LJx = LJ%.

This implies that the spectrum of JL and L.J are symmetric about the real axis in
the complex plane.

REMARK 12.5. In fact, on the complexified Hilbert space X (or on X*), a
linear operator or a Hermitian form is the complezification of a (real) operator or
a symmetric quadratic form on X (or on X*) if and only if (12.12) holds.

In the rest of the paper, with slight abuse of notations, we will write X, JL, (Lu, v)
also for their complexifications unless confusion might occur.

tJL

REMARK 12.6. The linear group of bounded operators e obtained in Propo-

sition 12.1 is also complexified accordingly when needed.

REMARK 12.7. Ezactly the same statements in Lemma 12.2, 3.1, 3.2 hold in
the complexified framework.
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