DYNAMICS NEAR THE SOLITARY WAVES OF THE SUPERCRITICAL gKDV
EQUATIONS

ABSTRACT. This work is devoted to study the dynamics of the supercritical
gKDV equations near solitary waves in the energy space H!. We construct
smooth local center-stable, center-unstable and center manifolds near the
manifold of solitary waves and give a detailed description of the local dynam-
ics near solitary waves. In particular, the instability is characterized as follow-
ing: any forward flow not starting from the center-stable manifold will leave a
neighborhood of the manifold of solitary waves exponentially fast. Moreover,
orbital stability is proved on the center manifold, which implies the unique-
ness of the center manifold and the global existence of solutions on it.

1. INTRODUCTION
We consider the supercritical gKDV equation
(1.1 U+ (Uge +u5 =0,  k>5  ue H'®).

The cases of the integer k < 5, k =5, and k > 5 are referred to as the subcritical,
critical, and supercritical cases, respectively. The well-posedness of (1.1) is clas-
sical (see [12] and [11]). The subcritical gKDV equation are globally well-posed
in H', while the critical and supercritical gkDV are locally well-posed.

Blow-up solutions have been obtained in the critical case by Martel and Merle
[20] and the slightly supercritical case of 5 < k < 5+ ¢ by Lan [17].

The gKDV equation has a Hamiltonian form u; = JE'(u), where J = 0y is the
symplectic operator and

1 2 1 k+1
E(u) —[Réux—mu dx

is the conserved energy. Due to the translationl invariance, the momentum

1
Pu) =- f uldx
2Jr
is also conserved. Moreover, the gKDV equation is invariant under the scaling

1.2) T w1, x) = AET u(A3t, Ax).

The linear dispersion and nonlinear effect interact to produce solitary waves,
uc(x, t) = Qc(x — ct), where
Qe = (77 VQ) ) = eFT Q(Vex)
with
C(kHl k-1 e
Qx) = (—2 sech (—2 x)) €eH
1
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being the unique positive even solution to

(1.3) Qux—Q+Q%=0, Q(+oc0)=0.

These solitary waves play a fundamental role in the dynamics of the gKDV
equation. The stability of the solitary waves has been studied extensively. For
the subcritical gKDV equation, solitary waves are orbitally stable, see [5, 7, 6, 32].
Furthermore, for k = 2,3 Pego and Weinstein [29] proved asymptotic stability of
the whole family of solitary waves for initial data with exponential spatial de-
cay at co. Mizumachi[25] proved asymptotic stability of the whole family of
solitons for initial date with algebraic spatial decay at co for k = 2,3,4. Martel
and Merle [19] proved asymptotic stability in weak topology for the subcriti-
cal gkDV equation for initial data in H', that is for any & > 0, there exists a,
such that for any u satisfying ||ug — Q¢ll i < @, there exists c(t), x(t), such that
(u(t,-+ x(1)) = Qe(n) — 0in H' as ¢ — oo.

For the critical case, in a series of works [22, 23, 24], Martel, Merle and Raphaél
classified the dynamics for a set of initial data

o ={uy=Q+v:|vlm < ao,f 1002 (x)dx < 1}.
x>0
More specifically, the solutions with initial data in </ are classified into three
classes: (i) blow up in finite time; (ii) exist globally in time and stay close to the
orbits of solitary waves for any ¢ > 0; (iii) exist globally and exit a neighborhood
of the traveling wave manifold.

Recently, Martel, Merle, Nakanishi and Raphaél constructed a co-dimension
1 threshold manifold separating the initial data satisfying (i) and (iii), and showed
that the solutions with initial data on the threshold manifold belong to (ii).

For the supercritical gKDV equations, Bona, Souganidis and Strauss [7] proved
the solitary waves are orbitally unstable. Namely there exist solutions starting
arbitrarily close to the traveling wave manifold, but eventually go away. Combet
[9] constructed special solutions converge to solitary waves exponentially fast as
t — +ooin H'.

Naturally, one may raise the question: whether there exist solutions starting
near solitary waves behaving differently than the above two types? Furthermore,
how are all these different type of solutions organized/located in the energy
space H'! near the traveling waves?

In this work, we give a detailed description of the local dynamics of the super-
critical gKDV equation near the soliton manifold

M={Q;(-+y):c>0,yeR}.

(1) Existence (Section 4) and smoothness (Section 5) of local invariant mani-
folds of 4 in H':

e There exist co-dimension 1 center-stable and center-unstable man-
ifolds # S () and W " () of .4, respectively, such that .4 < w5t
and for any m = 1, there exist neighborhoods of .4 where # “S““ (&)
are C"™ submanifolds.
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e Moreover, # °* () and # °“ (.« )intersect transversally along the cen-
ter manifold # °(.4) = WS (M) n W ¥ (M) which is a smooth co-
dimension 2 submanifold.

o WESCWE( 4) are invariant under spatial translation and rescaling
(1.2).

o These manifolds # ¢ °(_#) are locally invariant under the flow of
(1.1). Namely, an orbit starting on # “>%“°(_#) can leave them only
through their boundaries.

(2) (Local dynamics near traveling waves)

o WES(M) (or W (M), or WE (M), respectively) is the set of initial
data whose orbits under (1.1) stay close to .4 forall t =0 (or t <0,
or t € R, respectively). (Propositions 6.9, 6.1, and 6.4)

o If the initial data is not on # ¢S(.#) (or # °“(#)), then the forward
(or backward) orbit exits a neighborhood of .# exponentially fast.
Propositions 6.1 and 6.4)

o W°(M)is exponentially stable on # °*(.4) as t — +oo and on # °“ ()
as t — —oo. (Propositions 6.7)

o / is orbitally stable on # °(.#) in the sense that, for any neighbor-
hood % < W () of 4, there exists a neighborhood 7 < % such
that orbits starting in 7 stay in % for all ¢ € R. (Propositions 6.7)

Remark 1.1. In this paper we focus on the center-stable, center-unstable, and
center manifolds of the 2-dimensional traveling wave manifold .#. The stable
and unstable manifold of the latter should follow from an easier (see Remark
6.13) construction and would be carried out in a separate paper.

Let us briefly outline our proof. As a convention, we write the gKDV equation
in the traveling frame (#, x—c¢) with a fixed wave speed c and let u(t, x) = U(¢, x—
ct), where U(t, x) satisfies

U — cUy + (Uxy +U", = 0. (gKDV - Tr)

Clearly Qc, the profile of the traveling wave, is an equilibrium of (gKDV-Tr). The
linearization of (gKDV-Tr) at Q. takes the Hamiltonian form of

U;=JL.U, where J=0y, Le=c—0g—kQF 1

Thanks to this Hamiltonian structure, the energy space H' can be decomposed
into three invariant subspaces (under the linearized flow etJLe)

X=X"eX ®X° where X*=span{V*}, JL.V*=+A.V*, A.>0.

Here X°¢ = XT @ X€ is the center space, where xT = span{0,Q.} = ker(JL;) and
L, is uniformly positive definite on X°. Furthermore, the following trichotomy
holds

JLc

el for F1>0

t
le’™"|xsll<e

(1.4) Lt
le’“*|xc|l<=M1+¢t), forteR.

The linearized dynamic structure described by this trichotomy serves as the
cornerstone of the study on the nonlinear dynamics, with the bridge classically
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provided by the invariant manifold theory for ODEs and PDEs (mainly for semi-
linear PDEs). Roughly, the linear trichotomy in the phase space along with non-
linear terms being smooth mappings from the phase space to itself imply that
there exist nonlinearly locally invariant submanifolds very close to the invariant
subspaces. However, this classical theory does not apply to gKDV directly as its
nonlinearity contains a loss of derivative.

Fortunately, the linear flow e~/ has a smoothing effect, which may still al-
low the stable and unstable manifolds of Q. to be constructed through a modifi-
cation to the classical approaches. Since the stable manifold and unstable man-
ifold are unique for each Q.(- + y) and extend in transversal directions of ./,
therefore one can construct the stable and unstable manifolds for Q. first and
then translate them along .4 to form the stable and unstable manifolds of the
whole ..

Compared to stable and unstable manifolds, there is an additional difficulty
in the construction of invariant manifolds containing center directions. Unlike
stable and unstable manifold, center manifolds usually are not unique and they
extend in the direction of .#, therefore one can not translate center manifolds of
Q. to obtain the ones of /. As .4 should be contained in the center manifolds,
so it is reasonable to attempt to construct the center manifolds of the whole .#
directly. This brings up an issue how to set up a suitable coordinate system in a
neighborhood of 4. A tempting choice is to use the translational parametriza-
tion to write any U in a tubular neighborhood of ./ as

U=¢(y,a",a,V)=Qc+a 'V +a V" +W(+y), W°eX°.

However, this translational parametrization is not smooth in H'. To see this,
we take the derivative of ¢ with respect to y and a term 0, V(- +y) € L? appears,
while the other terms in 0, ¢ are regular enough. This was also the main diffi-
culty in the work of Nakanishi and Schlag[28], where the authors constructed the
center-stable manifolds of the manifold of ground states for the Klein-Gordon
equation. They constructed a clever nonlinear “optimal mobile distance" to
overcome this difficulty. In this paper, we follow the approach as in [2, 10] to
utilize a smooth bundle coordinate system. Namely, any U in a tubular neigh-
borhood of ./ is written as

U=y(y,a’,a ,V)=Qct+a" V +a V)(+y+V°¢ Ve X)={u:u(-y)e X

Since Q. and V* are smooth functions, the corresponding projection I
H' — Xy withkerIl§ = span{dQ.(-+y), V*(-+y)}is smooth in y. Consequently,
Xe={ »V):Ve Xf} is a smooth bundle over y € R. We rewrite (gKDV-Tr) using
this smooth bundle coordinate system . Even though some geometric notions
are involved, we still manage to obtain certain desired smoothing estimates.

Then we are able to perform Lyapunov-Perron method to construct invariant
manifolds of the soliton manifold, which help to reveal a rather complete pic-
ture of the local dynamic structure near the soliton manifold. In particular, the
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orbital stability of .4 on the center manifold is obtained from a Lyapunov func-
tional argument based on the fact that Q. is a critical point of the energy mo-
mentum functional E — cP whose Hessian is uniformly positive definite in X°.
The orbital stability on center manifolds yields characterizations (Proposition
6.9) of the center-stable, center-unstable, and center manifolds of .4/, which in
turn lead to their local uniqueness.

Consequently, any solution u(t, x) on the center manifold close to .# satisfies
the assumption in Theorem 1 in [21] and thus there exist ¢y > 0 and functions
c(t) and p(1), t > 0, such that

||U(f)—Qc(t)('—P(t)||H)lc(x>%t)—’0, as f — oo.

There are some previous results on the construction of invariant manifolds
for semilinear PDEs. Bates and Jones [1] proved a general theorem for the exis-
tence of local invariant manifolds of equilibria for semilinear PDEs by the graph
transform, and then applied it to the Klein-Gordon equation in the radial set-
ting. In [31], Schlag constructed a co-dimension 1 center-stable manifold of the
manifold of ground states for 3D cubic NLS in WL RH N W2(®R3) under an as-
sumption that the linearization of NLS at each ground state has no eigenvalue
embedded in the essential spectrum and proved scattering on the center-stable
manifold. Later, this result was improved by Beceanu [3, 4] who constructed
center-stable manifolds in W12 (R3)N|x|~!L?(R3) and in critical space HY2(RY).
Similar results were obtained in Krieger and Schlag [16] for the supercritical 1D
NLS. Nakanishi and Schlag [26] constructed a center-stable manifold of ground
states for 3D cubic NLS in the energy space with a radial assumption by using
the framework in Bates and Jones [1]. Nakanishi and Schlag [28] constructed
center-stable manifolds of ground states for nonlinear Klein-Gordon equation
without radial assumption. Also, see [27, 13, 14, 15] for related results. To the
best of our knowledge, this current work is the first one constructing invariant
manifolds of a global soliton manifold for a dispersive PDE with derivative non-
linearities. Our approach, involving using the bundle coordinates and deriving
space-time estimates with small exponential growth, seems to be rather general
and, with minimal essential modifications, applicable to unstable relative equi-
libria (including ground and excited states) of a class of Hamiltonian PDEs with
natural symmetries (see also [10]).

This paper is organized as following. In Section 2, we establish bundle co-

ordinates over the soliton manifold and rewrite the equations. In Section 3,
we derive smoothing space-time estimates in the bundle coordinates and then
prove several apriori estimates. In Section 4, we construct Lipschitz invariant
manifolds of the soliton manifold, whose smoothness is proved in Section 5. In
Section 6.1, we analyze the local dynamics near soliton manifold by invariant
manifolds.
A remark on notations. Throughout the paper, (-, ) denotes the dual pairing be-
tween elements of a Banach space and its dual space. The generic upper bound
C may depend on ¢ > 0, but not other phase space variables or parameters, un-
less specified.
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2. A BUNDLE COORDINATE SYSTEM ALONG THE SOLITON MANIFOLD

2.1. Linear Decomposition and local coordinates near solitary waves. Define
the soliton manifold consisting of translations of all solitons of (1.1) as

2.1) M={Q.(-+y):ceRT, yeR}.

To study the dynamics near the travel wave with traveling speed ¢ > 0, we
rewrite (1.1) in the traveling frame by letting u(¢, x) = U(¢, x — ct) which satisfies
2.2) U= cUy+ (Uyx + UR) = 0.

For any y € R, Q.(- + y) becomes an equilibrium of (2.2). Linearizing (2.2) at
Qc(-+ y), one has

(2.3) Ur=JLc,yU,
where

J=0y, Ley=c—0x—kQX(+y)=(cP+BE)"(Q(+y)e LH, H.
For convenience, we let L. := L. 9. Up to a scalar multiplication, /L. are conju-
gate to each other for different ¢ > 0, through the rescaling
2.4) JLT,YU = ¢2 7,V JL,U, where (I3'U)(x) = AFTU(Ax),
and L, is conjugate to L. through the translation

2.5) LeyU=(LUGC=p)C+ ).

Lemma 2.1. For any c > 0, there exists closed subspaces XCT @7 such that
(1) H' = X! ® X¢ ® X ® X associated with bounded projection 1>+~ ;
2) XCT =kerL; = span{0,Q.};
(3) X =span{VZ}, with
JLVE = £AEVE with Ae = c2 A1 > 0. Moreover VE € C* and, for any
[=0, ai VCJ—r — 0 exponentially as | x| — oco;
(4) 0.Q. € X¢ and there exists A; > 0 such that (L, V¢, V¢ = A.| Ve||ip ® for

anyV°®e X¢.
(5) In this decomposition, L. and JL. take the following forms
0O 0 0 O 0 Ar. O 0
0 L¢ 0 0 0 A 0 0
(2.6) Le=10 0 o 1] =0 0o A o0 |
0O 0 1 O 0 0 0 -A.
where

LS=(M9*LIE, A, =TSJLIS, Ap,=T!JLIC.

Proof. In [30], it was shown that ker L, = span{6,Q.} and all spectra of /L. be-
long to iR except one algebraically simple positive eigenvalue A1, and one al-
gebraically simple negative eigenvalue — 1. with corresponding eigenfunctions
denoted by V/ and V. Moreover

(27) (LCVC+) VC+> = (LCVC_v VC_> = 0) (LCVC+, VC_> = ]-J
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where (L .V}, V) =1 follows from a possible simple rescaling.
Since span{V;",V;} is invariant under JL, it is easy to verify directly that its
L.-orthogonal complement

Y:={ve H :(L.V},v) = (L V], v) =0}
is also invariant under JL.. Moreover, (2.7) implies (L., -) is non-degenerate on
span{V;", V. } and thus H' = span{V;},V }@ Y. Clearly, X] c Y. Let
X ={veY:(0:Q v) =0}

The block form (2.6) follows directly from the definition of the subspaces.
In the next we give the explicit forms of the associated projection operators.
Any V € H! can be decomposed as

(2.8) V=a'V}+a V] +a’0,Q.+V?,
where V¢ e X¢. Applying L.V and L.V to (2.8), respectively, we obtain
at =(L;V., V), a =(L VI, V).

Applying 0, Q. to (2.8), we have

a” =10xQcll 2 (10xQc, V) — a* (0xQc, V) — a™ (0xQc, V).
Clearly

n'v=a’6,Q, Nfv=a*v: né=1-nl-m;-i;.
As 0,Q; € D(J*) = D()), clearly A, =11 JL.I1¢ is bounded.

Since, for any ¢ > 0, Q. satisfies
(cP+E)(Qc) =0==JL:0.Q; = —JP(Qc) = =0, Qc,
we have
(LeViF,00Q0) = +A5 (L Le Ve, 00Qc) = +A5 LV, 02Qc) = 0

and thus 0.Q. € Y. Due to the evenness of Q,, it is clear that (0,Q¢,0.Q;) =0,
which implies ,Q. € X¢.

To complete the proof of the lemma, we show that uniform positivity of (L¢-, ).
As L. is a relatively compact perturbation to the uniformly positive operator
c— 0y, on H', it is uniformly positive except in possibly finite many directions.
Since ker L, = span{d,Q.} and 0,Q. changes sign exactly once, L. has only 1-
dim negative direction and 1-dim kernel. From (2.7), L. has one negative and
one positive directions in s pan{VC+, V. }and

H'=span{V},V }ekerL.® X’
is an L.-orthogonal decomposition, therefore there exists A. > 0 such that

(LVE VY 2 A VOl g

forany V¢ € X¢. This is a special and rather explicit case of the general problems
studied in [18]. O
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Forany ye Rand a € {T, e, +, -}, define
X2, ={ve H'lu(--y) e X2}.
Clearly,
H =X X, X! 6X_,
Lemma 2.2. (D) X[, =span{o Qc(-+y)} =kerJLy.
2) Xzy=span{Vs(-+ )} and JLcy V(- +y) = A V(- + ).

(3) 0cQc(+y) € XE, and(Le,y Ve, V) 2 AcllVeI3 g forany Ve e X¢ .
(4) The associated bounded projection operators Hgy are smooth in c,y for

a=+,—,T,e.
(5) Inthe decomposition H! = Xchy@ngyeanyéBX;y, L,y and L,y take the
form
0 0 0 0 0 Are(y» O 0
0 Lﬁ 0 0 0 Ae(y) 0 0
> Y > €
(2.9) Ley 0 0 0 1| TLe,y 0 0 Ae O
0 0 1 0 0 0 0 -2,
where

L8, = (M8, Loyl Ae(y) =118 JLe 1, Are(y) =TT JLoyTIC, .

(6) All above blocks are translation invariant in the sense of (2.5). More-
over, for any ki, ko = 0 with Li,y +0yc € L(H") and A1e(y), Ae(y) +0xxx €
ZL(H', 1?) depend on ¢ >0 and y € R smoothly.

Proof. All the statements in the lemma, except the smoothness of the operators
in ¢ and y, follow from the translation invariance (2.5) of JL. . To show the
smooth of IT¢ yin cand y, we use their explicit forms. Any V e H ! can be written
as

(2.10) V=a"Vi(+y)+a Vi (+y)+a’0:Qc(-+y) + V¢,

where V¢(- — y) € X¢. One can calculate that

(2.11) a" =Ly ViC+y), V), a =(LeyVy (+), V),

and

212)  a’ =10xQclF (0xQcl-+ 1), V) = a*(0xQc, V') — a” (0xQc, V).
Therefore

(2.13) M, V=a"0,Qc(+y), MfV=a*Vi(+y)

and IT¢, y=1- Hgy - H;y —II¢ . The above explicitly forms yield the smoothness

of HZ’J,_’T’e in ¢, y. Finally the smoothness of Li,y +0xx, ATe(¥), Ae(¥) + 0 xxx follow

from similar calculations based on the regularity of Q. and the eigenfunctions
VE m



CENTER MANIFOLD 9

2.2. A local bundle coordinate system. In this section, we set up the bundle
coordinates near .# precisely and discuss its smoothness. This subsection is in
the same spirit as Section 2.2 in [10].

Fixing ¢ > 0, define a vector bundle & ¢ over R with fibers X¢ , as

(2.14) ZZ=A VI yeR, VOe XT ),
and balls on this bundle
(2.15) Z:O) = V) eZ Vg, <6}

Let y. € Rand 0 <6 <« 1, the map
(=6,06) x Xce’y* - xe

[

»V) — HE,V)
gives a smooth local trivialization of ¢, where the smoothness is due to the
smoothness of I17 , with respect to ¢ and y. Thus it provides Z¢ with a local
coordinate system.
With other subspaces like Xg ’;’_, we will often consider bundles R" @ & ¢ over
R with fibers R" & X7, as well as their balls
(2.16) B"(61) @ X/ (02) ={(y,a, V) |aeR", lal <&y, (y, V) € X[ (62)}.
Define an embedding
Em:RPeoxf— H'
as
Em(y,a’,a*,a",V®)
2.17) =a’0,QcC+ Y +a* Vi(+y)+a Vi (+y) + Ve
=(a’0,Qc+a* Vi +a V) (-+y) + Ve,
The embedding Em* : R? @ ¢ — H' defined on the transversal (to the trans-
lational direction) bundle will be used in the rest of this paper,
(2.18) Em‘(y,a*,a”,V® =Em(y,0,a",a”, V).
Clearly Em* is translation invariant in the sense, for any j € R,

(2.19) Em*(y+y,a",a”,Ve(-+3)=Em*-(y,a*,a”,Vo)(+7).

On the one hand, according to the above trivialization, given any Banach
space Z, amapping f : Z — & is said to be smooth near some zj € Z if y(z) and
Ve(2) € X{1,) 1z @T€ Smooth in z near zo, where f(2) = (y(2),11¢ ) |, V*(2).
Due to the smoothness of IT{ ,, in fact this is equivalent to the smoothness of
y(2) and V(z) € H! where f(2) = (y(2), V(2)).

On the other hand, for any Banach space Y, a mapping g : ¢ — Y is said to
be smooth near some (y., V) if

gy, V) =g I ,V), yeR VeX;

is smooth in (y, V) e Rx X¢, near (y«, V.). Itis straight forward to verify



10 CENTER MANIFOLD

* gissmoothifand onlyiflocally g(y,I1¢ , V), yeR, V€ H!', is smooth on
Rx H'.

g is smooth if and only if locally it is the restriction to Z¢ of a smooth
mapping defined on xR x H';

e g is smooth if and only if go f is smooth for any smooth f: Z — &¢
defined on any Banach space Z;

o Em is smooth with respect to (y, V).

Near the 2-dim manifold .4 of solitary waves, we will work through the map-
ping @ defined on R? ® Z ¢

(2.20) U=0(y,a,V =Qc(-+y) + Emt(y,a,V®).

For any fixed ¢ > 0, ®(:) is diffeomorphic when a € R2 and | V€| mn are sufficiently
small.

Remark 2.3. Since @ is a local diffeomorphism with properties uniform in y,
locally the total |a| + || V¢| ;1 of the transversal components is equivalent to the
H! distance from ®(y, a, V®) to 4.

This is a smooth vector bundle coordinate system in a neighborhood of .# <
H'. From (2.17) and (2.18), ® can be naturally extended into a smooth mapping
onR3e H'.

Remark 2.4. It is tempting to use the coordinate system
U= (7" Q+a Vi a vy + V) +y)

where V° € X7 and y € R. However, such rescaling and translation parametriza-
tion is not smooth in H' because the differentiation in ¢ and y causes a loss of
one order regularity in D, (9" veye) (. + y)and D (9" veyey (. + ¥). This is one of
the main issues in Nakanishi and Schlag [28], where the authors constructed the
center-stable manifolds of the manifold of ground states for the Klein-Gordon
equation. They introduced a nonlinear “mobile distance’ to overcome that dif-
ficulty. Instead, the above bundle coordinate system (2.20), where V¢ € Xé y
is not directly parametrized by a translation in y and a rescaling in c, repre-
sents a somewhat different framework based on the observation that, while the
parametrization by the spatial translation of y and rescaling of ¢ are not smooth
in H! with respect to y and c respectively, the vector bundles Xg Jf ™ over ./ are
smooth in c and y as given in Lemma 2.2. This geometric bundle coordinate sys-
tem has been used in [2, 10], in the latter of which we construct local invariant
manifolds near unstable traveling waves of the Gross-Pitaevskii equation.

2.3. An equivalent form of the gKDV equation near .#. Fix c > 0. Let U(t, x) be
any solution to (2.2). If U(t, x) stays in a small neighborhood of {Q.(-+y) | y € R},
we can use the coordinate system (2.20) to write it as

(2.21) U) =@(y(0),a” (1),a (1), Ve(1)),
where (y(1),a* (t),a” (1), VE(1)) € B2(6) & XL (0).
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Plugging (2.21), (2.20) into (2.2), we obtain
0xQc(- + Y)0ry +(0,a*) V(- + y) + a* 0,V (- + y)0,y +0,V°

(2.22) =(+A)a VEC+ )+ JLey Ve + Gy, a®,a”,Ve),
where

Gra*,a" V) = ~0x| (Qe-+ y) + Em*(c,y,a*,a”, V)"
(2.23) - QC+y) —kQE C+ Em( yat,an, V)]

:=0x(Gi(c,y,a,a”, V).

Throughout the paper, we often omit the dependence of G and other quantities
on ¢ which is mostly fixed. As a convention of notations, a*V; always means
summation of the terms corresponding to ‘+’ and ‘-’ signs.

We shall apply projections I1 CT ‘;,—"e, by using (2.11) and (2.12), to (2.22) to obtain

equations of each components y,a*, V°. Firstly applying L, V. (- + y) to (2.22),
we obtain

(2.24) d:a” =Aca*+ At (c,y,at,a”, V9o, y+ G (y,a",a", V),
where
A (y,a*,a”, V) =—a™(Lc,y V7 ,0. V)
+{(OyLe,y)Ve (+ )+ Ley0x Vi (+1), V),
and
G (y,a*,a”, V8 =—(0xLey Ve (+1),Gic,y,a",a”, V).
Similarly, applying L., yVCJr (-+ ) to (2.22), we obtain
(2.25) 0,a” =-Aca +A (¢,y,a",a”, V9o, y+G (y,a*,a,V®),
where
A~ (yat,a", VO =—a™(Lc, VS ,0,VE)
+{@yLe ) VI (+ ) + Loy Vi (+3), VO,
and
G (y,a*,a”, V8 =—(0xLey VS (- +1),Gi(c,y,a",a”, Vo).

Taking the L2 inner product of (2.22) with 0,Q.(- + y), then plugging in (2.24)
and (2.25), we obtain

AT(y,a*,a”,V*)0,y = —(Le,yJ0xQc(-+), V)
+(0xQc(-+),G(y,a*,a”, V) = (0:Q., VIYG* (y,a",a, V).
where
AT(y,a*,a”, V) = 10:Qcl17, + a*(0:Qc, 0, V)
—(V4,02Qc(- + 1)) + (0xQc, VEY AT (y,a*,a”, V).
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Itis clear that AT (y,a*,a”,V® >0when |a*|,| V| ;n < 1, therefore
0:y =(AN) 7 [ = (Le,y J0:Qc -+ ), V) + (0xQc (- + 1), G)
- <ach» Vci>Giy]
=G (y,a",a”,V?
1= 10xQcll F(Le,y JOxQc(- + 1), VO + G (y,a*,a”, V),

(2.26)

where in the last line we separated terms which are linear and of higher order in
a* and Ve. Substituting (2.26) into (2.24) and (2.25), we obtain

(2.27) 0.a* =+Ac.a*+G*(y,a*,a”,V"),
where
Gt(y,a*,a”, V9 =(A*GT +GH(y,a",a", V).

Using the higher order regularity of V*, Q. and d.Q,, one can check that
G+ ~T are well-defined and smooth in the energy space and quadratic in a* and
ve.

Applying Hg,y to (2.22), we have

(2.28) I ,0,VE =TI JLey Ve +GE(y,a*,a”, Vo),
where
G° =g ,G—a*G'Ig , (0. VZ(+y), (I-TI )G =0.

An equivalent form of the V¢ equation. To avoid estimating the geometric
equation (2.28) involving bundles, we first transform it to an equivalent form
which may be posed in the whole space H'. Let

(2.29) M, =I-T¢, and X;,=I; H"

Since 1+

ey(8) Ve(t) = 0 for all ¢, differentiating this identity with respect to ¢ yields

M, ,0:V°=0,yd,I1¢ ,V°.

The term 0,I1¢ V¢ actually serves as the second fundamental form of the bun-

dle Z¢. In order to make the V¢ equation posed in the whole space H', we
define a bounded linear map % (c, y) € L(HY

(2.30) F(c,y)V =0,I¢ (¢, V —T; V) ==0,II, (I -2II ) V.

The above form of &, which is a modification of the second fundamental form of
Z ¢, would bring us certain convenience to carry out some calculations in later
sections.

Accordingly, we consider the following extension of (2.28)

(2.31) 0;V =TI¢  JLe IIE  V +0,yF (¢, )V +G°.



CENTER MANIFOLD 13

In the below, we demonstrate that, if V(s) € Xf ) for some s, then V(¢) €

Xg o for any ¢, and consequently (2.28) and (2.31) are identical according to
the definition of & (c, ). In fact, let V(¢) be the solution to

(2.32) 0:V =T0¢  JLeylIE V +0,yF (c, )V + fE(1), (D €XE,,
Since Hgyyl'lgy = Hgyy,
(2.33) 9yI1E IS + 118 0,11, =0, I1¢ .

differentiating this identity in y we have

Using this identity, we calculate
L L L L
0,(I;, V) = 0,yII; 0y 11¢ (IS V — T V) +0,y8,11; , V

(2.34)
=-0,y0,I1; (T, V).

Observe that the above equation of HéyV is a well-posed homogeneous linear

equation in a finite dimensional space, therefore if V (s) € X? 5 ie. Hi 7o) Vs)=

0, then Héym V() =0 forall ¢.

We will work with (2.31) since it is more convenient to obtain estimates com-
pared to (2.28). In summary, in a small neighborhood of solitary waves, we will
write the gKDV equation in the bundle coordinates (2.21) as a system consisting

of (2.26), (2.27) and (2.31).

s)’

3. LINEAR ANALYSIS

The aim of this section is to establish linear estimates to be utilized on equa-
tion (2.31). The unknown of (2.31) is in & ¢, however, with our definition of & it
is also well-posed in H!. As one will see later, the following more general form of
(2.31) with the unknown V € H! (not necessarily in 2 ¢) will be more convenient
for us to use

3.1) 0V =T1¢ , JLc IV +0,yF (c, NV + f (£, %),

where y = y(t) is a given Lipschitz function.
With our definition of &, the equations of V¢ = Hﬁ,yV and V1 = HéyV are
decoupled. In fact, similar to (2.34), one can calculate

(3.2) 0V =TI¢ JLey Ve +0,yF (c, )V + f*

(3.3) 0,Vt=0,yF(c, )Vt + .

where f¢=T1¢ , f and f+ =TIz, f. We will work with (3.2), (3.3), and estimate V*
and V1 separately. In particular, we note that (2.30) and (2.33) imply

(3.4) Fe, )X e Xey Flo,)) Xy X,

Energy Estimates of homogeneous Equations. Starting with energy estimates,
we analyze (3.1) with f = 0. Fix ¢ > 0. According to Lemma 2.2, there exists A; >0
such that (L, V%, V¢ = Ac|Ve|y for any V¢ € X¢ , therefore (L, V¢, V)2 is
equivalent to the H' norm on X¢ . For any V € H', define a semi-norm

(3.5) IVl g3 1= (Lo I, VIIE, VY2 ~ ITIE VI g
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which depends on c and y.

Lemma 3.1. Assume that f = 0 and y(t) satisfies |0;y |1~ < 0, then (3.1) gener-
ated a bounded evolution operator

S(t,s)e LH' H"), Vs telty, to+T]
satisfying
S(t,5) € L(XE ) and  S(t,5) € L(X; )

Moreover, there exists a constant C independent of y, o, such that for any V°(s) €

e 1 1
Xc,y(s) and V-(s) € Xc'y(s), we have

S, Ve s <eCl=Shvew)a
1S(z, s) ()”H}m I ()”H}l/(to)

and
I1S(t, ) V()1 < e“T1 VL ($) 1 .

Proof. Due to the high regularity of Q. and XCL,J,, I¢ , JL¢,yIIE , V is @ bounded

perturbation to JL; = 0x(c — 0xx). Moreover, Z(c,y) € L(HY), therefore (3.1)
is well-posed in H' and S(t, s) € Z(H") is well-defined.

The invariance of S(t,s) in the bundles &¢ and (c, y, Xcl,y) is an immediate
consequence of the decoupled form of the equations (3.2) and (3.3) of V¢ and
v+t

It remains to prove the two inequalities. We have

3.6) (Ley Ve,V =2(Ley VE,0,VE) +0, (0 Ley) VE, VE).

One the one hand, clearly from (3.2), (3.4), and the fact that H' = X¢ , & X isa
L,y-orthogonal decomposition, we have

(Le,yVE,0,VE) = (LeyVETIE  JLey VO = (Ley VE, JLe,yVE) =0,

On the other hand, using the high regularity of Q,, it is easy to check that there
exists constants C’ and C such that

0:y(@yLcy)VE, VO < C'olVOI5, < Co(Le,y VE, V).
It follows that
<Lc,yve, Ve>t = CU<Lc,yVe» Ve,

which implies the first inequality.
Taking the H L inner product of (3.3) with VL, one immediately obtains the
second inequality . O

Remark 3.2. It is worth mentioning that in the above lemma the coefficient in
front of e?! is 1, which is crucial in future iteration steps.

Smoothing Space-Time Estimates of Homogeneous Equations In the rest of
the section, we establish smoothing space-time estimates for (3.2) based on the
space-time estimates established in [12] for the Airy equation u; + Uyxx = 0.



CENTER MANIFOLD 15

Lemma 3.3. ([12]) Let W (¢) be the group generated by
3.7 Ur+ Uxyxx =0.

The following estimates hold:
(1) Ifuge€ L*(R), then

3.8) 10 W (Duglleor2 < Cllugll 2,
and
3.9) 1D W (@) ol 3 o < Clluoll 2.
2) Ifug € H*(R) with s > 3/4, then for any p > 3/4,
(3.10) IIW(t)uolngL?&T] < C(1+ TP lluoll prs.

(3) Ifg(t,x) € LLL?, then for any T > 0 (can be co),

t
(3.11) axf W(t—-s)g(s)ds SCIIgIIL}CLz ,
0 e, L 0,7)
and
t
(3.12) ’Oxxf W(t—-s)g(s)ds <Cliglpp .
0 LooLZ X0,T]
X 0,1]
Motivated by the above estimates, define norms || - || ST gy A8
(U]
I V”ST[/tO,WT] = max{|| V”L?Z)JMT] Hb ||axxV||L§OL%toyt0+T],
(3.13) v 0.V
|| ||L§CLC[>2)JO+T], || X ||L?t0,to+T]L?(o}’
and [I-llstg .,
(3.14) V(¢ x) ”ST[EtovfoJrT] =|V(t,x—ct) ”ST(ro,WI‘

Proposition 3.4. There exists C > 0 independent of y(-), 0 <1, £, and T, such
that for any y(-) € C'([fy, to + T1) with |0;yll;~ < o and any V() € X°¢ we

c,y(tp)’
have
(3.15)
t
I1S(t, ) VE()lsze .+ fS(t,S)fe(S)ds
10,10+71 fo ST

[tg,to+T)

o+ T
<CL+THe“ | Ve (o)l + C f (1+ (fo+ T = 9)H)e 7t =9 £(9)l s,

)

t
1S(t, ) VE(to)ll gn + fS(l,S)fe(s)ds

¥ to il

(3.16) G

t
<e“ TNV @), +C | IS s,
0 to
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and

t
S(t,$) f(s)ds

4

IS¢, t) V(1) I +

1
(3.17) Hx

t
<e®U NV (1) + f TN S  ds.
o)

It is crucial that the coefficient in front of e“7~"®||V(5)| 7 in (3.16) is 1,
which makes an iteration argument possible based on this inequality.

Our proof is based on perturbative arguments, split the proof of this propo-
sition into several lemmas. The following technical lemma provides estimates
which will be used repeatedly in non-homogeneous estimates throughout this
paper.

Lemma 3.5. Assuming that f € H'(R) n WY ([R) and p(t) € C' ([ty, to + T)) sat-
isfying 10" (O)|coqs,,p+1) < M for some constant M, then the following estimates
hold

(3.18) [ f(x=p®)

Zre <MTI f' ()l 2@y + 1 f ) 2wy
X1, t0+

(3.19) |f (x—p(2) < MT*2|| ' )l o + T2 1 f (0l o).

Proof. Since

ocor2
Lx L[to,tO+T]

t
flx-p)=f(x-pte)— | f'(x-p(s))p'(5)ds,
fo

by the Minkowski’s integral inequality, we have

If (x=p(®)

e SIf@lew +M‘

[tg,t0+T1

t+T
|71 (= o) as
Io

LE®
(3.20) o+l
<O 2 + Mf |7 (x=p9))|| 2 ds
4}

<IN f 2w + MT]| f'(x) 2 w)-

The second inequality can be proved in a similar fashion and we omit the details.
O

Lemgla 3.6. Assume y(t) satisfies |0:y(f)|[~ <0 < 1. Let V¢(¢t) = S(t, ) V(1)

and Ve(t,x) = Veé(t,x—ct) with Ve(ty) € Xfy(to). Then there exists some constant

C independent of y(-), o, and T, such that

(3.21) 105xVEllporz, < CA+ T2V -
(3.22) 1Vl = CA+THETIVEU) .

(3.23) 105V Ny e = CO+ T TNV (1) gy



CENTER MANIFOLD 17

Proof. Rewrite (3.2) with f =0 as
0, Ve =JLe, VE+O(DVE,
where () V =0,y F (c,y(1))V - Hiym]Lc,y(t) V. Clearly, V(1) satisfies

(3.24) 8, V°=-037°—0, (ka‘l(- + (1) - ct)Ve) +On Ve

where
(BOVE) () = (O(OVe) (-—ct) = (O(OVE(t, +cb)) (- - cb).
Using the Duhamel’s principle, we write (3.24) as

t
Ve =W(t-to)Ve(t)+ | W(t—9)[B(s)VE(s)
(3.25) fo

-0y (ka‘l (-+y(s)—cs) Ve(s)) lds.
« Proof of (3.21). By (3.8), (3.12), one immediately has

||axx‘76(l') ”L?col‘%to,twﬂ = C‘ ax( (I"C_l(‘ +y(t) B Ct) ‘76)

172
L"thg.t0+'l'l

(3.26)

t
W(t—5)0xx (B(5)VE(s)) ds
fo

+C +CIVE(t)ll 1.

2
Lo, 19+ T]

L
Using Lemma 3.5, one has

Ox( (’f_l(-+y(t)—ct)‘~/e)

172
LiLiy i+

<IQeT C+y@=cOlpe  NVlgz  <CT2A+DIVE e .
0-fo+ *

Lo, 10+ ltg, 1 +T1 11X

From the spatial regularity and decay of functions in Xcl,y (of dimension 3) and

the expression of Hiym given in Lemma 2.2, one can easily check that [|©() || ;2 1) <

C for any [ = 0. Therefore, we have

(3.27) 1BV =10Vl < CIVEl 2 = CIVE Il 2.

From the above and Minkowski’s inequality, we obtain

t
W(t—5)0xx (B()VE(s))ds
4

cor2
Lx L[to,tO+T]

[ ~ ~
sCU [W(t=$)0:x (O V(9)]| 1o ds
4}

L[IO,IO+T]

t
<C|l | 18V Ol s

f [tg. 1o

<CT¥| V00 2.
2 [tg, to+T1%
L[to,t0+T]

Therefore, we obtain

105xVEOlgrz < CIVEGQ I + CT2A+ DIV e 1

10,19+ T1" 7%

Inequality (3.21) follows from the above inequality and Lemma 3.1.
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* Proof of (3.22). Using (3.18), (3.21), and Lemma 3.1, we first obtain

f[0+T
)

<C(TY?+ T3 T | V(1) 1.

0 (KQE ¢+ y(9) - e ()|

ds<C ‘72 1 1
pds<CITy

(19,10 +T]
. 1 ~
(3 28) =+ ( l 2“‘?0 ('+y(l) Ct)”lleoo[()t() I”axxv ”1“12

X 1,10+ T)

Along with (3.10) and Lemma 3.1, it implies

t
W (t—5)d, (ka‘l C+y(s)— cs)Ve(s)) ds

Iy

121

ltg,tg+T)
t0+T ~
<c|  |we-s0.(kQE CHy@ -V )|, ds
to LXLZE[S,t0+T]
b+T k-1 e
<CA+T) | 0, (kQC (+y(s) —cs)V (s))| L ds
to X
<CA+THeT|Ve(to) .
Using (3.27), in a similar manner we may obtain
t
W(t—5)O(s)Ve(s)ds
fo LiL‘[’%vth]
t0+T - .
sf IW (£ = $)O(5) V() 1200
fo Xrels, i+ T]
to+T -
<C(1+T) IVes)lzds < CL+ T V().

To

Inequality (3.22) follows from (3.10), (3.25), and the above inequalities.
* Proof of (3.23): Using the Minkowski’s integral inequality, (3.9) and the fact
that H'(R) ¢ H%'*(R), one can verify

t
Ox | W(t—1s)g(s)ds

tO L4[ to+T L?‘o
(3.29) to-fo+7)
to+T to+T
sf [0:W(t-9g(9)|s  jeds< Cf lg(s)ll pds.
to tels,ro+T] % t X
Along with (3.25), (3.9), (3.29), and (3.28), it implies (3.23). O

With the above preparation, now we prove Proposition 3.4.

Proof of Proposition 3.4. By Lemma 3.6 and the Minkowski’s integral inequal-
ity, one has

t
(S, l‘o)Ve(fo))”ST[c A+ f (S(t,9)f4(9))ds
to,tg+ T to c
(330) STIto,tm-TI

t+T
sl o[ IS0 Ol d
! 0

tels,ig+T)
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and thus (3.15) follows. The other two can be obtained directly from Lemma 3.1
o

To end this section, we estimate the difference between solutions to (3.1)
along base paths y;(#) and with non-homogeneous term f;(t,x), i = 1,2. We
have

Lemma 3.7. Assume y;(t) satisfies ||0;y;|l o <o <1,i=1,2. Thereexists a

[tg,t0+T1

constant C > 0 independent of T > 0, y; ("), 0, ty, and the non homogeneous term
fi(t,x) such that, for Vo1, Vo € H', the V(1) = S; (¢, ) Vi, of (3.1) along the paths
yi(t) with non-homogeneous term f;(t, x) satisfy,

”HC }/2 Vl)”STc < CQCUT((1+ T4 (||Hcy2(t0)(V02 V()])”Hl + ”HC Vo fz_fl)”L}H}c)

[tg,t0+T1

+ T2 (1 + T y1 = yallcor (1Vor g + 1£ (0l 1)),

IValto+ T)=Vilto+ Dl <e“(IVoz=Voullgn  +CIIE, (o= fi)ll
y2(to+T) y2(ig) L

+CTZ(1+T9) Ilyr = y2llcor (1 Vorll g + Il fi (2) ||L1H}))
and forany >0
(=TI ,,) (Vo = V1)) (to + Dl e < €T (1T =TT, ) (Voz = Voo ll
+ /(I -TIg, y) (o=l +CTlyr = yalicon (IVorll g + 1 £1(2) ||L}H;))
where all the norm in t are taken on the interval [y, to + T1.

Remark 3.8. For T < 0, the estimates in this sections still hold with T replaced
by |T|. In the case where estimates on IT¢ " Vo —II¢ " V1 is required, it can be
obtained by observing

g, Vo -, Vi =T0¢, |, (Vo = V1) + Oly2 = il VA ).
Proof. Equation (3.1) implies
(3.31) 0;(Vi—Vo) =TI, |, JLcp, TG, |, (Vi— Vo) #0132 F (¢, y2) (Vi = Va) + AT+ fo - fi,
where
A} =(TTE ), JLey, T0E ), —T0E ), TLe,y, TIE |, + 0,11 F (¢, 1) — 01 Y2 F (¢, y2)) Vi
= (118 ), Ty, (G, =T1E ) +T1E ), ULy, = TLey )TIE
+ (¢, ), =TI, )T Ley, TG, + (8031 — 01 y2) F (¢, y1)

+0:32(F (e, 1) - F (¢, 32) Vi

(3.32)

By Lemma 3.1 and Proposition 3.4, we have

ITIE, 5, (Vi — V2)||5Tf o < CEx(t=1)ITIE ), ;) (Vor = Vo)l

(3.33) )
e [ Bxte- S)(IIIE, AD ) g + TG, 6 (£2(8) = ()l )ds

To
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where Ex(s) = (1 + s*)e®?S and

I -Va0ll | < 70| oy — Voo | A
2410

(3.34) c
" C[ o(t— S)(” (Hc yzAz)( )”Hl + ||Hc (s) (fz(s) _fl (S))”H%)ds

Io

Using the smoothness and boundedness of Hﬁy y and Z(c, y) as well as the fact
that XCL’J, are finite co-dimensional subspaces of smooth functions, we have

s f I8, A2 ~T1E |, ULe,y, — TLey )T, Vill rds
=C|W" ”L?%,z] m v = yellwre,,m

Note that

(3.36) ULeyy = I Ly, Vi = 0x QIS , Vi)

where

Q=0 y1,y2) = kQ¥ 1+ y2) = kQF 1 (- + y1).

Clearly % and its derivatives in x decay exponentially as min{|x + y1|,|x +
¥21} — oo. As in the proof of (3.28), using (3.18), (3.21), (3.36), and Lemma 3.1,
we obtain

to+T
f (15, 0Ley, = TLepTE , Wa)
<C(r'"?+ 1)y -yl

(3.37)
IVillsTe

[tg, 00+ T [tg,tg +T]

Moreover, Proposition 3.4 yields

IVillsTe

[t9,t0 T]

l’0+T

(EX(T)IIV01IIH1+f Ex(t0+T—s)IIfl(s)IIH}ds).
fo

The above estimates imply the first two inequalities in the Lemma. The last in-

equality in the lemma follows similarly by using (3.31), Proposition 3.4, and the

fact that eigenfunctions of /L, , are corresponding to eigenvalues 0 and + A are

smooth functions, which even allows one to avoid the space-time estimates. O

4. CONSTRUCTION OF LOCAL INVARIANT MANIFOLDS OF 4

With all the preparation in previous sections, we construct the unique center-
stable manifold # ¢S(.#) of .4 , while the center-unstable manifold # “(_#)can
be constructed in a similar manner. The center manifold # (%) of ./ is ob-
tained as the intersection of the above center-stable and center-unstable mani-
folds.
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4.1. Outline of the construction of the center-stable manifold of ./#. We will
first fix the traveling speed ¢ and use the global coordinate system (2.20) to con-
struct the center-stable manifold of the orbit of a single solitary wave

Me={Qc(-+ )y R}

Eventually we will show that these codim-1 center-stable manifolds W (.#)
over the directions of Ty 4. ® Xg y® X. y along ./, for nearby c’s intersect on
open subset and thus they can be patched together to form the center-stable
manifold of .Z.

In coordinate system (2.20) # S (.¢) is represented as the graph of some map-
ping h°¢*

W (M) =0({a” =h(y,a”, V)|

4.1
@ (y,a~,V®) e B'(6) e Z°(6)})

where ¢ () defined in (2.15).

Our construction follows the procedure in [10]. Though it has been carried
out in details in [10], for the sake of completeness we briefly describe the proce-
dure here.

To avoid geometric calculations involving bundles, we shall work with 72¢°(y,a™, V)
defined on R x (-68,8) x H'(8), where H'(8) = {u||u| ;n < 8}. However, only the
value of h** on Re Z7(6) matters. By doing so, the projection operator I1¢ |, will
be involved a lot in calculations. The following nonlinear projections will also
be used often.

(4.2) °x® = (y,a”,1¢,V), where x* = (y,a”, V).
Let
XS =R*x H', X“©6)={(y,a,V)eXS: ||V <8},
and
_ 2 _ - .
Xip o = L2, 1], RIXSTS (1, X @) ={(y,a”, V) eX[, )t ”V”ST[CtO‘[l] <6}

As a standard technique in local analysis, we first cut-off the nonlinearities,
as well as the off-diagonal linear terms in (2.26), to modify equations (2.26),
(2.27) and (2.31) into a system defined on X x R. Accordingly, we will work
with h®(y,a”, V) defined on X°*(9). Take a cut-off function

(4.3) YECPM), s.t.y(x)=1,VIxI<1, y(x) =0, Vx| =3, |Y|com =1
and for 6 >0, a* € R, and x*° = (y,a”, V) € X, let
Ys(x®,a") =y 'a )y @ a )y @ Vi)
and let
G*(x°,a’) =ys(x°, a")GE(y, a+,a_,H§,yV),
G'(x%,a%) =y5(x*, a*) (= 10xQell 7 (Le,y JOxQc(- + y),TIE V)
+G'(y,a*,a”, ¢, V)

G*(x*,a") =ys(x*,a")G (y,a*,a", 10 V)
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where the definitions of GT*¢ are given in Section 2.3. The definitions of G* 7
implies that they are independent of the extra component (I —I1°) V artificially
added to avoid the non-flat bundle R Z°.

Moreover, by the definitions of G*T and the smoothness of the projection

operator IT{ y» it holds that for any m, [ = 0, there exists some constant C such
that,
sup | DD, ,GT(x%,ah)| = C6' ",
XS, at
(4.4) m I AT, .cs + m I A+,.cs + 2-m
sup |Dg: ,-De, G* (x7,a") I+ sup [IDgs - D ,G™(x*,a")| = C6
XS, at X6, at

where the above norms are evaluated in the space £ (X°* x R, R) of (m+[)—linear
forms on X x R. Denote

G, a") = (G",G7,G)(x%, ah),
AS(y,7) = diag(0,~ A, TIg , JLE JTIE |+ §F (c, ).
We shall consider the following system of x°* and a*,

(4.5a) atxcs — Acs(y, G“T(xcs,a+))xcs+ écs(xcs,a+)

(4.5b) 0;a” =Acat + Gt (xS, at),
which coincides with the system consisting of equations (2.26), (2.27) and (2.31)
ifla®"|<6,|VIgp <6,and Ve Xf'y.

The presence of the term (L ;, J0, Q. (- + y),HﬁlyV) in GT causes that GT does
not have small Lipschitz constants, which is mostly necessary in constructing

local invariant manifolds. This technical issue would be handled by introducing
the following metric involving a scale constant A > 1

(4.6)
I, a” s, Vg a=lyl+la” |+ Al Vg,
_ . _ 1 _
IWoa™, Vg 4 2 1y1+1a7 1+ AlLeyTIE VTG V)2 = [yl +1a” |+ AV g1
y y

Iy a™ Wllsre 4=, ally , +AlVIst

[tg,t1]” [tg,tq]
where || - || ;u was denied in (3.5).
y/

After modifying the nonlinearity, we shall construct the local center-stable
manifold # “S(,) as the graph {a™ = h®S(W)} of some h® : X°*(§) — R. In our
construction, we fix constants A, §, u such that

1
4.7) o<1, A>1, p<§,
with additional assumptions which will be given later. Define
(4.8) Tus=1{h:X“©0) = R|h(y,0,0)=0, [|hllco < 6, Lip(M)jy, , < -

Here h(y,0,0) = 0 is required since # °*(.#.) should contain .#,. It is clear that
I',s equipped with || - || co is @ complete metric space.
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We will perform a type of Lyapunov-Perron method to construct center-stable
manifolds. That is, for any h € T, 5 and x°° € X*(6), let x°*(1) = (y,a~, V) (1) €
X be the solution to

(4.9) atxcs — Acs(y, G’T(xcs, h(xcs)))xcs + écs(xcs, h(xcs)), xcs(o) — )_CCS.

Then we define h(x°) as

(4.10) h(x) =at=- f e AS G (x5 (), h(x%(5))) ds.
0

Remark 4.1. Even though h is defined only on X €5(8), due to the cut-off func-
tion ys, forany h € Ty 5, a € {T, %, €}, it holds G*(x%*, h(x®*)) = 0 whenever x* €
X\ X5(0). Thus, the right side of (4.9) is well-defined for all x°* € X5,

Denote the transformation h — h as
I (h) = h.

The aim is to show that, under suitable assumptions on A, § and ., h € Cus
is well-defined and g is a contraction on I'y 5. The graph of the unique fixed
point, restricted to the set

B'®) e Z°©)
would be the desired center-stable manifold # °*(.,).

The framework described above allows us to work in a flat space X¢* instead
of non-flat bundle R & & ¢, which will bring us convenience in the proof of the
smoothness of local invariant manifolds. In fact, those extensions and modi-
fications of (2.26), (2.27) and (2.31) to cooperate with our framework does not
change the local invariant manifolds. More precisely, we have the following
lemma.

Lemma 4.2. The following statements hold.
(1) Suppose
x () = (y(1),a” (1), V(1)
satisfies (4.5a) on[t, tg]fozsome at e C [, ], R) andﬁex“(to) = x%(ty)
for some ty € (11, 1], then T1°x°S(£) = x°5(¢) for all t € [t1, t2].
2) AssumehjeT,s, j = 1,2, satisfy h (x%%) = hp(x°°) forall x** e R® Z £ (6).
Then hj, j = 1,2, defined in (4.10) are also identical in R & ZE©6).

Proof. SinceII¢, yée =0, this lemma is just an easy application of Lemma3.1. O

4.2. Apriori estimates. In this subsection, we utilize the smoothing space-time
estimates established in Section 3 to obtain apriori estimates. The strategy is
to derive small time period estimates with small exponential growth, then by
iteration we obtain global in time estimates with the same exponential growth.
The Hamiltonian structure plays a crucial role in our iteration step. In particular,
the positivity of the bilinear form (L -, ") in Xfyy guarantees the coefficient in
front of the exponential term is 1, so iteration will not generate large exponential
growth.

We start the subsection with several estimates that will be used frequently
throughout this paper.
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Lemma4.3. Ifu,veS the following bilinear estimate holds

C
T[l'o.l’o+T]’

1
10 (uv)ll 12 m =C(Tz2+Dluls lviisre
[tg,tg+T) 11X

c .
Lo p+11 Lo, 1+ T1

Proof. Let ii(t,x) = u(t,x — ct) and apply the same notation convention to v.
Since [|0x(uv) I 12 = 10, (@)l 11 12, we may estimate the latter in terms
[tg,t0+T17% [tg,tg+T]1~%

!
of the ST[to,t0+T]

0,0) T+ (0, D) <CT|ill;e 7| yoo .
(0xt) D (xv)u”L[]to,zmT]Lgc C ||U||L[t0‘[0+T]H;||V||LUOJO+T]17{)1C

norm of & and 7. Firstly, since H 1 = [*° one can first estimate

Moreover, by straightforward calculation, one has

0,007 2 <||0, 1 O0x0U
1050 ”L[lzo,xomLfc 10 ||L‘[1[0't0+T]L§°|| x ”L‘[ltl(ilo+T]L?(

3/4 ~ ~
<
=T Haxullﬁo,mm@o||axU”LTr°(),;O+T|L§c'

and

- = 172 ~ =
WOy U <T WOy D
” XX ” L[lto,toJrT]Li ” XX ” LiL?{o,t0+T]

1/2) ~ ~
<T'“|a Oxx ¥ .
|| ”LiLC[’;),zmn || XX ”L?COL%)?O,IO+T]

The term || 70 || Ll . opl3 Can be estimated similarly, which completes the proof.
0,00+ 71
O

Next technical lemma will be used frequently to estimate the difference be-
tween two solutions to (4.9).

Lemma 4.4. Let V € [° Li and y(t) € Cl([to, o+ T1,R). Foranym =0 it

[to,f0+T]
holds
1
I (GTHﬁ,y)Iy:y(t)V||ST[§OJO+T] =C1+ TZ)(I +(c+10: ()l co) T) I VllL?%WT]L;-

: myre _ _Ampl i+ : : myyl
Proof. Since Gy Hc,y = ay Hc’y, it is equivalent to estimate ||6y Hc,yVIISTﬁO,WT]‘

On the one hand, by Lemma 3.5, we have

107 VE(+ y(0)llse + 107 Qc (- + y()llsTe

l1g,1g+T1 [10,10+T]
<C(L+T2)(1+(c+ 10, y(D ) T),

On the other hand, using the high regularity of V¥ and Q,, one has
[OF VL (+y(), VI +10 Qe (- + y(1), V)| < C|| Vilgz.

By the explicit expressions of va’yT given in Lemma 2.2, the desired estimate fol-
lows right away. O

An immediate consequence of the above two lemmas along with Lemma 3.5
is the following.

cs cs . . _ .
Lemma 4.5. Foranyx® € Xip' . 1 (a) andm; =0, j=1,...,5 withmy+ms >0,
it holds that
My AMy AM3 Se ..CS  + . . < 3 2 2—my—my
”DV aai ay G (x*,a )”g 1(ST[fo,to'*T]’L[llo,toH]H}) <CT2(1+T%)(a+ 6)
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IDyrane (A%, GT (x*, @)l <CTZ(1+7).

1 1
(L2 o HLLXE Ll o HD)

Here & (Zl, Z,) denotes the space of [-linear transformations from space Z;
to space Z. In the above differentiations, 8797 G¢ and 6m3 A®S are point-wise

partial derivatives and the multi-linear operators resulted in the differentiations
are of V only.

Proof. We first consider G®. For convenience, we let
G(x*,a*) =y5(x°%,a")G(y,a",a”, V),
and
R°(x%,a%) = G(x,a") - G°(x°*,a™) = ys(x*,a")(G(x*, a*) = G*(x°*, a™)).

Recalling the definitions of G and G° in(2.23) and (2.28), respectively, the dif-
ference between G° and G consists of terms of high spatial regularity smoothly
dependingon ¢, y,a* e Rand V € L2,

it is straightforward to verify

”D’n1 0m26m3Re (xcs, 61+) ”2»’11 (H)IC,H}() < C52—m1—m2,
which implies

1Dy 8720%" R (x°, ™)l <CT§ ™™™,

c 1 1
Zm (ST[IO t0+T]'I‘[t0 to+t]H )

Since G is a polynomial of a*andV, using the fact that H HR) ¢ L°(R), Lemma
3.5, and Lemma 4.3, one has

IDY 07207 G (xS, @)l gom (s L H1)<CT2(1+T2)(6+a)2 mems,

[tg,to+T1" " ltg, 19 +1]

To estimate Dy"0,> A(y, GT(x%, a™)) for my + ms > 0, we first consider

0L JLe,y)V =k (0L(Q5 (- + y)V).
Much as in the proof of (3.28), we obtain,

||6§;(]Lc,y)()-’1’~-~;J7[)V||L[1t o HE S CT:(1+ D) Vlsre

(9,10 +1]°

Due to high regularity of the eigenfunctions of /Ly, the smoothness of Hé yand
Z with respect to y, and the smoothness of G with respect to x° € XS and
a® € R, The inequality on D;”“GZ’fyyA“ follows immediately and this completes
the proof. O

In the rest of this subsection, we shall solve and estimate solutions to (4.5a)
with a given a* (). One first observes that the V equation has to be solved along
apath y(t) and the multiplier in front of & has to be its d; y in order maintain the
commutativity (obtained in Lemma 3.1) between its homogeneous evolution
operator S(t, fp) and II . Therefore we split the iteration procedure of (4.5a)
into

(4.11a) d,y=GLy,a,v,a"
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(4.11b) d,a =-Aa +G (§,a,V,a")

(4.11c) 0,V = (g, JLg JTIg , +0,yF (¢, )V +G*(F,a ,V,a")
where

(4.12) =ga,NeXy, n@, ac®l), aeLy .

are given. In particular, ones first solves the ODEs (4.11a) and (4.11b) for y(#)
and a (#) and then substitutes the solution y(#) into the homogeneous part of
equation (4.11c) and solves for V (t).

Lemma4.6. LetX{*(t) and a; (t) satisfy (4.12), i = 1,2, and x{*(t) = (yi (1), a; (1), Vi(1))
be the solutions to (4.11) for t € [ty, ty + T'1, then there exist a constant C not de-
pendingon ty, T, x°* (t), and X°* such that, ifinitial value x{*(to) = x5 = (Vio, a5y, Vio) €
X°(C9), then we have ||0,y; 1~ < CO and

1yi(fo + D) < |yiol + CST, |a; (to+ 1) < e laz|+Cs

IWVillsre < C(L+ T8 e (| Vgl + T2 (a® +62)),
[tg,t9+T)
|2 = y1)(fo + TV <|y20 = yrol + CT@E + ATV UNFS = % Isre A+ = llz)
1 to+T 1
l(a; —ay)(to+ T)| <e”M(=0az —aj | +CS e M= (155, — 31|

Io

i 717 ~+  ~+
+la, —ay | +1Va=Vilgp +1a, —ay N(r)dt

1
IVoVillsrs = C+ T (I Vag = Violl g + T2 (a+6
Lo 2, 52 ~CSs _ =CS ~+ _ ~+
+T2(a” +69)(y20 = y10l + 135" = T sty gy orpa + 13 = 8 l10) ),

IValto+ TV =Vilto+ Dlign < ePT(IVag — Vigll g
y2(tp+T) y2(1n

1 9
)+CT2(1+T)

L2, 82 ~ ~ ~r o~
x (a+8+Tz(a +6%)(1y20~ yrol + 1%5° = X s, 8 + 182 — @) ||L‘;°)),

and forany >0
(=118, ) (Vo = V1)) (fg + Dl < €T (1T =TTE, () (Voz = Vo)l g

¢,y (ty
1 4 5 L9 52 _
+CT2(1+TH(a+6+ T2 (@ +6%)(1y20 - yiol
IR =T 573 ot + 135 — 1)),

Proof. From (4.11), (4.4), Proposition 3.4, and Lemma 4.5, it is straight forward
to obtain the estimates on X;* and compute

t
|(y2—y1)(t)|s|yzo—ym|+Cf 6172 — a1 +61d; — ;|

Io
+|Va = Vil + 815 — @i ) (v)dr.
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Therefore the estimate on y» — y; follows immediately from the definition of || -

IIST[0 er AT The inequality on a, — a; is also derived from (4.11) and (4.4). To

estimate the difference in V;(¢), we first obtain from Lemma 4.5
10:yili2 < C8,  NGAES, @) < CT2(1+ T (a? +6%),
for i = 1,2 where the the norms in ¢ are taken on [f, fp + T] throughout the
lemma. Using Lemma 3.7, we have
Vo= Villsze = CA+ TT)e (I Voo = Vou
e =Ccs ~+ e =Ccs ~+ 1 L2 2
+IG*(%5°,d@3) - GG, ap) i + Tz(6+T2(a”+6 ))Ilyg—y1||co,1).

Again from Lemma 4.5, (4.11), (4.4) and the inequality on y» — y;, we have

1GE (%, @3) - GEF, @)l < CTZ(1+ T (a+6) (175 - g g 18— ay )

ly2 = y1llcor < 1y20 = Y10l + CA+ TS + AU — 7 Nl gre a+lay —aylr).

[t 10+ T1

The last inequality follows similarly and the proof is complete. O

Remark 4.7. Clearly (4.11) is well-posed and x° = (3p,0,0) if X°° = X°(ty) =
(10,0,0) and a* = 0.

With the above lemma, we are ready to prove the well-posedness of (4.5a).

Lemma 4.8. Given any Cy > 1, there exists C > 1 such that if A and § satisfy (4.7)
and

(4.13) Cn<1, where n=A5+A"

then
(1) Foranya* € LY. and x§° = (yo, a4, Vo) € X (Cob), there exists a unique
solution x* = (y,a™, V) € C°([0,00), X*S(C&)) of (4.5a) such that x°*(0) =

xg andx“ € X} .. (CQA+T)5) forany ty, T = 0.
(2) Let x = (yi,a;, Vi) be the solutions of (4.5a) with initial values xl

(ylg,alO,V,O) eX“(C&) corresponding toa ELloc i=1,2. Suppose

0=

(4.14) Ia1 —a2|SK0 +1<1||x1 —x2 ”HI’A,
forxy>0andx; €10,1], then
27 () — S(t)IIHl = Cecm(llxcs— CSIIHl A+min{l, (1+ t)ﬂ)}Ko),

Ix5® — xS lsre 4= COA+ T (1655 (t0) — x5° (0) | g1, 4 + Ko0).-

[tg, 50+ T’

Proof. In the proof of this lemma, we will use C’ to denote the generic upper
bounds appearing in previous estimates and C the newer (and greater) bound
emerging in the proof of this lemma. For any X°* € X cs o] (CC05) let x°* = (y,a”,V)
be the solution to (4.11) with @™ = a* and the 1n1t1a1 value x S. From Lemma 4.6
and (4.7), we have

IVIisze < C'(Cod+C*C36%)) < CCyd.

[0,1]
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Therefore x** € X', (CCo6). Moreover, the mapping X — x“* has the Lip-
schitz constant C'n < 1 in the || - | ST¢ A HOrm due to (4.13). The Construction
Mapping principle implies the local well posedness of (4.5a) for £ € [0, 1].

Note that when ||Vl ;1 > 39, we have 0,y = 0 and G°® = 0 in (4.5a). Conse-
quently, by (3.2) and (3.3),

01(L¢,y V¢,V =0, 0Vt =0,
where V¢ =11 ,V and vt = Hé),V, which along with the positivity of L., on
X¢, implies
(4.15) IVIig <Cod

for any ¢ € [0,1]. Therefore a standard continuation argument yields the global

in time well-posedness of (4.5a) with x* € X;* . ;. (C(1+ T)8) for any fo, T = 0.

To prove the second part of the lemma, we first notice that Lemma 4.6 implies
that

Ixg® = x{*ste, a = C(1x5° (0) = X7 (o) I 4
+(CCoAS + A™H(llx5° — x xXlsze .4+ ko))
where x” € X[Cts fo+1] (CCy0) is used. From (4.7), we obtain
(4.16) lx5° = %7 s e A< C(I1x55(20) — x{°(20) | i1, 4 + K0

[tg,to+11"

Let
10 = (Iy2 =1l +1a; - ar |+ AlVa = Vall gy + AN =TI, )(Va = VA)) |

t!
which satisfies

A/CHIE) < llx5° () = x{° (Dl g 4 < C'L(D).
Substituting (4.16) into Lemma 4.6 yields, for ¢ € [0, 1],

4.17) 1t + 1) < €S0 (1(19) + Cn 22 (I(19) + Ko)).-
In particular it implies
In+1) < ecn(l(n) +CnKo).
From a simple induction argument we obtain
1(n) < “1(1(0) + Cmin{1, nn}x,)
which along with (4.17) implies, for £ =0,
1(t) <2e“7(1(0) + Cmin{1, (1 + HN}ko).

Therefore we obtain the desired estimate on || x{* —x5°[| ;1 4. Finally, substituting
this into (4.16), we obtain

C
x5 = x3°lsre .4 < Ce” ™ (xjg = x50l 2, 4+ %0),

[n,n+1]’

the summation of which implies the estimates || x{* — x5°[ls7e 4. O
1 ST o1
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4.3. Construction of local center-stable manifolds. In this section, we follow
the procedure described in Section 4.1 to construct center-stable manifolds of
.. The goal is to show the transformation & — h is a contraction on y,, 5, where

the 7 and Yus are defined in (4.10) and (4.8), respectively. We first give the global
well-posedness of (4.9) in the below.

Lemma 4.9. There exists C > 1 such that if A, u, and § satisfy (4.7) and (4.13),
then,foranyxgs = (Yo, ag, Vo) € X°(0), there exists a unique solution x** = (y,a”,V) €
C°(10,00), X°5(C8)) of (4.9) such that x°5(0) = x5* and x° € X(S o1 for any

to, T=0.

Remark 4.10. The global well-posedness of (4.9) can be proved by the same ar-
guments as in the proof Lemma 4.8 and we omit it. The estimate in part (2) of
Lemma 4.8 obviously holds for solutions to (4.9).

Since (4.9) is global well-posed, the definition (4.10) of h is valid. Next, we
show that the map 9 (h) = h is a contraction on Yus-

Proposition 4.11. There exists C > 1 such that if §, u, and A satisfy (4.7), (4.13),
and

(4.18) CAe—Cm 15 <p,
then g is a contraction mapping on Iy, 5.

Proof. By (4.4) and the definition (4.10) of I, | 2]l co < CA;'6? < 8. Since G™(3,0,0,0) =
h(c,y,0,0) = 0, when the initial data X°* = (j,0,0), the solution to (4.9) is of the
form (c, ,0,0), which implies k(y,0,0) = 0.
For h; € T'yy 5, let x{° be the solutions to (4.9) with 1 = h; and with the initial
data x{° € X“*(6), i = 1,2, respectively. Since

I (%) = ha (x5 Il < pll X7 = x5° L g 4+ Ry = Bzl o,
applying Lemma 4.8, we have
(4.19) 1257 (1) = X5° (Ol 1,4 < Ce M UNE = %5 a+ 11 = 2l o).
In (4.19), letting hy = hy = h, we have
127 (6) = x5 D g, 2 < Ce™ 137" = 357 1 .
It follows from (4.10) and (4.5) that
(4.20) |R(GEE) = R(ES)| < C(Ae = Cn) T SIESS = 251 a1 4,

which implies that Li p(ﬁ) i, S H due to (4.18).
Applying (4.5) and (4.19) with x{® = X5° in (4.10), we have

(4.21) 17 = Rall o < C(Ae = Cn) '8l = hall co.

which along with (4.13) completes the proof. O
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Therefore, there exists h°® € T, 5 such that " h® = h®*. Let X°(¢) be the solu-
tion to (4.9) with k= h°® and let a* (¢) = h®*(X°*(1)). Using the definition of h**,
one has
(4.22)

at = —f e ASGT (XS (t+9),a" (t+5))ds
0

=— f e METDGH (755(s), @ (5)) ds

t

[e 9] t
=— e/mf e ASGT (X5(s),at (s)) ds+f M =IGH (35(s),at (s)) ds
0 0

t
=M 7t (0) + f TG (R s, a () ds
0

which implies that (X°°(¢), h¢*(X°*(t)) is a solution to (4.5). As mentioned in Sec-
tion 4.1, the graph of a™ = h®* (x°*) over X“*() is the center-stable manifold, i.e.,

(4.23) WS (M) = {O(x°,at = h(x*)) | x € B' (6) X2 (6)}.

Together with Lemma 4.2 and Remark 4.1, we have the local invariance of
W ° (M) under (2.2). Recall the coordinate mapping ® defined in (2.20).

Theorem 4.12. If the solution U(t) = ®(y(1),a* (1),a” (1), V(1)) to (2.2) satisfies
la* ()| <6 and Ve(t) € Z¢(6) for t € [0, T] with T >0 and U(0) € W °*(M,), then
U ew (M, forte|0,T].

Remark 4.13. Later, we will prove the orbital stability on and a characterization
of the center-stable manifold, which yields the local uniqueness of the center-
stable manifold. Therefore, we can patch the center-stable manifold of all the
solitary waves together to form the center-stable manifold of .4 .

4.4. Construction of local center-unstable manifolds and center manifolds.
Denote

Xcu(6):{(yra+)v)”V”Hlsa}r xcu:(y;a+;v))
G(x"a")=(G",G7,G)(x"",a),
Ay, 7) = diag(0,~ A, TIE  JLE JTIE |, + §F (c, 1))

We shall consider the following system of x°* and a*,

(4.24a) 0, xM = Ay, GT(xH, a’))x+ G4 (x" a™)
(4.24b) 0,a” =-Aca +G (x“ a).
Define

(4.25)  Tus={h:X"“©®) —RIh(y,0,00=0, |hllco <8, Lip(h)y,, , < 1.

Forany h €T}, 5 and X" € X°*“(6),let x°*(1) = (y,a*, V) () € X" be the backward
solution to

(4.26) atxcu — Acu(y, G’T(xcu,h(xcu)))xcu + ’G“cu(xcu'h(xcu)), xcu(o) — )—Ccu.
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Then we define h(x°%) as

~ 0 -~
4.27) h(x=a = f e~ A SG (x4 (s), h(x“(s)))ds.

—00
Under suitable assumptions on A, § and p, he [ps is well-defined and the
transformation & — h is a contraction on ['ys. The graph of the unique fixed
point, restricted to the set Bl(6)® Z £(6) would be the desired center-unstable

manifold # °“(.#.). Similar to the center-stable case, we have the following the-
orem.

Theorem 4.14. If the solution U(t) = ®(y(1),a* (1), a” (1), V(1)) to (2.2) satisfies
la® ()| <6 and Ve(t) e X ¢(6) fort € [-T,0] with T >0 and U(0) € W ““(M,), then
U(t)e WU () forte[-T,0].

We obtain the local center manifold # ¢(,) as the intersection of the center-
stable and center-unstable manifolds. In facta point U = ®(y,a*,a™, V) € W (M)
if and only if

+ _ 7,CS -
(4.28) {“ =h®(pav)

a” =h(y,a*,Vv).

Since the Lipschtiz constant of h* and h°“ are both u < 1, fixing y and V €
H' with | V|1 < 8, (h°%, h®®) is a contraction with Lipschitz constant u on R2,
and consequently, it has a fixed point (a*,a”) = h°(y, V). Clearly h°(y, V) has
a Lipschitz constant ﬁ in the || - [l ;1 4 norm. The graph of (a*,a™) = h°(y, V)
restricted to 7 (9) is the desired center manifold.

Theorem 4.15. If the solution U(t) = ®(y(1),a* (1),a” (1), V(1)) to (2.2) satisfies
|di(t)| <& and Ve(t) € (D) fOI‘ te[-T,T)with T >0and U(0) € #W°(M,), then
U ew () forte[-T,T].

5. SMOOTHNESS OF CENTER-STABLE MANIFOLDS
In this section, assuming (4.7), (4.13), (4.18), and
(5.1) CS(Ae—Cm) <.

we prove the smoothness of the center-stable manifold # °*(.#,) with respect to
(y,a”,V), the smoothness of the center-unstable manifold can be proved sim-
ilarly. Then one automatically obtains the smoothness of the center manifold
since it is the intersection of the center-stable and center-unstable manifolds.
The smoothness of the local invariant manifolds with respect to ¢ will be dis-
cussed in Section 6.1.

Despite the substantial difference in estimates, the proof of the smoothness
fits in the framework in [10], where smooth local invariant manifolds of traveling
waves of the Gross-Pitaevskii equation were constructed. With all the estimates
established in Section 3 and Section 4, actually the proof is quite similar to the
one in [10]. We will sketch the main steps of proving the C! smoothness. Follow-
ing the approach in [10], one may prove higher order smoothness. Our proof of
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C' smoothness here illustrates how to adapt the estimates for gKDV to fit in the
framework in [10].

For the simplicity of the presentations, we first have to introduce some nota-
tions. For ¢ = 0, let

Y(t,x) = (y(1),a” (0, V1), x°€X0),
be the solution to (4.9) with h = h°® and initial value x*. By Lemma 4.2, we have
(5.2) MO (£, x%) = W(,x%%), Yi=0 if I°x% = x°.

Moreover, assuming (4.7), (4.13), and (4.18), Lemma 4.6 and 4.8 imply, for all
=0,

(5.3)  Lipyy, ,¥(t,) < Ce, W(t,x%) e X(CB), Y € X(5).

We first outline our approach of proving the C! smoothness briefly. As the
fixed point of the transformation 9, h°* satisfies

(0]
(5.4) RS (x°5) = — f e MG (Wt x%), he (W (5, x9) ).
0
Since (4.9) is autonomous, a time translation of (5.4) implies, for = 0,

(5.5 hS(W(t,x)=— f MG (Wir, 2, h (W (T, x)) ) dr.
t

Differentiating (5.4) formally, we obtain, for any W e X°s,
(o]
Dh(x“ )W =— f e“cf(Dm GH (W (1, x), h (W (1, x%))) DR (W (2, x°))
0

+ Do G (Wt X%, 1O (W (1, 29)) | DW (1, ) Wl .

Here DY also depends on DA as it solves the following system of equation
derived by differentiating (4.9)

(5.6) 0:D¥ = A% (y(1),GT) DY +%, (¥) DY +%,(¥) Dh** DV,

where W and DV are evaluated at (¢, Ji“), G at (¥, heS), h°S and DhS at ¥. In
the above ¢ € C™(X%, (X)) and % € C™ (X, X°*) are given by

(’52'1 (xcs) :Da* (Acs(y’ GT(xCS, a+)))xcs + Da+ G’cs

(5.7) ~ ~
=(0,0,(D4+ G F (¢, ) V) + Dy+ G,
Gy (XYW =D yes(A“(y, G (x°%, a"))) (W)X + D es G (W)
(5.8) =(0,0,7(Dy A1)V + (DsesGT (W) (¢, )V

+7GTDyF (€, )V) + Dyes G (W)

where x° = (y,a”, V), W = (7@, V) € X, a* is evaluated at h°*(x°%), and G°*
is evaluated at (x°, % (x)).
Denote
Y1 = CO (X (9), Z(X,R)).
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Inspired by the above formally derivation, we define a linear transformation 93
on

Yi(w) ={# e Y, 117y, < p)
as, for any A € Y; (), x* € X°5(5), and W € X,
[e.°]
(T17) (xYW = — f e e (DxcsG+(‘P, he(P))
0

(5.9)
+ D G* (W, h () 7 (9) W1 (0 Wt

where ¥ is evaluated at (¢, x°*). Operator ¥ (f) € £ (X*°) satisfies ¥, (0) = I and
(5.10) 0,¥1 = A(y(0), G )¥1 + 41 (W) ¥ + (A(P) V1 ()41 (D),

where ¢ and ¥, are given in (5.8), G°“ is evaluated at (¥, h(P)), and A at
W (t,x°%). Note that h°S € I'ys, it is natural to require the DRy, < p.Just as in
Remark 4.1, the right side of (5.10) and the integrand in (5.9) are well-defined.
Since (4.9) is autonomous, when x** is shifted to ¥ (#y, x*), the principle funda-
mental solution to the associated (5.10) becomes W1 (¢ + t5)¥; (%) . Therefore
we obtain

(176 (P (10, ) W1 (1) W == | =% (DG (2, h ()
(5.11) fo
+ D G* (W, h (W) 7(¥) | W1 (0 W,

where VW is still evaluated at (¢, x°*) and ¥, defined for x°5.
If h° € C1, then Dh®® must be the fixed point of 7. Therefore, our strategy to
prove h¢ € C! is to show

(1) 9 is awell-defined contraction on Y; (1),
(2) the fixed point of 97 is indeed Dh°".

Throughout the procedure, (4.7), (4.13), and (4.18) are assumed.
Step 1: show 914 € Y1(u). Analogous to Lemma 4.8, we have that for any
xCS ¢ X¢S (5),

(5.12) 112, x YWl g4 < Ce“M W,
which along with (4.18) implies
(5.13) |(T170) (x)W| < CEAe = CDIW Il 1,4 < I Wl g1, .

Much as (5.13), it also holds that J"‘fm () — 1 (Af) uniformly in x°*, where
n
(Loj‘l(ﬂ)(%))(xCS)W:_f e_/lct(DxCSG-F(‘P,hCS(\P))
0
+ D G (W, h (W) 7 () W1 (0 W,

From the continuity of DG®S*, it is easy to verify that (f/‘l(") (7)) (x%) is C” in
x¢5. Therefore I (A) is also continuous and thus 7 (#) € Y1 (u).
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Step 2: estimate the Lipschtiz constant of 9. Let A € Y1(u) and ¥y, ;(#) be
defined in (5.10) for #, j = 1,2, which satisfy
0:(W12-¥11) =(A%(6,,G) =G (V) -G (V)FA) (P12 - ¥1,1)
+ (A — 70) (9) W1 2) %) (¥)

and (W1, —¥1,1)(0) =0.
From estimate (5.12) on homogeneous solutions to (5.10) and the variation of
constant formula, we obtain

(W20t x°5) = W11 (2, X)Wl g1 4 < CO e |76 — T v, W || i1 4

where we also used |4, || 1,4 < Co which is obvious from its definition. Accord-
ing to the definition of 97, we have, for any x°° € X°%(9),

(F18) - T3 (62) () = fo e (D GH oy — 76) W1 2(1)
+(DyesG* + D+ GT70) (W12 - W1,1) (D) dt,

where DG is evaluated at (¥, h°5(P)), #; at ¥, and ¥ at (¢, x*). Using (5.12),
and the above estimates on ¥, — V1 1, it follows that

1F7(F) - T1 (F)ly, < CEA - Cn) 2|46 — H Iy,
Assume
(5.14) Cs(A-Cm2<1,

then 97 is a contraction mapping on Y; (u). Let A € Y; (1) be the unique fixed
point of 7.

Step 3: Show Dh®® = #°S. Since A#°°(x°%) is continuous in x°, it suffices to
show Dh“(xgs)W = %"Cs(xgs)W at any fixed xgs € X°5(6) and W € X°S\{0}. Let
¥, (¢) be defined as in (5.10) associated to #°* and xgs and

Ry(8) =W (t,x§*+ W) =¥ (t,x5°) — W1 (OW,
R (1) = h (W (8, x5° + W) = RS (W (1, x5%)) — A5 (P (2, x55) ) 1 (OW.
Denote
W(s, )= (1- )W, x5 + s (L, x5° + W),
a’(s,0) = (11— (W(t,x5%)) + sh(W(t, x5 + W)).
and for a = cs, +
R*()=G*(W(1,0,a*(1, ) - [G* + DxesG*(W(1, 1) - W(0, 1))
+ D+ G*(a* (1,0 - a*(0,1)]
where G and DG in the brackets [...] are evaluated at (W(0,,a"(0,1) =
(‘I’(t, x§%), (W (z, xgs))). From (5.4) and 97 (%) = #°%, we have

Ry, (0) = —f e ! (R () + DyosGT Ry (1) + Do G* Ry, (1)) dit.
0
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Moreover, using (5.4) and (5.11), we also obtain

o0
(5.15) Ry(t) = —[ e AT (R* + DysGtRy + Dgv G Ry) (1 +1)dT, =0,
0

where again the above DG are evaluated at (‘P(t +7,x5%), h** (P (t+7, xgs))).
From (4.9) and (5.10), Ry (#) satisfies Ry (0) =0 and

1
atR\y = A(C)s(t)R\]/ + A;(l‘)Rh +R% + DxCSGCSR\]J + Dg+ GCSRh +[ (Ags
0

—ASH(O(WA, 0 -W(©O,1)+ (A = AN (D (a1, 1) —a™(0,1)ds

where DG is evaluated at (W (0, 1), a* (0, 1)), A (¢) € X and the operator ASS(¢) €
L(X*®) are given by
AL OW =D (A% (1 GT &, a2 1y, .00 6:0) W)

=A%(y(s,0,G"(W(s, 0, (s, 1) | W

+ Des (Acs(y’GT(xCS’a+)))|( )(W)W(S, 1)

W(s,t),a*(s,t)

A: (£) =Dq- (ACS (y' GT(XCS' a+))) | (W(s,t),u"(s,t)) Wis,2)

with W (s, r) and a™ (s, ) defined in the above and y(s, t) being the y component
of W(s, 1) (so the Dyes also acts on the y component in A®).
For W = (y,a", V), we have

AW =(0,0,V"), (A% - A|wis,n.atsm) W = (0,0, V)
and from Lemma 4.5,

1 ~
(5.16) IVl G SCTEA+ DWWl MVl

[tg, to+ 1, tp+T1 [tg,tg+T)]
We first consider , € (#;, f; + 1) in the following estimates, where we can use
We X°¢S | (Cd) due to Lemma 4.8 which also yields

(t1,t2
(5.17)
IW(, 0= WO, 0llszs, , a<CIWL10) = WO, 1)l 11,4 Ce“" [Wligp 4.

A similar argument would imply

(5.18) W1 OWlsre a4 < CeM [ Wiig 4.

Inequality (5.17) along with (4.4) and Lemma 4.5 implies

(5.19) IRy, e+ IR (@] <CIWE 0= WO, DIk < CeEM WG 4
forany0< 1) < t.

The integral terms in d; Ry can be estimated by Lemma 4.5, which along with
inequalities (5.17) and (5.19) implies

10:Ry — AS () Ry — AJ ()R, — Dxes G Ry — D G Ryl 1 xes

[t1,12]

<CIW(L,0 =W, )} < CeMIWIT, 4.
1ty
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Again we apply Lemma 4.5 and inequalities (4.4) and (5.16) to estimate other
remainder terms linear in Ry and Ry, and obtain

10:Ry — A (y(0,1,G"(W(0,0),a" O, 0)) Ryll s, (1,
<Cn(IRylste, A+ IRl )+ CeM=IWIR, .

With the above estimates, following the same arguments in the proof of Lemma
4.8, we have

(5.20)
IRy (1,4 <CUIe™ Ryl + e IWIG, ) < Ce"' 0" Rioo + I W, )

where Ry, (0) = 0 was used and
Rpoo 2 €™M Ry (DI 1gy,

Here Rc,00 < oo for some C > 0 is due to (5.3) and (5.12). Substituting this into
(5.15), using (4.4), and noting that the estimate on R, (f2) in (5.19) is indepen-
dent of #;, we can compute

(0,0
Rjyo0 <Ce™ "' fo e AT (ST D WIS, +8(RpI+ | Ryl xes) (£ + 7)) dT

o0
SCe_C'”f e"lfTeC"(H”(IIWIﬁ{I,A+5n_th,oo)dT
0

<CAc=C) ' IWI;, 4 +60" Ryoo)-
Therefore assumption (5.1) implies
Rpjyoo < CQAe = C) M IWIIG, -

By letting ¢ = 0, we have |R,(0)| < C(A, - CTI)_1||W||%{1,A which complete the
proof of C! smoothness of the center-stable manifold.

Finally, we prove the center-stable manifold is tangent to the center-stable
subspace along ..

Lemma 5.1. There exists C > 0 such that if A and § satisfy (4.7), (4.13), (4.18),
(5.14), and (5.1), we have Dh*(y,0,0,0) = 0.

Proof. Observe that (4.9) and the definition of G°* implies ¥(t,(3,0,0)) = (y,0,0)
for all £ = 0. For any # € Y;, (4.10), the fact DG*(y,0,0,0) = 0, and the above
observation imply 97 (#)(,0,0,0) = 0. Therefore Dh®*(y,0,0,0) =0 atany y € R,
which implies that at any solitary wave on .4, the center-stable manifold is
tangent to the center-stable subspace. O

6. LOCAL DYNAMICS NEAR SOLITARY WAVES

In this section, we study the local dynamics near solitary waves based on local
invariant manifolds. We will prove: (i) the center-stable manifold repels nearby
orbits in positive time and attracts nearby orbits in negative time; (ii) on the
center-stable manifold, center manifold attracts nearby orbits in positive time;
and (iii) the orbital stability on center manifolds. Various norms in the below are
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defined in Sections 3 and 4. Even though we are still working with the modified
system (4.5a) and (4.5b), by taking § > 0 much smaller than the one in the cut-
off, all the results valid in a C§-neighborhood in this section hold for the original
gKDV equation.

6.1. Dynamics near the center-stable and center-unstable manifolds. In this
subsection, we study the local dynamics for initial data near the center-stable
manifold.

Proposition 6.1. Let U(1) = Em*(x(1),a* (1)) € Em* (B1(5) ® B} (6) ® Z ()
be a solution to (2.2) for t € [0, T] with the initial data U(0) = Em' (3¢5, a*).
We have

|a® (t) = he (x°5 ()| = A=D1 gt — pS (%) Vrelo,T),

The above inequality indicates that the center-stable manifold repels nearby
orbits forward in time and, as (2.2) is autonomous, it also attracts nearby orbits
backward in time.

Proof. Without loss of generality, we may assume a* # h®* (). Let X°*(t) be the
solution to (4.9) with h = kS and X°*(to) = x°* (1), and let a* = h°*(X“*). By the
invariance of the center-stable manifold, we have

(6.1) 0;(a"—a")=Ac(a*—a")+ G (x*,a") - GT (7, a").
Since (4.4) yields
(6.2) |G*(x%,a") - G*(3°,a")| = Co (Ix =N a+1a* —a*l),

and x*(p) — X°*(tp) =0, (6.1) and (6.2) yield d;|a* — a*|;=, > 0. Let
Ty :=sup{re[0,1]:0(a*—a"|>0in[ty, to+ 1)}.

We show T; =1 in the below. Suppose otherwise T} < 1, by its definition, one
has

d/a’ —ali=y+r, =0, lla*—a* e = la* (to+ T1) —a" (to+ T1)I.
000+ 111
By Lemma 4.8,
we have

x5 (£ + T1) = X*(to + T)ll g 4 < Cnpla™ (o + Th) — @ (to + T1)|.
It follows from (6.1) and (6.2)
0/a” —a" =g+, >0,
which is a contradiction to the definition of T; and T; < 1. Therefore, 77 = 1 and

forte[0,1], lat —a* IIL[o;n0 - is always achieved at fy + ¢. Again from Lemma 4.8,

we have that, for any 7 € [0, 1],
(6.3) xS (Lo + 1) =X (o + Ol g a = Cla™ (to+ 1) — a* (Lo + 1)
By applying (6.2) and the above inequality to (6.1), we have

0;(a* —at)—Asat —a")|<Cdla”-at|, telo,1].
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Then by the Gronwall inequality, we obtain
lat(to+ 0 —a* (to+ 1) = P~ COa* (1) — a* (1p)l, te[0,1l.
Since Lemma 5.1 yields
(6.4) Dh**<Cs in Em*(B'(6)®B'(5) e (),
along with (6.3), the inequality implies, for ¢ € [0, 1],

la*(to+ 1) — h®(x%(to+ 1))| = A= Cola* (o + 1) — a* (to + 1)

(6.5)
>(1-Come D! a* (1) — a* (1)l = '3 |a™ (ty) — h (x° (1))

Iterating the above estimate, we complete the proof. O

Remark 6.2. The exponential type estimate in Proposition 6.1 can also be ob-
tained by a more direct approach through considering d;(a* — h®*(x°%)) and us-
ing the invariance of h¢®. Since 8,x°* € H? and Dh® acts only on H', this pro-
cedure may be carried out for x°* € H* and the estimate for x°* € H' follows
from the continuous dependence in H'! of the solutions on their initial data in
and the continuity of h°*. However, due to the lack of O(T) estimate on DG in
Lemma 4.5, one would only obtain a lower bound in the form of (1 - C&)e*<=C¢®¢
and it is not easy to get rid of the 1 — C9.

For any point U = Em* (y,a*,a”, V®) in a small neighborhood of .#,, the total
of the norms |a*| +|a~| + | V¢| g of its transversal components is equivalent to
its distance dist(U, .#;) to .., where

(6.6) dist(U,K) = inf |U - Ul
UeK

for any subset K < H'. See Remark 2.3. The above Proposition yields the non-
linear instability of the traveling waves with an exit time estimate.

corollary 6.3. Forany U(0) ¢ W (), AT > 0 such that
dist(U(T"), M.) = 6.

Parallel to the center-stable case, the center-unstable manifold attracts nearby
orbits exponentially as t — +o0.

Proposition 6.4. Let U(f) = Em*(x°“(1),a (1)) € Em* (B(6) ® B1(6) ® Z£(6))
be a solution to (2.2) for t € [0, T] with the initial data U(0) = Em* (X%, a~). We
have

|a™ (1) — h (x4 (1)) | < e”We=COt | g~ — p (x| vrelo,T).
Moreover, for any U(0) ¢ # ““ (), AT* < 0 such that
dist(U(T*), H,) = 8.

Since the center manifold is the intersection of the center-stable and center-
unstable manifolds, the above theorems imply
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corollary 6.5. ForanyU(0) ¢ # °(4.), AT € R such that
dist(U(1), 4;) = 6.

Remark 6.6. Theorem 6.5 along with the above exponential estimates indicates
that the nonlinear instability of the solitary waves for the supercritical gKkDV
equations is generic in the sense that if initial data is not on the co-dim 2 center
manifold, then the flow will leave a neighborhood of the soliton manifold ex-
ponentially fast at least in one time direction. This result is stronger than the
classical nonlinear instability result of the existence of special initial data in any
neighborhood of the solitary waves whose orbit leaves a neighborhood of the
soliton manifold.

6.2. Dynamics inside the center-stable and center-unstable manifolds and the
orbital stability inside center-manifolds. Based on the exponential estimates
in the directions transversal to the center-stable and center-unstable manifolds
obtained in Subsection 6.1 and the energy conservation, we shall prove the ex-
ponential stability of the center manifold inside the center-stable manifold and
the orbital stability of the traveling waves inside the center manifold. Recall
that the center manifold # ¢(.,) is the graph {a* = h*(y, V°)} of h® = (h*,h™).
Clearly,

(6.7) h"=h%y,h~, Ve, h™=h"Qyh", V%
(6.8) h*(y,0)=0, Dh*(y,0)=0.

Proposition 6.7. There exists Cy = 1 such that the following hold.

(1) Let U(t) = Em*(y,a™,a”,V®)(z) for t = 0 be a solution to (2.2) with the
initial data

U0 =Em*(3,a",a ", V) ew (), VeeX: 1@t IVelm <Cyts,

.y’
then we have
la=—h~ (3, V9| <1+ CoHe NPt g~ —h(5,V9|, Vi=0
and

IVelZ,, < CUVIG +1a —h™ (7 VIP).

(2) Let U(t) = Emt (y,a*,a",V®(t) for t < 0 be a solution to (2.2) with the
initial data

U©) =Em™*(y,a*,a,ve)ew (), V°eX’

LY -1
oy LIV =Gy,

then we have
|a® —h* (1, V9| < 1+ C6%e At gt — p* (7, V9|, V=0

and
IVel3, < CAVENs, +1at = h* (7, V).
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Proof. We will consider the center-stable case, while the other one can be proved
similarly. Since U (1) € # °S(4,), (6.7) and (6.4) imply that, if |a*|, || V¢|| ;1 <& on
[0, T, then for t € [0, T,

Ih* (y, V€ —a®|=|h®(y,h~, V) = h(y,a, V)| <Cslh (V) —a|,
and
I(h~ (VO —a™) = (", a*, VO —a”) < |h(y, h", V) = h(y,a", V)
<CS|h* (3, V&) —a’| < C8?*|h™ (y, VO —a|.

Applying this inequality at ¢ € [0, T] and then 0 along with Proposition 6.4, we
have

W™ (3, VO —a | <1+ C6Ha - h°*(y,a*, V)|
(6.9) <(1+C8%)e"He= OO g~ _ pu(,a*, Vo)
<(1+C6%)e M= g — h=(7,VO).
To estimate the bound on || V| ;n on [0, T, let
E(y, V9 = (E+cP)(Em*(y,a*,a”,V?).
On the one hand, clearly for any y € R, it holds that
(E+cP) (Qc-+ 1)) =0, (E+cP)"(Qc(-+y) = Le,y,
h(y,0,0)=0, Dh(y,0,0).

Therefore, due to the smoothness of 7%, from Lemma 2.2 one has the following
expansion for [0, T1,

E()/,aJr»a_»Ve)—E(J’»O,O,O)
1 o o _
=5 (Ley(VE+a Vo), Ve+a VO +oUVeDI3, +la )

1 _
=§<Lc,yve,ve>+o(||ve(t)||§,1+|a N
=IOV, = CUVS, +1a™1%).

On the other hand, by the conservation and the translation invariance of the
energy-momentum functional, we have

E((y,a*,a", V9 (1) - E(y(1),0,0,0) = E(j,a*,a”, V) - E(7,0,0,0)
<CUVeI5, +1aP).
These inequalities imply
IVelZ, < CUVIG +1a 1P +la ).
It is straight forward to obtain from (6.9) and (6.8)
IVels, < CUVIG +1a —h™ (7, V)P, relo,T).

By choosing Cy appropriately, T may be extended to +co and we obtain the de-
sired estimates on # 5 (). O
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Remark 6.8. The same above proofs actually imply that the same estimates in
Propositions 6.1 6.4, and 6.7 hold for any h°S, h* € T, snC? if Em*(graph(h®>*))
are locally invariant under (2.2), without modification by cut-off.

This proposition implies the orbital stability of .4, inside # “°(.#,) and the
exponential stability of #¢(.#,) inside # “*(.#.) as t — +oo. Parallel results hold
for the center-unstable manifold # °“(.#,) as t — co. Moreover, .4, is orbitally
stable inside # ¢(#,) as t — +oo. The estimates in Propositions 6.1, 6.4, and 6.7
yield the following characterizations.

Proposition 6.9. There exists § >0 and C > 1, such that, for any Uy € H' satisfy-
ingdist(Uy, M) <6
(1) Uy e W (M,) if and only if the solution U(¢) to (2.2) with U(0) = U, sat-
isfies dist(U(t), #.) < Cé forall ¢ = 0.
(2) Uy € W (M) if and only if the solution U(f) to (2.2) with U(0) = Uy
satisfies dist(U(t), #.) < Cé forall t <0.
(3) Uy € W (M) if and only if the solution U(t) to (2.2) with U(0) = Uy sat-
isfies dist(U(t), #.) < Cé forall r e R.

Remark 6.10. Usually, # S (), W “(M.), and W € () may not be unique due
to the cut-off modification in their constructions. However, the above character-
ization implies the uniqueness of the local center-stable, center-unstable, and
the center manifolds of .#, under (2.2).

6.3. Local Invariant Manifolds of .#. So far we have constructed local invari-
ant manifolds for .#, with a fixed ¢ > 0. Recall the scaling transformation %
defined in (1.2). From Proposition 6.9, it is clear that the local invariant mani-
fold W *(M,), a € {cs, cu, c} for different c differ only by a rescaling, namely, for
any ¢ >0,

(6.10) WESCUE (g ) = (T VU | U € WS (L))

The following lemma indicates thatlocal invariant manifolds of .#/ for nearby
c patch perfectly. Let Em, denote the embedding defined in (2.18) for c.

Lemma6.11. Foranyc >0, thereexistse¢ = €(c) > 0 such thatif|cj—c|<¢, j=1,2,
then for a € {cs, cu,c},

W (M) NEmg, (B () ® B' (€)@ XL (e)) < W * (M)

Proof. Q.,(x— c»t) is a solution to (1.1). In the traveling frame (¢, x — ¢ 1), it be-
comes Qc, (x —(c2 —¢1)1). Since

1Qc, (x—(c2—¢c1)t) = Q¢ (x—(c2—c) ) | gn < Clecz — 1
and Qc, (x— (¢ —c1)t) € M., we have

inf|Qc, (- = (c2—c1)t) = Q¢, Il jp = Cleca = c1l.
yeER

Then the desired result follows by Proposition 6.9.
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Consequently, we can patch # % (.#,) with different c to form the center-
stable manifold of .#. In fact, let

(6.11) WESCUWE (g = U WESCUE gy,
c>0
The above lemma implies that # ¢S () is a smooth codim-1 submanifold
in H'.

Remark 6.12. In fact, due to the scaling invariance (6.10), # “>“(.#,) are in-
variant under the rescaling (1.2).

Remark 6.13. The stable and unstable manifolds can be constructed through a
simpler procedure. Thanks to their uniqueness, one may construct stable and
unstable manifolds of a single solitary wave Q., and then those of Q.(- + y) can
be obtained simply by translation. In this procedure, since y = 0 € R? is fixed in
the construction, the only obstacle preventing the classical invariant manifold
theory to be applicable straightforwardly is the derivative loss in the nonlinear-
ity, which can be overcome by the smoothing estimates in Section 3. Actually,
with the smoothing estimates, one may carry out the construction following the
approach in [8].

Remark 6.14. In [9], Combet constructed solutions converging to solitary waves.
From the point of view of dynamical systems theory, the solutions constructed
by Combet must locate in the stable manifolds of solitary waves.
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