Inviscid dynamical structures near Couette flow
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Abstract

Consider inviscid fluids in a channel {—1 <y < 1}. For the Cou-
ette flow ¥y = (y,0), the vertical velocity of solutions to the linearized
Euler equation at ¥y decays in time. At the nonlinear level, such in-
viscid damping is widely open. First, we show that in any (vorticity)
H? (s < %) neighborhood of Couette flow, there exist non-parallel steady
flows with arbitrary minimal horizontal period. This implies that nonlin-
ear inviscid damping is not true in any (vorticity) H°® (S < %) neighbor-
hood of Couette flow and for any horizontal period. Indeed, the long time
behavior in such neighborhoods are very rich, including nontrivial steady
flows, stable and unstable manifolds of nearby unstable shears. Second, in
the (vorticity) H?® (5 > %) neighborhood of Couette, we show that there
exist no non-parallel steadily travelling flows ¥ (z — ct, y), and no unstable
shears. This suggests that the long time dynamics in H*® (s > %) neigh-
borhoods of Couette might be much simpler. Such contrasting dynamics
in H® spaces with the critical power s = g is a truly nonlinear phenom-
ena, since the linear inviscid damping near Couette is true for any initial
vorticity in LZ.

Introduction

Consider the incompressible inviscid fluid in a channel {(z,y) | — 1 <y <1},
satisfying the 2D Euler equation

Oru + u0,u + vOyu = —0, P
Ov 4+ u0,v + voyv = =0, P

with the incompressibility condition

Ozu+ Oyv =0

and the boundary conditions

v=0on {y=-1} and {y=1}.

(1)



Here, @ = (u,v) is the fluid velocity and P is the pressure. Define the vorticity
W = uy — Vg, then w satisfies the equation

wy + uwy + vwy, = 0.

Any shear flow (U (y),0) is a steady solution for (1). The Couette flow @y =

(y,0) is among the simplest laminar flows, however, it poses several long-standing

puzzles in hydrodynamics. First, for any Reynolds number R > 0, the Couette

flow is also a steady state for Navier-Stokes equations
Oyu + u0,u + voyu = —0, P + %Au (@)
v + udv + vdyv = =9, P + £ Av

with (3) and the boundary conditions
(u,v) = (£1,0) on {y ==+1}.

The so called Sommerfeld paradox ([22]) is that Couette flow is linearly stable for
any R > 0 (proved in [19]), but it becomes turbulent when R is large as revealed
in experiments and numerical simulations. We refer to ([10]) and the references
therein for attempts to resolve this paradox. In this paper, we are interested in
another mystery about Couette flow, namely, the inviscid damping. It is obvious
that Couette flow is nonlinearly stable in any LP norm of vorticity w, since for
Couette flow wy = 1 and thus the vorticity perturbation is preserved along the
perturbed flow trajectory. In 1907, Orr ([17]) observed that for the linearized
Euler equation around Couette, the vertical velocity v (¢) tends to zero when ¢
goes to infinity. We refer to Section 4 for a more detailed study on the linear
damping of Couette flow. It is unusual that such damping phenomena can occur
for a time reversible system such as the Euler equation. Moreover, the issue of
inviscid damping also appears in the study of many other stable flows ([4], [1],
[18], [20]), and is believed to plan important roles on explaining the appearance
of coherent structures in 2D turbulence. To be precise mathematically, the
problem of nonlinear inviscid damping near Couette flow is to prove or disprove
the following statement: When the initial velocity is close enough to Couette in
the sense that
[I(w(0),v(0)) — (y,0)||x is small enough

in some function space X, then
HU (t)||L2 — 0 when t — o0,

that is, (u (t),v (t)) tends asymptotically to a shear flow (Us (y),0) near the
Couette flow. So far, nonlinear inviscid damping has not been proved for Couette
flow or any other stable Euler flows. Our first result shows that the minimal
regularity for such nonlinear damping to be true is H %7 that is, the velocity
space X must be at least H 3



Theorem 1 Fized any T >0 and 0 < 5 < %, then for any € > 0, there exists a
steady solution (ue (z,y),ve (z,y)) to Euler equation (1) with (2)-(3) such that
(ue (z,9) ,ve (,y)) has minimal z—period T,

llwe — 1||Hfo,T)x<_1,1) <&, where we = Oyur — Jgvs,

and ve (x,y) is not identically zero.

The above Theorem immediately implies that nonlinear inviscid damping
is not true in any (vorticity) H* (s < %) neighborhood, or equivalently in any
(velocity) H*® (s < g) neighborhood of Couette flow. As a corollary of the proof
of Theorem 1, we also get the following structural instability result for Couette
flow.

Corollary 1 Fized any T >0 and 0 < s < %, then for any € > 0, there exists
a shear flow (U (y),0) such that |UZ(y) — 1l ge(_1 1) < € and (U:(y),0) is
exponentially unstable to perturbations of x—period T.

The shear flow (U, (y),0) is unstable in the sense that unstable eigenval-
ues exist for the linearized problem in the domain Qp = Sy x (—1,1), where
St is the T—periodic circle. By our results in [14], there exist stable and un-
stable manifolds near (Ue (y),0) for the Euler equation (1) in Q. Therefore,
Theorem 1 and Corollary 1 imply that the long time dynamics in the (vortic-
ity) H*® (s < %) neighborhood of Couette flow is very rich, including nontrivial
steady flows, stable and unstable manifolds of nearby unstable shear flows.

Our next theorem shows that there exist no nontrivial steadily travelling
flows in the (vorticity) H® (s > 3) neighborhoods of Couette flow.

Theorem 2 Fized any T > 0, s > %, there exists g > 0 such that any travel-
ling solution (u (z — cy,y),v(x —cy,y)) (c € R) to Euler equation (1)-(3) with
x—period T and satisfying that

lw =1l €0,

FO,T)X(—l,l)
must have v (z,y) =0, that is, (u,v) is necessarily a shear flow.
By the proof of Theorem 2, we also have the following

Corollary 2 Fized any T > 0 and s > %, there ezists €9 > 0 such that any
shear flow (U (y),0) satisfying

10" (y) — Uige(-1.1) < <o,
1s linearly stable to perturbations of x—period T .

Theorem 2 and Corollary 2 suggests that in the (vorticity) H*® (s > %) neighborhoods
of Couette flow, the long time dynamical behavior of Euler flows might be much
simpler. Particularly, the only steady structures in any reference frame are



nearby stable shear flows. A necessary condition for nonlinear inviscid damping
in any space is that there exist no nontrivial invariant structures (time-periodic,
quasi-periodic solutions etc.) near Couette flow in this space. Theorem 3 is a
first step in this direction.

In Theorem 3 in Section 4, we show that the linear decay holds true for any
initial vorticity in L? and the optimal decay rate is already achieved for initial
vorticity in H' (see Remark 2). This indicates that the contrasting dynamics
in H® neighborhoods of Couette with s < % or s > % is a truly nonlinear
phenomena and it can not be traced back to the linear level.

A similar phenomena of collisionless damping for electron plasmas was dis-
covered at the linear level by Landau ([9]) in 1946. In the physical literature, the
collisionless damping had been often ([8], [18], [1]) compared with the inviscid
damping problem. In [15], we obtained similar results for the nonlinear Landau
damping problem. Moreover, in the case of collisionless plasmas we are able to
prove a stronger result that H % is the critical regularity for the existence of any
nontrivial invariant structure near a stable homogeneous state.

This paper is organized as follows. In Section 2, we construct nontrivial
steady flows near Couette flow in (vorticity) H® (s < 3) neighborhood and for
any minimal x—period. In Section 3, the non-existence of nontrivial travelling
flows is proved in (vorticity) H® (s > 2) neighborhood. Section 4 is to study
the linear damping problem in Sobolev spaces. Throughout this paper, we use C'
to denote a generic constant in the estimates and only indicate the dependence
of C' when it matters.

2 Existence of Cat’s-eyes in H® (s < %)

In this Section, we construct steady flows of Kelvin’s cat’s eyes structure near
Couette flow in the (vorticity) H* (s < %) space. Our strategy is to construct
cat’s eyes flows by bifurcation at modified shear flows near Couette. We split
the proof into several steps.

Lemma 1 Assume U (y) € C°[—1,1], is odd, monotone in [—1,1], and U’ (0) >
0. Let Q (y) = [{J(;y)) and define the operator

L:=——+Q(y), H*(~1,1) — L*(~1,1),

with zero Dirichlet conditions at {y = +1}. If L has a negative eigenvalue —k3,
then 3 €9 > 0, such that for each 0 < ¢ < €g, there exist a steady solution
(ue (z,y) ,ve (z,y)) to Euler equations (1)-(3) which has minimal period T, in
x?

|we (z,y) = U’ (y)HH?((),TE)X(fl,l) =&

and the streamlines of this steady flow near y = 0 have cat’s eyes structure, with

a leading order expression given by (9). When e — 0, T, — %



Proof. The proof is a slight modification of that in [10]. Let 9 (y) to be a
stream function associated with the shear (U (y),0), i..e., ¥ (y) = U (y). Since

Yo (y),Q (y) are even in [—1,1], we let 1 (y) = G (%yz) and Q (y) = H (%yQ)

Then . , U
G <2y2> = ¢0y(y) = ;y) > 0, when y € [-1,1],

and G, H € C! because U (y) € C5 So we can define a function fy €
C? [min vpg, max 1] such that

fo=HoG " and fy (1o (0)) = ¥ (0).

Then we extend fo to f € CZ (R) such that f = f in [min ), maxy]. By our
construction,

f’(% (y)) = Q(y)v for y e [_17 1] ) (5)
which implies that
F' (o ()0 (y) = U" (y) = ¥5" (y)

and an integration of above yields

f (o (y)) =g (y), for y € [-1,1]. (6)
We construct steady flows near (U (y),0) by solving the elliptic equation
A= f(¢),

where ¢ (z,y) is the stream function and (u,v) = (1y, —t;) is the steady ve-
locity. Let { = ax, ¥ (2,y) = ¢ (§,y), where ¢ (§,y) is 2r—periodic in §. We
use a? as the bifurcation parameter. The equation for v (£, ) becomes

“oe T gz T =0 (7)

with the boundary conditions that ¢ takes constant values on {y = +1}. Define
the perturbation of the stream function

¢ (&y) =v(&y) —vo(y)
Then by using (6), we reduce the equation (7) to

Define the spaces
B={¢(&y) € H3([0,2n] x [-1,1]), ¢(&,—1) = $(£,1) = 0, 27 — periodic and even in ¢}
and

D= {¢(§,y) € H'([0,27] x [~1,1]), 27 — periodic and even in §} )



Consider the mapping
F(¢,0®) : BxR"+— D

defined by

2 2
F(6.0%) = 058 + 58— (£(6-+ w0 1) ~ (6o ().

We study the bifurcation near the trivial solution ¢ = 0 of the equation F'(¢, a?) =
0 in B, whose solutions give steady flows with x—period %’“ The linearized op-
erator of F around (0,%3) has the form

02  9?

G = F,(0,k2) = kﬁa—gz Ty I (%o (v))
82 82
k’)Oaié-Q — —Q(y).

By Strum-Liouville theory, all eigenvalues of £ are simple. In fact, as proven in
Appendix of [10], —kZ is the only negative eigenvalue of £. Let ¢o(y) be the
corresponding positive eigenfunction. So the kernel of G : B +— D is given by

ker(G) = {¢o(y) cos &},

In particular, the dimension of ker(G) is 1. Since G is self-adjoint, ¢g(y) cos& &
R(G) — the range of G. Notice that 9,20,F (¢, @) is continuous and

2

3a28¢F(0, k(zj) (¢0( )COS 6) 852

[¢0(y) cos€] = —¢o(y) cos§ & R(G).

Therefore by the Crandall-Rabinowitz local bifurcation theorem [6], there exists
a local bifurcating curve (¢(8),02(8)) of F(¢,a?) = 0, which intersects the
trivial curve (0,a?) at o2 = kZ, such that

¢(B) = Boo(y) cos§ + o(B),

a?(B) is a continuous function of 3, and «?(0) = k3. So the stream functions of
the perturbed steady flows in (£,y) coordinates take the form

Y& y) = Yo (y) + Bo(y) cos§ + o(B). (9)

Since ¢o(y) > 0, 1} (0) = U (0) = 0, the streamlines of perturbed flows have
cat’s eyes structure near {y = 0}, with saddle points near (274,0). The proof

is completed.
In the next lemma, we study the eigenvalue problem of L for a class of
monotone shear flows near Couette flow. Let

erf (x / s, —00 <z < 400,
\/7



be the error function. For v > 0, a > 0, we define the shear profile

Us.a(y) =y +ay?erf <z) y € (—1,1). (10)
Denote U )
a\Y
Qr.a(y) = 725, 11
Y () U’y,a (y) ( )
and

‘C%G : H2 (_la 1) - L2 (_L 1)
to be the operator —% + Q.0 (y) with the Dirichlet conditions at {y = +1}.

Lemma 2 For any fized a > %7
a unique negative ergenvalue —

Ba of the equation

when vy is small enough, the operator L. o has

2 . When~y — 0, By,a tends to the unique root

v.a’

2a = 3, coth B, (12)
with the error estimate |By.q — Ba| = O (\/7)/)

Proof. We write the potential function @, (y) as

4da ei(%f
Qva (v) = Wy :;72 erf (£)
_ 4 (1) L
YT 1 +~aerf (%) / ((%))

= —4da—0o <y> ;,
T NY/ 14 yaA (%)

where ) £(y)
2 erf (y
o(y) = ﬁ = y

Since A (y) is positive and bounded, we formally derive that

Q.0 (y) — —4aé (0), when v — 0.

Thus, when v — 0, the operator £, , tends to —% — 4a6 (0), for which the
eigenvalue can be calculated by the formula (12). We implement these ideas
rigorously below. We divide the proof into several steps.

Step 1: Denote A\, , to be the lowest eigenvalue of £, , and ¢, , the cor-
responding eigenfunction with ||¢, 4|, = 1. We show that for v > 0 small
enough,

—~16a® < Ay, <0,

and
[¢v.all g < 8a+ 1. (13)



Note that

1
M= min (Lyn6,0) = min (||¢'||iz(1,1>+ / Qw,a(y)é(y)2dy>~
lpll2=1 [[¢]l 2=1 —1
pecHE pEH}

Let ¢1 (y) = (1 — |y|), then when ~ is small enough,
< ([f’y,a¢1a d)l)

3
va < <-(2—-4a) <0,

lorlz. 4
sincqu§1||iQ =2 and
Jim (L0681, 1) = 164172 1,1) — 4061 (0)° =2~ da < 0.
To estimate the lower bound of A, ,, we take any ¢ € Hg (—1,1) with [|¢[|;. = 1,
then
!

(£3006) 2 10Nz~ [ #e*%fdynqsnim (14)

2 2
> 1912210y — 4 16l

2
2 ||¢I||L2(—1,1) —8a ||¢HL2 ||¢/||L2(—1,1) 2 ~16a”.

Taking the minimum of above estimate, we get Ay, > —16a®. Moreover, again
from estimate (14),

0 > >\’Yaa = (‘C'Yva(vb%aaqb’y,a) 2 Haﬂy,aHiz - 8a ||¢i/,a||L2

which implies that ||¢/ ||, , < 8a.
Step 2: Let A, be defined by

Aa= min_[|¢'][7. — 4ae (0)*. (15)
Il 2=1
GEH]

We show that A\, = —2 where 3, solves the equation (12).
First, we claim that the minimum of (15) is obtained at some function ¢, €
H}. To show this claim, we note that by the same estimates as in Step 1,

3
—16a* < \, < 3 (2 —4a) < 0.
Let {¢y,},o, C Hj be a minimizing sequence of (15) with ||¢, ;. = 1 and

||¢;||2Lz —4adpy, (0)2 — Ay, When n — oo.

Similar to the estimate (13), when n is large, we have ||¢p|| 1 < 8a + 1. Thus
bn — ¢q weakly H', and strongly in L2 N L*°. Therefore, ||¢q|/;. = 1 and

16,172 — daga (0)* < lim ||, ]72 — 4agn (0)° = Aa.



Thus ¢, is the minimizer of (15).
By taking the variation of (15), one immediately obtains that ¢, € Hg
satisfies the equation
Z +4a¢a(0) + Aadpa = 0 (16)

in the sense of distribution. In particular, ¢, is continuous on [—1,1], ¢, (£1) =
0, and satisfies

(b:z/ + )\a(ba = 0; on [_17 1]\{0}

Therefore, we have

®a(y) = Fesinh (\/—)\a(y F 1)) , =ty e (0,1],
for some constant c. To satisfy (16), it is easy to check that one must have

¢u (0+) — ¢, (0—) = —4agq(0),

from which it follows that A\, = —32 and 3, solves the equation (12). Note that

since the function .

1 (8) = Beoth 3 0.00) = [5,0)

is monotone increasing. So for each a > %, there exists a unique 3, = f~! (a)
such that (12) is satisfied.
Step 3: We show that when -y is small enough,

[Aa = Aa| < Cla) 7 (17)

Denote the quadratic forms

1
(@) = 161+ [ Qa0 dy

and )
Hy (6) = [1¢/[12(_1.1) — 4a6 (0)°

in H} (—1,1). Then
)\a S Ha (¢"/,a)

1 1
= Hya(6r) 0 [ Lo (y) 2, w)dy— dab, . (0
17 \7/ 14 ~aA (%)

1
5

— Ao+ da / o) (6.0 () — 620 (0)) dy — da / o () dyé?, (0)

lyl> 2
+4a/1 1, (y) tG) (%) o2, (y) dy
17 vy 1+’YGA (%) s

2=

=X+ T+ T+ Ts.



Since

2 2 w
1620 (1) — 6.0 (0)] < 2[|all / ¢ (5) ds

1 1
<C H(ﬁ%a”?{l(fl@) VY2 < CBa+1)rlyl?,
$0

T3 < C (a \F/ Wyl dy < C (a) v7.

When ~ is small enough, we have

1)< C@ ol [ oWy C@ A

>1

and

T3] < C (a) 6al® 7 /R o (y) dy < C (a) \/7.

Thus
M= Ao < C(a) /7
and similarly

Ao — Ao < C(a) .

This finishes the proof of (17) and thus also the lemma. H
We are now ready to prove Theorem 1.

Proof of Theorem 1. Fixed T > 0, there exists % < a1 < ag such that

2T

6@1 < ? < /BGQ'

By Lemma 2, there exists vy > 0 small enough, such that when 0 < v < g, for
all a € (a1, a2) the operator £, , has a negative eigenvalue A, , and

2w

V=M < T < V= My,as- (18)

We show that: for a € (a1,a2), s € [0,3),

U o (y) — 1||Hs(71’1) — 0, when v — 0. (19)
Indeed,
Ul W) —1= 2“7}4%)2,
50 )
1070 @) = 1| . (=11 = CHW ¥ HHs(Rf

Using the Fourier transform, one may compute explicitly

’y

e

—Cs E_sa
aewy

10



which implies (19) by our assumption that s < % Thus For any € > 0, by

choosing vy small enough, we can assume that
€
HU'/y,a (y) - 1HH5(—1,1) < 0= when (’Yva) € (0,70) X ((11,(12) . (20)

2T
By Lemma 1, for any (v, 9) € (0,70) x (a1, az) , there exists local bifurcation of
non-parallel steady flows (Cats’s eyes) of Euler equation (1)-(3), near the shear
flow (U,4 (y),0). For each fixed 0 < v < 79, we can find ro > 0 (independent
of a € (a1,az2) ) such that for any 0 < r < r¢, there exists a nontrivial steady
solution

(Uy,asr (T,Y) s Uy a5 (7,9))
with vorticity w 4. (z,y) which has x—period T (v, a;r) and

! —
leorasr = U3 0 | 12 0,2 <11y = T
Moreover,
2r
W — 4/ _)\'Yva’ When r— 0.

By (18), when rg is small enough,
T(v,a1;57) <T <T(v,a9;71), for 0 <r < 1.

Since T (v, a; ) is continuous to a, for each v € (0,79) and r > 0 small enough,
there exists ar (7y,7) € (a1,a2), such that T (y,ar;r) = T. Then the flow

(Uir (2, 9) s Vo (2,9)) = (Uysagir (T, Y) 5 Vysagir (7, 7))

with the vorticity wy;, = Wy, a,;r is a nontrivial steady solution of Euler equation,
with z—period T and

!
[wyir = U

v,ar (y)”HQ(o,T)x(AJ) =

Thus for any 0 < r < min {’yo, %}, combining with (20) we have
lwyer (@ 9) = Ul a0,y x (- 1,1) < &

This finishes the proof of Theorem 1. |

For the shear flow U, , (y) defined by (10), there is only one inflection point
at y = 0. The following Lemma about linear instability of (U, 4 (y),0) follows
from the result in [11].

Lemma 3 If the operator L, has a negative eigenvalue Ay, < 0, then the
shear flow (U4 (y) ,0) is linearly exponentially unstable to perturbations of any
x—period greater than s

v.a

11



From above Lemma, it is easy to prove Corollary 1.
Proof of Corollary 1. For any fixed T" > 0, pick a > % such that T >
%—:.Then there exists v small enough such that

2
—-A

v,a

Ma <0, T >

By Lemma 3, the shear flow (U, (y),0) is linearly exponentially unstable to
perturbations of x—period T. For any ¢ > 0, if v is small enough, by (19) we
can let

HU/,a (y) - 1HH-“(—1,1) <e
and this finishes the proof. |

Remark 1 We can use more general shear profiles than Uy o (y) in (10) to
construct cats’s eyes flows near Couette. More precisely, define

Uya (y) =y +ar’h (3) 7
where h € C° (R) is odd, W' € H? (R), and

n" 2
/ (m)d.’E:b(]>0, a > —.
R T bo

By the same proof of Lemma 2, when 7y is small enough, the operator

P2 _ Ul (y)
[/W,a — _TyQ + Q"/,a (y) s with Q'y,a (y) - ma

has a negative eigenvalue —B2 ,, where

v.a’

b
|/8’y,a - Ba| =0 (ﬁ) and %a = 3, coth B,.

Then the same proof of Theorem 1 yields cats’s eyes flows bifurcating form

(Uy,a (y),0). Such shear flows (U, (y),0) are exponentially unstable for per-

turbations with x—period T near ;” .
e

3 Non-existence of traveling waves in H* (s > %)

In this Section, we prove Theorem 2. For the proof, we need a few lemmas. The
first lemma is a Hardy type inequality.
Lemma 4 Let s € (%, %) If u(y) € H*(—1,1), and u(yo) = 0 for some

Yo € [~1,1], then for any 1 < p < 51—,
b) S

u(y)
Y—"Y0

<C(p) HUHHO‘(fl,l) :
Lr(—1,1)

12



Proof. Since s > %, the space H® (—1,1) is embedded to the Holder space
C%5=3 (—=1,1). So

_1 _1
(W) = lu(y) —u o)l < ly = ol [ullgo.n < Cly =10l 2 ull g ,

and

/[ pdysznunzsjﬂt|y__yj(gﬂpdv
= oy (w0 o ) g,
< oo

This finishes the proof. |

Proof of Theorem 2. Suppose otherwise, then there exist a sequence €,, —
0, and travelling solutions (u, (x — cpt,y) , vn (T — cut, y)) to Euler equation (1)-
(3) which are T—periodic in z and such that v, is not identically zero,

llwn — 1||H50,T)X(71,1) < &y, where w,, (z,y) = Oyun, — Oyy. (21)

/OT /_11 Up (2, y) dydz = 0, (22)

otherwise we consider the travelling wave

We can assume that

Un, (l‘— (cn +dn)t7y) - dnvvn (l‘ - (Cn +dn)t,y),

1 T 1

The travelling wave solutions satisfy the vorticity equation

with

(un — €n) Ogwy, + VpO0ywy = 0. (23)

Because of the condition (22), (uy,,v,) is uniquely determined by the vorticity
wy, and

— s < — s < .
G n) = (5 Ollges < Cllwon =1y | <Ce
Since s > %,
10y un — 1||L°°(O,T)><(71,1) < lun — y”HfJ%)x(—m) < Ce,

thus when n is large,

1
3 < Oytiy, < g, in (0,7) x [-1,1]. (24)

13



Therefore, for each = € (0,7, uy, (z,y) is strictly increasing for y € [—1,1]. We
divide (0,7 into three subsets

P’VL = {.73 | Cn S Unp, (Z‘,—l)}, Qn - {.73 | Cn Z Up (1‘,1)},

and
Sp={z | up (z,—1) < cp <up(z,1)}.

When z € S,,, there exists a unique y,, (z) € (—1,1) such that u, (z,y, (z)) =
¢y From (23), it follows that

Un (-Ta Yn (l’)) =0or aywn (x,yn ($)) =0,
and we further divide S,, into two subsets

Sl={xeS,|v.(z,y,(x)) =0},
S,%:{.IESR | 8ywn(z,yn(x)):0 }

By the incompressible condition (2),
8zwn - aa: (ayun — 8331}71) = —Avn.

Since vy, (z,£1) = 0 by (3), by integration by parts and using (23), we get

T 1 T 1 T 1
/ / |an|2 dydx = / / VU Opwp, dydx = —/ / UHM dydzx
0o J-1 0o J-1 0o J-1 Un —Cp

(25)
! v ! v
< / / Un, n Oywn | dydx + / / Un, n Oywn | dydx
P, J—-1 Up — Cp nJd—1 Up — Cp,
! v ! Oyw
+ / / Un " Qywy, | dydz + / / v2 " dydx
st J—1 Up — Cp 52 J-1 Uy — Cp,
=I1+4+1I+1IT+1V.

Since (g)2 is the lowest eigenvalue of —A on (0,7) x (—1,1) with periodic

boundary condition in x and Dirichlet boundary condition in y,

2 T\ 2 2
IVonll? > (3) onllz

(0, T)x(—1,1) (

Thus by Sobolev embedding, for any p > 1,

ol o SOl <CO) Vol (@0
Since
s < — .
Hay(UnHH(o.ql")x(q,n - Hw” 1||H(O,T)><(—1,1) < Ens <27)

again by Sobolev embedding,

<
HﬁywnHL?OYT)X(im) <C(p)ey forany 1 <p< @ s,

14



where
(2—s), =max{2 —s5,0}.

So we can always choose p1, p2, p3 such that

pr>1, 1<pp<——, 1<p3<2,
(2 — s)+
and ) ) )
—+ — 4+ —=1.
p1 P2 P3
When z € P,,
|un (m,y) - Cnl > ‘un (m,y) — Up ('%'7 _1>| ’
SO
v y+1
T< oallgn 10wl e - |
@=L @Dy + 1 Lz;ix(fl,l) Ui (x’y) —Un (x’ _1) L?S,T)x(—l,l)
v p3 %
< Ce, ||V Z d
s Cegy || vn“L%o‘T)x(fl,m /n Y +1 s (1) X
p3 é
<Cel¥onlss,,, o ([ Il ) By Lemma
i 2
S an ||vvn||L(20,T)><(—1,1) ||UnHH(10,T)><<—1,1) T 2 S an ||vvn||L(20,T)><(—1,1) ’

Here in the second inequality above, we use (26), (27) and the estimate

y+1 ’ B 1
un (2,y) = un (z,=1) | |Oyun (z,7)|

S27 ge (717y)a

due to (24). By similar estimates as that for I, we get

II, I1I < Ce, |V, |22

(0, T)x(—1,1) ’

To estimate IV, we choose

. 1
1 < p; < min{2, 57}7 p2 = 210/1’
(3-9),
then
Oyw
IV < Clloall}e T @
©x-1) ||y = yn () || ey
S2 x(—1,1)
1
, " P1
<C ”ernHL?o,T)x(fl,l) </S2 ||aywn| Hs—1(—1,1) dﬂ?) (By Lemma 4)
) 2
<C ||an||L?OYT)X(7111) llwn — 1||H50’T>X(71,1> < Cen ”VU"”L?o,T)x(—l,l) '

15



Thus from (25) and above estimates,

[Von]|7 < Cep Vg 32

(0,T)x(—1,1) 0. 1)%x(-1,1)
When n is large, this implies that Vv,, = 0 and thus v,, = 0. This is a contra-
diction.
To prove Corollary 2, we use the following Lemma which follows from The-
orem 2.7 of [13].

Lemma 5 Let U(y) € C*[~1,1] be a monotone flow. Denote U}, - -- UL to
be all the inflection values of U (y), that is, Ul = U (y*) for some y* € [—1,1]
satisfying U (y*) = 0. Then the shear flow (U (y),0) is linearly stable to per-
turbations of x—period T, if for any 1 < i <, the operator
d2 U
ap U0
with Dirichlet boundary conditions in [—1,1] has the lowest eigenvalue greater
than — (2%)2

Proof of Corollary 2. We use the notations in Lemma 5. We shall show
that L; > 0 for any 1 < i < I, when [|U’(y) = 1.1 1) < €0 (s>3) is
sufficiently small. Then the conclusion of Corollary 2 follows from Lemma 5.
Take any nonzero function u € H} (—1,1), then

1 "
9 U
(Liw,u) = [0/ 72—y 1) + /71 v-ui"

L =—

(y)* dy.
Fix
1 <p1 <min{2, =———
(§ - 3)+
and let po = 2p). Since u (£1) =0,
, v

1wl 21,0y 2 5 lullpe 1y s
and by Sobolev embedding

HU||LP2(—1,1) <C ||ul||L2(—1,1) :

When ¢ is small enough,

1 3
§<U'(y)<§, fory e [-1,1],
thus by Lemma 4,
1 " 7
2 U 2 y—y
(Lo = W= [t |10
B ly =y U—Ul L~
U// 9
> || —ZH . ul|7»
[[u'[|72 =l w702

2 2
> [ llze = CHU | o 1112

2
> (1= Ceo) [u'|p2(_1,1) > O

16



This shows that L; > 0 when ¢gq is sufficiently small and the proof is completed.

4 Linear decay problem

In this Section, we studied the linearized Euler equation around Couette flow.
In the vorticity form, the linearized equation becomes

wi + yw, =0, (28)

where w (t,7,y) has x—period T. If the initial vorticity w (t =0) = w° (z,v),
then

w(t,z,y) = w’ (xz —ty,y). (29)

Notice that any w = w (y) is a steady solution of (28). For a general solution
(28), the x—independent component of w remains steady and does not affect
the evolution of the vertical velocity v (). So we only consider w' (z,y) with

fOT W (z,y) dz = 0, and for such functions the Fourier series representation is
W (z,y) = e TR (1)
0£kEZ

Under this assumption, it is easy to see that such a vorticity field uniquely
determines a velocity field satisfying

T
/ t(z,y)dzx = 0. (30)
0

To simplify notations, we take 7' = 27 below. We define the space H2+ H," by

2

h= Y e*h(y) € Hy Hyv ift 17ll o grov = Z|/€|2*’z \|hk||§,;-y < 0.
0#£kEZ k#£0

Theorem 3 Assume fOT WO (z,y)dz = 0. Let w(t,x,y) be the solution of (28)
with w (t = 0) = w° (z,y), and

U(t,r,y) = (u(t,z,y),v(t,z,y))

is the corresponding velocity satisfying (30).
(i) If W° (z,y) € L2, then

ERTY

||ﬂ:(ta 33,y)||L2 — O7 when t — oo.
z,y

(ii)If w° (z,y) € Hm_lH;, then
1
falsz, =0(7) . ubent - o.
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(iii) If ° (x,y) € Hy'HY then

1
||v (t,a:,y)||Lg,y =0 <t2) , when t — oo.

(iv) If W° (x,y) € H;*H (0 < s <1), then

1
itz =o( ). utent - .
z,y

(v) If W° (z,y) € Hy "Hy (1 <5 <2), then

1
v (t’x’y)HLi,y =0 (tl“> , when t — oo.

Proof. Proof of (i): We shall show that w (,2,y) — 0 weakly in L2, then
@ (t,2,9)|l - — 0 because of the compactness of the mapping w — @ in L2 .
T,y ’

To show the weak convergence, we take any test function

¢ (z,y) = e* oy (y) € L2,

Then
27 1
/O /_IW(t,x,y)qS(x,y) dydz
27 1
:/0 /_1 WP (x,y) ¢ (x + ty,y) dydx (by (29))

= / 1W2 (y) ok (y) e "y

k20"~
1 1
=D / wp () &k (y) e Mdy + Y / Wil (y) bk (y) e "™dy = T+ I1.
k<N Y1 k>N 771

For any € > 0, we fixed N large enough such that

2

i< D0 |wr (y)HQLQ ollzz , <e
k>N ’ '

By Riemann-Lesbegue Theorem, |[I| — 0 when ¢t — oo. Since ¢ is arbitrary, this
proves that

27 1
/ / w(t,z,y) ¢ (z,y) dydr — 0 when t — co.
0 -1

18



Proof of (ii): Define the space H' for the stream function by
1 1 . T
H :{Q/JGHLy | v =0o0n {y==41},9 is T-periodic in :c}

Then _
Y= e*Py(y) € Hy

implies that 1y, (y) € Hi (—=1,1) and 32, [[w]/3 < co. By a duality lemma in
y

[12],
/02” /_llw(tﬂxvy)w(%y) dyda

1
—c s S| Qweame )

YEHY |9l 51 <1 k20

Tou PZlkl/ ay W)Y () ey

k0

C 2
<o (3 Llet ) (St
k

li ey, <€ sw
B YEH ||| 1 <1

1
2

Proof of (iii): Note that
—Av =w, =W (z —ty,y) in Q=(0,27) x (~1,1),

and v = 0 on {y = +1}. Define the function ¢ (¢, z,y) by solving —Ay = v in
Qand ¢ =0on {y ==+1}. Let

t x y Zezkz 7 and QD t T y Zezkwwk y’ ,
k0 kA0

where @y, satisfies that

d2
<_d2 + kz) YK = vk, pr(£1)=0.
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Then
ol = [ [ #(ta)et (o =ty dody
= Z/ ik@y (y, 1) wl (y) e~ ¥dy

k0

i Z/ ay ? wi () e~ "My

k#0
d2

1
=3 Z < ~itky g C; (@ (w. ) wp () 111 = /71 1 (P ) () vy

k;ﬁo

| /\

k0

ok (9. 8)]1 2 | @)
t2]§)|k‘ L2 k H2

\ /\

1
2

Z“le o )15 (vak(y,wig)
k

k+£0

1
2

IA
ol Q

2 HWOHH;ng ||UHL2(Q) )
therefore
Cho
||’U||L2(Q) < 2 ||w ||H_1H,2'
The decay rates in (iv) and (v) follow from (i)-(iii) by interpolation. This finishes
the proof of Theorem 3. |

Remark 2 The decay rates O (1/t) for ||lull;2 and O (1/t?) for ||v||.. in The-
orem 8 (ii), (iii) are optimal. They cannot be improved even for smooth ini-
tial vorticity. Consider a single mode solution with W° (z,y) = €**¢ (y) and
é(y) € C* (—=1,1). Thenw (t,z,y) = e*Te~*W¢ (y) and by Poisson’s equation
the stream function is 1 (t,x,y) = e*®y, (t,y) ,where Yy, (t,y) satisfies

2
<dd2 * kQ) i (ty) = e (y), p (t,£1) = 0.

Denote G (y,yo) to be the Green’s function given by

G (y,y0) = sinhk (y< +1)sinh k(1 —y~),

1
ksinh k
where Yy~ and y~ are the lesser and greater of y and yo respectively. Then we
have

1
O (L) = / G ) €0 () dio (31)

20
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and the 1/t decay of 1y (t,y) follows from integration by parts because G (y,yo)
is C' and its derivative is piecewise differentiable. Moreover, by explicit evalu-
ation of the integral in (31), it can be shown that

1

w(t) = ghm e +0 ()

where fi (y) is not identically zero. Thus

1
Itz ), = 1945 ~ 5
and L
o (), = kol ~ -
The same decay rate O (%) for v (t,z,y) was obtained in ([3], [2], [17]). Our
main purpose in this section is to get the linear decay for most general perturba-

tions. We note that the calculations in [5] contain mistakes and only yield the
estimate

d}k (tv y) = %gk (y) e—ikty + 0 <1> ’

Jfrom which only O (1) decay is obtained for v (t,x,y) and no decay is obtained
Joru(t,z,y) = (ty).
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