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ABSTRACT. We study the local dynamics near general unstable traveling waves
of the 3D Gross-Pitaevskii equation in the energy space by constructing smooth
local invariant center-stable, center-unstable and center manifolds. We also
prove that (i) the center-unstable manifold attracts nearby orbits exponen-
tially before they go away from the traveling waves along the center or unsta-
ble directions and (ii) if an initial data is not on the center-stable manifolds,
then the forward orbit leaves traveling waves exponentially fast. Furthermore,
under an additional non-degeneracy assumption, we show the orbital stabil-
ity of the traveling waves on the center manifolds, which also implies the local
uniqueness of the local invariant manifolds. Our method based on a geomet-
ric bundle coordinates should work for a general class of Hamiltonian PDEs.

1. INTRODUCTION

Consider the Gross-Pitaevskii (GP) equation
(GP) iug+Au+Q—lu®Hu=0, w:RxR3—C,

where u satisfies the boundary condition |u| — 1 as |x| — co. The (GP) equation
arises in various physical problems such as superconductivity, superfluidity in
Helium II, and Bose-Einstein condensate (for example [1, 43]). Formally, the
(GP) equation is a Hamiltonian PDE associated to the energy

1 1
(1.1) E(u)=—f |Vu|2dx+—f (1-ul®?dx,
2 R3 4 R3

and the energy space is
(1.2) Xo={ueHj (R%):Vue*®),1-|ul® e L*®)}.

The well-posedness of (GP) in X was proved by Gérard [19]. From the definition
of Xy, itis clear that the real part and imaginary part of a function in Xy may have
different spatial decay rates, which makes the analysis of this equation quite dif-
ferent from the classical NLS.

Due to the translation invariance of (GP), the momentum P(u) = § fps(iVu, u—
1)dx is also formally conserved. We denote each component of P(u) as

1
1.3) Pj(u):—f (iax.u,u—Ddx:—f (U1 — 1,05, ux)dx
2 Jps J R? J
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for j =1,2,3. The corresponding relative equilibria are traveling wave solutions
to (GP) which are solutions in the form of U,.(x— ct) where ¢ € R? and U, satisfies

(1.4) —ic-VU+AU,+ (1 -|U U, =0.

Due to the rotational invariance of (GP), we only need to consider those traveling
waves traveling in x; direction, i.e., u(, x) = Uge, (x — ae; t), where e} = (1,0,0)7.

Traveling waves with finite energy play a very important role in the dynamics
of (GP). In a series of papers [3, 2, 22, 29, 30], the existence, some qualitative
properties, and the stability of traveling waves have been studied formally. A
rigorous mathematical study was initiated by Béthuel and Saut in [12], in which
they proved the existence of traveling waves for 2D (GP), followed by [9, 10, 11,
14, 23, 24, 39, 38]. In particular, Maris [39] constructed full branch of subsonic
traveling waves for 3D (GP) by minimizing the energy-momentum functional
subject to a Pohozaev type constraint.

Given any traveling wave solution U, = (u., v.) of (GP) with traveling speed
ceR3 |cl€ (0, V2), its spatial translations form a 3D manifold

M={U(+y):yeR

of traveling waves. The main goal of this paper is to study the local dynamics
near such .4 of an unstable traveling wave U, (see the remark on instability
right after Theorem 1.4).

We rewrite (GP) in the traveling frame u(¢, x) = U(¢, x — ct), where U satisfies

(1.5) i0,U-ic-VU+AU+(Q1-|U>U=0.
It is clear that U, is a steady state of (1.5). Linearizing (1.5) at U, one has

0 1

(1.6) 8,;U=JL.U, ]=(_1 0

), Le=(E+c¢-P)'(U,), UeX;=H"xH"
A more explicit expression of L. can be found in (2.11). Under a mild spatial de-
cay assumption (2.6) of U,, it is straight forward to verify that the tangent space
of the energy space Xy at U, is X, where naturally the linearized equation (1.6)
should be considered. The linearized energy quadratic form L. : X; — X{ is
bounded, symmetric, and uniformly positive except in finite many directions.
Even though the symplectic operator J~! = J* = -] : X — Xj is not bounded
and thus the classic framework of Grillakis-Shatah-Strauss [26, 27] does not ap-
ply to (1.6), the recent results in [36] are applicable to analyze JL.. Consequently,
(1.6) satisfies the following exponential trichotomy property (even without the
non-degeneracy assumed ir in [35]).

Lemma 1.1. There exist C, A, d, >0 and closed subspaces X, X%, X* of X\ invari-
ant under e’Lc such that X; = X*® X @ X5, d = dim X* = dim X* < oo, and

e’k xsll s CeMt, vez0, [/t xull = Cet; V=<0,
le’  xell = CA+111™), VieR.

The exponential trichotomy both describes the linear dynamics near the trav-
eling waves and provides a framework to analyze the local nonlinear dynamics.
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If X** = {0}, U, is spectrally stable and it actually implies the nonlinear orbital
stability of .# under some additional assumptions (see, for example, [16, 35]).
If U, is spectrally unstable with d > 0, conceptually one expects the existence
of locally invariant submanifolds which can be viewed as the deformation from
the invariant subspaces under small nonlinear perturbations. Here the local in-
variance of a submanifold .4 means that, for any initial value U(0) in the in-
terior of A4, the solution U(¢) € A, t € (—T,T), for some T > 0, and thus it
can exit A4 only through its boundary. The locally invariant submanifolds re-
lated to the exponential trichotomy are the unstable and stable manifolds of U,
and the center-unstable, center-stable, and center manifolds of .#. The former
two contain U, and are tangent to X* and X* at U,, while the latter three ones
should contain .#, be translation invariant, and be tangent to X% = X" & X°,
X = X*e® X, and X°. Some comments on their dynamic significance:

1.) The nonlinear dynamics in these invariant manifolds are reflected by, or even
exactly conjugate to in the case of the unstable and stable manifolds, the corre-
sponding linear ones. For example, the unstable manifold can be characterized
as the set of initial data near U, whose solutions converge to U, as t — —oo and
go away from U, at least at certain exponential growth rate as ¢ increases. This
immediately provides a stronger result than the mere nonlinear instability.

2.) These invariant manifolds provide a framework to organize the local dynam-
ics. For a typical initial value near .#, its trajectory would first approach the
center-unstable manifold along the direction of X*® and then exit the neighbor-
hood of .# along the X" direction, constituting a saddle type dynamics.

3.) Numerics [8] indicate that after leaving a neighborhood of unstable traveling
waves (upper branch), the orbits of (GP) scatter to either stable traveling waves
(lower branch) or constant states. Under non-degeneracy conditions (H1-2) in
Section 6, there is orbital stability in the center-stable manifolds which provides
a third type of dynamics not easily observed in numerics, where orbits stay close
to ./ for all ¢t > 0. In the case where the center-stable manifold is co-dim 1, it
very likely serves as the boundary between the first two types of asymptotic be-
haviors. Combined with other tools like the viral identity, such classification
of dynamics near unstable solitons based on invariant manifolds has been ob-
tained for models including the Klein-Gordon and NLS [41, 40].

Under some additional conditions, the 1-dim unstable and stable manifolds
of an unstable traveling wave U, were constructed in Xon H® in [35]. As they rep-
resent low dimensional special structures in the phase space, it is indeed more
desirable for them to have extra properties such as higher H* regularity, k > 1.

The main results of this paper is the existence, smoothness, and some dy-
namic properties of the center-stable, center-unstable, and center manifolds of
unstable traveling waves of (GP). In contrast to the finite dimensional stable and
unstable directions, as the center subspace has a finite codimension, it is more
preferable for the these invariant manifolds to be constructed and describe the
dynamics in the energy space X,. Moreover, on a center manifold where its
topology is the same as one of the energy space, the energy conservation pro-
vides a crucial control on the nonlinear dynamics.
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Theorem 1.2. Let U, be a traveling wave of (GP) satisfying the spatial decay con-
dition (2.6) and that3 A € o(JL.) with ReA >0, (i.e. d = dim X"’ > 0), then

(1) Thereexist the locally invariant co-dim d center-unstable and center-stable
manifolds WY and W °° and the co-dim 2d center manifold W °, all con-
taining M .

@) WL W, W are translation invariant, i.e. if U € W5, thenU(-+y) €
WEWESE for any y € R3.

(3) Lety be defined in (2.2), then y~ (W €“°5) are smooth submanifolds of
X,. Moreover, the tangent spaces of W' (W “¢5¢) at w1 (U,) are equal
to (Dw—l) (UC)XCM’CS’C.

(4) Orbits in a small neighborhood of 4 are exponentially attracted to W "
as t increases (before they possibly exit the neighborhood in the center-
unstable directions), while repelled exponentially by W ©°.

(5) WE=W"nW° > M is the transversal intersection of W " and W °°.

Remark 1.3. In the above neither the non-degeneracy ker L, = span{o xUclj=
1,2,3} of L, nor that U, is a ground state obtained in [39] is assumed. Without
such non-degeneracy, traveling waves for the given wave speed ¢ may not be
locally unique. However, all nearby traveling waves with close wave speed must
belong to #'¢. See Proposition 4.19.

As Xj is not a flat space, we identify Xy with X; through a coordinate map
¥ X; — Xp given in (2.2), borrowed from [20]. So these invariant manifolds are
smooth in the sense that their images under ™! are smooth submanifolds in
X;. The above statement (4) also implies that # ¢ exponentially attracts nearby
orbits in #°° and exponentially repels those in # % (before they possibly exit
a neighborhood of .# along X°). Consequently .# is orbitally unstable. More
detailed statements of the results are given in Section 4 and 5.

It is well-known that center-unstable manifolds, et. al. are not unique even
for ODEs and the dynamics, including the stability, on the center manifold is
rather subtle. However, under non-degeneracy conditions (H1-2) which ensure
the uniform positivity of L. on X¢, in Section 6 we prove

Theorem 1.4. Assume (H1-2) in addition, then there exist C,d > 0 such that

(1) Givenany initial value U(0) such thaty ' (U(0)) is in a (C~26)-neighborhood
of (M), thenU(0) € W ™ ifand only ify ' (U (1)) is in ab-neighborhood
of (M) for all ¥t = 0, and U(0) € # € if and only if y~*(U(9) isina
& -neighborhood of ™! () forall t € R.

(2) M is orbitally stable in W ¢ and W °*°¢ are locally unique.

Remarks on the instability of Traveling waves of (GP). Firstly, the existence
of unstable traveling waves of the 3D (GP) was first suggested in [29], where a
Derrick-type argument was used to show that the numerically derived travel-
ing waves in the upper branch in the energy-momentum plane are not energy
minimizers under fixed momentum. Such instability was further supported by
numerical evidence in [29] that initial perturbations near the upper branch can
evolve toward the stable lower branch. A Grillakis-Shatah-Strauss type stability
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criterion was formulated based on numerics and heuristic arguments [8, 29] and
then later rigorously proved [35] for the traveling waves constructed by Maris
[39]. Moreover, a variation of this criterion was used to obtain rigorously the
spectral instability of a slow traveling wave of the 2D NLS with non-vanishing
condition at infinity in [35]. Secondly, in [8], numerical computations with high
resolutions were performed to find eigenvalues of the 10° x 10° matrices ob-
tained from the linearized (GP) along the whole upper branch. At each of such
traveling waves, only one unstable eigenvalue was identified and it has cylin-
drical symmetric eigenfunctions (consistent with [35]). The maximal exponen-
tial growth rate is approximately 0.012. Thirdly, when ¢ — v/2—, it was formally
shown in [30] and later rigorously proved in [15] that properly rescaled traveling
waves of 3D (GP) converge to solitary waves of 3D KP-I equation. A formal lead-
ing order relationship between the eigenvalue of (GP) and the 3D KP-I equation
was also given in [8]. As the ground state solitary waves of the 3D KP-I displays
certain instability [37], it also indicates such for some traveling waves of (GP).
On the one hand, we fully admit that we are not aware of any existing traveling
waves of the 3D (GP) having been rigorously proved to be spectrally unstable. On
the other hand, we feel that there have been strong enough indications, partic-
ularly the numerics in [8], of the existence of spectrally unstable traveling waves
to warrant the study of the local dynamics of the 3D (GP) near such waves.

Among previous results on local invariant manifolds of relative equilibria of
dispersive PDEs, Bates and Jones [4] proved a general theorem on the existence
of Lipschitz locally invariant manifolds of equilibria for semilinear PDEs by an
energy argument, and then applied it to the Klein-Gordon equation. In [44],
Schlag constructed a co-dimension 1 center-stable manifold of the manifold of
ground states for the 3D cubic NLS in W (®R3) W2 (R3) under an assump-
tion that the linearization of NLS at each ground has no embedded eigenvalue
in the essential spectrum and proved the scattering on the center-stable mani-
fold. Later this result was improved by Beceanu [6, 7] who constructed center-
stable manifolds in W2(R3)N|x|"'L2(R3) and in critical space HY2(®R3) . Sim-
ilar results were obtained in Krieger and Schlag [34] for the supercritical 1D
NLS. Nakanishi and Schlag [40] constructed a center-stable manifold of ground
states for 3D cubic NLS in the energy space with a radial assumption by using
the framework in Bates and Jones [4]. Nakanishi and Schlag [42] constructed
center-stable manifolds of ground states for nonlinear Klein-Gordon equation
without radial assumption, following a graph transform approach. Also, see
[41, 31, 32, 33, 21] for related results.

At a rough conceptual level, our proof follows the framework as in [13, 18].
However, instead of being near a steady state, our construction is around the
3-dim invariant manifold .#, which is qualitatively comparable to [17], a more
general result in finite dimensions. A rather naive initial attempt may be to con-
struct the local invariant manifolds near U, (- + y) for each y € R® and then patch
them together to obtain # ¢*»“>¢. While the local construction for each y may
follow from the standard procedure combined with some space-time estimates,
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it is highly questionable whether such ‘patch-up’ is possible as these local in-
variant manifolds of each U,(- + y) are not unique in the first place. Therefore
as in [42] we construct # % “>¢ as the center-unstable, center-stable, and cen-
ter manifolds of the whole .# instead of the individual U, (- + y). This requires a
coordinate system in a neighborhood of .#. A rather natural option would be

U=y (0, w", w’, w)) =y (y (U + )+ w ¢+ )+ w'(-+y) + we(-+ )

where Dy (U;)w*® € X"’ and Dy (U,)w° € X¢, where X€ is a fixed subspace of
X¢ transversal to span{0y,; U, : j = 1,2,3} with codim-X¢ = 2d + 3. The possible
polynomial growth of /% in some directions in X¢ are too weak compared to its
exponential decay along X*%* (as t — Foo) to cause any real trouble. However,
a much more serious issue is that the above local coordinate mapping @ is a
homeomorphism but not a diffeomorphism from its domain to X;. In fact,

Dy®(y, w", w', w) = (8, (3 (UO) + 9y w" + 8y w' + 8, w) -+ ).

While the first three terms on the right side belong to X; due to the high regular-
ity of U, and functions in X**, in general the last term 8, w* € L only as w*® € X°
and X¢ is of finite co-dim in X;.

This issue of loss of regularity due to the translation parametrization also ap-
peared in previous works on other PDE models such as [5] and [42], in the lat-
ter of which it was handled by a rather analytically oriented nonlinear ‘mobile
distance. Here instead we adopt a more geometric bundle coordinate system
used in [5], based on the observation that, while the above parametrization by
the spatial translation of y is not smooth with respect to y, the vector bundles
{fwe Xy : w(—y) e X"} are smooth in y. In such a framework based on vec-
tor bundle coordinates, some second fundamental form type quantities are to
be carefully treated in the rather technical but intuitive analysis. See also Re-
mark 2.6. Based on this coordinate system, we decompose equation (GP) and, as
in the standard procedure in constructing local invariant manifolds, we cut off
the nonlinear terms (except the ones corresponding to the second fundamen-
tal form of the center bundle) outside a small neighborhood of .#. Our subse-
quent estimates are mainly based on the exponential trichotomy and the energy
conservation and involve minimal amount of dispersive estimates in Section 3.
In particular, no spectral assumptions such as the nonexistence of embedded
eigenvalues or resonance is needed.

At this stage, with the estimates of non-homogeneous linear equations in Sec-
tion 3, one may apply the usual Lyapunov-Perron integral equation method or
the graph transform of Hadamard to obtain invariant manifolds for the modified
system (with the cut-off) which coincides with the original one near .#. While
we obtained the invariant manifolds by conceptually following the procedure in
[13, 18] which is more in line with the Lyapunov-Perron method, one could also
choose to estimate the time-T map of the modified equation and then apply the
graph transform method as in [17, 5].

While we focus on local invariant manifolds of traveling waves of the 3D (GP)
in this paper, we believe that this framework is rather general and it could be
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adapted with minimal modifications to yield local invariant manifolds of unsta-
ble relative equilibria, including ground states and excited states, of a class of
Hamiltonian dispersive PDEs such as the NLS, nonlinear Klein-Gordon equa-
tions, etc., involving finite dimensional symmetry groups such as the phase ro-
tations, spatial translation or rotations, etc. Generally, the main necessary as-
sumptions would just be that the Hessian of the modified energy functional at
the relative equilibria (like L;) has only finitely many negative directions, so that
the linear analysis in [36] is applicable. In fact, in a forthcoming paper, we con-
struct local invariant manifolds of traveling waves of supercritical gKdV equa-
tion and analyze the nearby dynamics.

The paper is organized as the follows. In Section 2 we set up the basic frame-
work for the construction of local invariant manifolds of .#. Section 3 is on
the estimate of non-homogeneous linear equations. The existence of Lipschitz
local invariant manifolds and some of their properties related to the local dy-
namics are obtained in Section 4, while the smoothness in Section 5. The non-
degenerate case under assumption (H1-2) is analyzed in Section 6. Finally, some
tedious technical details are left in the Appendix.

Notations. Throughout the paper, we follow the following notations:

 H°: the homogeneous Sobolev space {u | |D|*u € L?}.

o Xj: the energy space defined in (1.2).

e X; = H' x H' defined in (1.6).

e {-,-): Euclidean or L? duality pair unless specified otherwise.

o The generic upper bound C is always independent of y € R3.

» Differentiations are usually not with respect to ¢, unless specified.

2. A COORDINATE SYSTEM NEAR TRAVELING WAVES

In this section, we rewrite equation (GP) in an appropriate local coordinate
system near traveling waves.

2.1. Structure of Xj and a generalization of the momentum. Any u € X can
be written as u = a(1 + v) where a € S! and v € H' (R®) satisfying
11+ v|* - 1=2Re(v) +|v|* € L*®R?).

The distance on the energy space is introduced as following. Given u = a(1 + v)
and @1 = @(1 + 7) in Xy, we define the distance d by

2.1) d(u, @) =la—al+ Vv =Vl g + 111+ v* = 11+ 52 2gs)-
Select x(¢) € C3°(R) such that y(¢) = 1 near ¢ = 0 and define the Fourier mul-
tiplier y(D) as
x(D)u(é) = x(Usha(s).
Lemma 2.1. (120]), The mapping
Wy St x (H'®) +iH'(RY) — Xo
(Im(w))z))
2

(2.2)
(a,w)»—»a(1+w—x(D)(
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is a homeomorphism.

Remark 2.2. Note that X, is not a linear space, but this homeomorphism be-
tween H' x H' and X allows us to work in the linear space H! x H'. Since
HY(R3) c L8(R3), the above a € S! is invariant for any solution of (GP), which
can be fixed to be 1 due to the phase invariance of (GP). Also, this structure of
Xo does not depend on the choice of the cut-off function y. To simplify the no-
tation, we will fix @ = 1 and wrote w(w) for v, (1, w). Apparently, w~!is given
by

(2.3) w‘l(u+iv)=(u—1+%x(D)(U2),V).

The coordinate mapping v commutes with the translation and SO(3) action.
Namely, let y € R3 and Q33 be an orthogonal matrix with detQ = 1, then
(2.4) (o, w@Q)) =y w)(Q), y(aw-p)=yaw(-y.

This is useful as (GP) is invariant under the translation and SO(3) action.
Let X; = H' x H'. By Lemma 2.1, for any u € X;, there exits a unique w =
w1 + iws € X; such that u = w(w). As in [35], extend momentum as

2
(2.5) ﬁ(w):—f [w1+(1—)((D))% Vwydx, §€C°°(X1,IR).
RS

One can see that P(w) = P(u) when u =y (w) € 1 + H'(R3).

2.2. Alocal form of the GP equation near a traveling wave manifold. Consider
a smooth and bounded traveling wave solution U, = u, + iv. of (GP) with the
traveling velocity ¢ € R? satisfying |c| € (0, v/2), we first rewrite the equation in
the traveling frame in a neighborhood of U.. Assume

(2.6) | llim (1x*(IRe Ue(x) — 1| + |VRe U¢|) + |x|[Tm U, (x)|) = 0.
X|—00

Such traveling waves exist as proved [39, 25]. In terms of the coordinate mapping
v given in (2.2), let

We = W_I(Uc) = (w1e, Wae) € Xy.

The traveling wave manifold {U.(- + y) | y € R3} with wave velocity ¢ generated by
U, is invariant under (GP). To study the nearby dynamics, we rewrite solutions
in the traveling frame u(¢, x) = U(¢, x — ct) and then U(¢, x) satisfies

2.7 i0,U—ic-VU+AU+1-|UPU=0

or in the abstract form
2.8) 0.U = J(E+c-P)(U), 1=[_01 (1)]

where we recall E and P are the energy and momentum defined in (1.1) and
(1.3), respectively, and J is the matrix representation of —i. The traveling wave
U, generate a manifold of equilibria of (2.8):

(2.9) M={Uc(-+y): yeR3).
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Our main goal is to construct local invariant manifolds of .# . For any y € R3, let

(2.10) Key (x;) = Dy(we(-+)) (z;) _ (wl - x(D) l(;/zc(. +y) wz)).
and
Ley=(E+c-P)"(Uc(-+y)
“A-1+BuU2+v2)(+y) - V+2(ucv)(-+y)
c-V+Cucvd(-+y) —A—1+W2+3vH)(+y)

(2.11)

Both K¢ y and L.,y are conjugate to Ko and L through translation
(2.12) Keyw = (Keow(-=0)C+y), LeyU=(LeoUC= )0+ ).
To simply the notation, we denote

Ky = KO,y’ Lc= L.

From (2.6) and the Hardy’s inequality, we have that K, is an isomorphism on
Xj with

(2.13) K lw= w1+X(D)1(;2c(-+y)w2) ’

and L.,y induces a real valued symmetric bounded bilinear form on X3, namely,
Key, Ko € L(X1), Ley€L(X, X)), Li,=Ley.

Moreover, using the translation invariance (2.12) and the Hardy'’s inequality, there
exists C > 0 such that

(2.14) 1K,y Lo + 1Kyl <C, Yy e R
Consequently, J is viewed as a closed operator
J:X{ 2D(J)) — X; satisfying J* = —J
where
D) ={w=(wy,wy) lwe H'nH and wo, e H ' n HY}
={w = (w1, wy) | wy € H' and [§] 1, §7 b, € L),
Suppose for some y(#) € R* and w() = (w1 (1), w2 (1)) € X3 smooth in 7,

U@ =y (we (- +y(0) + w(@)

(2.15) 1 , T
=Uc(-+y)+Keyw - (E)C(D)(wz),O)

is a solution to (2.7).
Here (2.4) and the definition of K, , are used. Substituting (2.15) into (2.8) and
using the definition of L. , and that U, is an equilibrium of (2.8), we obtain
01y -VU:(-+ ) +0,(Ke,yw) — (1 (D) (w20,5),0) "
=JLe,yKe,yw+J((E+c-P) (U) = L,y Ko,y w).
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The above equation of w = (wy, w»)T can be written as a system of 2 equation of
0:w; and 0;w,, which can be solved easily due to the upper triangular structure
of K¢,y. In particular we have the equation for w»,

(2.16) 0wy = —(LeyKeyw), —0:y-Vue(-+ ) + Galc, y, w)

where G; is given in the below. The above system of evolution equations for w
can be written in a compact form

(2.17) 0ty -VU:(-+y)+0(Keyw) = JL¢,y K¢, yw + G(c,y,0:y, w),
where G = (G1(c,y,0:y, w), G2 (¢, ¥, w))T are

G=(UP=1Uc(-+ y)* =2Uc(- + ) - (Ke,yw)) JU (- + )

2¥(D)(w20swr — waVws - c)

1
2— . 2 —_—
HIUP=1UC+ PR TKey w2 0 252y y (D) (wd) - Ay (D) ()

and 0;wy in G; should be substituted by (2.16). This results in the dependence
of G; on 0;y. The nonlinearity G is affine in 0;y and contains terms of w of
algebraic degree between 2 and 6. Like K.,y and L,y, G(c, y, J, w) is translation
invariant in the sense of (2.12), namely,

(2.18) Gle,y+x,7,w)=G(c,y,7, wi—x)(-+x).

A more detailed form of and some basic estimates on G are straight forward but
tedious and we leave them in the Appendix.

2.3. Decomposition of X; and local coordinates near travelingwaves. The free
choices of y € R® and w € X; are clearly redundant in the representation of the
above U. We shall impose appropriate restrictions on w by analyzing the lin-
earization of (GP) near U,. We will focus on unstable traveling waves. Namely,
we assume

(H) The spectrum o(JL.) € iR.
Since |c| € (0, v2), (2.6) and the explicit form (2.11) of L, imply that L. : X; — X1*
is a compact perturbation to
-A+2 —c-V

c-V -A

Leoo =

ZX1—>X£I‘

which is an isomorphism as it induces a uniformly positive quadratic form on
X;. This follows from a proof similar to the one in [35] and we skip the de-
tails. Therefore dimker L, < co and it is uniformly positive on some finite co-
dimensional subspace of X;. Let n™ (L;) be the Morse index of L., namely,

(2.19) n~(L;) = max{dim Y | L. is negative on the subspace Y < Xj}.

According to the index formula and the structural decomposition of linear Hamil-
tonian systems [36], it holds that n™(L.) > 0 for any unstable traveling wave.
We first cite Theorem 2.1 in [36] whose hypotheses are easily satisfied due to
dimker L. < oo and Remark 2.2 in [36].
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Theorem 2.1 in [36]. There exist closed subspaces Yj, j = 1,...,6, and Yy = ker L,
such that

1) X = e‘;zoyj, Yjen% D(UJLA), j#3, and
dimY; =dimY,, dimY; =dimYs, dimY; +dim Y, +dim Y5 = n™ (L.);

(2) JL. and L, take the following forms in this decomposition

0 Aor Aoz Aoz Aps 0 O
0 Ay Ap Az A 0 O
0 O Ay 0 Ay O 0
(2.20) JLe—]0 0 0 A; A, 0 0],
0 O 0 0 Ay 0 0
00 0 0 0 As O
00 0 0 0 0 Ag
0 O 0 0 0 0 0
0 O 0 0 By O 0
0 0 Ly, 0 0 0 0
(2.21) L.—|0 O 0 Ly 0 0 0
0B, 0 0 0 0 0
0 0 0 0 0 0 Bsg
0 0 0 0 0 B 0

(3) Bis:Yy— Y] and Bsg: Yg — Y are isomorphisms and there exists £ > 0
satisfying F(Ly, ,u, u) = || ul|?, forall u € Yo 3;

(4) all blocks of JL. are bounded operators except As, where Agsz and A3
are understood as their natural extensions defined on Y3;

(5) Ay 3 are anti-self-adjoint with respect to the equivalent inner product
F(Ly,,",") on Yz 3;

(6) the spectra o(A;) < iR, j =1,2,3,4, £Red > 0 for all 1 € g(As56), and
0(As) = —0(Ag); and

(7) n” (Lly,ey,) =dimYs and n™ (Lly,ey,) = dim Y;.

@) (u,v)x, =0forallue1®Y,®¢Ys8 Y, and vekerL,.

We modify this decomposition of X; slightly for this paper. Let

X! =span{oy,Uc|j=1,2,3}, Yo={wekerL:|(w,w)=0,VweX/}
and
Xcdl = Yo ® Y1 (&) Yg, Xg’d2’+'_ = Y3y4’5y6.
For any y € R® and a € {T,d1, e,d2, +,—}, define
Xffy ={weX;lw(-y) e X}
Recall the traveling wave manifold .# defined in (2.9). Clearly
(2.22) Xi=Xx., e XL ox{ e XBoX! oX,, X! =Ty,
with associated projection Hg'fl'e’d2’+’_. Let

0 <A <min{Reu | ue€o(As)}.
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Lemma 2.3. Assume (2.6) and (H), then there exists C > 0, such that, for any
Ve [R%g,
(1) X;’y_'T"“'dz c H*n X, foranyk=1;
2 0<dimX;,=d<n"(Ly),dy =dim X2, = n” (L) +dimker L. —3—d, and
dy = dimxg{§ <n (Ly)—-d<dy;
(3) there exist bases ch]., j=1...,dofX;, Vc‘f}, j=1,....ds, ofXgé, Vc‘f]?, j=
dz T _ P T st i
1,...,d» ofXC,O, and chj = ij Ug, j=12,3, Och,o’ along with Cc,j’ j=

1,...,d, (glj.,j: 1,...,d1,cg{§.,j= L...,dp, and ([ ;, j = 1,2,3, belonging
to D(ULc,)*)n H* = H* x (H™' n HY) for any k = 1, such that
dim X,
g, w= ]; Ce;,C+MwViit+y), aelldladz+, -},
consequently, projections HCT,’;I Led2 4= qre smooth in y with derivatives
bounded uniformly in y € R3;

(4) In the decomposition X, = eaaE{T_dLe,dz,Jﬁ_}ng, JL.,y and the quadratic
form L., take the form

0 0 0 0 0 0
0 Ly 0 Ly 0 0
Lo 0 0 Lé(y) 0 0 0
oy 0 le(y)* 0 0 0 0 ’
0 0 0 0 0 Li_(y)
0 0 0 0 Li_(y* 0
0 Am(y) Are(y) Ar2(y) 0 0
0 Ai(y) Ae()) Ay 0 0
]L - 0 0 Ae(y) Aez()/) 0 0
&y 0 0 0 A(y) 0 0
0 0 0 0 A(» O
0 0 0 0 0 A_(y)‘
where

(a) all above blocks are translation invariant in the sense of (2.12);

(b) all above blocks are bounded except A.(y);

© et W)+ e W) <ca+|™;

(d) the quadratic form (L¢(y)V®,V¢) = %II Vellg(1 forany V¢ e ng and
Ae(y) is anti-self-adjoint with respect to L°(y) = Le,y | X¢,-

) o(A+(y) =—-0((A=(1)), ||etA¢(y)|X§y | < Cert, forall ¥t = 0;

Proof. All the conclusions directly follow from Theorem 2.1 in [36] except those
on the dual basis {7 i and the smoothness of II¢ ,, in y. In particular XZ 'y_'T’dl’dz c

H*n X, is due to D((JL.)¥) = H'*2F 1 X;. To complete the proof, we only need
to show the smoothness of I{ |, in y. Due the translation invariance, we have

(223) ng,y;w:(l_[gy,(w(—y))) ('+J/), aE{T,dl,e,d2,+,_}
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for any y € R3, which also implies

Dy w = (D)Mo (we = 1)) ¢+ ).
Let

! —_
wh,..,w®, wd w? beabasisof X e X e X0 X @ X

formed by bases of X"4"4%*~ such that w/ = 0x;Uc, j=1,2,3 and wh,..., wh

is a basis of ker L, where dy = dimker L,.
Let
1-A 0
0 -A
Lewd, j=do+1,....d.

~ 17 wj) j=1,---rd0;
w! =

Clearly wl e Xl*mHk = Hx(H 1nHY) foranykandj=1,...,d’' and {i0?,..., %}
and {w%*!,..., w?} are both linearly independent. Moreover {0}, ..., w?} are
also linearly independent. In fact, assume

- ’
wd0+1

ﬁ/:alﬁ)1+...,ad01)7d°:ad0+1 +...,ad/1}7d

for some ay, ..., ay. Since w/ e ker L, for j=1,...,dy, we have

dy ) da’ ) dy .
0=(L¢ ) ajw!, ) ajw)=,) ajw)=(D,w)x:.
j=1 j=do+1 j=1
Therefore i = 0 and we obtain the linear independence of {w!,..., ﬁ/d’}.

For any w € X¢, on the one hand, from the above L.-orthogonality between
X¢ and XI @ X" o X% ® X} ® X, we have (@', w) = (Lwj,w) = 0, for j =
dp+1,...,d". On the other hand, due to the orthogonality between X¢ and ker L,
with respect to the (-,)x,, forany j = 1,...,dp, we have (@/, w) = (w/,w)x, = 0.
Counting the dimensions, we obtain that

@',...,w" form abasis of keriy. ={f € X{ |1{f,w)=0, Ywe X7}.

As ker i;‘(g is isomorphic to (XCT eBXg“ @sz e X e X)) letyy,...,yqa €ker i)*(g
be the dual basis of w?,..., w? . Since Y;j can be written as a linear combinations
of w!,...,w?, we have y; € H* x (H™' n H¥) for any k and j = 1,...,d". From
(2.23) and the definition of y, it is easy to verify that, for any a € {T,d1,d2, +,-},
weE X, andye[R?’,

Mg,w= Y (yjC+y,wwl (+y)
wieXy
The smoothness of Hgy in y follows from the regularity y; € H* x (H ' n HY
and w/ € H*n X, for any k and j = 1,...,d’, which also implies the smoothness
of Mg, = I = Ya-1,a1,d2,+,- 112 . Divide {w/, j =1,...,d'} and {y;, j =1,...,d"}
according to a € {T,d1,d2,+,—}, we obtain Vc‘fj and { ?,j and complete the proof
of the lemma. O
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Remark 2.4. Under the following additional non-degeneracy assumptions
(2.24) ker(L.) = spaniVU;}, n~ (L;)=d=dimX",

we have Xg},’dz = {0} and the decomposition may be simplified. We shall discuss
this case carefully in Section 6.

With respect to the bases {VC"‘].}, a€dl,d2,+,—-}, operators
A11(3), A1(Y), AT2(y), A12()), A2(Y), A+ (Y), A_(y)

representing Hgy JLcylxe, = Xy — Xf y in the above block decomposition of
J L,y can be represented by matrices

MTI» Ml» MTZ» MIZ! MZ! M+’ M_

which are independent of y due to the translation invariance(2.12) of K, and
Lc,y. Namely,

225)  AnO((VY,....VE)a) = VP, Vi) (Mria), vaeRr®,...
From Lemma 2.3,
2.26)  le™M|+e™)<c+th)®, VieR; [e™:|<CeM VFr=0.

A similar representation through translation in x — x + y of A.(y) would cause
loss of regularity when 0, is carried out. Instead we will keep working with
Ae(y) = TI¢ ,JLcyI1¢ . When viewed as an (unbounded) operator from X; to
X1, itis a uniformly (in y) bounded perturbation to a constant coefficient oper-
ator and its derivatives of all orders are bounded operators. In fact, separating
the terms in (2.11) with constant coefficients from those with spatially decaying
variable coefficients implies

~ 2-AN —-c-V
(2.27) JLeyy=JLeoo+ Q) Leoo= [ oV A |’
and
.28 o) = 2Uc Ve u—1+30v2 C4)
) V= 3(1—u§)—v§ —2Ucvc v

Lemma 2.5. Fix c € (0, V/2). For any integer k = 0, there exists C. > 0 such that
forany y € R3, it holds

IDS(Ae(y) = JLeyoo) Cr-

||L((®k(R3))®X1,X1) =

Proof. Clearly Q(0) € L® and V¥Q(0) € L>°n L? for any k = 1, along with (2.6) and
Hardy’s inequality, it is straight forward to prove, for all y € R® and V € X,

(2.29) IQVIx, +I1D5QVIx, +IJQVlix: +1JDyQVlix: < CellViix,,
for some Cy > 0 independent of y. Write

Ae) = JLeoo = Ae(y) = JLe,y + Q).
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Therefore, to complete the proof of the lemma, we only need to show the bound-
edness of D’; ( JLc,y—Ae( y)), which, according to Lemma 2.3, has the same block-
wise decomposition except the A,(y) component replaced by 0. The uniform
boundedness (in y) of A.(y)—J L,y follows from the boundedness of those blocks,
where the uniformity in y is due to their translation invariance in the sense of
(2.12). The uniform upper bounds of DJ’f ( JLc,y — Ae(y)) also follow the trans-
lation invariance of these blocks and the extra regularity of ¢ g]. and ng, ae
{T,d1,d2,+,-}. O

Following from that Xg y Is the tangent space Ty, (.+y).# and K,y = Dy/(we(-+
y)) is an isomorphism, K. JI,XCT y is the tangent space of

Y ) = {we(-+)) |y R).
Based on the Implicit Function Theorem, it is straight forward to prove that, for
small 6,

d d

2wt +w

”wa” < 57 a€ {d]-)e; d27+v_}}

Ty wl+w

a -1 ya
w" € KC’chyy,

{we-+y)+w
is a neighborhood of 1//‘1 () c X1, where each point has a unique representa-
tion in the above form.

2.4. Alocal bundle coordinate system. Accordingly, we shall set up the bundle
coordinates near v~ ! (/) precisely.

(2.30) X =,V yeR®, Vee XS ),
and balls on this bundle
(2.31) ZeO)={,V)eZ|IVIx, <6}

Let yy € R3 and B3(6) be the open ball on R3 centered at y# with radius 4. For
0 <« 1, a smooth (due to the smoothness of Hg v with respect to y) local trivial-
ization from B3(8) x X¢y, to Z'¢, thus alocal coordinate system, of Z¢ is given
by (y, Hi, y V), Ve Xg o There is a natural translation on & ¢

(Z) y) Ve) - (y + 2z, Ve(') +Z))-

T,d1,d2,+,—
Xe)y

Along with other subspaces , we will often consider bundles R* @ 2°¢

over R3 with fibers R¥ & ng,

as well as their balls
(2.32) B*¥(61) @ Z°(62) =1(3,a, V) | a€RF, |al < 61, (3, V) € Z°(82)}.

For any fixed yy, the smoothness of IT¢ y with respect to y allows it serve to as a
local trivialization of the fibers X¢ |, for y near yy.
Define an embedding

Em: R3+dl+d2+2d @%e - Xl
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as
Em(y,a”,a®,a% a*,a”,v®
S 1 (&
:Zlajaxjwc(-+y)+1<;y(zlaj vile+y)
= ]:
(2.33)

d, da d
d2y,d2 e
+,-Zlaj Ve ('+y)+jz_1“ffvcff('+y)+;“j Vot ++ V)

=Koy (@ V4 a VI + aVE 4 at VT V) )+ V),
The embedding Em™* : R%+%+2d g g7¢ defined on the transversal bundle will be
used for the bundle coordinates near ! (.4
(2.34) Em*(y,a™,a®,a*,a",V®) = Em(y,0,a™,a®,a*,a”, V).
Clearly Em™ is translation invariant in the sense

Eml(y+ 7, a® a® a* a”, Ve +7)
(2.35) Lo, dl _d2 - 3

=Em~(y,a*",a*,a",a”, VO (-+7), VyeR’.

On the one hand, according to the above trivialization, given any Banach
space Z, a mapping f : Z — Z'¢ is said to be smooth near some z € Z if y(z)

e e 3 — e e
and V®(2) € X7, are smooth in z near zg, where f(2) = (y(2),1T , ) V*(2)).
Due to the smoothness of I1{ ,, in fact this is equivalent to the smoothness of

y(z) and V(z) € X; where f(z) = (y(2), V(2)).
On the other hand, for any Banach space Y, a mapping g: Z'° — Y is said to

be smooth near some (yy, V) if
gV =g I, V), yeR® VeX;

C, V4
is smooth in (3, V) e R3 x X, y, near (yg, V4. Itis straight forward to verify

* gissmooth if and only iflocally g(y, Hﬁ,yV), y €R3, V € X1, is smooth on
Rg X Xl.

e g is smooth if and only if locally it is the restriction to Z'¢ of a smooth
mapping defined on R3 x Xj;

e g is smooth if and only if go f is smooth for any smooth f: 72 — Z°
defined on any Banach space Z;

o Em is smooth with respect to (y, V?), due to the smoothness of K. Jl, and
the basis Vc‘fj, ae{T,dl,d2,+,-}.

We shall often work with g(y, Em(y, a, V¢)) with g smooth on R® x Xj.

Near the 3-dim manifold .# of traveling waves, we will work through the
mapping ® defined on R4 +%+2d g 7€ which is diffeomorphic on R4 *%+24(5) @
X(0)

(2.36) U=0(y,a, V% =y(w(+y) +Em*(y,a, V).
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This is a smooth vector bundle coordinate system in a neighborhood of .4 c
Xy for sufficiently small 6 > 0. From (2.33) and (2.34), ® can be naturally ex-
tended into a smooth mapping on R3*41+d+2d g x,

T,d1,e,d2,+,—
XD

Remark 2.6. As the subspaces are obtained as the translations of

XCT dled2 = g tempting to use the coordinate system

a d

U=y((we+w™ +w?+w" +w™ +w(+y)

where w® € X% and y € R3. However, such translation parametrization is not
smooth in X; because the differentiation in y causes a loss of one order reg-
ularity in D, w®(- + y). This is one of the main issues in Nakanishi and Schlag
[42], where the authors constructed the center-stable manifolds of the manifold
of ground states for the Klein-Gordon equation. They introduced a nonlinear
“mobile distance” to overcome that difficulty. Instead, the above bundle coordi-
nate system (2.36), where V° € X¢  is not directly parametrized by a translation
in y, represents a different framework based on the observation that, while the
parametrization by the spatial translation of y is not smooth in X; with respect
to y, the vector bundles XZ ,;1 Led2 4= gyer 4 are smooth in y as given in Lemma
2.3. This approach was used also in [5]. While it avoids the loss of regularity
when differentiating in y, it will involve more geometric calculation.

2.5. An equivalent form of the GP equation near traveling waves. Let U(t, x)
be any solution to (2.7). If U(t, x) stays in a small neighborhood of .4, then we
can express U in the coordinate system (2.36)

(2.37) U =0(y(0),al,Ve®), y,a V(1) e B :+2d5) 0 90°65)

for some § > 0. Substituting U(#) and (2.37) into (2.17) and using (2.15), we ob-
tain

01y -VU(-+ ) +03,Ve+(0;a )V + 0,a®™®) VI + 0,a")V}
+(0,a)V7) -+ p) + (@d,y- (VVIY + a®0,y - (VV I
+a’0,y-(VVH+a 0;y-(VV))(-+y)

=JL¢yKe,yEm*(y,a, V%) +G(c,y,0,y, Em* (y,a, V).

(2.38)

Starting with 9, y, we identify the evolution equation of each coordinate com-
ponent. Applying I1 CT y and using Lemma 2.3 and (2.25), we have

0y + T C+y,0,v+ (T, 0,y V(@' VI + VvV + at V] +a V)
=Mr1a™ + Mr2a®™ —(Lcy J(E G+ 1), V)
+{I+3),G(c,y,0:y, Em*(y,a,V9)).
Since V¢ € X¢ | implies ((¢ (- + ), V) = 0 all 7, we have

(239) (Cg('+y))atve> :_<(atJ"V(?)('+Y);Ve>, aE{T)d1)d2)+)_}-
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Therefore y = 0,y satisfies the following equation
F=F-VEOC+ Y, T Ko ywd +(CF, §-V (T =TI, —TTE ) Ke yw)
=Mr1a™ + Mrpa®™ —(Ley JOT(+), VY + L C+),Gle, 3, 5, w)),

where w = Em*(y,a,V®. We actually note that the above equation is well-
defined for any small w € X;. From Lemma A.1 and the regularity of V& and
4, when ||w| x, is sufficiently small, one may solve for y = d;y and obtain

(2.40) 0y =Mr1a® + Mr2a® —(LeyJCE(-+ 1), VO + G (¢, y, w),
where
w=Em*(y,a,V°).
According to Lemma A.1 and the regularity of { Z’dl’dz’J“'_, GT(c, ¥, w) is smooth

in y and w € Xj when ||w| x, < 1. As we did not prove G € X; in Lemma A.1, we
used the extra regularity of (& € H kx (-1 n HY). Furthermore, there exists C > 0
such that, for any y € R and small w € X,

(2.41) ID,DYG (¢, y, w)] < Cp ellw] g0,

Applying ng{y, a €{dl,d2,+,—,e}, to (2.38) and using the basis V¥, Lemma
2.3, (2.25), (2.39) and (2.40), we obtain

(2.42) 8,a* = My a* + G*(c,y, w),
(2.43) 0,a™ = Mya™ + Mypa® = (Le,y JTP (- + 1), VO + G (¢, y, w),
(2.44) 0,a"? = Mya® + G2(c, y, w),

(245) 12,0,V = Ac(NVE+a™ A () VE(+ 1) +G(c,y,w), Ve € XE,

where Aez (y) =TI¢ , ]LC,),H%, is smooth in y and
(2.46) w=Em(y,a,V®).

Much as in the derivation of G, G¥ is also well-defined for any small w € X,

ae{dl,d2,+,—,e}. Like Ky and Ly, GY is translation invariant,
(2.4 GYc,y+z,w(+2)=G%cyw), aec{ldl,d2+ -}
2.47

G(c,y+z,w(-+2) =G,y w)(+2)

for all z € R3. For || wllx, <1,G% ael{T,dl,d2,e+,-}, are quadratic in w. From
T,d1,d2,+,—

Lemma A.1 and the regularity of {, , they are smooth in y and w and
satisfy
(2.48) IDEDYLGE (¢, 3, w)l < Cril wlf™ 5%, a e{T,d1,d2,+,-).

The multi-linear terms in G®prevent it from belonging to X; (see Lemma A.1).
However, due to the extra regularity of {¢, projections I ,,, a € {d1,d2, +,—}, act
on a larger class of functions than X, from Lemma A.1, we have

(249)  (I-T5,)Ge(c,yw) =0, G°(c,y,w)e€Xi+Whe +(LEn W)
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and

k 1 e max{2—k,0}
<
(2.50) IDuDyG it it = Crrllwily, ,

Transforming the V¢ equation. Before we end this section, we transform (2.45)
to an equivalent form. In fact, since (1 — H‘é’y) V¢ =0, we have

(2.51) (I-TI§ )3, V¢ = DyIIg ,(3,y)V°.
Therefore, (2.45) implies
0 VE=A,(NV+F(c, )0y, V)

(2.52)
+a® A (N VE(+y)+G(c, y, w)

where
Ae(y) = Hi,y]Lc,yHg,y
was given in Lemma 2.3 and the bounded bilinear operator % (c, y) : R ® X; —
X is given by
(2.53) F(c,y)(z,V)=D,I¢ (2)(I¢,V - (I-TI¢ ) V).

Here we can take the last part of & in the form of V—-b(I —Hi, y) V for any b, which
would not change the validity of (2.53) for V € X¢ , . The above choice of # would
bring certain convenience in some calculation later. Using the smoothness of
I1¢, in y given in Lemma 2.3, we obtain

(2.54) 15 (¢, ) (2, V)l x, = ClzllVIx,

for some C > 0 independent of y. The bilinear operator & is a modification
of the second fundamental form of the bundle Xg y over R as a sub-bundle of
X;=X¢, e (UI-TI¢ ) X)) over R,

While (2.52) is deduced from (2.45), actually the opposite also holds if V(s) €

Xé e for some s. To see this, applying I — Hgy to (2.52) we obtain

0:((I-Tg ) V) = (I =TI ) DyTIZ , (0, y) (T, V — (I =TI, ) V) = DyTI¢ (0, p) V.

Differentiating IT¢  I1¢  =TI¢ |, with respect to y we have

(2.55) DyIIg , (I |, + 11 , DyTIE | (-) = DyTIg , ().
It follows that
(2.56) 0, ((I-Tg ) )V) = =DyII¢ (8, ) (I =TI ) V.

Since this is a well-posed homogeneous linear equation of (I —II¢ )V, which is
finite dimensional, the solution has to vanish if we assume V (s) € Xﬁ e There-
fore

257 VEXS

Finally (2.45) follows from applying I1{ ,, to (2.52).
Compared to (2.45), equation (2.52) is more convenient as the latter may be
posed on the whole space X;. Along with the boundedness of %, it makes it

Ve, if V(s) € Xce'y(s) and V() solves (2.52).
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easier to prove the local well-posedness and obtain estimates of (2.52) and thus
we will mainly work with (2.52).

In summary, in a neighborhood of .4 < Xy, equation (GP) written in the bun-
dle coordinates (y,a?!,a®?,a*,a~,V¢) € Bh+%+2d(§5) @ 2°(5) is equivalent to
the system consisting of (2.40), (2.42), (2.43), (2.44), and (2.52), along with (2.46).

3. LINEAR ANALYSIS

We first analyze the linear part of (2.52) whose unknown is valued in a vector
bundle X¢ , over R3. However it is observed that (2.52) is well-posed with V¢ €
X1, we will consider this general situation as well as the case V € X7 .. Relaxing
the restriction V € X? y would provide a little convenience in some estimates
later. Moreover since G°® does not necessarily belong to X;, we give a space-time
estimate which will be used to close the nonlinear estimates in later sections.
Consider the following more general form of (2.52)

3.1) 0,V = Hi_y]LC,yHg,yV+9(c,y)(6ty, V) + f(1).
Here we assume y(t), —oo < fy < t < t; < oo satisfy

3.2) o =10,y <1, Vie(fp,h).

1 ((to, 1), R%)

For the non-homogeneous term f = ( fit,x), fo(t, x)), we need the norm

3.3 opa = 3 1+ P 51
(3.3) ||f||XUOY[1) ||f1||L(t0Ytl)qu2 ||f2||L(tM)qu2

. . >P.q &P s 34

along with the associated spaces Xt and X, (ot loc” where Bj, . and B), ,denote
the standard Besov space as well as the homogeneous Besov space, respectively.
In the standard terminology, an admissible Stritchartz pair (p, g) and conjugate

exponent p’ of p € [1,00] are those satisfying

(3.4) p,gel2,00l, 2/p+3/q=312; 1/p'+1/p=1.

Our main goal in this section is to prove the following proposition.

Proposition 3.1. Suppose (3.2) holds, (p, q) is a Stritchartz pair, and f € X(Ij‘;'ft];), loc
where p € [1, p]. Then for any s € (f, t;) and initial value V(s) € Xj, (3.1) has a

unique solution V() € X;. Moreover, there exists C > 0 independent of ¢y, t1, s, 7, y(:),
and f(-), such that for any ¢ € (%, t;), and > Co, we have

1 _ 1 -1 _.
Loy V@), VD)2 <ULy V), VOS2 +Cp 7l £l

(s,1)

_1 .
V@] < v @1+ Cp e 1M T

(s,1)

where

— Loy —
Ve =TI,y VD), VE(0) =(I-TIE, )V (D),

3.5 e e 1 e
FEO =T, f(0, fHO=U-TE,)f®),
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satisfying
0: Ve =TIg  J L\ TIg, VO +F (€, 1)(0:3, V) + £ (1),

(3.6)
0,V =—D,II¢ (0:; )V + f+.

Here one keeps in mind that I —TI¢ , may be applied to a larger class of func-
tions than X; and its range is finite dimensional. The above decoupling of V+
and V¢ is due to the choice (2.53) of #. From the positivity of of L,, on X7,
(Lemma 2.3), we have

Corollary 3.2. There exists C > 0 independent of 1y, t1, s, y(-), and f(-), such that
for any ¢ € (%, t;) and n > Co, we have
_1 .
IV@)lx, < C NV ©lx, +n 71" fFOll gar).

(s,1)

Moreover, V(t) € Xfy(t), for almost all t € (fy, t1), if V(s) € X¢ d

ey(s) AN
3.7) I- Hgym)f(t, )=0, Va.e.te (i, t).

The above estimates indicate that the linear equation (3.1) exhibits at most
weak exponential growth due to [0, y/.

Based on the regularity of the nonlinearity given in Lemma A.1, we also con-
sider the space

Rty = L2 ((t0, 1), X1) + L2 (10, 1), WP2) + L2 (10, 1), LE n W5

and )~(( to,11),loc- The next proposition will be a simple consequence of Proposition
3.1.

Proposition 3.3. Suppose (3.2) holds and f € X(to,rl),loc- Then for any s € (ty, t1)
and initial value V (s) € Xj, (3.1) has a unique solution V (t) € X;. Moreover, there
exists C > 0 independent of 1y, 11, 5,0, y(-), and f(-), such that for any ¢ € (#y, #1),
andn € (Co,1), we have

IVe@lx, < (e veslx, +n 2 e e 0lg, )-

V)= C(eC vt +n72 1M L) 2 )

(s,0)

where V% and f®* are defined in defined in (3.5) which satisfy (3.6).

These two propositions and Corollary 3.2 will be proved in the rest of the sec-
tion.

Energy estimates of homogeneous linear equation. We start with the basic
well-posedness and energy estimates of the homogeneous equation of (3.1) based
on the uniform positivity of L*(y) = L¢,ylx -

Lemma 3.4. Assume f =0, then (3.1) defines a bounded solution map
S(t,s) € L(X3,X1), Vi, s€ [fy, 1],

with initial value given at t = s, which satisfies

38  S(s9)=1 S1S(t,5)=8(t5), S(t,5)€LXL 5 Xeyn)-
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Moreover there exists C > 0 independent of t1, t, t, s, and y(-) such that

(3.9) (Le,ynS(t, )V, S(t,$)V) < 7" Le (g V, V), YV € XS (.

As a consequence, the lemma implies that, under the assumption f =0, (3.1)
preserve the constraint V € X¢ , if it holds initially. Later we will show that this
holds for non-homogeneous equation as well. Furthermore the homogeneous
equation induces possible exponential growth only due to |0y z~. The coeffi-
cient 1 in front of the above exponential is important for future estimates.

Proof. From Lemma 2.5, A.(y) = II¢ ,JL.,yII |, is a bounded perturbation to
JL; o on X;. This, along with the boundedness of &, implies that (3.1) is well-
posedness on X; and thus the solution flow S(t, s) of bounded linear operators
is well-defined.

Since (I — Hgy)Xl c D(JL;), for any V € Xj, by direct computation using
(3.1), one finds that (I — Hﬁ,y) V satisfies

0:((I-Tg ) V) = (I =TI ) DyTIZ (0, ) (T, V — (I =TI, ) V) = DyTI¢, (0, Y) V.

Following the same procedure as in Subsection 2.5, we obtain exactly the same
equation as (2.56) which yields

(3.10) (=T, )V =0, Ve, if (=TI, ) V(s) = 0.

Finally we prove inequality (3.9). Let V(f) be a solution of (3.1) with V(s) €
Xcey(s) ND(JL;), whichyields V(¢) € Xfy(t) ND(J L) for all ¢. By direct calcu-
lation using J* = —J = J~!, one has

0:(Le,yV, VY= (J "Dy Q1) 0, )V, V) +2(0,V, L,y V)
=—(JDy Q@ ))V, V) +2(F (¢, 5)(0:), V), L,y V)

where Q was defined in (2.28). It follows from the bounds (2.54) and (2.29)
that

3.11) 10¢(Lc,yV, V)| = CIOtJ/IIIVH%(l.

Recall from Lemma 2.3 that the bounded symmetric quadratic form (L -, -) sat-
isfies (L, V, V) z €| Vllg(1 forany Ve ngy. This uniform lower bound of L., on
X¢ , the above estimate, and the Gronwall inequality immediately imply (3.9)

cy’
when V(s)e X¢  .ND(JL.). Since Xfy(s) ND(JL; ) is dense in Xcey(s), astan-

¢, y(s)

dard density argument yields (3.9) for general solution V(#) € Xce' Yo The proof

of the lemma is complete. O

Space-time estimates of (3.1). Given initial data at ¢ = s € [, #;], the solution of
(3.1) can be written as

t
(3.12) V(t)=S(t,s)V(s)+f S(t, 1) f(r)dr.
N

Since f(#) is not assumed to be in Xj, we first prove the following lemma.
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Lemma 3.5. Suppose (3.2) and (3.7) hold, (p, 4) is an admissible pairs, and f €
N ﬁ',fi'
(to,t1),loc”

Then for any given s € (ty, t1) and initial value V (s) € Xfy(s) , (3.12) has a unique

solution V (t) satisfying V(t) € Xfy(t)’ for almost all t € (ty, t1). Moreover, for any
admissible pair (p, q), there exists T,C > 0 independent of f, ty, t1, and y(-) such
that, iftg <t)<s<t] <t satisfy t; — t, < T, then

(3.13) V@l < CUVEOIx +1 g )-

(th,t)

In particular, if (p, q) = (00, 2), then it holds, for t € (£, t;)

(3.14) (Le,yn VD, VD)7 <Ly VIS), V() +Clfll s -

U
)

Proof. We prove the lemma in several steps.

« Step 1. Change of variables and dispersive estimates of the constant coefficient
homogeneous linear equation. To make it more convenient to carry out the dis-
persive estimates, we first apply a similar transformation to diagonalize /L ¢ co.
Let

P=+vV-AR2-A)1, R=+/-AR-A), Q?’:[}(; (1)], V=227

Apparently,
(3.15) & is an isomorphism from H' to X;.

From (3.1), (2.27), and (2.28), it is straight to compute that Z satisfies

(3.16) Zi=JHZ+Q(y(1),0,y(D))Z + f(1).
where
_ R —c-V ~ _ -1
H=|'yv g || fO=2"7fb,

Qy,2) =21 QW) + F(c,y)(2,))2.

R 0 .
Let % = ( 0 R)' From(2.54), (2.29), (3.15), and our assumptions, we have
3.17) 10,2 Zl g < CA+I2DIZl g, FeL], ,\Bio

for some C > 0 independent of y.
It was proved in [28] that for any g € [2,00], one has

—31_1
le"#pllg <0 Il
42 a2
Furthermore, for any admissible pairs (p;, g;), j = 1,2, it holds

r
tJR t—-1)J%
le %@l g <lPlgr, I eVZf@drl g SUFI e
q1.2 0 q1.2 L"2B

2
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These estimates lead to

H -3(1-1 H
leBpllgr <t 27Nl , NeHpllp g <UDl g,
q.2 q'2 q1,2
(3.18) t P
1] e 80Tl gy, S8l
.

In fact, since JH — JZ = ¢ -V which commutes with /2, we have
e 7 =% 7)(-+ct)=e’#(Z(-+c1).

The first two of the inequalities in (3.18) follow immediately due to the transla-
tion invariance of the Besov norms. To see the last one in (3.18),

¢ t
||f0 e”‘TVHg(r)drIIL,,IB(;I’2 = ||f0 6‘(t_”]‘%(g(r)(-+c(t—r)))cirlle;lrn2

t
— (t-1)J % . —
—|If0 e gmC—en)dtlip g <I8WC—cnll p g =gy,
qy,2 qy,2
o Step 2. Space-time estimate. In the next step, instead of (3.12), we will obtain
the space-time estimate of solutions of (3.16) based on (3.18) with

I3
Z(t) - eVH 7(5) = f e VH[Q(y(1),0,y(M) Z () + f(1)]dT
(3.19) s

—s
:f e“_s_”]H[Q(y(s+T),Oty(s+r))Z(s+T) +f(s+r)]dr.
0

By (3.18), (2.29), (3.17), (3.15), and o = |0, y|1~ < 1, for admissible pairs (p, q),
(P, §) and (00,2), and # < t) < s < t; < t;, we have

12O - VHZzr  m <CUZIp m+Ifl s o)
ey a2 (zl’),t{) L B

/
to, 1y Bar
0’1 (toytl) q',2

(3.20) o -
<C((t = N Zle g+ 1T s )
)

(tyt}) 2
Consider the standard splitting of Z(¢) into
Z(t) = Zp() + Zin(1), V() =P Z(0) + P Zin(1),

where Zh~ (1) satisfies the corresponding homogeneous equation of (3.16) (i.e.
without f) and Zj,(s) = Z(s), and Z;,(t) solves (3.16) and Z;,(s) = 0.

« Step 3. Non-homogeneous part Z;,,. On the one hand, applying (3.20) to Z;, ()
with the admissible pair (p = 0o, g = 2), we obtain that there exists T > 0 inde-
pendent of #y, f, t;, t{, and y(z) such that, if ; — f; < T, it holds

Z' oo < C f B! . .

[ m”L%»fi)Hl ”f”L(pt(’),ti)B;’,Z

Substituting this back into (3.20), we have that for any ti - t(’) < T and admissible
pairs (p, q),
(3.21) 1Zinlyy, 5y, SCUA g -

(tgo1) a2
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We claim that (7 —T1¢ y(t))f(t) =0 implies

c,
t
(3.22) g’Zm(t):f S(t,r)f(r)drexgym, a.e. te(fy,1y).
N

In fact, let

_fa P 51 e _ I, P 51
Y = {g € L(t(’),t{)Bﬁ’,Z | (I_Hc,y(t))'@g(t) =0, Vte (to, tl)} c L(t(’),t{)Bfi’yz'

Since (¢ € H* x (H* n H™Y), for any k=1 and a € {T,d1,d2,+, -}, I—Hﬁ,y

actually applies to 22g (1) € Bcl7’ 5 X B(I? Consider the mapping I

12"
t
W) = Tg) (1) 2 f S, 1) Pg)dr.

Inequality (3.21) and the definition of 2 imply that T : L” L BL. L%, X;is
w,2q.2 T

a bounded operator, and thus also bounded when restricted to Y. Since Lemma
3.4 implies

(I-TC ) )TQD) =0, Vie(ty, 1) if geYnLy X

and Yan;’, t’)Xl isdensein Y, we obtain that (I—HZ’ y(t))l“ vanishes on Y. There-
0’"1 ’
fore 2Z;,(1t) € ng(t) for almost all ¢ € (%), £;).

» Step 4. Homogeneous part and the completion of the proof of the lemma. On
the other hand, it is clear

Zn(t) =P7IS(t,5)V(s), PZy(b)e Xg,y(t)’

which also implies V() = 2Z,(t) + P Ziu(t) € ng(t) for almost all ¢ € (1, t}).
Applying Lemma 3.4 to the || - || ;o ;p On the right side of (3.20) for Z;,, we have
12, — e 9TH 7(5) ||Lf, B, <C(t; = t)IV(9)llx,
Lol LB

for t) < s < t] <ty + T. From (3.18), we obtain

1 Zpll;r g = ClIV($)lx,
(tg,1) 9?2

and inequality (3.13) follows immediately from the above estimates.

To derive (3.14) in the case of (p = 0o, g = 2), we apply (3.9) instead, along with
(3.21), (3.22), and (3.15) and the uniform positivity of L,y on X¢,, to compute,
for t € (15, 1)),

(Le,yin V(8), V(£) = (Le,ynyS(L, $)V(s), (¢, 5) V(s))
+ 2<Lc,y(t)s(t; V($),PZin(1)) + (Lc,y(t)gazin(t),gzin(t»

5(<Lc,y(t)s(t, )V (s),S(t, S)V(S»% + (Lc,y(t)gzin(t),gzin(t»%)2
(e N Ly VISL V) +CIFLy 4 )

(tgtp) 2
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This implies (3.14). Finally as T is independent of f and y(¢), a standard contin-
uation argument extends of solutions on (%, ¢;) and thus completes the proof of
the lemma. O

In the next step, we iterate the above small time estimates.

Lemma 3.6. Suppose (3.2) and (3.7) hold, (p, q) is an admissible pairs, and f €

X'(ﬁto’(zl), where p € [1, pl. Then there exists C > 0 independent of f, t, t1, s, t, such

that for anyn > Ca, every solution V (t) to (3.12) satisfies

1
(Ley VD, V)2 < S Le VS, V) +Cn e fl g

(s,1)

foranyty<t,s<t.

Proof. We only prove the estimates for ¢ > s, the estimates for negative time can
be obtained similarly. Suppose t = s+ kT + t' where ¢’ € [0, T), we use (3.14)
repeatedly to compute

/ 1
Loy V0, V()? < 7% ({Le,y) V@), V@O lrzsiir)? + CIIfI '

(s+kT,t)

1
<e“7 N Ly V), V()2 + C(If 1l g

(s+kT,t)

k .
+ Z eCO’(l’—S—]T) ”f”j(ﬁ’,q’ )

]‘:1 (s+(j-DT,s+jT)

k
_ 1 5(Co—1)(f—s— iT) L _.
SeCU(t s) (Lc,y(s)v(s); V(s)z + C(Z eP(CU m(t—s ]T)) 5 ”en(t )f||f(ﬁ"""
j=0 (s,0)

Summing up the exponentials completes the proof of the lemma. O

Finally we drop the assumption (3.7).

Proof of Proposition 3.1. We split (3.1) into the X¢,, component and its com-
plementary component as in (3.5). Much as the calculation in the derivation of
(2.56), we have that V- satisfies (3.6).

The remaining estimate of V(1) is similar to the above. In fact, for ¢ > s,

t
|Vl(t)| SeCU(t—S)|VL(S)|+f eCU(l’—T)lfJ_(T)ldT

N

t
SeCU(t—S) | VJ_ (S)l +f e(CU_n)(t_T) eT](I—T)lfJ_ (T)ldT)
N

which implies the desired estimate on V*(¢).

Due to the choice of &, it is straight forward to compute that V¢(¢) = V(¢) —
VL(¢) satisfies (3.1) with the non-homogeneous term f(f) replaced by f¢(r).
Lemma 3.6 implies the estimate on V¢(t) which completes the proof of the propo-
sition. a

Finally, we apply Lemma 3.6 to prove Proposition 3.3.
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Proof of Proposition 3.3. We first decompose f € X(to,tl), loc into the sum of sev-
eral terms satisfying the assumptions in Lemma 3.6. In fact, by the definition of
X, we can write

f=¢+y+y
where

3

pel? wWhicl?

loc loc

3
1 o205
B%,z cX loc (to,t1),loc’

(to,11),loc’

and , ;
yeli (L*nL?), Vyel? Ls.

loc
Let y be the same smooth cut-off function used in Subsection 2.1. Clearly

Dy e 2, W c1?

loc

1 52,3 2 4
B, < Xty 1o 04 V(1-x(D)weL;, Ls.

Moreover, since the inverse Fourier transform of %}FD isin L', we have
1- X(D) 2 6
(1 —X(D))U/ = TlDlw € LipcL"
~2,8
and thus (1-yD)y e X°, ) .-
The desired estimate follows immediately from applying Proposition 3.6 to
each of these terms. O

4. CONSTRUCTION OF LIPSCHITZ LOCAL INVARIANT MANIFOLDS OF 4

Based on the space-time estimates developed in Section 3, we construct the
center-unstable manifold # % () of 4, while the center-stable manifold # ¢S (.#)
can be constructed similarly. The intersection of the center-unstable and the
center-stable manifolds yields the center manifold of ..

4.1. Outline of the construction of the center-unstable manifold of .#. Our
construction roughly follows the procedure in [13]. The codim-d local center-
unstable manifold are over the directions of X¢}, & X¢ , & X¢2 @ X} along .. In
coordinate system (2.36) # ““(.#) is represented as the graph of some mapping
hCu
Wcu(./%) — (D({a_ — hcu(y’ adl,adz,a+’ve) |

(y, adl’ adZ’ a+, Ve) € Bd1+d2+d(6) ®%e(6)})

where the above sets are defined in (2.32). Even though W*(.#) is local, by us-
ing a standard cut-off technique, we will carry out the construction on R%1+%+d g
Z'¢(0). Moreover, for technical convenience, we shall work with h(y, a® a2 a* V)
defined on R3+@1+®+d x X, () to avoid the non-flat bundle. However, only the
value of h on R4 +%+d g 9re(5) matters.

Let

XCL[ — R3+d1+d2+d x X], XCM(&) — {(y, adl,adz,a"—,v) € XCM . ”V”Xl <5}‘

(4.1)

The following projection I1¢, linear except in y, will be used often

(42) ﬁe(y, adlyadz,a+’ V) — (y, adl,adz,aJr,H?yV) € Rdl+d2+d @%e.
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We shall modify equations (2.40), (2.42), (2.43), (2.44), and (2.52), along with
(2.46), into a system defined on X x R4. As a standard technique in local anal-
ysis, we first cut-off the nonlinearities as well as the off-diagonal linear terms in
the direction transversal to .# . Take a cut-off function

(4.3) YE Cgo(lR), s.t.y(x)=1,V|xI=1, y(x)=0, V|x| =3, |Y’|c0(uqz) <1
and for § >0, a” eR?, and W = (y,a%!,a®?,a*, V) € X, let
Ys(W,a") =y(367 (ja™ | +1a®| +a* | +1a" |+ VIlx,).
For a- € R% and W € X, let
GYW,a") =ys(W,a )G%(c,y,w),  ac€i{+,—d2}
G W, a™) =ys(W,a ) (L + ), Are (1) Keyw) + Miza™ + G (¢, y, w))
GTW,a") =ys(W,a ) (L ¢+ ), Are(0)Ke,yw) + Mr1a®" + Mrpa™
+G(c,y, w))
G*W,a") =ys(W,a ) (Ae2 () K¢,y w + G*(c, y, w))

where functions (/= ([ ,(7,,¢(1y), (4 = ((,“le, .. .,Cfiil), and operators A, Aeo,

and Ar, are given in Lemma 2.3, matrices M2, M1, M72 in (2.25), and
w=AW,a") £Em*(y,a”,a® a*,a”, 11 V)

(4.4) _ 1 dly,dl d2y,d2 +y7+ B Vo e

=K.y ((@a" V& +a®™ Vi +a" VI +a VO + y) +TIE V).

From the definitions of G%, it clearly holds that they are independent of the
extra component (I — [1¢)W added to avoid the non-flat bundle R4 *%*d g gre,
In particular, G¢ satisfies

(4.5) (I-TE)GE=0, GCeX=X+W"i+(@LinWh).
Denote
geu —irdirdrd sy = (y,a%!, a®?, a*, V) € XU IVilg <51,
GUW,a7) = (GT, 6%, G2, 6, GO (W, a)),
A(y, §) = diag(0, My, Ma, My, IS JLe TIS , + F (¢, Y)(F,°)).
We shall consider, for W = (y, a® a%2 a* V)e X“and a” eRY,

(4.6a) 0, W = A“(y,GT (W, a"))W + G“(W,a")

(4.6b) 0;a”=M_a +G (W,a")

which, for wl x, <6, coincides with the system consisting of equations (2.40),
(2.42), (2.43), (2.44), and (2.52), along with (2.46), the representation of (GP) in
the local coordinate system near ./ .

As the off-diagonal linear blocks in JL, , are incorporated into G, the lat-
ter does not have small Lipschitz constants, which is often a necessity in con-
structing local invariant manifolds. Accordingly, we introduce metrics involving
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a scale constant Q > 1
i d2 _+ d1 3, d2 + 2
I(y,a®",a®,a”, Vlix,q=yl+Qla®™ |+ Q°la™ | +|a” |+ Q° I Vllx,,

4.7)
Iy, a®,a®,a*, Vi o 2 1yl+Qla™ |+ Q*la®™|+1a’ |+ Q°IVIg

to make Lipschitz constants of G°~ small (Lemma 4.3).

We shall construct the local center-unstable manifold # °“(.#) as the graph
{a~ = h°“(W)} of some h : X“(5) — R, Since # “(4) is expect to be transla-
tion invariant, we will only consider translation invariant mappings h : X““(6) —
R4, which satisfy, for any z € R3,

(4.8) h(y+z, a®™ a® at v(+ 2)) = h(y, a® a®, a*, V).
Fix constants Q, 8, u such that
1
4.9 o<1, Q>1, ,u<g,
whose additional assumptions will be given later. Let
Tys=1{h:X"06) — RY | h(y,0,0,0,0) =0, || hllco <6/15,
h satisfies (4.8), and Lip||.||X1yQ < u.t.

Here h(y,0,0,0,0) = 0 is required as # ““(.#) should contain .#. Clearly I, 5
equipped with || - || o is a complete metric space.

We will define a transform on I'y 5 based on (GP). For any h € I, s and W €
XC4(6), consider the solution W (t) = (y, a® a2 a*t V(1) e XU of

(4.11) 0:W = A°U(y, GT (W, h(W)))W + G (W, h(W)),  W(0)=W.

(4.10)

Remark4.1. Even though h is defined only on X¢%(§), due to the cut-off function
s, forany h €T, 5, a €{T,dl,d2,+,e}, it holds G“(W, h(W)) = 0 whenever W €
XU\ X" (5). Consequently, the right side of (4.11) is well-defined for all W €
Xcu,

We define h(W) as

~ 0 A
(4.12) hW)=a" =f e ™M-G~ (W), h(W(1)dt.

We denote this transformation h — h as
I (h) = h.
In order to construct the center-unstable manifold, in the following subsec-
tions, under suitable assumptions on Q, 6, and u we will show h € T’} 5 is well-

defined and that 9~ is a contraction on I, 5. The graph of the unique fixed point,
restricted to the set

BU R (5)02°6) = {(y,a®, a®, a*, V) e XU(0) 11(a™,a®,a")| <5, V e X )

would be the desired center-unstable manifold # % (). To end this subsection,
we give the following lemma to show that working on systems (4.6) or (4.11) on
the expanded domain X°“, only to avoid the non-flat bundle Rb+detd g gpe
does not change the local invariant manifolds.
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Lemma 4.2. The following statements hold.
(1) Suppose W (t) satisfies (4.6a) on [t, t;] for some a™ € Colt, tz],le) and
I°W (ty) = W(ty) for some ty € (1, 1], then TI°W () = W(¢) for all t €
[, B].
2) Assumeh;j €T s, j = 1,2, satisfy hy(W) = hy(W) for all W € XU (6) with
W = W. Then fzj, Jj=1,2, defined in (4.12) satisfy the same property.

Proof. For the first statement, we observe that a direct consequence of (4.5),
(3.6), and our assumption is (I — 9 W () = 0, for all t < [, t»], which implies
W (t) = TT°W (z). The second statement of the lemma is just a simple corollary of
part (1) and the definition of h. m|

4.2. Apriori Estimates. Following the construction outlined in Subsection 4.1,
in order to prove that h € T, is well-defined for any given h € I';, 5, we start with
the following preliminary estimates.

Lemma 4.3. G%™ : X xR? — X% x R4 are smooth, G~ (y,0,0,0,0,0) = 0.
Moreover, there exists C > 0 independent of Q and 6 such that

IIDGC”IILQ(XMXR,;XM) <CQ'+6Q%, DG |l pxeuxpapiy<CE
where |||l (xeuxpa, xev) denote the operator norm when evaluated in || -l x, o and
-1l %,Q"
Proof. From the definitions of G%~ and (2.48) and (2.50) which in turn are de-
rived from Lemma A.1, the smoothness of G°*~ and GC”'_(y,O,O,O,O,O) =0 fol-

lows immediately. Moreover, it is straight forward to obtain the following esti-
mates. Firstly, for [,k =0,

(4.13) | DX

(adl,adzya+’a—,v

DG, GIW,a )] < Cryd'*

for some Cy; > 0. When we exclude the off-diagonal terms in G, the estimates
may be improved to

k I Ad2,+,— k L AT

(4.14) D aar gz gt a1y Py G 1 +1D(g+ - Dy G|
’ k I Ae k I Adl 2—-k
+”D(ad1,a+,a*,V)DyG ”+|D(ad1,a+,a*)DJ’G |Sck,l6 )

for some Ci; > 0. In the above G¢ is always evaluated in the | - || norm. The
desired estimates on DG %~ follows from straight forward calculations based
on the above inequalities. O

The following lemma is a simple corollary of Proposition 3.1.
Lemma 4.4. There exists C > 0 such that, for any y € C'((~o0,01,R) satisfying
10yl < 0, f € L?((—00,0], X*), Q> 1,n € (Ca,1), and W (1), t € (—00,0], solv-

ing
atW = Acu(y,aty)W+f,

we have

0
IWDI, o< Cn2Me " WO, o+ Cn 287! f O A
t :
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Proof. Since A°* takes a diagonal form, we may consider each component indi-
vidually. For the 2?12 and y components, in addition to applying (2.26) we also
use

- n
o™+ e < C1+ 2™ < Cp~Des!!

and the following estimate based on the Cauchy-Schwartz inequality

0 0
If eg(T_t)g(T)dTI2 < Cn_lf e"(T_”lg(T)lsz
t t

to obtain the desired inequality. The estimate on the V component is a direct
consequence of Proposition 3.1 and the estimate of the a* and y component
trivially follows from (2.26). O

Proposition 4.5. Letn € (0,1), T € [-00,0), h € Lus) and a, (') € CO([T, 0], R9).
Suppose Wi (1) = (y1,al*,a?, at, Vi)(1) € X“ is a solution to (4.11) and W, =
(32, a8, ad?, af, Vo) (1) € X solves

(4.15) 0, W = A (y, GT (W, @)W + G“(W, &),

with initial values Wj = (}7]‘, d?l, 6_172, 6_1}', VJ) € X%(6), ] =1,2. Then these solu-
tions exist for all £ € [T, 0] and there exists C > 0 independent of u, T,7, Q, and 6,
such that if (4.9) is satisfied and

(4.16) Cn Q1+ Q%) <1
then W;() € X°“(C6) for all t € [T,0] and

I(Wa = W)@, o <Cn 2 (211 (Wa - W) )1,
0
+ n‘lqﬁazf 2100 (a5 — h(Wg))(T)Isz).
t

Proof. To analyze solutions to (4.11) and (4.15), we first note
GTW,a)=0, G*W,a")=0, if |V]x, = 6.
Therefore if || V| x, = 6, (3.11), (4.11), and decomposition (3.6) yield
0:yj=0, Ot(LC,yjl'Iﬁ,yj Vj,Hﬁ’ij]) =0, 0,(- Hiyyj)Vj =0,
which along with the initial condition and Lemma 2.3 yield
(4.17) IVj(t)llx, <CS, Vtel[T,0].
To estimate the difference, let
B(1)=Z(c, J’2)(GT(W2, ay),") - Z(c, y1)(GT(W1, h(W1)),) + Ae(y2) — Ae(y1)
B (1) £ A%(y2, G (W1, a3)) = A (1, GT (W1, (W)
=diag(0,0,0,0,B(1)).
The cut-off in the definition of GT, (4.11), and (4.13) imply
10,yj1=1G" =< C8.
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From Lemma 2.3, Lemma 2.5, (4.13), (4.17), and (4.17), we can estimate
IB“(0)Wa(D)llx,, = Q°IB(1) Va (1)l x,
=C8Q*(Iy2 — (L +1GT (W, h(W)I) +1GT (W, a3) — G (Wy, h(Wh))])
<COQ*(IWa — Wil xeu +|di; — h(WY)I).
From the definitions of Wj, j = 1,2, and decomposition (3.6), we have
0, (Wo — Wy) =A°(y1, G (W1, h(W))) (W — Wh) + BE“ W
+ G (Wa, @y) — G (Wy, h(Wy)).
Applying Lemma 4.4 we obtain
I(We = W) (DI, o <Cn 2% e I (Wa - W O)11%,

0
e (BT

(G Wa, @) = G (Wi, WD) @I, Jd.

The above estimate on B and Lemma 4.3 including (4.14)
imply

0
I(Wa=WD (DI, o < Cn 2D e M I (Wa = W) 0115, o +1 2 f e b
t

x((Q71+8QM)% WS =W (@I, o +6°Q%(a; — h(W1)) (@) dr.

Since h is Lipschitz with Lipschitz constant u < 1, we obtain

0
e (Wo = WD, o < Cn M I (Wa = WO, o +1 728! f e
t

x QM +8QINWa = W) (D)5, o +6°Q%(a; — h(W2)) (1)) d.
The estimate on W, — W follows from the Gronwall inequality. O

Remark 4.6. Itis worth pointing out that the & term in the equation of 9;V can
not be cut off as it ensures V € X¢ y if this holds initially. In the proof of the above
proposition, this term was under control since it vanishes when || V] x, = C
which implies d;y = 0. Seemingly this argument heavily depends on the lack
of growth of e!4() for any fixed y. If /4« indeed induces some weak expo-
nential growth backward in ¢, instead of the cut-off applied to the V equation,
a standard trick is to add a bump function to modify the V equation so that it
is actually slightly inflowing/decaying backward in ¢ for | V| x, = C6. The same
estimates could be obtained subsequently.

4.3. Lipschitz center-unstable manifold. In this subsection, we will show that
the transformation outlined in Subsection 4.1 is well-defined and is a contrac-
tion on Iy s for appropriate g, Q, and §, which would imply the existence of a
fixed point and thus a center-unstable manifold. For any h € Cpus) recall we at-
tempted to define a new mapping i = I (h) whose value h(W) = @~ at W =
(7,a%', a®?,a*, V) is given by (4.12).
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Lemma4.7. Fixne (0,1)N(0,A). There exists C > 0 independent of Q, u,6 andn,
such that if (4.9), (4.16), and

(4.18) CA-n) @032 <1, cA-n'n%hs<yp,
are satisfied, then I~ is a contraction on Ty, 5.

Proof. We first prove that he ['ys - Since h(y,0) =0 and G”"_(y, 0) =0, if its ini-
tial dgta W =( 7,0), then the solution to (4.11) apparently is W (¢) = (j,0). There-
fore h(j,0) = 0. From (4.14) and (2.26), it is easy to estimate

Ihllco < CA™16% < 6/15,

where (4.18) is used.

From (2.47), (4.8), and that || - | x, is translation invariant, the cut-off is not af-
fected by any spatial translation. Therefore (y() + z, a® (1), a® (1), a* (1), V(t, +
z)) is a solution to (4.11) for any z € R® and any solution (y, a%!, a®?,a*, V)(#) to
(4.11). Therefore the definition of h implies that it also satisfies (4.8).

Finally, we show the Lipschitz property for 4. For any Wj € X“(6), let W; (1),
t < 0, be the corresponding solutions to (4.11) and a; be given as in (4.12), for
Jj =1,2. Applying Proposition 4.5 to these two solutions, we have, for any ¢ <0,

I(Wa = W1) (Dl x,,0 < C~ e ™| Wa — Wil x, -

Therefore, we obtain from (4.12), (2.26), and (4.14) that
—d;

o o cn~hs
la; —a;|<sCs | e |(Wo—W1)(T)lx, 0dT < W2 = Willix,,0-
-0

=N
The desired Lipschitz property of h follows immediately from (4.18) and thus
herl W

To see the transformation h — h is a contraction, given any hy, hy € I and
initial value W € X““(6), let W; (1), t <0, j = 1,2, be the solutions to (4.11) asso-
ciated to hj, with the initial value W. In applying Proposition 4.5, we notice the
corresponding

[(az — i (W) (D] = lh — hillco, (W —W>)(0) =0,
and thus, for any ¢ < 0,
|(W2 = W) (D)llx,,0 <Cn~ 71 Q%6 e | hz = hull co.

Therefore (4.12), (2.26), and (4.14) again imply

0
la, —ay | < Cn_“+d1)Q362f e T dr| by — by |l co.

—00

Therefore (4.18) implies the contraction property. O

Under conditions (4.9), (4.16), and (4.18), which can apparently be satisfied
by choosing p, 8, Q, and n carefully, Lemma 4.7 implies

3R ET s, s t. T (™) = hev.
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We are only concerned with h¢“ restricted to R4 +%*4 ¢ 9°¢(5). Let
We4 = graph(hcu) — {(y, adl,adz,cfr,cf,ve) |
a = h(y,a%,a®, a*, Vo), (y,a®,a®, a*, ve) e RO+ x ore(5))
and an even small submanifold for (2.7) and (GP)
Wcu(ﬂ) — q)({(y’ adl,adz, a+,a_, Ve) e Wk |
la®,1a%),1a*1,1VCllx, < §/15}).

W is a Lipschitz manifold due to the Lipschitz property of h°“ € T, 5.
Forany a~ = h°“(W), W = (j,a%, a%?,a*, V®) e Rh*%+dg 9,¢(5) correspond-
ing to a point on W€, let W(¢) = (y,a%!,a®?,a*, V) (1) be the corresponding

solution of (4.11) where V(1) € X? o (C6) due to Lemma 4.2 and Proposition

4.5. Let a™ (¢) = h°“(W (1)) whenever ¢ satisfies V¢(1) € Xfy(t) (6). We can extend
a” (1) to be a bounded function for ¢ € R. For any |#| <« 1 such that W=W(t) €
X°u(8), since (4.11) is autonomous, W (t + f,) is its solution with initial value W.

Since I (h") = h", we can compute @~ = a” () = h“(W) satisfies

(4.19)

0 fo
a :f e_TM‘G_((W,a_)(t0+T))dTZf e TTIM-GT (W) () dr

t(') A
—ploM- 5= +f pllo—TIM- G_((W, a‘)(r))dr.
0

As in Remark 4.1, the above equality does not depend on the extension of a™ ()

as G~ (W, a™) = 0whenever W € X“\ X°%(8). Therefore (W, a™)(t) = (W (t), h°“(W (1))
is a solution to (4.6). Along with the translation invariance (4.8) of h°%, we have
proved the local invariance of W under (4.6). Since h°“ is translation invari-

ant, we obtain

Lemma 4.8. W*° is locally invariant under (4.6), i.e. if w(t) is a solution to (4.6)
and w(0) € WY, then existse > 0 such that w(t) € W forall t € (—e,€). Moreover
W* satisfies, for any z € R3,

w(-+2z)e W if we W,

Solutions starting on W¢* mightleave W ¥ through its boundary h¢%(X¢*(8))\h¢*(X*(5)).
Since (4.6) coincides with the original system (2.40), (2.42), (2.43), (2.44), and
(2.52) when
la® | +1a®| +|a*|+1a” |+ IV x, <613,
# " is a locally invariant manifold of (2.7) and (GP). Namely

Proposition 4.9. If U(7) = ®(w(1)) solves (2.7), satisfies U(0) € # °*, and w(¢) €
Baitde+2d( 0y g gre(L) forall te [-T,T], T >0, then U(r) e W, te [T, T1.

4.4. Local dynamics related to the center-unstable manifold. We start with the
local stability of the center-unstable manifold, which means that if a solution to
(2.7) stays in a 69-neighborhood of .# over a time interval, then its distance to
w4 shrinks exponentially. Since (2.7) is equivalent to (4.6) for U near .4, we
only need to work with (4.6). More precisely,
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Lemma 4.10. There exists C > 0 independent of Q, u,0 and n, such that if (4.9),
(4.16), (4.18), and

are satisfied, then for any T > 0 and solution (W, a™)(t) = (y,a%l,a%?,a*,a~, V®)(1) €
RA+d2+2d g gre(5), t € [0, T1, to (4.6), we have

la™ () = k(W ()| < Ce” P21~ (0) — h°(W (0))]
foranyte|0,T].
Proof. Let
W) =W(), a (O=a (1), A (O)=a (t)-h"“(W(D).

Fix t € (0, T] and let (W, @, ) (1)) be the solution to (4.6) with initial value (W (1), h“ (W (1))
at T = t. The invariance of W°* under (4.6) implies that, for all 7 < ¢,

dy (1) = K (Wa (1)), A™(1) = ay (1) —ay (1),
where note the latter holds at 7 = ¢t only. Denote
1) =1 (W2 = W) (D)l x,,0-

Lemma 4.2 implies ﬁer (r) = Wj(r) for T = 1, j = 1,2, since it holds at 7 = r.
From Proposition 4.5, we have, for any 7 < ¢,

t
4.21) (1) < Cp~ @i+ b 52 f 1T DIAT () 2dr.

T

Using the variation of parameter formula, we have
AT (1) =(a; —ay) (1)
=e™ (@ - )0 + fo te“‘”M-(G‘((wl,dmr),) -G ((Wa, @) () )d
It follows from (2.26) and (4.14) that
IA™ (1) < Ce ™ M|(ay - a;)(0)| + c&fot e M0 (1(n) + |(ay — a;) (7)) dr.

Since
(@] —a;))@)| =A™ (@) +pl(7),

we obtain

t
IA™(D)] < Ce M (1(0) + 1A~ (0)]) + caf e M (1(7) + 1A (1)) dr.
0
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We use (4.21) to proceed

t
|A_ (l.)|2 Sce—z(ﬂ.—ﬂ)llA—(O)lz + Cn—(2d1+1) QGéZe—ZAIf e?_m"A— (T)lsz
0
t
+C8%( f e MDA (M) |dT)” + O h D Qb
0

t t , 1 2
x (f e—/l(t—r)(f e _T)|A_(T/)|2d‘[/)§d‘r)
0 T
LCe 2ADNA~ )2+ [, + I + I5.

The above integrals are estimated by Cauchy-Schwartz inequality. Firstly,

t t
I, <C6? f e 21D gy f e A=A~ (1) 12 dt
0 0

t
5C52n‘1f e A== A~ ()12 d7.
0
Secondly,

t t pt ,
eZanTf f eZ(/l—n)r+2n(r -T) |A_(T/)|2dT,dT
0 0 Jr

t 7’
Scn—z(d1+1) Q664e—2(/1—17)l"/(; |A_(T,)|2L 9217'[ +2(/1—21])‘[de_[/

Scnfz(dlﬂ) Q664(/1 _ 217),1 ft e 2A-M=D) A~ (1) 2 1.
Finally, it is also easy to see 0
L an‘(z‘h“)QGSthe‘zm_”)“‘”lA‘(r)|2dr.
Therefore we obtain ’
IA™ (D)% < Ce 2P DA™ (0)* +7 fo e 20D A~ (1) Pl

where assumption (4.20) was used. The desired estimates follows immediately
from the Gronwall inequality and the proof is complete. O

Remark 4.11. The proof of the local asymptotic stability of the center-unstable
manifold could have been much simpler if h1°* had been smooth, which will be
proved in the next section. In that case, one could obtain the decay estimate
using certain property derived by differentiating the invariance equation of h°“.
In this subsection, even though we went a greater length to obtain the result, it
has the benefit to show that the local asymptotic stability still holds even if h“*
is only Lipschitz, which is the case when G is only Lipschitz.

A direct corollary of Lemma 4.10 is that the following condition for a point to
belong to W,

Lemma 4.12. There exists C > 0 such that ifn € (C5,1) and Q, u, 8 satisfy (4.9),
(4.16), (4.18), and (4.20), then a solution of (4.6) (W,a")(t) = (y,a®!,a®®,a*,a",V®)(t) €
W if(W,a™) (1) € R +dz+2d g gpe () forallt <0 and satisfiessup,-,|la™ ()| < oco.
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Since (GP), or equivalently (2.7), is equivalent to (4.6) in a neighborhood of
M, we have

Corollary4.13. I U(#) = ®(w(1)) is asolution of (2.7) satisfying w(#) € B4+%+24(L)g
2¢(L) forall t <0, then U(r) e W4, t<0.

Remark 4.14. Note that the assumption in the above lemma is satisfied if a solu-
tion stays in a neighborhood of ./ for all ¢ < 0, which is the case of neighboring
traveling waves.

More precisely, consider another travel wave Uz = (ug, vz) = w(wg) with trav-
eling velocity ¢ € R3. Here we recall  and ¢! is given in (2.2) and (2.3), respec-
tively.

Lemma 4.15. There exists 5y > 0 such that

(D) ifcnc=0, lwz—welx, <do, then Uz W °Y;
(2) orwithoutcAc =0, but instead with the additional || xV (wg— wc) lx, <o
and that the angel between c and ¢ is bounded by 6y, then ugz € W °*.

Proof. The solution to (2.17) corresponding to Uz is given by wz(x —¢t). If ¢ and
c are parallel, then w.(-—¢t) € 1//‘1 () and |wz(-—c¢t) —we(-—¢t)ll x, < 6p forall
t <0, then Uz € # °* by Corollary 4.13.

In the general case, there exists a near identity orthogonal matrix Osx3 such
that O¢ = |¢]|c|"te. Ttis easy to verify that wC(O(x — Et)) is a traveling wave of
(2.17) with traveling velocity |l|c|"!c. |0 - I| < 1 yields that w.(Ox) is close to
w, satistying the assumption of case (1), therefore U.(Ox) € # “*. Our assump-
tions imply ||wz — w(O-)|lx, < 1 and thus Corollary 4.13 implies Uze #°*. O

4.5. Construction of Local Center-Stable Manifolds. Basically by reversing the
time in the previous procedure, we can construct a local Lipschitz center-stable
manifold W of /. It is given by the graph of a function h¢ : Ba+%+d(5) @
Z°0) — R4,

WCS('/%) — (D({a+ — hCS(y' adl,adz,a—'ve) I
(y, adl’adz’a—’ve) €Bd1+d2+d(6) $%‘e(6)})'

We briefly outline the steps here. Let X¢* = R3*@1*%+d x X| be same as X
and equipped with the same || - || x,,o metric as in (4.7). The set Ffi& of mappings

h: X°(8) — R? also takes the same form as F;”(s.

On X°* x R, we rewrite (4.6) as

(4.22a) 0, W = A%(y, GT(W,a"))W + G (W, a")

(4.22b) d0;a”=M,at+GT(W,a")
where G = (GT, G4, G2 ,G~, G¢) are as defined in Subsection 4.1 and

ACS(_)/y J7) = diag(o’ MI’MZ’M—yHZyJLC,yHg,y +g(cy J’) (j}) ))
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For any h and W € X*(8), let W (), t = 0, be the solution to
0:W = A%(y, GT (W, (W))W + G (W, h(W)), W () =W.
and define Z(W) as

hW) =at = —fo e_TM+G+(W(t),h(W(t)))dt

and I (h) = h. Following exactly the same procedure, one proves that this
defines a contraction mapping on Fff , the graph of whose fixed point, restricted

to Rd1+d2+d(%) ex°¢ (%), leads to the locally invariant Lipschitz center stable
manifold of .Z.

Proposition 4.16. There exist § > 0 such that there exists h“’ € F;ﬂs and

(1) the center-stable manifold
W =o({(W,a") e WS | W e Bh+ et (5/15) 0 2¢(5/15)))
is locally invariant under (2.7), where
W = graph(h®) = {a* = h*(W) | W e R1+ % g e (5)},

locally invariant under (4.22).

(2) There exists C > 0 independent of Q, u,6 and 1 € (0, 1), such that if (4.9),
(4.16), (4.18), and (4.20) are satisfied, then for any T > 0 and any solution
U(t) = d((W, a™) (1) to (4.22) with (W, a™)(r) e RU+4+2d ¢ 90¢(5/15), t €
[0, T'], we have

la*(t) = k(W ()| = CeY=2M g+ (0) — kS (W (0))]

forany r € [0, T].
(3) Asolution of (2.7) ®((W, a*) (1)) e # ** forall t = 0if (W, a™)(¢) € Bh+4:+2d(5/15)8
Z°(6/15) forall = 0.

The estimate in part (2) on the growth of a* (¢), t > 0, for any solution follows
directly from the decay estimate of a* (), ¢ < 0, which is parallel to Lemma 4.10
for W in the opposite time evolution direction.

Remark 4.17. The local invariance of #“* is in the same sense as in Proposition
4.9.

Like # %, ' °S is translation invariant in the sense as in Lemma 4.8, and # ¢$
is Lipschitz. As in Lemma 4.15, all neighboring traveling waves belong to W¢*
under the same assumptions.

Remark 4.18. The above statement (2) implies that, if the initial value is not
on the center-stable manifold, then the solution would eventually leave the 1‘5—5-
neighborhood of ./, and thus .# is orbitally unstable.
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4.6. Local Center Manifolds. A center manifold # ¢ = ®(W°) is given by the in-
tersection of a center-unstable and a center-stable manifold, and thus it is also
locally invariant and extends in the directions of the center subspace XZ yeBXg},ea

X#eX¢ atanyy. For0<é <1, (y,a®t,a®?,a*,a~,V®) e RM*%+2d 6 90¢(5) be-
longs to W¢ if and only if
(4.23) a— — hCM(y, adl’adz’a‘f', Ve), a+ — hCS(y, adl’adz’a‘f', Ve).

The
Lipschitz property implies that (4.23) is equivalent to that (a*, a™) is the fixed
point of a contraction (h¢%, h®*) with Lipschitz constant u. Therefore we obtain

Proposition 4.19. There exists C > 0 independent of Q, 1,6 and 7 € (0,1), such
that if (4.9), (4.16), (4.18), and (4.20) are satisfied, then there exists h¢ : RN +% g
2°¢(6) — R? such that

(1) the center manifold
W =o({(y,a®,a®” a*,a”, V) e W°|
(y,a™t,a®,v® e B % (5/15) @ ¢(5/15)})
is locally invariant under (2.7), where
W€ =graph(h®) =graph(h““)n graph(h®®) = {(y,a®',a®?,a*,a,v®)
e RO E42 g gre(5)| (0t a™) = hE(y, a®, a®?, V),

locally invariant under (4.22) (and equivalently (4.22)).
(2) h€ satisfies (4.8), h°(y,0,0,0) =0, and

|hc(y2) agly agzy Vze) - hC(J/l, aldly aldzy Vle)l
f—lftu(lm—yﬂ +Qlag" - af' |+ Q*ag? — a1+ QP15 - Vlx, )
(3) a solution ®((y, a® a2y, at,a”)(n) e Wit (y, a® a? a*t a=,V)(1) €
Bhi+d+2d(5115) @ 2°€(5/15) forall £ € R.

(4) There exists 6 > 0 such that any traveling wave solution satisfying as-
sumptions in Lemma 4.15 belongs to # °.

The following lemma states that, as a submanifold, the center manifold at-
tracts orbits on the center-unstable and center-stable manifolds.

Lemma 4.20. There exists C > 0 independent of Q, u,8 andn € (0,1), such that if
(4.9), (4.16), (4.18), and (4.20) are satisfied, then for any T > 0 the following hold.

(1) LetU(t) = ©((W,a*,a”)(1)) € WS beasolutionto (2.7), where W = (y,a®l, a%?,v®),
satisfying (W, a*,a”)(t) € Bh*%+24(5/15) @ 2¢(5/15), t € [0, T, then we
have

l(a*,a™) (1) — k(W (D) < Ce" 2P| (@™, a™)(0) — k(W (0))]
foranytel0,T].
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2) LetU(t) = ©((W,at,a™)(1)) € W“ beasolution to (2.7), where W = (y,a®!,a®?,v¢),
satisfying (W,a*,a”)(t) € B4+%+24(5/15) @ 2€(5/15), t € [-T,0], then
we have

l(a*,a™) () — k(W (D) < CeN M (a*, a™)(0) - h° (W (0))]
foranyte[-T,0].

Proof. Let us denote the components of h¢ by h¢ = (h$, h¢). From (4.23), we
have

(4.24) he (W) = h(W, RS (W), kS (W) = h°(W, hE (W)

We shall only prove part (1) of the lemma, where a* = h® (W, a"), as part (2) is
verbatim. One may compute

la= = hEW)| =la” = h° (W, hS(W))| < la” — h°“(W,a")| + pla® = hS (W)

and
la®™ = h§ (W) =k (W, a™) — h® (W, hE (W))| < pla” — hE(W)].
Therefore
l(a*,a ) () - h* (WD)l <= A-w " a” - h™W,a")
which along with Lemma 4.10 implies the desired estimates. O

5. SMOOTHNESS OF THE CENTER-UNSTABLE MANIFOLD

We will prove the smoothness of the local center-unstable/center-stable/center
manifolds roughly following the approach in [18].

Proposition 5.1. For any k > 0, there exists C > 0 such that if n € (C§,1) and
Q, 11,8 satisfy (4.9), (4.16), (4.18), (4.20), (5.18), and (5.25), then h¢%, h®S, h¢ € C*
and Dh%(y,0,0,0,0), Dh**(y,0,0,0,0), and Dh(y,0,0,0,0) are equal to 0.

Unlike in [18], however, A°“ in (4.6) depends on the unknowns and extra care
has to be taken. Without loss of generality, we will work on h°* € T, 5, which is
defined on X°%(6), and the proof of h°S is verbatim. The smoothness of the cen-
ter manifold, as the intersection of the center-unstable and center-stable mani-
folds, follows subsequently.

5.1. Outline of the framework of the smoothness proof. We first introduce some
notations to simplify the presentations. Consider (4.11) with & = h°*. For ¢ <0,
let

Y, W) = (y,a®,a®?,a", V)(1), W=(,a",a% a",V)e XU,
be the solution with initial value . We have from Lemma 4.2 that
(5.1) N°W(, W) =¥ (W), vtr<o0 if I°'W=W.
Moreover, assuming (4.9) and (4.16), Proposition 4.5 implies, for all £ <0,

(5.2)  Lippyy o Y(t)=Cp e ™™, W(t, W) e X“(CS), YW € X““(5).
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As the fixed point of the transformation J~, h°* satisfies
0

(5.3) heY (W) :f e~ MG (e, W), (Wt W) ).
-0

Since (4.11) is autonomous, a time translation of (5.3) implies, for ¢ <0,

t
(5.4) R (W (£, W) = f

—00

oM G (W, W), R (W (x, W) ).
By differentiating (5.3) formally, we obtain, for any W € X¢%,
0
Dh* (W)W :f e M- (Daf G~ (W (t, W), k(P (¢, W))) DR (W (£, W)
—00

+ Dy G~ (W (e, W), (W (5, W) | D¥ (£, W) W,

Here DY also depends on Dh" as it solves the following system of equation
derived by differentiating (4.11)

(5.5) 0;D¥ = A“(y(1), GT) DY +%,(¥) DY +%, (¥) Dh*“ DY,

where ¥ and DV are evaluated at (r, W), G at (¥, h%), h* and D“h at V. In
the above %; € C¥(X°%, L(X")) and %, € C*(X°¥, L(RY, X)) are given by

G (W)a@ =Dg-(A“(y,GT (W, a")))la-=neuw) (@ )W + D - G“(@")

(5.6) o ot
=(0,0,0,0,F(c,y)(Da-G"(@), V)| + Do G @),
G (W)W =Dy (A°“(y, GT (W, @)l 4= =peuqw) W)W + Dy GE*(W)
5.7) =(0,0,0,0,(Dy A°(1)F)V + F (¢, ) (Dw G (W), V)

+(DyZ (€ PG, V)] + D G (W)
where W = (y, a®l a® a=, V), W = 7, a® a2 -, vV)e X and G°* are evalu-
ated at (W, h°“(W)).

Motivated by the above formally derived the equations, we define a linear
transformation 97 on

Y1 = CO(X°(8), L(X*, RY)
as, for any A € Yy, W € X°(5), and W € XY,

0
(T1A) (W)W = f e M- (DWG‘(\P,hC”(‘I’))
(5.8) —o0

+ D G (W, B (W) 7(¥) |1 (0 Wt
where V¥ is evaluated at (¢, W). Operator W (t) € L(X") satisfies ¥1(0) = I and
(5.9) 0,¥1 = A% (y(0), GT)¥1 + 41 (P)¥ + 4, (V) A(P) Y1,

where ¥ and ¥, are given in (5.7), G* is evaluated at (¥, h°“(¥)), and 7 at
W(t, W). Just as in Remark 4.1, the right side of (5.9) and the integrand in (5.8)
are well-defined. Since (4.11) is autonomous, when W is shifted to ¥ (¢y, W), the
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principle fundamental solution to the associated (5.9) becomes W1 (£+ o) W1 (fo) .
Therefore we obtain

To
(F1.76) (¥ (0, W) ¥1 (1) W = f e Dy G (¥, (W)
(5.10) —o

+ D G (W, h () 7 (¥) |1 (0 W,

where Y is still evaluated at (¢, W) and ¥; defined for W.

If h°“ € C', then Dh* must be the fixed point of 9;. Therefore, our strategy
to prove h* € C! is to show 1.) 97 is a well-defined contraction and 2.) the
fixed point of 97 is indeed Dh* (Subsection 5.2). In the proof of the ck and
higher order C* smoothness of h¢* we shall need the following spaces Y, k=1,
of symmetric k-linear transformations depending smoothly on the base points,

Vi = (CO(X"(0), L(ok,,, (X, RD)), k=0,
We equip Yj with the norm
71y, = sup{[#£ (W) ”L’é :We XU,

(5.11) | (W) (W,..., W)l

|72 (W) x = sup{——= S Wi,..., Wi € XS\ {0}}.
Q Willg... I1Wkllo

We also use the | - || 15 norm of multilinear transformations in L(®’§ym (X", X4
where | - || x, o is used in both the domain and the range.

Formally differentiate (5.3) twice, we see D?h° is a fixed point of the follow-
ing affine transformation 9, on the space Y> of symmetric k-linear (with k = 2)
transformations depending continuously on the base points,

sym

Vi = (CO(X(®), Ly, (X, RD))
Here for any /£ € Y,, W € X°%(§), and Wy, Ws € XU,

o 0
(T270) (W) (W1, Wa) =f

—00

e M- ((Da— G- AW) + DWWG‘)

(DYW1, DYW,) + Dy o- G~ (DR DY Wi, DR DWW,)
+2Dwa G~ (DYW,, Dh“DY W)

(5.12)

+(Dy- G~ DR + Dy G (1) (WA, Wg))dt,

where ¥ and DY are evaluated at (¢, W), h°* and Dh‘* at ¥, G~ and DG~ at
(¥, k%), and the symmetric bilinear transformation W,(¢) € L(®§me”‘,XC“)
satisfies ¥, (0) = 0 and

513 0,V :(Acu(y(t),GT) + 9 W)+ G, (‘I’)Dh“‘)\llz
' + &, (¥)A(¥) (DY, DY) + %, (¥, DY, DhY).
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Here %, (¥, DV, Dh%) € L(®2,,, X, X4) is given by

sym
%>(¥, DY, Dh") (W1, W) =D (A (y,G") + 41 (¥)) (W) (D (W)
+ Dy (%1 (¥)) (W1) DRCY DV (W5).
In order to prove h* € C?, we shall 1.) show that 97 is a well-defined affine
contraction and 2.) its fixed point is D? h¢¥.
The general C* smoothness of h* (Subsection 5.3) follows much as h* € C?

by 1.) differentiating (5.3) repeatedly to obtain an affine operator on the space Yj
of multilinear transformations, and 2.) proving its fixed point is indeed DFfpev,

Remark 5.2. A possible alternative adopted approach to prove the CF, k = 1,
smoothness of h" is to prove that iteration sequences of the transformation I~
defined in (4.11) and (4.12) actually converge in C* topology. That proof usually
required the C*! bound on nonlinearity. Even though G is indeed smooth in our
problem, this proof in Section 5 shows that the C¥ smoothness holds as long as
GeC*,

5.2. C! smoothness of 1°“. We first prove the following estimate on equation

(5.9) where ¥ =¥ (t, W), W € X°“(6).

Lemma 5.3. There exists C > 0 such that, ifn € (C6,1) and u,0,Q satisfy (4.9)
and (4.16), then for any B € C°([T,0], L(X°*,R%)) with IIBIIC?L%) <1, any solution

W(t) € X of
0:W = (A (y(8), GT) + 4, () + %41 (P)B)W + f (1),

satsfies

0
IW D)%, < Cn 24 e MW o)}, o+ Cn 24" f 1IN FDI T
, ,

Proof. From Lemma 2.5, (2.53), (4.13), and (4.14), we have, forany W = (y,a%!, a%?,a*,V),
W= (y,a®!,a®?,a*,V) e X, and

(5.14) 16 W)@ Nl o< COA+IVIx)la |,

(5.15) I (W) Wlig o< CUVIx, +Q7" + Q%) Wi, q-

Lemma 4.4, (5.2), and the above inequalities imply that, for any ¢ € [T, 0],
W01, o <Cn M e " (IW O3,

0
e [T (@ T+ QUOPIT I, o+ 1O ).
¢ )
The lemma follows from the Gronwall inequality. O

Recall the Lipschitz constant p in the definition of I', 5, which naturally should
be an upper bound of || Dh* ”LIQ.

Lemma 5.4. There exists C > 0 such that, if n € (Co,1) and p,8,Q satisfy (4.9),
(4.16), (4.18), and (4.20), then 9 defines a mapping on the closed p-ball Y, (u) =
{A e Y111 Ay, =y} with Lipschitz constant Con~hA-2mL.
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Proof. Let # € Y1(u). Lemma 5.3 implies that, for any W € X°¥(9), t <0, the
¥, (1) defined in (5.9) satisfies

(5.16) IP1(E) g (xeny < C~ e

Therefore (2.26), definition (5.8) of ./, and (4.13) imply

0
(5.17) 197 (#0)y, < Con~ " f e Mar=ConhA-n T =p

o0
due to (4.18). To prove I (AF) € Y;, it remains to show /(W) is continuous in
W. In fact, the above estimate implies that 9”1(") () — 91 (A) uniformly, where

0
()W = | e ™M (Dw G (¥, h" (W)

-n

+ D G~ (0,1 (W) 2(¥) | W1 (D W,

From the continuity of DG, it is easy to verify that (F;" (7)) (W) is C* in W
Therefore 97 (A) is also continuous and thus 7 () € Y1 (w).

In the following we estimate the Lipschitz constant of 7. Let #; € Y1 (u) and
W1, (1) be defined in (5.9) for A}, j = 1,2, which satisfy

0/(¥12—-Y1,1) =(A“W, GT) -4 (v) - @1(‘1’)%1)(‘1’1,2 -¥11)
+G1 () (S — F6) (V) P12
and (W12 — ¥1,1)(0) =0. Using Lemma 5.3 and (5.6), we obtain
(Y12 =1, Ol Lyxeny = C17_2d1_%5| tﬁe‘”[”,]fz -S|y,

From the definition of 97, we have, for any W € X°%(§),

0
(T2 - T )W) = | &M (D G (= A W12(0)
-0
+(DwG™ + Do G~ 7A) (Y12 - ¥1,1) (1) d1,
where DG is evaluated at (¥, h°“(¥)), #; at ¥, and ¥ at (¢, W). Using (2.26),
(4.14), and the above estimates on ¥, ;j and W1, — ¥ 1,1, it follows that
O i -d —dy-L gk
191 (A1) — T1(F) |y, SC5/ e MmN+ 281t 2)d | A - Ay,
—00

<Con~ (A -2 A - A Dy,

The proof of the lemma is complete. O
Assume
(5.18) conh(A-2m 7' <1,

then 97 is a contraction mapping on Y; (u). Let #£°% € Y} (u) be the unique fixed
point of 97. In the rest of this subsection, we will prove

Lemma 5.5. There exists C > 0 such that if n € (Co,1) and Q,u,0 satisfy (4.9),
(4.16), (4.18), (4.20), and (5.18), then h* € C1(X°*,R?) and Dh°*(W) = A4 (W)
forany W e X°“,
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Proof. Since A (W) is continugus in W, it suffices to show DA% (Wy) W = DAE(Wy) W
at any fixed Wy € X“(6) and W € X“¥“\{0}. Let ¥, (¢) be defined as in (5.9) asso-
ciated to A#°* and Wy and

Ry (1) =¥ (1, Wo+ W) - ¥ (1, W) - ¥1(OW,
Rp(t) = h°U (W (1, Wy + W) — h°% (W (£, Wp)) — A6°% (W (£, Wp)) W1 (D W.

According to (5.2), (5.16), |#““|ly, < p, and the Lipschitz property of h°%, Ry
and Ry, satisfy the rough estimates

(5.19) IRy (Ol x,,0 + [Rp ()] < Cp~ e ™ | Wiix,

for £ < 0. Our goal is to show | Ry (0)llx,,o/ | Wllx,,o — 0 as [Wllx, o — 0.
To analyze Ry and Ry, denote

W(s, 1) =(1—-9)W(t, Wy) + sV (1, Wy + W),

a (s, )= (1— )R (W (£, Wy)) + sh (W (£, Wy + W)).
andfora € {T,dl,d2,+,V,cu},let

R*(t)=G*(W(,0,a (1,0) - [G*+ DwG*(W(1,1) - W(0, 1))
+Dg-G%(a (1,0 -a (0,1)]
where G% and DG in the brackets [...] are evaluated at (W@©,0,a"(0,0) = (‘I’(t, Wo), h° (P (1, Wo))).
From (5.16), we have
(5.20) IR (D50 +IR™ DI < (I Wlx, o
where r(t) > 0 satisfies
(5.21) r()<Cn~e™, Irlcoqu.m — 0 as IWix,o—0
forany f; < f<0!
From (5.3) and 97 (#%) = A%, we have
R;,(0) =f0 e"™-(R™(t) + DwG™ Ry(8) + Do~ G~ Ry(1)dt
—o0

Moreover, using (5.3) and (5.10) instead, we obtain

0
(5.22) Ry, (1) :f e ™- (R~ +DwG Ry +Dy G Rp)lyirdr, t=<0,

—00

where again the above DG~ are evaluated at (‘P(t +1, W), hc”(‘I’(t +1, WO))).
From (4.11), Ry (t) satisfies Ry (0) =0 and

1
0:Ry = A" () Ry + 4y ()Ry + R + Dy G“Ry + Do~ G“ Ry, + f (A
0

—AOWA,0-WO,0)+ (y —ofy)(0)(a” A, 0)—a (0,0)ds

1Here we only need some uniform continuity of DG, instead of G € C2 or C1'1.
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where DG is evaluated at (W (0, 1), a"(0,1)), operators «/£%(f) € L(X*) and
oo (1) € L(RY, X) are given by

AL OW =4 (y(s,0,G7 (W(s,0,a (5,0)|W

+ Dy (4 (y,GT W, a—)))|( o) WD

W(s,1),a(s,1)

A (0@ =Dg- (A%(y,GT (W, a‘)))l( (@)IW(s, 1)

Wi(s,0),a-(s,0))

with W (s, t) and a™ (s, t) defined in the above and y(s, f) being the y component
of W (s, t) (so the Dy also acts on the y component in A°). Note D A°* acts only
on the V component of W. From Lemma 2.5,(5.2), (5.6), (5.7), (5.14), (5.15), and
(5.20), it is straight forward to obtain

10¢ Ry — (A + G Ry I g o = 10: Ry — 5 Ry = Dw G Ryl
<COIRp| + IR I3 o + (D Wl x,,Q < C8IRy| + (DI Wlix, o

where where A°“ and ¢, are evaluated based on W (¢, Wy) and r(¢) satisfies (5.21).
Lemma 5.3 implies

0
523 IRu(0I, o= Col~ ) [T Ry @ + 0, o
t

where A% and ¢, are evaluated based on W (¢, Wy) and ry (t) satisfies
(5.24) n(t) <Cn 21 +the ™, |y leoqn, e — 0 as [Wlix,o— 0
forany 1 < 6 <0.

Finally, let

- Ry (t ~ Ry (D)
Rh=supe2m|~h—()|, Ry =sup e -——— %10
r=<0 IWlx,o r=<0 IWlix,o

Inequality (5.19) implies Ry, Ry < co. We will prove Ry, Ry — 0 as || W x,,o — 0.
In fact, (5.23) and (5.22) along with (5.20) and Lemma 4.3 imply

Ry < Con 1Ry +sup i ()2 2!

t<0
and
Ry, SCfO 5N 2T (Ry + Ry + M2 r (r+ 1) dT
—0o
<C(A-2m7! (6(§xy +Rp) + sug) r(T)e?"’T).
=
Therefore

Ry +Rj, = C(sup n(Hze?! +sup r(t)e* ).
<0 7<0
From (5.21) and (5.24), we obtain that ﬁh, E\y —0as| WIIXI,Q — 0. Consequently
DhC4(Wy) = #6(Wp) and DY (1, W) = W1 (£, Wp). O

Finally we prove that, at any traveling wave, the center-unstable manifold is
tangent to the center-unstable subspace.
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Lemma 5.6. There exists C > 0 such that ifn € (C6,1) and Q,u,0 satisfy (4.9),
(4.16), (4.18), (4.20), and (5.18), then Dh°*(y,0,0,0,0) = 0 at any y € R3.

Proof. In the proof of this lemma, we adopt the notation (y,0) = (3,0,0,0,0) €
X¢¥, Observe that (4.11) and the definition of G implies ¥(¢, (,0)) = (y,0) for
all t < 0. For any ./ € Y1, (4.12), the fact DG~ (y,0) = 0, and the above obser-
vation implies 97 (#)(y,0) = 0. The conclusion of the lemma follows immedi-
ately. O

5.3. Higher order smoothness of 7°“. In this subsection, we shall prove

Proposition 5.7. For any k = 1, there exists C > 0 such that if n € (C§,1) and
Q, u, 6 satisfy (4.9), (4.16), (4.18), (4.20), (5.18), and

(5.25) conFh(A-kn) <1
then h°* € C* and

ID*R" |1y, +sup | DX (¢, ) lors, < co.
t<0

Here DFW¥ denote the differentiation with respect to W only. In particular
IDR |y, < w and ||D¥h°*|ly, may depend on & for k > 1. In the rest of this
subsection, C as usual denotes a generic upper bound independent of ¢, W €
X°%(§), and 8, Q, u, while C independent of t and W € X%(5), but may depend
ond,Q, u.

Formally differentiating (4.11) and (4.12) k times implies that DR should
be a fixed point of the following affine transformation 9% on the space Y. Here
for k=2, any # € Yy, W € X°%(6), and Wi,..., Wi e X4,

(T O)(W) (W, ..., W)
O —~— —~—
(5.26) =f e M- (((Da—G‘Dh"” +Dw G )Y () + Li (D)) (Wh,..., W)
+ D, G~ 7(Y)(DYW,,. ..,D\PWk))dt,

where D'V is evaluated at (£, W), D'h°* at ¥, D'G! at (¥, h°%), the symmetric
multilinear mapping % (t) € Yy is an algebraic combination involving D!¥ and
D'hc*, D*G~, and D'G™, 0 < I < k-1, and the symmetric multilinear ¥ () €

L(8%,, X", X satisfies ¥4(0) = 0 and
0,V =(A(y(0), G") + %1 (%) + Gy (V) DR (W) ) ¥
(5.27)

+9 (V) A (V) (DY, ..., DY) + 4 (1).

Here 9. (1) € CO(X°(6), L(®’§meC“, X*")) is again an algebraic combination in-
volving D'W¥ and D'h¢%, DFG*, and D!G*, 0 < I < k— 1. These terms ¥ and
% are the lower order term in the higher order differentiation of compositions
of mappings. The explicit forms of 93, %,, and %, can be found in (5.8) and
(5.27).
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The proof of Proposition 5.7 is inductive in k. The case of k = 1 has been
proved in Subsection 5.2. Assume it holds for 1 < [ < k, we will prove it for k. As
outlined in Subsection 5.1, we shall prove by showing that D*1°* is given by the
fixed point of the contraction 9. Based on the usual formula of higher order
derivatives of compositions of mappings, the induction assumptions imply
(5.28) sup e L (0] ¥, +sup eknt)

t<0

|(<gk(t) ”COLk < 00.
t<0 Q
In the following proof we will skip some details which are similar to those in
Subsection 5.2.
For k = 2, as 9}, is an affine transformation on Y}, we first consider its homo-

geneous part I € L(Yy)
(TeAO) W)W, ..., W)

O —~— —~
(5.29) =f e ™-((D4-G™ DR + Dy G )P () (W, ..., Wy)

+Dg-G~ A (V) (DYW,..., DYWy))dt,
with the same convention of the notations and

0,1 =A% (y(1), GT) + 1 (%) + Gy (V) DL ()| ¥
(5.30) ~
+ G, (V) (V)(DY, ..., D).

Lemma 5.8. Let k = 2. There exists C > 0 such that ifn € (C6,1) and Q, u, 0 satisfy
(4.9), (4.16), (4.18), (4.20), and (5.18), then

1Tkl Levg < Con~ 4 (A= k™"
Proof. Lemma 5.3 and (5.6) imply, for t <0,
(5.31) 1 ¥ (0l < Con~C DD 72y,
Substituting it into (5.29) yields the lemma. O

Lemma 5.9. Let k = 2 and assume Proposition 5.7 holds for each I, 0 < | < k.
There exists C > 0 such that ifn € (Co,1) and Q, 1,6 satisfy (4.9), (4.16), (4.18),
(4.20), (5.18), and (5.25), then T is a contraction on Y. Moreover, for any /€ € Yy
and W € X°4(9), the ¥ .(t) defined in (5.27) satisfies
sup MWL)k < oo.
1<0,WeX°u(5) Q

Proof. Firstly, the ||-|ly, bound of 9% (0) can be easily obtained using (5.28), which
along with Lemma 5.8 implies the || - |y, bound of J3(#) for any # € Yi. The
continuity of 9 (A) (W) with respect to W follows from the same argument as
in the proof of Lemma 5.4. Therefore 9 (#°) € Y and thus (5.25) and Lemma
5.8 imply that 9% is a contraction. O

Recall that the Lipschitz property of h“ was used in the proof of h°* € C! in
Subsection 5.2. Similarly, before we proceed to prove D% is equal to the fixed
point of 9} and thus h°* € CK, we first take a step back to prove Lip D¥1h¢% <
oo using the above lemma.
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Lemma 5.10. Let k = 2 and assume Proposition 5.7 holds foreach ,0 <1< k—1.
There exists C > 0 such that ifn € (C5,1) and Q, u,6 satisfy (4.9), (4.16), (4.18),
(4.20), (5.18), and (5.25), then

Lip D*"'h¢* + sup e Lip D1 (¢,-) < co.
t<0

Proof. From the induction assumption, D¥"! h¢% € Y)_; and thus Tj_; (D* 1 h¢%) =
Dk-1pcu 1o prove the lemma, we shall show that, for some Cj_; which might
depend on 6, Q, i, the closed subset

Yi={A €Y :Lip #<Cr_1}

of Yj_; is invariant under J%_;, which implies D*"1h°* € Y;_, and thus Lips-
chitz.

Since %, and ¥;_;, appearing in (5.26) and (5.27), involve only D'¥ and
D'he*, Dk-1G- and D'G~, 0 < [ < k -2, the induction assumptions imply, for
t<0,

(5.32) IDw L1 (Dl + IDw G2 (Dl o < Ce™ .

Due to the slightly different forms, one has to proceed separately in the cases of
k =2 and k > 2, even though the estimates in prove these cases are essentially
the same.

Casel:k—1=2.Let. 7 € Yi_ and Wj € X““(8), j =0,1,let ¥;_ (1) = D" 1 (¢, W),
which are also the solutions to (5.27) where V¥ is evaluated at (¢, W;). From
Lemma 5.3, (5.31), (5.32), the induction assumptions, and the Lipschitz bound
on 7, itis straight forward to obtain the desired Lipschitz estimate on D¥~1W(t,-)

1y = ¥Ry < €+ Con~ = E VARG e W - Wolx, 0.

Therefore, using (4.14), (5.32), (4.16), and the induction assumptions, we can
estimate (5.26) as

IIka—1(JL”)(Wo)—LOTk—1(Jf)(W1)IILg—I
0
<| e i csp k(1 4+ hT1lgCy + C)dt |Wy — Wollx
n n k-1 0l1X;,Q
—00
<A-kmpH(Con N Cr_y + O) 1W1 - Wyl x, 0-

From (5.25), there exists Ci_; > 0 such that J;_; (/) € Y} for any /€ € Y.

Case2: k—1 = 1. In this case, one considers (5.8) and (5.9) instead. The estimates
are similar we omit the details. O

Assume (5.25) and let /. € Yj be the fixed point of . We will prove

Lemma 5.11. There exists C > 0 such that ifn € (C5,1) and Q, u, 8 satisfy (4.9),
(4.16), (4.18), (4.20), (5.18), and (5.25), then D*h¢* = Ty
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Proof. As in the proof of Lemma 5.5, for any fixed Wy € X°*(8) and W € X¢*\{0},
let Wi (1) € L(®’§me”‘, X°“) be defined as in (5.27) associated to /£ and Wy and

Ry (8) =D 1w (1, Wy + W) — D¥ 1 (¢, Wp) — W1 () (W, ...)

Ry (1) =D R (2, W + W) - DX R (W (1, W) | (DY), ..., DY ()

— 76 (¥ (1, Wp)) (DY (W), DY(), ..., D¥()),
where all above DY are evaluated at (f, Wp). Note in the above Wi (£)(W,...) €
Lg%} X4, X ) and
T (W (£, Wy)) (DY (W), DY (),..., D¥(") € L(®]§y_,}1XC”, RY),

consistent with the other terms. According to (5.2) and Lemma 5.10, Ry, and Ry,
satisfy the rough estimates

(5.33) IRy (Ol o1 + [Ru(0)] o1 < Ce ™| Wix, 0,

for ¢ < 0. Our goal is to show || Ry ;,(0)llx,,0/ Wl x,,0 — 0 as [ W] x,,0 — O.
Using Jj_1(D*1h¢%) = D¥-1h% Lemma 5.10, and the induction assump-
tions, much as the derivation of (5.22) and (5.23), we obtain

0
Ry,(1) = e ™-((DyG™ + Dy, G DRCYR
(5.34) n(2) f_oo (Dw a )Ry

+Dg- G Ry + Ry )|+ dr

d,Ry :(Acu(y(t), CT)+41 (W) + 4 (‘I’)Dhcu(‘P))R\y + %G, (¥)R), + Ry (1.

where DG~ and DG are evaluated at (¥, h°%), h°* at ¥, and ¥ at (¢, Wp), fol-
lowed by the shift in the integral of Ry,. Here the norms r;(z) = [R;(®)| L5

j =1,2, of the remainder terms R; (¢) and R (t) satisfy

Ir+7alicoqe, )y

(5.35) n(t)+r0) < Ce ™| Wiy, lim =
IWlix,,0—0 IWlix,o

forany f; < , <0. Lemma 5.3 and (5.2) imply

0
(5.36) IRy ()13, < 82720~ f 1O Ry ()12, dr+ r3(0)
Q t Q
where
~ — 73l
(5.37) r3(f) < Ce_2k77f”W”§(l)Q, lim SIS (GHA)) -0

IWixye—0 I1WI% o
Finally, let

| Ry (D)l k1
R), = sup e(k“)mm Ry = sup e(k+1)nt—I‘Q

— ) —
1<0 IWlix,Q 10 Wlix,q



INVARIANT MANIFOLD 51

Inequality (5.33) implies Ry, Ry < co. Inequalities (5.36) and (5.34) along with
(5.35), (5.37), and Lemma 4.3 imply

Ry < Con~ 'Ry +sup r3(1)2 e+ 110
t<0
and
Ry <CA— (k+1)n) ' (6 (R + Rp) +sup ry (1) eF+D77),
70
Therefore 1
Ry + Ry, < C(suprs(£)2 D7 4 sup ry (7)e*+177),
t<0 7<0
From (5.35) and (5.37), we obtain that Rj,, Ry — 0 as ||W||X1,Q ~0. O

In the last step of the above proof, we may define R, and Ry by using a weight
e™" with any a > k and thus we do not have assume A > (k + 1)n additionally.

6. A NON-DEGENERACY CASE

In this section, we consider a traveling wave U, = u.+i v, satisfying the follow-
ing non-degeneracy conditions. Recall L., and L, defined in (2.11), its Morse
index n~ (L) in (2.19), and the dimensions d1,d2,d in Lemma 2.3. Assume

(H1) kerL, = span{axj U:1j=1,2,3}4
(H2) d=n"(L.).

Remark6.1. Assumption (H1) is alinearized elliptic problem. Usually (H2) is not
easy to verify directly. A special situation is when n™ (L) = 1, which is often the
case when U, is derived from the Mountain Pass or a constrained minimization
process with 1 constraint. In this case, according to Theorem 2.3 and Propo-
sition 2.2 in [36], (H2) is satisfied if (L.V, V) > 0 for all V € ker(JL.)*\ker(JL,).
More specifically, it was proved in [35] that, if ¢y € R3 and Uge, (x) is a family
of traveling waves depending on a smoothly, then %P(Uaco) < 0 along with
n~(L;) =1 implies (H1).

Under these hypotheses, among the subspaces in the decomposition given in

Lemma 2.3, statement (2) there implies Xg} = Xgi = {0} and thus, in the same
notations, we have the following decomposition.
Lemma 6.2. Assume (H), (H1-2), and (2.6), then for any y € R3, it holds that

1) X=X, ®X; X! &X;,;
) JLcy and L,y take the forms

0 0 0 0
. 0 I°G) 0 0
ey 0 0 0 L]’

0 0 L.» 0

0 Are(y) 0 0

0 AL 0 0

Jley ™10 0 A.» o0
o 0 0 A
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Here the above blocks satisfy the same properties as in Lemma 2.3.

In this non-degenerate case, we shall carefully consider the energy-momentum
functional E + ¢ - P invariant under (GP) and (2.7), where E and P are defined in
(1.1) and (1.3). Let E(y,a*,a”, V°) be defined as

E.=(E+c-P)o®e CPR* 0 2°R),

where the coordinate mapping ® is defined in (2.36), whose domain can also be
extended to R324 x Xj. The smoothness of E follows from Lemma 2.2 and 2,3 of
[35] along with Lemma 2.3. Using (2.10) and (2.11) it is straight forward to obtain
the leading order expansion of E at (y,0,0,0) = @~ (U.(- + y))

Ec(y,a*,a”,V®) =(Le(y)VE, VO +2(Ls_a ,a*)

(6.1)
+0((a™|+1a” [+1IV°lx)%)

when |a*|, |a”|, and |V¢| x, are small. Here L,(y) is given in Lemma 2.3, uni-
formly positive, and translation invariant, i.e.
(Le(O)VE, VO =(LeVE(+ 1), VEC+ ).
The d x d matrix L, _ is defined by
(Li—a™,a") =L (Pa & (+y),a & (-+ ).
where, = ({;1, . .,f;d) and L,_(y) are given in Lemma 2.3. L._is independent
of y since L., and thus L, _(y) are translation invariant.

Let #/¢%c5¢, RS, h¢ = (hS, h) be given in Section 4 , whose smoothness
are established in Section 5, and the parameters Q,u,d,n satisfy (4.9), (4.16),
(4.18), (4.20), and (5.25). For any (y,a* = h®(y,a~,V®),a",V¢) € ¥, since
Dh*(y,0,0,0) =0, we have
62)  1E(y,h(ya”,V®),a V) = (Le()VE, VO < Colla™ |+ [V x,)°
for some Cy > 0. Based on the expansion (6.1), we can prove the exponential
stability of # € inside # 5.

Lemma 6.3. There exits C > 1 such that if n € (C6,1) and Q, u,6 satisfy (4.9),
(4.16), (4.18), (4.20), and (5.25), then for any initial value W = (y,a* = h°(y,a”,V®),a ,V®) e
WS with|a™ |+ V¢ x, < C™26, its corresponding solution W (t) = (y,a*,a”, V®)(t)
satisfy, forall t = 0,
la~ |+ 1Ve(Dlx, <6/15, a* () =h((y,a, V(D)
6.3) la” (1) = h (1, V(D) = Ce” N 2D a7 (0) - hE (3, VO O).

Proof. The assumptions on W, the conservation of E, and (6.2) imply
|[E(W (D)l = E(W)| < C%5%.
Let
T=sup{t>0:la () +IVE(t)lx, <b/15 VY €[0,0)} >0.
On [0, T], Proposition 4.16 implies (6.3) holds, which along with Dh°(y,0) = 0
implies
la” () = CIVenIg, +C e W25, telo, T1.
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Applying (6.2) again, we obtain
IVeI%, < C(E(W®)+la” ()

and thus || Vé(8) |I§(1 < C7162. This along with the above inequality on a™ (¢) im-
plies the T = co. From Propositions 4.16 and 4.19 and Lemma 4.20, the rest of
the lemma follows. O

Following exactly the same arguments, we also obtain the exponential stabil-
ity of #°¢ backward in time inside # “.

Lemma 6.4. There exits C > 1 such that if n € (C6,1) and Q, u,6 satisfy (4.9),

(4.16), (4.18), (4.20), and (5.25), then for any initial value W = (y,a*,a~ = h*“(y,a*,v®),V¢) e
W with|a® |+ Ve|x, < C™26, its corresponding solution W (t) = (y,a™, a”, V®)(t)

satisfy, forall t <0,

la™ (O + IV (Dlx, <8/15, a (1) =h"((y,a”, VO (1),
6.4) la* (1) = hS((y, VI (0)] = Ce 2P a* (0) - hS (3, VO O)!.
Consequently, we also obtain the stability of .4 in # .

Proposition 6.5. There exist C > 1 and § > 0 such that, for any initial value W =
(7,@*,a>) =he(F,ve),Ve) e wwith | V¢| x, < C™28, its corresponding solution
W(t)=(y,a",a”, Ve (r) satisfy, for all 7 € R,

IVeOllx, <6/15, (a*,a ) (1) =h((y, VD).

Combine the above results and Corollary 4.13, Propositions 4.16 and 4.19, we
obtain the following characterization of # %, # ¢S, and # °.

Proposition 6.6. There exist C > 1 and ¢ > 0 such that the following hold. Let
U(t) = ®(W (1)), where W(t) = (y,a*,a”, V®) (1), be a solutions to (2.7) with ini-
tial value

W =(j,a*,a", V) e B*(C™%6) @ 2°(C%0),

then

(1) Wew*“andthus W(r) e #““forall t <0, ifand onlyif W (1) € B%4(5/15)®
Z€(6/15) forall £ <0.

(2) W e#w° andthus W(r) € # “forall t = 0, ifand onlyif W (¢) € B%d(5/15)®
Z€(6/15) forall £ = 0.

(3) W e#°andthus W(r) e # ¢ forall t € R, ifand only if W (z) € B%4(5/15) @
X€(6/15) forall teR.

Remark 6.7. Note that when we construct the local invariant manifolds, we cut
off the nonlinearities to focus on the local dynamics. Different choice of the cut-
off could yield different local invariant manifolds. Therefore local center-stable,
center-unstable, and center manifolds are usually not unique. However, under
the non-degeneracy conditions (H1-2), we obtain the above characterization of
the local invariant manifolds which is independent of the cut-off. Therefore the
local manifolds are unique in this case.
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APPENDIX A

In the Appendix, we give some estimates of the nonlinear term G in (2.17).
One may compute in (2.16)

Ga(c,y,w) == (UP = Uc(-+ )P = 2Uc (- +y) - (Ke,yw)) te (- + )
(A.1) = (1UP = 1Uc(-+ 9)IP) (w1 = 1 (D) (ve(- + ) w2))
1
— 5 (A= 1UP D) @) + Ay D)),

where U is given in (2.15) as

1 AL
A.2) U=y (we(-+y)+w)=Uc(-+y)+Kycw- S (D) (w3),0] .

Substituting this into G; we obtain
G1=Gi(c,y,0:y, w) = Gii(c, y, w) + Grz(c, 3,01y, w)
where
Gi1 = (IUP = U(-+ PP = 2Uc (- + y) - (Keyw)) ve (- + )

(A.3) ) ) 1
+ (1017 = U (- + p) )wz—EX(D)(WZVWZ'C)

and by substituting (2.16) into G;

G2 = Gi2(c, 3, J, w) =7((D)(w2(— (Le,yKe,yw)1 = y-Vue(-+y)
(A.4)
+Ga(c,, w))).

Here (L., yK,,yw); denotes the first component of L., K, ,w. For fixed c and y,
G is a polynomial of w and j. More precisely, it is the sum of some multi-linear
transformations on w and j of degree between 2 and 6.
LemmaA.l. Fixc. It holds that
Gc,y) € COMRS xRS x X, Wh2) + CO®R x X;, L2 nWh3),
and
G(c,»,0)=0, DuG(c,y,0)=0.

In particular, the only term Gy, containing 7 belongs to C®(R3xR3x X;, WL'3).
More refined estimates on G can be found in (A.10), (A.11), (A.12), (A.13), (A.14),
and (A.15), where the generic constant C in those inequalities are independent
of y.

Proof. Due to the polynomial form of G in w € X; and j € R3, we only need to
estimate the boundedness of each monomial, i.e. multi-linear transformation.
To handle the terms with y (D), we will repeatedly use

(A.5) HVIEX(D) fllzrare < Cspli fllr, Vk=0,1<p<oo.

We start with the consideration on |U|? — |U.(- + y)|?. Let

1
p= EX(D) (w3 +2wowoc (- +y)) == Dlycp =x(D) (szszc(' + y))
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forany k=1 and
Vo = x(D) (waVws + Vws woc (- + y) + woVwae (- + ).
Using wy. = v € HY (A5) implies, forany s+ k=1

(A.6) VDYl 3 o S Cokllwall g (w2l g + 1)
where C; i is independent of y. Here we used the property D*w,, = DFv. e L?n

[ for all k > 1 due to equation (1.4) and also the embedding W2 (R%) — L3(R3)
on p. The second term in p actually has a better spatial decay estimate by using
the Hardy’s inequality and (2.6). Namely,

wo(-—y)
lwowze(-+ Pz = llwa(- =Yl < CIITIILZ =Cllwallgp.

On some occasions, we also need to consider (I—y (D)) (f1 f2), for fi2 € H!. Since
V(fif) € L?, we have
I-x(D)

I(I=xD) i)l 3 = 17
<CIV(fif2ll, 3 < ClAl £l

[DI(f1/2) IIL%

where we used that the inverse Fourier transform of l_ligl(a isin L'. It implies

(A7) [ (I—x(D))(ﬁfz)IIWl,g s ClAllgllfall gn-

One may compute that

(U2 = [Uel? =w? +2uc(- + y)(wy — p) + p> = 2wy p +20(- + y) wy + w?
=wf+2w1 +2(uc(‘+y)—1)(w1—p)+p2—2w1p
+2(I = x(D))(ve(- + y)wa + w3).

By using the above inequalities and (2.6), we obtain, through straight forward
calculations, for k=1,

2 2 k7712 2
MU =10l =2will 13 + 1Dy AU =1UCO g

(A.8) 1
<Clwllx, (lwll, +1.
Similarly,
U = U? = 2Uc(-+ y) - (K, yw)
=w?+(1-y(D) (W) + (1 - uc- + )y (D) (w3) + p* — 2w p
and along with the above inequalities, it implies for k = 1

k 2 2
" IDY(IUF° = 1U" = 2Uc(+ p) - (Key W) rs o

+NUP U = 2Uc(+y) - (Keyw)ll 3 < Cllwll, (lwll, +1).

Substituting (A.8) and (A.9) into (A.1) and using (A.5), we obtain through straight
forward calculations

(A.10) 1G2ll, 3, +IVG2ll 3 s < Clwll, (lwl, + 1.
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Here we have to estimate VG» in L% + Lg since
IVAYD) W), 3 = Clwall,
does not seem to have better decay and
(U1 = 1TVl < Clwll, (lwl, +1).
does not seem to have better regularity. Similarly, forany k= 1,

(A1D) ID5Gall < Clwl, Wwl, +1.

6 <1 3
5AWh2
The estimates for Gy; are

(A.12) IGull, 5 . tIVG 3

2 3
<
Linperping = Clwlly Ulwly, +1).

Again, we have to estimate VG, in this norm as
IVx(D)(w2Vw,-c) IILg Lo =C| wll%g1
does not seem to have better decay and
2 2
IV((UP =10+ P wo)l,

does not seem to have better regularity. Differentiating in y implies that

2 3
s =Clwl, (lwly, +1

(A.13) IDyGuill e s < Clwly, (wly, +1, k=1

Next we consider Gy. Recall from (2.11), for any f = (f1, f2) € X1,
LeyM=C-DNfi+[BWe-D+v2)C+Wfi—c-Vh+2ucvd -+ fo
Using the Hardy’s inequality, and the fact K, being an isomorphism, we obtain
[ (Lc,ch,yw)l +Awillz = ClJ LU”X1-

From wyAwy = V- (wo,Vw,) —Vw, - Vw; and (A.5), we have, for any s = 0,
IIIVIS)((D)(szwﬂIILg Lo = Cllwall g llwrll g1
Therefore, (A.4), (A.10), and the above inequalities yield
S
(A.14) IVEG2ll 5
Differentiating in y, we have, for k= 1,

< Clwall g (171 + lwn g + wl%, wll, +1).

DY (LeyKeyw)y = 2D () -+ Yy
+ D*(3(2 = 1)+ v2) (- + Y)wi — 2 - M)y (D) ((DFve) (- + y)ws)

- Y DMBEE-1+2)(+ DD v+ y)w,).
k1+k2:k

By using (A.5) and (A.11), we obtain, for any k= 1,
(A.15) |||V|SDI;G12||L%OLoo = (]| w2||H1(|)7| +llwill gp + |l wll%g1 ( wllg}1 + 1)).

Finally, we note that G, G2, and G are polynomials of w and j consisting of
monomials of degree between 2 and 6 with coefficients depending on U, (- + y).
Therefore, one may regrouping those monomials so that some of them belong
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3 . 6
to Wb2 while others to Ws. Moreover it is easy to obtain the estimates on

D{UD’yCG and the the proof is complete. O
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