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Abstract

We investigate the nonlinear instability of periodic Bernstein-Greene-Kruskal(BGK)
waves. Starting from an exponentially growing mode to the linearized equation, we
proved nonlinear instability in the L'-norm of the electric field.

1 Introduction

We consider a one-dimensional electron plasma with a fixed homogeneous
neutralizing ion background. In such a plasma collisions are relatively
rare; hence we assume no collisions at all. So the time evolution can be
modelled by the Vlasov-Poisson system

of of of
1.1 S R 5 i -
(1.1a) ot oz v 0
0FE Foo
1.1b — = d 1
( ) 81’ /_oo f v + 9
where f(x,v,t) is the electron distribution function, E (x,t) = —0,¢ (x,t)

the electric field (¢ is the electric potential), and 1 is the ion density. In
1957, Bernstein, Greene and Kruskal ([2]) showed the existence of an infi-
nite family of exact stationary solutions to (1), called BGK waves. Since
then, the stability of these BGK waves has been of great interest. In
[4], [5], [6], Guo and Strauss initiated a rigorous study of instability of
spatially-dependent equilibria in plasmas. Using some delicate perturba-
tion arguments, they proved in particular that inhomogeneous periodic
BGK waves with small amplitude are linearly and nonlinearly unstable,
if the corresponding homogeneous case has a growing mode according to
Penrose’s criteria. In [7], we show that an arbitrary periodic BGK wave
is linearly unstable under multi-periodic perturbations. In this paper, we
finally complete such instability investigation of BGK waves by showing
that linear instability always implies nonlinear instability, without the
smallness assumption. In particular, combining with the result in [7], we
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prove that any periodic BGK wave is nonlinearly unstable under multi-
periodic perturbations. Before stating our main theorem, we introduce
some notations as in [7].

A BGK wave is a steady state of the form

1
folww) =n (502 = B(2)) o lx) =~ (2).
with 8 a periodic solution of the differential equation

+o0 1 9
(1.2) Box = / ,u, (21) - ﬁ(a:)) dv — 1.

We assume that (i) w () is a nonnegative C? function on R ; (i) p is
neutral, that is,

00 1
(1.3) / u<202) dv—1=0;

and (iii) For some v > 1

C

(1.4) ‘// (9)’7‘/J” (0)‘ < W

Let 3 be any periodic solution of (1.2) and Pg be its minimal period.
By adjusting the starting point, we can arrange that the solution satisfies:

(15)  B0) = B(Ps) = min, Bla), A() = max Ha)
(1.6) B(x)=p(Pg—=x), Vrel0,Pg],

’ %]_ Notice that by extending 3 ()

to [0, kP3| periodically, we obtain new BGK waves with period kPs. It was
proved in [7] that if £ > 2, then there exists some kPg-periodic growing
mode to the linearized equation. That is, there is a solution (e)‘t f , e’\tE)
with A > 0 to

and [ (z) is strictly increasing in [0

of . of of _ 9/

1. 9 o g9l _

(1.72) T . i
OF o0

1. =

(1.7b) e L

where f and E are k Pg-periodic functions in 2 and E € H'. The main
theorem in this paper is
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THEOREM 1.1 Let (Ey, fo) be the above periodic BGK solution to (1)
with period P = kPg(k > 2) and p satisfying (1.4) and (3.1). Then there
exists positive constants €9, C1 and a family of solutions

7 (), B ()] e Wh (0, P] x R)

of (1) with period P in x, defined for § sufficiently small, with f° (t)
non-negative, such that
(1.8)

) . }2_ Y _
1720 (50 )| IS 1 ORS Y PREL:

and

(1.9) sup HE‘S (t) — Eo’ £0-

0<t<C1|In 4|

>
LHo.p)

We note that in [4] [5], nonlinear instability is proved in terms of the
L! norm of the electric field plus the electron distribution function. In
our result, nonlinear instability is in the L' norm of the electric field only,
which is clearer physically. In particular, this implies that the deviation
from the unstable BGK waves is macroscopic, not in the microscopic
sense.

Before sketching the main idea of proving Theorem 1.1, we indicate
some difficulties in the nonlinear instability study. The main difficulty
is that the nonlinear term of (1), E0,f, contains derivative and thus is
unbounded in L? space of E and f. This is a typical situation in many
equations in continuum physics and kinetic theory, and so far there is
no general method to dealt with it. Starting with [4], Guo and Strauss
developed a bootstrap technique to overcome this difficulty and prove
nonlinear instability. Their basis idea is to derive the growth estimate for
the derivative of the perturbation from the growth of the perturbation,
in a time period during which the perturbation is exponentially growing
while the amplitude is kept small. In [4] [5], they used this technique
to bootstrap J, f form the estimate of f, under the assumption that the
amplitude of the BGK wave is small. In [1], this technique was used to
study nonlinear instability of ideal plane flows, with some new arguments.
It was showed that if the growth rate of the growing mode exceeds the
Liapunov exponent of the steady velocity field, then linear instability im-
plies nonlinear instability. If we use the argument of [1] to the current
problem, then similar result can be obtained. That is, nonlinear instabil-
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ity can only be showed if the growth rate exceeds the Liapunov exponent
(v/ Bz (0) in this case) of the particle equation.

To overcome such a difficulty, we introduce some new ideas. Let
E (t) and f (t) be the small perturbations satisfying the nonlinear Vlasov-
Poisson system (3). Our method is to study the L' norm of E (t) by using
the following evolution formula for f (¢)

(1.10) FO) =g o)+ [ I, (B (s)ds,

where Lg is the linearized operator. The idea of this coupled approach
is to use the regularizing effect of Poisson’s equation to get rid of the
derivative 0, in the nonlinear term 9, (E'f). In this way, the nonlinear
term essentially becomes Ef which is easier to handle. To make this
thinking formal, we use the following inequality to estimate ||E (t)||,

IE@, <2 sup / / £ (42, 0) aa)dady
acWh1(0,P) [0,P]xR
llax|| oo <1

and then use a duality argument and integration by parts to move 9, in
(1.10) to a differentiable test function. Another important point in our
proof is that even though the quantity

0X(s;z,v)
ov

has pointwise exponential growth, where (X(s;z,v), V(s;z,v)) satisfies
the particle trajectory equation (2), the integral

/‘8X(g;}w,v)

only has linear growth. This is due to the geometric property of the
particle trajectory. This observation is crucial in our proof of regularity
of growing modes and nonlinear instability.

The method of proving Theorem 1.1 can be directly used to show
that linear instability implies nonlinear instability of any periodic BGK
waves, in the case of two species of particles or relativistic case. Moreover
the new ideas we introduced in this paper are quite flexible and could
apply to other physical systems. In ([9]), we use these new ideas to
study general 2D ideal flows and prove nonlinear instability from linear
instability, without assumption on the linear growth rate.

dv
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2 Regularity of growing modes

In the following, we denote P = kPg. First, we recall some facts about
growing modes proved in [7]. The growing mode found in [7] is of the
form (eMfeME ) with A > 0, E = —0,¢ and

(2.1) ﬂamz—w@wwwum@[;mexwaww&

Here ¢ € H2_, (0, P) satisfies

per

2
—%m /R (' (e)dve () + /R 1 (e) /_ OOO AeMp(X(s))dsdv = 0

where e = 30 — 8(z), and (X(s;z,v), V(s;z,v)) is the solution of the
characteristic equation

(2.2a) X(s) = V(s),

(2.2b) V(s) = —Eo(X(s)),

with initial data X(0) = 2,V (0) = v. It was showed in [8] that the
growing mode
(MM E)

satisfies (1) weakly and f is almost everywhere differentiable in z,v. Now
we show that

THEOREM 2.1  The function f defined by (2.1) is in WH1 ([0, P] x R) .

To see the main difficulty in the proof, we take the v-derivative of (2.1)
and the following term appears in the right hand side

0 0X
(2.3) I(x,v):= //(e)/ e, (X(s)) (S)ds.
NS ov
If the particle energy e = — (i, then 8)8(3(:5) grows exponentially in |s|

with the rate \/Bzz (0). Thus if A < \/zz (0), the integral in (2.3) might
diverge and I (z,v) becomes infinite on the critical set

(2.4) Ay = {(m,v) y%& ~ B(x) = —@mn} .

However we can show that I (z,v) € L!. This is the following lemma.
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LEMMA 2.2 The function I (x,v) defined by (2.3) is in L' ([0, P] x R).

Proor: We need to show that

0
Jomd Lot
[0,P] JR /-0

Let e = —Bmin and ey < e¢r < €1 < ey be three numbers to be deter-

mined later. We divide the (x,v) space into the following five regions.
(D1) (fast particles) e = $v? — B(z) > es.
(D2) (mildly free particles) e; < e < es.

(D3) (barely free particles) eq; < e < e;.

(Dy4) (barely trapped particles) eg < e < eq.

(Ds) (strongly trapped particles) —Omax < € < eg. First we claim:
For ey sufficiently large, if (z,v) € D; then there exists constant C

such that

u’(e)gzbz(X(s))@};q()S) dsdvdx < oo.

< Cye3l

25) ‘8X(s; z,v)

ov

for —oo < s < +00.

To show (2.5), we consider the case of positive time and positive ve-
locity only since (2) is time reversible. Differentiating (2.2a) with respect
to v, we get

X (s) _9V(s)

ov ov
So
0X(s)  [*0V(u)
(2:6) Sl = [

For any solution ((X(s;z,v), V(s;z,v))) of (2), we have

2.7 30— B(&) = V() = BX(s)).
Differentiating above with respect to v, we get

ov 0X
(2.8 v=v(o ) g (x(a) XL

It follows from (2.6) and (2.8) that

D[ (s S
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It is easy to see that if e is large and (z,v) € Dy, then we have

Ba(X(u)) ‘
V()

v
(u)
for 0 < u < +o0. Thus we have

3 A 5 OX(u)
55 + 2/0 v du

<

< <z

2

57

N | =
<

0X(s)
ov

IN

and the estimate (2.5) follows from Gronwall’s inequality.
Since Dy and Djs are bounded and the Liapunov exponent of (2) is
zero there, there exists some constant Cs such that

'3X( s)

ov

< C |L‘>’|7

for —oo < s < 400. Let C3 = max{C1, Cs}, then
0X (s

//DIUDQUDS /_0 I (©)6a(X(s) =5, )
/ Cac / /131UD2UD5 (€)6x(X(s))| dvdzds
= /m Cae /[Oﬂ /R |1 (€)¢x ()| dvdax
< /_OOO Cgeéssgp/RM’(e)\dv/[m 160 (2)] da

/ 2 %
<C (/[O’P]\qﬁx(x)\ dx) ,

which implies that

(2.9) // 11 (2, )| dadv < oo.
D1UD2UDs

Here in the second inequality above, we used the fact that the mapping

dsdvdz

(z,v) = ((X(s;2,0), V(s;7,v)))

is 1-1 with Jacobian 1.

In D3 and Dy, 81() )mlght have growth eV P25 and we need to do

more delicate analysis. First we recall some basic facts about the particle
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motion satisfying (2). If e # eq, particles with energy e do periodic
motion. Free particles with energy e > e, travel through the whole
interval [0, P] with the period

P 1
o=, e

and trapped particles with energy e < es go back and forth within one
of the intervals

la(e),b(e)],la+ Pg,b+ Pg], -+ ,Ja+ (k—1) Pz, b+ (k— 1) P3]

T()—Q/b(€)1 d
O e Vet B

Here a (e),b(e) are two points in [0, Pg] such that §(z) = —e. For par-
ticles with energy e, it takes infinite time to approach the saddle point.
We have the following properties of T (e):

(I) T (e) is twice differentiable for (—fmax,ecr) U (€cr, 00).

(II) T (e) — 400 as e — eq andT (€) — ——=22— as € — —Bmax.

(

Bz (0)
III) T” (e) < O for e > ecr

(IV) There exists eg € (—fmax,ecr) such that 77 (e),T" (e) > 0 for
eg < e < €écr-

Properties (I),(II) are standard (e.g. see [3]) and (III) is obvious. It
follows from (I) and (IT) that 7" (e), T” (e) tends to +o00 as e — ec+. So
if we choose eq close to e.; then (IV) holds.

Now we estimate [ [}, |I (z,v)|dzdv. Let J, = {v| (z,v) € D3}, J; =
Jy N {v >0} and J; = J, N{v < 0}. Then

//D3 |I (z,v)|dxdv

with period

0 X
:/ e)‘s/ / u’(e)(bm(X(s))a () dvdxds
S (0.P] JJfug; ov
0
(2.10) < C'"/ eAs/ / 9X(s) dvdxds
. 0,p] Jstur; | Ov
where
C" = |1 (e)]l oo 1 Pall oo -
We will prove that
0X(s) |s|
2.11 <2 1P
(2.11) Jror |50 e <2 (705 +1)
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Then it follows from (2.10) and (2.11) that

(2.12) //1;3 11 (2, 0)| dedv < oo.

We only show (2.11) for positive s. First we notice that

/ :/ 8X(8)dv=/ dx.
g JF ov XeX(s;J3)

Here in the second equality, we use the change of variable v — X(s) and
denote X(s; J;') to be the image of J under this mapping. Free particle
with energy e > e, always go in one direction. If they start from the same
position x with different velocity, they will never meet. The particles in
D3 have the minimal period 7" (e1). So by time s they can finish at most

0X(s)
v

[—T(Se 1)} periods of motion and we can use (=~ + 1) number of interval

T(e1)
[0, P] to cover the set X(s;J). So

[ 7| = (r ) 2

The estimate on J is the same as above. Thus (2.11) is proved.

We use the same idea as above to estimate [ [j, [I (z,v)|dzdv. But
particles in D4 can go back and forth, we need to do more careful analysis.
We use the same notations as above. We will prove that

|s| )
2.13 / d §4< +1) Py
(2.13) Jfugy Y T (e) 7

Assuming (2.13), then as what we did for D3 above, we have

// |I (z,v)|dzdv < oo.
Dy

Combining with (2.9) and (2.12), we have

0X(s)
ov

0X(s)
ov

I(z,v) € L' ([0,P] xR).

We only prove (2.13) for positive s and = € (0, Pg) since the proof is
the same for other cases. First by co-area formula, we have

(2.14) /J . OX(s)

——|dv =

= dX.
ov /XEX(S;JJ)
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So to show (2.13) we need to understand the set X(s;J;). We know
that by time s, each particle in D4 can finish at most [ﬁ} periods
of motion. Consider the following question: for particles starting from
the same position = and with different energy e € (e, €cr), how many of
them can collide at x1 by time s? We classify the possible collision in the
following way. Denote Pf (Pf) to be the set of all particles getting to
x1 at time s with positive (negative) velocity after having exactly finished

j periods of motion and nj (n_) is the number of particles in Pj‘*' (P;r)

J

Note that as mentioned above, we have 0 < j < . For a particle in

T(io)

Pj+ with energy e, we have

(2.15)

) z1 dx
=IO+ [ s

if 1 > xo and

(2.16) s=4T (e

o dx
4T - [

x1 2(e+B(x))
if x1 < xg. For a particle with energy e in P;~, we have

T (e) o dz

2 Jpyeuy V2(e+ B (2)

(2.17) s=jT (e) +

if Pﬁ —x1 < xg and

s — T (e T (e) Pﬁ_xld—m
(2.18) =JT (e) + — +/xo 2(e+ B (2))

if P3 —x1 > x9. Above equations of s can be obtained by analyzing the
phase space of (2) and here the symmetry property of 8 ((1.5), (1.6)) is
used. By property (IV) of T (e), it is easy to see that right hand sides of
(2.15), (2.16), (2.17) and (2.18) are either monotone or convex functions
of e. So there are at most two particles with different energy such that
one of (2.15), (2.16), (2.17) (2.18) is true. Therefore we have nj,nj_ <2,
for 0 < j < [ﬁ] So we can use 2 ({ﬁ] + 1) intervals [0, Pg] to
cover the set X(s;J;). Thus from (2.14),

[l =2 (i )

Since the estimate for J is the same, (2.13) is proved. |
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Now we can prove the regularity of growing modes.

PROOF OF THEOREM 2.1: Since f defined by (2.1) is differentiable
besides the critical set A¢; (defined by (2.4)), almost everywhere we have

00f = H"(Eb (2) + " @) v [ AMO(X s, 00l + 1 (2,0).

The first two terms in the right hand side above are obviously integrable.
So by Lemma 2.2, 9, f € L' ([0, P] x R). Now consider the integrability of
O, f. Besides the set A, f is twice differentiable and satisfy the equation

(2.19) A + 00, f — EgOyf = —¢vp(e).
We take 0, of (2.19) to get
(2‘20) )\fz+vax (8xf)_E08v (aa:f) = _Bxxavf_qsxxv,u/(e)+¢xﬁxvﬂﬂ(e)'

From (2.20), we have

(AR VD)) = N (~Bruf = et @
(2.21) + ¢ Buvp” (e) (X(s5), V(s))).

Integrating (2.21) from —oco to 0, we get

fo (z,0) = /Ooo eAS(_ﬁxxavf - ¢zzvul(€)
+ dafavp” (€) (X(s), V(s)))ds.
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So

/[O,P} /R | fz (2, v)| dvdz

0
< /[0 P /R/—oo ez\s(Hﬁme 10y f| + |z ’vu’(e)]
+ 1182 ll oo 1021l oo |vu"(e)} (X(s), V(s)))dsdvdaz

0
_ As ’
- LOO € /[O,P] /R(Hﬁmx”oo |6vf| + |¢$$| ’UM (6)’
+ 118zl oo 12 o0 ’”//’(e)‘ (z,v))dvdzds
1 /
= X /[O,P] /R(HﬁmcHoo |avf| + |¢:mc| ’UM (6)’
+ 1182l oo |2l oo [o1” (€)])dvd
1
(18esloc 190 s + 75 500 [ fo ()] di [ 6]

+ 118zl oo 192l I (€)]1)

<

>| =

< 00.
Here in third line, we change the variable
(z,v) — (X(s), V(s)).-

We shall use the following fact:

Assume a continuous function a (z,y) which is differentiable beyond a
closed C! curve. If a, a, (defined almost everywhere) are both integrable.
Then a;,a, are also the weak derivatives of a in the distribution sense.

It is straightforward to prove the above fact by the definition of weak
derivative. Using this fact and the integrability of f,, f, just proved, we
know that f defined by (2.1) is in W11 ([0, P] x R). |

In ([8]), we showed that f is a weak solution to (2.19). By Theorem
2.1, f is also the strong solution to (2.19).

REMARK 2.3  The method of proof of Theorem 2.1 can be used to get the
following reqularity result: Let (e)‘tf, e/\tE) (Re A > 0) be a growing mode
to (1) with f € L' ([0, P] x R), then we have f € W1 ([0, P] x R).

3 Nonlinear instability of Periodic BGK waves

By the result in [7], there exists a growing mode to (1). We pick the
growing mode (e”fg, eAtEg) with the largest growth rate Re A. By the
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regularity result proved in the last section, f, € WH1 ([0, P] x R) and
E, € WH1(0,P). Consider the more general case that A is not real.
The usual way to construct unstable initial state is to let f° (0) = fo+
0 Im f, and E%(0) = Ey + 6Im E,. However to be physically meaningful,
the distribution function f° must be nonnegative. So some truncation
process is required. This was done in [5] for the relativistic case. Here the
construction is almost the same as in [5] [6], so we only state the result
and indicate some minor modifications.

LEMMA 3.1 Let h(s) be either (s)? or exp (I(s)) ((s) =V1+ 52) with
o > 0,1 >0. Assume for sufficiently large v, we have
(3.1)

o' (v/2)| < Ch(lol) u (v2/2) . g1 (07/2) < B (o) [ (o)) >

for some m > 0. Then there exists dy,0,co > 0 such that for 0 < § < dg,
there exists perturbed initial state

(7°(0), B2 (0)) = (fo+ 875, Eo+ )

such that
f°(0) e Wh ([0, P] x R), E° (0) e Wh' (0, P)
7o 0 _
170 = ol s o pprey + 1B ©) = Bl 1y =
72(0) >0,

6 _ 0
0. Ey = —/ngdv.
Moreover, denote (fg (t),E9 (t)) be the solution to the linearized equation
(1) with (fg (0),E¢ (O)) = (5fg,5Eg) , then we have

< 30056Re)\t

(3.2) code™* ' < HE% (t)‘ L1(0,P)

for 0 <t <T* (here JeReAT™ — 0).

We can use the same arguments in [5] to prove Lemma 3.1 and we
refer to [5] for the details. A minor modification is the following. From
(2.1) for the growing mode f,, we have

|fe (2, 0)] < 2|1 dglle [ (e)]-
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This estimate can be used to prove Lemma 14 in [5] without the assump-
tion that Ey is small. A minor extension of Lemma 3.1 is to dealt with
the case when fo = u (e) has compact support. In this case, by assuming
the growth condition like (3.1) near the boundary of the support of u, we
can construct corresponding nonnegative f° (0) by the similar truncation
technique. We skip these details and move on to the nonlinear instability
proof below.

Denote <f5 (t),E° (t)) to be the solution to (1) with initial data
<f5 (0), E? (0)) as constructed in Lemma 3.1. Denote

(£ @), B> () = (P () — fo, E° (£) = Eo) .
to be the perturbations satisfying the equation

of of of dfo of

(3.3a) o= Vg, TRyt EG -+ ES
—+o00

(3.3b) gf = v,

with

(£°(0), B (0)) = (5£2,0E) .
In the following we consider a fixed § < dp, so we simply denote (( fot),E° (t)))
and (f°(t),E° (t)) by ((f(t), E(®)) and (f (t), E (¢)). Denote
D=—v-0,+Ey-0,

then the linearized operator Lg corresponding to the linear part of (3) can
be written as

Lof = Df + 4 () Do} ( [ fiv) = Df + KF.
R
Here we define 9., in the following way: 1 = 0,,lp is the solution to

Yz = p, with /PdJ (x)dz = 0.
0

Then we have

() = e f(0) + /0 =)0 (9, (Ef) (s)) ds = f1 (t) + fn (£)
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and correspondingly

E(t) = =00 (1)

a2 (f 01 0)
( / fi(t dv>—aza;; < /R fy (t)dv>

=Ep(t) + En (t) = —0:¢0L (t) — 0z0n (t).

We define the dual operator L{ of Lo as

Lif:=—Df —9,,} </Ru’(e)Dfdv> =-Df+K*f.

Consider

tho . 1 ([0, P] x R) — L' ([0, P] x R)
and

tho . 1 ([0, P] x R) — L= ([0,P] x R).
We have

LEMMA 3.2 For any f € L' ([0,P] xR), f* € L ([0,P] xR) and t €
R, the following is true

//[O’P]XR (etLOf) frdzdv = //[O,P]fo (etL;;f*) dudo.

ProoOF: Since L! and L™ are not dual spaces, we cannot use the
abstract theory directly. We sketch the proof below. Let

fO (t,$,’0) = eth = f (X(—t;x,v),V(—t;x,v))

i) = o+ [ "I £y (5) ds
= o+ [[ (o) (5. X(= (= 8)52,0), V= (6 = ),0)) ds

frer1 (t,x,v) = fo + /Ot (K fr) (s, X(=(t —s);2,v), V(= (t —s);z,v))ds

and
£ tx,0) =e P = f* (Xt z,v), V(tz,0))
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fi(tm,0) = fo + /Ot (K™ f5) (s, X(t = s;2,0), V(t = s;2,0)) ds

¢
fir (bw0) = 5+ [ () (5,X(t = s3,0), V(= si,0) ds.
0
Then since K, K* are compact operators, by the standard theory we have
fie — €efofin Lt and f; — etfof in L

as k — oo. By deduction on k£ and a tedious computation using integration
by parts, we can show that

/ / Fof*dady = / / ffrdzdy
[0,P]xR [0,P]xR

for any integer k. Letting k — oo in the above, we get the conclusion. i
We need the following simple lemma.

LEMMA 3.3
i) If g(x) € Ll _ (0, P) and Pgacdac:(), then
per 0

P
(3.4) lghy <2 s [ ga, da
aeW 2 (0,P) /0
llaz |l <1

Moreover if g, € L (0, P), then

P
(3.5) lgll;, <2  sup / gea dx.
a€W . (0,P) 70
llazl o <1

(ii) If g (z) € L, (0, P) and [ g (z)dz =0, then

P
(3.6) lole<2 swp [ ga, do.
aeW . (0,P) /0
llaz(l; <1

Moreover if g, € L™ (0, P), then
P
(3.7) l9llo <2 sup / gza dr.
0

a€W . (0,P)
llazll, <1
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PrROOF: We only prove (i) since the proof of (ii) is the same. We
have

P
(338) ol = sup [ g(@)b() do.
beLge, Jo
1ol oo =1

b——/b

has zero integral, there exists some function a € W12 (0, P) such that

per
b——/ b(x

Since the function

So

P
(3.9) b:;/o b(z)dz + g

and clearly ||az|/,, < 2]b]|, = 2. From (3.8), (3.9) and the assumption
that fOP gdx = 0, we have

P
lgll, = sup / g (z)aydx
beLe 0

er

l1bll =1

P
< sup / gadx.
(0 P)

1,00
CLEWPCr

llazllo
The estimate (3.5) follows from (3.4) by integration by parts. |
The following lemma will be used later.

LEMMA 3.4  For any € < 0, there exists constant Cg such that: for any
function a(z) in W22 (0, P) with ||ag|,, < 1, we have the following
estimate

aX OX(t — s)

ov

(3.10) |9, (e"ia)| < P ds.

+C. /t e(Re Ate)s
0

ProoOF: Denote
h(t,z,v) = eFoa,
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then A is the solution to the equation

(3.11) Oth = —Dh — 9} (/R ' (e) thv)

with ¢ (0) = a (z) . We have the following estimate:

(3.12) 17 (D)l < CleReAT=)

for some constant CZ. To prove (3.12), we notice that: there exists C”

such that

H otLo C” (ReA+e)t

L—»Ll_

This is due to the fact that Lg is compact perturbation of the operator D
which generate an isometry group in any LP space (1 < p < o0), and Re A
is the maximal growth rate. Now (3.12) follows easily by duality since

1A @l = e

// tLOa k(w v) dzdv
Hk\h—l [0, P]XR

= Hk;H 1//[0 P]XRa (x) ( ”‘Ok) (x,v)dzdv (by Lemma 3.2)

< Jlallo ||k

|, < Pl e

< PCge(Re /\+s)t.

L1-L1

From (3.11), we have

h(t)=ePa— /Ot e~ (t=)Dy1 (/R w' (e) Dh(s) dv> ds
—a(X() - /Ot o (/R i (e) thv) (s, X (¢ — ) ds.

(3.13) /a (/ i ( thv) (s, X(t—s))mgﬁds.

Denoting

9(s.) = 0,05 ([ (e Dh(s) o).
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then by (3.7) we have

P
lg(s)l <2 sup /gxbdag
bEW L2 (0,P)
llba |l <1

sup // Dh(s)b(z) dzdv
bewf);r(o p)Y JI0,P]x
1621, <1

sup / / D (i (€)b) dzdv
bewper(o p)” J[0,P]x

1621, <1

sup // Y ' (€) vby dxdv
beWPl,clr(O p)” J0,P]x

1621, <1
<2 llaosup [ fon (©)]dv bl

< 20! sup/ lop” (e dveReAT9)s (hy (3.12)).
z JR

Let
C. =2C! Sup/ lop’ (e)| dv,
z JR

then (3.10) follows from (3.13) and the above estimate. |
We need the following bootstrap lemma.

LEMMA 3.5 For 0 < 0 < &y, consider the solution (E (t), f(t)) to (3)
with

(£ (0). B (0) = (5£5.0E) -
If

(3.14) 1B ()l 0,p) < 4eode™ ™

for 0 <t < T* (here dy,co, T* are as in Lemma 3.1), then there exists
constants cq, ca, c3 such that

1 ()]l < e18eRA | f (1)l < c28eReM | E ()], < cadeler

for0 <t <T*
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PRrROOF: First we estimate || f (¢)||;. We rewrite (3.3a) as

of  o9f - of 0
(3.15) a%* %—E()ai Ea—{?,

where E (t) = Ey + E (t) is the perturbed electric field. Denote
(X(s;2,0), V(s;2,0))

to be the solution of the perturbed characteristic equation

(3.16) %X(s) =V(s),
(3.17) %V(s) = —E(s,X(s)),

with initial data X(0) = z, V (0) = v. Then integrating (3.15) along the
perturbed trajectory, we have

f(tz,v) = f(0,X(—1),V(-t))
+/( af“) K= (t—8)), V(= (t— 5))) ds.

So

//OP]XR’f(t’vaﬂdxdv
//OP]XR F(0,X(=1),V(=t))|dedv

S foml 250 0%
_//[O’P]XR’f(O)\dxdoJr/o //[o,p]xR‘E%Jz) .

t
<2, +sup [ Jont @l [[1E )1,
z JR 0
4¢
0 0 ! ReAt . _ Re At
(] 29 s [ o ) s =
Here in the second equality above we changed the variable by

(z,v) = (X(= (t = 5)), V(= (t = 9)))

—(t—38)), V(= (t — 5))) dzdvds

) dzdvds
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which has Jacobian 1. The estimate of ||E (t)]|,, follows easily by letting
c3 = Pcy, since

IE®)|o < Pl0-E @),
< PJf ()]l < PeydeRe.

Now we estimate || f (¢)|| ... Define the electron current

0= [ o (@)dv

R

First we need the following estimate
(3.18) 17 ()]l < et

for some constant ¢’ and 0 < ¢t < T*. To show (3.18), we obtain the
following equation from (3.15)

d(vf) o(wf) =, 0(f) ofo =
ot TV EW 5 =B - E@ S

Integrating above along the perturbed trajectory, we have
Uf (t,;l?,’(}) ( t) ( ( ) (_t))
0 _
[ (% - By ) (5 X(— (1= ). V(= (¢ - ) ds.

//[OP]XR|Uf(t)|dxdv
< [ foppen 20 Ol
S fomn (2250

Then by the estimates on || f (¢)||; and ||E (t)||,, just proved, there exists
some constant ¢’ such that

So

Bl + |1 Eoll) 1) (5) dad

lof (Bl < c/deReN

for 0 < ¢ < T™*, which implies (3.18). Since
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we have
f(t’xav) = f(O,X( - t),\_f(—t))
and thus
f(t)=F) = fo
iy <;\7(—t)2 _B(X(- t))> _y <;v2 e (w)) + 02 (X(—1), V(=)

If (X(s;9,u), V(s;y,u)) is a solution to (3.16) with initial data (y,u) then

% @\7(3)2 _ 3 (s,x(s))> = — s (5,X(5))

where ¢ (t) = 3+ ¢ (t) is the perturbed potential. Letting
(y,u) = X(—t;z,v), V(-t;z,v),

then we have

Combining above we have

(319) 15 Ol < Il (16 Ol + 5]} ) + | 16 (3)lp ds.

Since
6 ()lloe < PIIE (t)]]; < 4eoPde™N
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and

6t Dlloe < P NI0xbe (@)1
= PloE @)l < 2P0l
< C/P(SeRe)\t’

by (3.19) there exists ¢z such that
1f ()]l < eadelteX
for 0 <t < T*. Here we use the estimate
10.E )]l < 215 @)1y -

which we prove in the below. Denote the electron density by

:/Rf(t)dv

OB = —p, Op = —0y,].

then from (3) we have

So by (3.5) of Lemma 3.3,

oEOL <2 s [ o @)@
aGWIl):ro OP)
llazlo
= sup /atp
aEWII):rO OP)
llaz lloo

= sup / 0:7 ( dx
aewlﬁe‘? 0 P)

llazllo

P
=2  sup / j(t)ay (x)dx
a€W L (0,P) 70
llas |l <1

<25 @Il -

This ends the proof of Lemma 3.5.

With the preparations above, we can prove Theorem 1.1 now.

23
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PROOF OF THEOREM 1.1: Denote T to be the maximal time such
that
IE @), < 40066Re’\t.

Notice that (3.2) implies
1B O, = [sEL] < 3eo,

so T > 0. We claim that T > T*, where T* is as in Lemmas 3.1, 3.5.
Suppose otherwise, we have T' < T*. By (3.5), we have

B2)  IExOh<2 v [CaEy@e@.
aGWIl,C?FO 0,P)
llazl oo <1

For any a € WL (0, P) with [laz||,, <1, we have

b

/ P&CEN (t)a(z)dx

//[OpxR N (t) a (z) dodv

//Am eI (9, (Ef) (s)) a (x) dedvds
‘//ijwmww@)mms
/ / /[OP (Ef) (5) 0y (!'=%0a) dudvds

S/O //[O,P]XR‘EJC‘ () (P‘(&}S)
+ C: /ts o(ReAte)u 8X(tgs—u)

t
:/ // d:vdvds+/ // dmdvder/ // ) dxdvds
0 D1UD2UD5 Ds Dy

:Il(t)—i-fg(t)—l—fg().

du) dxdvds

In the above we used Lemma 3.4 with ¢ = 1 Re \. Now we estimate I (¢).
As showed in Section 2, there exists constant C3 such that

’ 09X (t)

ov ’
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So
0= [IBENIF ()l (PCeteX
+C. / Re)\—I—e uO 6,2Re>\(t s— u)du) ds
t
S/ cics (5€Re)\s> (PC elRe/\(t s)
0
+C. / Re/\+5 uC e2Re)\(t s— u)du) ds
< 04,1 <6€Re)\t)

for some constant C} and 0 < t < T. To estimate I3 (), we notice that

by (2.11)
// da;dv</ / OX()| g
D3 JIugg ov
S
<2(——+ 1) P2
<T(61)
Thus

0= [IEGI N Gl P (75 +1)
1 C. / e(ReA+e)ug (;(Sel_)u + 1) P2du)ds
< fomeyam (125 00

+C. / e(BeAte)ug (H + 1) P2du)ds
T (61) )

< CZ ((56Re)\t)

for some constant C/ and 0 < ¢ < T. The estimate of I3 is the same and
we have

Is (t) < Czll// (6€Re/\t)2

for some constant C}" and 0 < ¢t < T. Let Cy = 2(Cy+Cy +CY).
Combining these estimates, we have

/ 0,Ex (t)a (z) de < c (5eRer)”
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and by (3.20)

(3:21) 1Bx (1), < Ca (60X’
for 0 <t <T. So we have
1E (D)l < |1BL (D)l + 1 Ex (D)l
< 3e06eRNT | (0 (5€Re>\T)2
< (3co + C40) (5e™) (by (3.2) and (3.21))

< 3.5¢00eReAT

if we choose 6 to be small such that C40 < % This is a contradiction to
the definition of T'. So we must have T < T. Then

IE(T), = 1EL (D)l = 1EN (T)]]y

* * 2
> codeRer T _ oy (5eRe AT ) — cof) — Cy02

1
> §C09
if 8 is small such that C40 < %co. We let 6y = %000 and the proof of
Theorem 1.1 is finished. [ |
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