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Some recent results on instability of ideal plane flows

Zhiwu Lin

ABSTRACT. We study linear and nonlinear instability of steady incompressible
inviscid flows. First, some sufficient conditions of linear instability for a class of
shear flows are given. Second, nonlinear instability in the L2-norm of velocity is
proved under the assumption that the growth rate exceeds half of the Liapunov
exponent of the steady flow, for any bounded domain. We also estimate the
growth of the semigroup generated by the linearized operator, in the L? (p > 1)
space of the velocity.

1. Introduction

In this paper, we study the stability and instability of ideal plane flows. We
present some new results for linear and nonlinear instability of ideal plane flows.
Meanwhile, we give a brief survey of some recent results on this topic. We consider
the two-dimensional incompressible inviscid flow satisfying the Euler equation

(1.1a) O+ (u-Vu)+ Vp =0,

(1.1b) V.-u=0,

in a bounded domain € of class C? with smooth boundary 92 composed of a finite
number of connected components A;. The boundary condition is

(1.1c) u-n=0 on 09,

where n stands for the unit outer normal of 9€2. The global existence of Euler
equation in two dimension is quite well understood (see [15], [14]). However, many
basic questions about the behavior of the solutions remain open. The stability and
instability of steady ideal plane flows is a classical problem, dated back to 19th
century ([17]). To rigorously prove instability for the full nonlinear problem, first
we must find an eigenvalue of the linearized operator with positive real part, that
is, a growing mode to the linearized equation. To prove nonlinear instability, we

need to find a norm |-|| such that the nonlinear term behaves as O (||H2) For the

Euler equation, this is not easy since the nonlinear term involves derivative. The
linearized equation of (1.1) around a steady flow wg is

(1.2) O +ug-Vo+v-Vug+ Vp=0, in O
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with boundary conditions (1.1b) and (1.1c¢). The linearized operator is
Lov = —ug-Vv—v-Vug— Vp

with v satisfying boundary conditions (1.1b) and (1.1c¢). It is a non self-adjoint
and degenerate operator. Thus it is rather difficult to find a growing mode of (1.2)
or a discrete unstable eigenvalue of Ly. Even for the simplest steady flows, shear
flows of the form (U (y),0) with y1 < y < ya, very few sufficient conditions for
existence of growing modes are known although many efforts have been devoted
to it. For shear flows, to find growing modes is equivalent to solve the following
classical Rayleigh equation

(1.3) (U —¢) (j; —a2> p—U"p=0

with ¢ (y1) = ¢ (y2) = 0. Here « is the wave number (positive real) in the z-
direction and ¢ = ¢, + ic; is the complex wave speed. The flow is linearly unstable
if some non-trivial solution to (1.3) with ¢; > 0 exists. A classical result of Lord
Rayleigh ([17]) is the necessary condition for instability that the basic velocity
profile should have an inflection point at some point y = ys, that is, U” (ys) = 0.
However it is only a necessary condition for instability. Until now there are very
few sufficient conditions for instability. In 1930s, Tollmien ([18]) gave some formal
argument to find unstable modes near neutral modes. Besides that, there are only
some special examples for which linear instability can be proved rigorously, such
as U (y) = sinmy or cosmy (m integer) studied in [6]. In [10], we obtain some
sufficient conditions of linear instability for several classes of shear flows. One class
of shear flows studied in [10] is the class K flows, with the steady velocity profile
U (y) in C? [y, y2] and the following function

K (y):=-U"(y) /(U (y) - Us)
being positive and bounded in [y1,y2], where Us is the only inflection value of U.

THEOREM 1.1. ([10]) For a shear flow (U (y),0) in class K. Let —a?

max be
the lowest eigenvalue of —% — K (y) ,which is assumed to be positive. For all
a € (0, amax) , there is an unstable solution (with Imc¢ > 0) to (1.3). The instability
condition is sharp in the sense that there are no growing modes if & > Quax OT
—% — K (y) is nonnegative.

A particular example of class KT flow is U (y) = sinmy or cos my (m is any real
number) and thus the result in [6] is easily recovered by Theorem 1.1. In [10], results
of the same type as Theorem 1.1 have been obtained for plane rotating flows in an
annulus and a sufficient condition for instability of odd shear flows is also given.
In Section 2 of this paper, we study linear instability of more general shear flows
including those with U (y) being monotone or satisfying U” (y) = ¢ (U (y)) k (v)
for some function k& (y) > 0. For these flows, we obtain a sufficient condition of
instability which in some cases is sharp by numerical evidences. We note that there
are very few results of linear instability for more general flows in a general domain.
In [11], we obtain the first general sufficient condition for linear instability of steady
flows satisfying

wo = —Avg = g (¢o),
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where wg and g are steady vorticity and stream functions. We prove the existence
of a growing mode assuming that the following elliptic operator

(1.4) A=—-A—g (o) +9 (o) P

has an odd number of negative eigenvalues and no kernel. Here P is the projection
operator of L? (Q) into ker {ug - V}. It is also showed in [11] that if ¢’ > 0 and A
is positive, then the steady flow is linearly stable.

After obtaining a growing solution to the linearized equation, we need to show
that linear instability implies nonlinear instability. This problem has two main
difficulties. One difficulty is that the nonlinear term contains derivative. Another
one is related to the structure of the essential spectrum of the linearized operator
Ly. Define the space

L2,(Q) = {v=(v1,02) € L>(Q)*|V-v=0,v-n=0 on IQ}.

sol
For a general domain 2, so far there is no rigorous characterization of o$% (Lo).
sol
When Q is a torus, it was showed ([7]) that

azsgil (Lo) ={2€C|—pu<Rez < pu}

Here the number p is the Liapunov exponent of the flow generated by the steady
velocity field ug. Note that p > 0 is equivalent to that iy has a nondegenerate
saddle point. Thus for general steady flows, the operator Ly has unstable essen-
tial spectrum. If the discrete spectrum lies deeply inside the essential spectrum,
nonlinear instability is difficult to prove. In recent years, the nonlinear instability
problem has been studied by several authors ([1], [5], [8], [19]). All these results
essentially need to assume that the discrete eigenvalue is dominant, or lies outside
the essential spectrum region. The best result is obtained by Bardos, Guo and
Strauss in [1]. They prove nonlinear instability in the L?—norm of vorticity if the
linear growth rate exceeds the Liapunov exponent of the steady flow, for a general
bounded domain. In Section 3, we prove nonlinear instability in the L?—norm of
velocity if the growth rate exceeds half of the Liapunov exponent, for steady flows
in a bounded domain. After this result is obtained, we show in [12] the completed
nonlinear instability result in the L? —norm of velocity (for any p > 1) with no re-
striction on the growth rate. The idea of using a coupled approach introduced here
plays an important role in the proof of the completed result in [12] and the recent
proof of nonlinear instability of Vlasov-Poisson system ([13]). Using the same idea,
we can estimate the growth of the semigroup e*”® in the L? space of velocity for
p > 1, in any bounded domain. These estimates are new to our knowledge.
In Section 4, we make some comments related to our results.

2. Extended study of shear flow instability
In this section, we extend Theorem 1.1 to more general shear flows.

DEFINITION 2.1. A velocity profile U (y) is said to be in class F, if for each
number ¢ in the range of U but not an inflection value, U” takes the same sign at
all points where U (y) = c.

Some examples in class F are a monotone flow, a symmetric flow with monotone
half part and a flow satisfying U"” (y) = ¢ (U (y)) k (y) for some positive function
k (y) and any continuous function g. In particular, all flows in class K are in class

F.
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DEFINITION 2.2. The triple (cs, as, ¢s) with ¢s real and «y positive is said to
be a neutral limiting mode, if it is the limit of a sequence of growing solutions
(Cky ke, b)) (with Imeg, > 0) of the Rayleigh equation (1.3). Formally (cs, as, ¢5)
ought to satisfy the Rayleigh equation

2
(2.1) (U —cy) <CZ/2

We call ¢, the neutral limiting phase speed and a the neutral limiting wave number.

- a§> by —U" ¢y = 0.

Our first step is to study all possible neutral limiting modes. It is showed in
[10] that for any shear flow (U (y),0) in class F, the neutral limiting phase speed
must be an inflection value Uy of U. Furthermore, the following result holds.

THEOREM 2.3. If the flow is in class F, then for any neutral limiting mode
(cs, s, Ps) with positive as, we have cs = Us and the function ¢s must solve
d2 U//
AT
with ¢s (y1) = ¢s (y2) = 0. Thus —a? is a negative eigenvalue of the operator
2

1"

—j? + UUj with Dirichlet boundary condition.

(2'2) ¢s = _aiﬁbs

To prove Theorem 2.3, we need the following lemmas, some of which are proved
in [10].

LEMMA 2.4. [10] If U (y) is in class F then the neutral limiting phase speed
must be an inflection value of U.

LEMMA 2.5. [10] Let ¢ be a solution of (1.3) with complex eigenvalue ¢ = ¢, +ic;

(c; #£0), then
Y2 U/I U_
/ <|¢/|2+042|¢2+|U(C|2q)|¢|2> dy =20
Y1 -

for every real number q.

LEMMA 2.6. For a flow U (y) in class F, if {(ck, ok, dx)} (with Imeg, > 0 and
llorlly = 1) are a sequence of solutions to equation (1.3) as in Definition 2.2 of the
neutral limiting mode (cs, as, ¢s) . Then we have

|okllgz < C (independent of k).

PROOF. By Lemma 2.4, {c} tends to an inflection value U! of U (y). Let

Y9, yl, -+ ,y™ be all the points satisfying U = U! and

E.={y€y,yl | ly—y’| <e for some j}.

We choose ¢ small enough such that the intervals I7 = (yj -,y + 5) are disjoint
and on each interval I?

(2.3) U" (y) =u; (y) (U - U;)mj with u; (y) # 0.

Let uj = (—1)" signu;, then p; must be the same by the definition of class F and
we denote it by u. There exists §g > 0 such that

|U (y) — x| > 0o, if y € EZ and k large enough.
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In the following, we use ¢, ¢, a, Uy to replace ¢y, cx, ax, Ul for simplicity and denote
¢ = ¢, +ic; (¢; >0). By Lemma 2.5

v s, UMW)
(2.0 / <|<z>| ra?lof’ + |<z>|> dy =0,

for any real q.
If u=-1,let ¢ =Us; —2(Us — ¢). Then by (2.4)

v2 v (U —q)
112 2412 q 2
+a d :/ — = U |p]*d
/ (|¢| |¢|> ) ST 91" dy

Y1
U// U_q
= o el
E¢ ‘U_ 'r‘| +c

+Z/]'“J IV U™ U)W —a) o,

|U_CT‘ +c}

< Cl/ . 6|? dy

g @)U = U™ (U = e)® = (U = )’

Z/IJ U —¢.|” + ¢
<o [ NP ay+ S [ a0 - v oy
2 FERAL

< C.
If u=1,let g = U, then

Y22 21 2 U"(U—-Us) |, 2
dy= | ———2 14%a
(o vatiof)ay= [
lu; ()| |U = U™ (U = U,)?
dy
Z»/IJ *Cr|2+012 |¢|
U (U - U,)
</Ei\¢|

U = c|* + ¢2
<C.

In the above we use C to denote some constant independent of ¢.
The estimate of [|¢”||, follows from the estimate of ||¢'||z:. The proof is the
same as for the class KT case in [10]. So we skip the details. O

With the apriori estimate in Lemma 2.6, Theorem 2.3 follows by the same proof
as in [10].

Our next step is to study the bifurcation near a neutral mode. Tollmien ([18])
and later C. C. Lin ([9]) formally showed that unstable modes can bifurcate from
neutral modes under some conditions. In [10], the bifurcation of unstable modes
from neutral modes is rigorously proved for shear flows in class K. We note that
for such flows, there is only one inflection value U, and —U[i—/lljs is positive. In this
case, the bifurcation of an unstable mode from a neutral mode can be established
if and only if the perturbed wave number is slightly to the left of the neutral wave
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number. This one-way bifurcation property of neutral modes plus Theorem 2.3 and
the continuation property of unstable modes enable us to prove Theorem 1.1 ([10]).
Here we use the same strategy for flows in class F. Let UL, U2, ---  U" be all the
inflection values of U (y). We consider a generic flow in class F for which —U%g

at each point taking U—value U! is nonzero. We call these flows in class F+. Note

that for each inflection value U! the sign — is the same for all U!—inflection

U—U!
points. We call a neutral mode positive if —Ug—/(/ﬂ is positive for its neutral phase
speed U, and negative otherwise. We can also do the same perturbation analysis
around neutral modes as in [10] for class T flows. The conclusion is the following:
for a positive (negative) neutral mode, an unstable mode bifurcates from a neutral
mode if and only if the perturbed wave number is slightly to the left (right) of the
neutral wave number.

For each neutral wave number «,, by Theorem 2.3, —a? is a negative eigen-
value of one of the operators f% + U[i// 5
numbers in the increasing order. From this sequence, we pick the smallest one from
consecutive negative neutral wave numbers and the largest one from consecutive
positive neutral wave numbers. In this way, we get a new sequence. If the smallest
number in this sequence is a positive neutral wave number, we add zero into the
sequence. We note that the largest number in this sequence must be a positive
neutral wave number, since no unstable modes exist to its right. Denote the ob-
tained sequence be a® < a% < ---a™ < 7. Here o’ (might be 0),---,a™ are

negative neutral wave numbers and 043_, -++,all* are positive neutral wave numbers.
We have the following Theorem.

and vice versa. We list all neutral wave

THEOREM 2.7. For a shear flow (U (y),0) in class F, we define o < af <
<o-a™ < aff' as above, then there exist unstable solutions to the Rayleigh equation
(1.3) for each « in the intervals (a‘l,ai) RN (a’lﬁaf). For a > o' there is no

unstable solution.

The proof of this theorem is similar to that of Theorem 1.1 in [10], so we skip
it.
REMARK 2.8. If a® > 0, the unstable wave numbers in Theorem 2.7 start from

a positive number. This onset of instability away for zero wave number actually
appeared in numerical computations. In [2], the instability of the monotone flow

1
U(y):y+5y3+ftanh4<y—2>

is studied. From figure 3(c) in [2], we see that for f in the range 1.6 < f < 1.64,
the Rayleigh equation (1.3) has unstable solutions only for the wave numbers in an
interval away from 0. This is different from class KT flows, in which case instability
always starts from zero wave number. For this example, the unstable wave number
interval given by Theorem 2.7 is sharp.

In general, it is not clear whether or not the unstable wave number intervals
in Theorem 2.7 are complete. However, by the proof of Theorem 2.7, to study
instability in the other intervals (07 a(l) , (aﬂ)r, 0417) cee (aT717 aT) we only need to

look at any one wave number in each interval. That is, if there exists an unstable

solution to (1.3) for some ag in (@ ,a’™") then (1.3) have unstable solutions for all
ot

wave numbers in (aj_, ) This enables us to locate the complete unstable wave
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number range with very little numerical work. In [8] Grenier considered nonlinear
instability of shear flows with perturbed velocity in L? ((—oc, +00) X [y1,%2]). He
proved that the shear flow is nonlinearly unstable in the space (—oo, +00) X [y1, y2]
if there is an unstable solution to (1.3) for some wave number. So we have the
following.

CORROLARY 2.9. For shear flows in class F+, the sharp condition for nonlinear
2 1
instability in (—oo, +00) X [y1,ya] is that one of the operators —dd—y2 + U[iiU has a

negative eigenvalue. Here {USZ} are all the inflection values of U.

From the proof of Theorem 2.7 or Theorem 1.1 (see [10] for details), we have
the following result.

CORROLARY 2.10. For any « € (O,QT), denote nt (o) to be the number of
positive neutral wave numbers greater than o and n~ () to be the number of neg-
ative neutral wave numbers less than «. Then the Rayleigh equation (1.3) has at
most nt (a) + n~ («) unstable solutions at the wave number .

Finally we note we might generalize Theorem 2.7 to shear flows in class F.
A higher order bifurcation analysis around neutral modes is required, for the case
when m; > 1 as in the proof of Lemma 2.6.

3. Nonlinear instability and semigroup estimate

The vorticity form of the Euler equation (1.1) is
(3.1) Ow~+u-Vw=0.

Let ¢ be the stream function, then u = V4t = (921, —019) and w = —Asp. Denote
Uug, W, Yo to be the steady velocity, vorticity and stream functions.

THEOREM 3.1. Consider a bounded domain 2 and a steady flow ug with wy €
C! (). Suppose there exists an exponentially growing solution e v (;Ul, xz) (ReA >0)
to the linearized equation (1.2) with v = (vy,v:) € H(Q)? and w = curlv €
L> (). Let p be the Liapunov exponent of the steady velocity field ug. If ReX > &,
then ug is nonlinearly unstable in the following sense:

There exists positive constants C, 0y, 69 and a family of solutions {vs,0 < § < o}
to the Euler equation (1.1) satisfying

lws (0) —wolly <6

and
sup |vs(t) — uolly = o
0<t<C Inl§|
For simplicity, we only consider a simply connected domain €2 in which case we
can assume t|gq = 0. Thus

u=curl 'w=V*(-A)""w.
The more complicated boundary conditions for ¢ can be handled as in [11] and
[12].
We first state the main idea in the proof. The main difficulty is due to the

derivative in the nonlinear term. To overcome it, we use the following coupled
approach. The linearized operator for the vorticity equation (3.1) is

(3.2) Myw := —ug - Vw — u- Vwy = —ug - Vw — V+ (fA)f1 w - Vwyg.
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Denoting by w(t) the evolution of the small perturbation of vorticity satisfying
Ow + Myw = —curl *w - Vw

then we have

(3.3) w (t) = ™Moy (0) 4 /t et=)Mo (_y . V) (s) ds
0
and
(3.4)
v (t) = curl w (t) = curl™ (e™w (0)) — / curl~tet=9Mo (7 . (vw)) (s) ds
0

To study nonlinear instability, we estimate the growth of ||v (¢)||,. The idea is to
consider the term V- (vw) in (3.4) as a function in H~'and then use the regularizing
effect of curl =" to get back to L2. In this way the nonlinear term essentially becomes
vw and is easy to be handled by the bootstrap argument as in [1].

To prove Theorem 3.1, we need the following two lemmas.

LEMMA 3.2. Let Re X be the maximal growth rate for the linearized equation
(1.2). Then for any € > 0, there exists C. such that

(3.5) [| et Mo

PRrOOF. It is equivalent to show that

t max{Re \+e¢,
1 g < Cee { "

< Cget max{Re /\+6,u}.

HetMg
H!—-H!

Here
Mg =up-V — (=A)"" (Vtw, - V)
is the duality operator of My.We have

for some constant CZ, since M{ is compact perturbation of the operator ug - V
which generates a isometry group and Re A is the maximal real part of the discrete
eigenvalues of My and M. Denoting w (t) = e'™ow (0), we have

MG

< Céet(ReA-&-%)

L2—L2

(3.6) w(t,x) = eV (0) — /0 e(t=s)uoV (_ Ayt (Vtwo - Vw (s)) ds

=w (0,Xy (t;x))—/ot ((—A)—l (VLwo . Vw)) (8;Xo (t — s;)) ds,

where X(t; z) is the flow induced by the steady velocity field ug. So

0X
dw (t,x) = dw (0, X, (t; z)) aT;O (t)
t
_ X
- / (a (=) (V4w - w)) (5;Xo (t — s;)) X0 (t — s)ds.
0 83}
By the definition of the Liapunov exponent, there exists constant C” such that
0Xo

(t) < Cret(nrs),

ox
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Thus

t
o ()1, < 0w (O, C2e0+8) + [0 (9], CLet = D
0

t
< [|w (0)], Cet(t5) 4 / CCLe? (R3] [l (0)]|, Ol 1+5) g
0
< Cget max{Re A t¢e,u}

and (3.5) is proved. Here we use the boundness of
(-A)"HT - HY
and the fact that the Jacobian of the mapping z — X (¢; ) is 1. O
The following bootstrap result is required.

LEMMA 3.3. Let ¢ = 2||vglly. If [[v (£)]y < c16eReA for 0 <t < T, then there
exists some constant Cy such that

lw (B[l v (£)]4 < CroeRe
foro<t<T.

The proof basically follows from the same argument in [1], so we skip it.

Proor orF THEOREM 3.1. We take the growing mode v, with the largest growth
rate Re A\. We consider the general case when A is complex and take the initial data

to be vs (0) = ug + 6 Imv,. There exists a constant ¢y such that
HetL" Irnng2 > coeleAt,

By normalization, we can assume [[Imwgy|l, = 1 then [ws(0) —wpll, = 0. Since
ws (0) € L, there exists a unique global weak solution to the Euler equation by
Yudovich’s theory (see [14]). Let w (t) = ws (t) —wp and v (t) = vs (t) — ug. Denote
T to be the maximal time such that

lo (D]l < erdelte

Since ¢; = 2 ||vg|,, we have ||v (0)||, < 10 and thus T' > 0. By (3.4), we have

v (t) = e (0) - /0 vt (—A)_1 e(t=5)Mo (V- (vw)) (s)ds = vy + va.

For 0 <t < T, we have

t
luall < [
0

t
< / Ccee(t—s)max{Re/\—i-e,u} ||vw (S)H2 ds
0

e(tfs)M()

) () g ds
t

< / CCelt=s)maxRed+ent |y (5)][ lw (s)]], ds
0

t
< / CCEe(t—S) max{Re Ate,u} (CléeRe/\s)Q ds (by Lemma 3.3)
0

_ 02 (56Re/\t)2
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if ¢ is small, under our assumption that Re A > £. Let T* be such that se’” Be* =,
where

min {cp, ¢1}

0 —
40,

We show that T* < T . Suppose otherwise, we have T* > T. Then at time T, we
have
[0 (T)lly < llvr (D)l + o2 (T) I,
< [[e7oduy|, + O (5677)?
< (lvglly + C20) se™ FeA

3
< 268 T Re A
401 (&

which is a contradiction to the definition of 7. So at time T, we must have

[0 (T*) Iy = o (T = llow (T,

. A\ 2
> 06N _ 0, (5€Re>\T )

= 009 — 0292
3
> —40.
4
We let 0y = %0 and the proof of Theorem 3.1 is finished. O

This coupled approach can be used to study the growth property of the semi-
group e*o. We consider a simply connected domain first. Define the space

Hp:{uELP(Q)2|V-u:O,u-nzOon@Q}.

THEOREM 3.4. Consider a simply connected bounded domain Q. Let Re A be
the mazimal growth rate for the linearized equation (1.2). Then for any € > 0 and
p > 1 there exists C. ;, such that

HetLO Hp < C&pet max{Re >\+s,u}.
Here e'lo : H, — H,,.
PROOF. It is proved in [12] that there exists constant C' such that
(3.7) v, <C  sup // Yeurlvdr! dr?.
Q

pewl
16l g1 =1
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So we have

tLo 0 C l tLg 0 d 1d 2
e 0w ( )Hpg sup //chur (e"°v (0)) da'dx

pewh
16l =1

=C sup // et (9yvy (0) — B1vs (0)) datda?
pewlr Q2
19l pr =1

=C sup // (etMg ¢) (Dov1 (0) — Dyvg (0)) dot da?
pew ' e
%1l \y1,pr =1

=C sup // tMM/) ( v2 (0), vy (0)) dz'dz® +% eMoqpw - dl

wewém, o
19l g =1

=C sup // tMow - (=v2 (0) ,v1 (0)) detdx?

’
YEW P
11l =1

Mgl o O,

where we use ™05 = 0 which can be easily seen from the formula (3.6). By
the same proof of Lemma 3.2, there exists constant C. ,such that

<C

wWi.r'

||6tM0 , < Cs,p/et max{Re )\Jre}p,}.

le‘p’—»wlm =
Combining above, the conclusions follows. O

For a non-simply connected domain ) with 902 = U;A;, we consider the semi-
group e'fo defined on the space

Hoz{uELp(Q)2|V-u=0,u-nzOon@Qandj{

» u~dl=0foreaChAi}.
A;

We note that all possible growing modes must be in the space Hy) (see [11]).

THEOREM 3.5. Consider a non-simply connected bounded domain ). Let Re \
be the mazimal growth rate for the linearized equation (1.2). Then for any e > 0
and p > 1 there exists C. ), such that

||€tLo || < C. pet max{Re )\+s,,u}.
p = )

Here etLo . Hg — Hg.

For the proof, we use the similar duality estimate for L?—norm of a function
in H) (see [12]) and follow the same line in the proof of Theorem 3.4.

In the formal level, Theorems 3.4 and 3.5 imply that the unstable essential
spectrum of Lg in the space H, (H]? for non-simply connected domain) lies in the
strip

{z € C|0 <Rez < pu}.

It is rigorously proved in [7] that for the case of a torus and p = 2, the unstable
essential spectrum of Lg is the whole strip.
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4. Some comments

The choice of norm is very important in the stability or instability study of
ideal plane flows. In [11], we construct a steady flow which is nonlinearly and
linearly stable in the L?—norm of vorticity but linearly unstable in the L2—norm of
velocity. For most cases, we are interested in the stability or instability in the large
scale sense. We believe that the constrain of small LP—norm of initial vorticity
perturbation is necessary to control the influence of very small scales. With this
constrain, we show ([12]) that nonlinear instability in L? norm of velocity is indeed
in the large scale sense.

In the following, we comment on some future problems related to our results.

For steady flows satisfying —Awy = g (¢9) with ¢’ > 0, if the operator A
(defined in (1.4))has no kernel, we conjecture that A > 0 is the sharp condition for
nonlinear stability. To prove it, first we need to close the gap between the linear
and nonlinear stability conditions in [11]. Second, if A has a negative eigenvalue
we need to find a growing mode. Currently, this is only proved for shear flows
and rotating flows ([10]). We also note that if ¢’ changes sign, so far there are no
methods to study nonlinear stability. In this case, the usual energy-Casimir method
is not applicable.

It is very interesting to utilize singular neutral modes in the study of shear flow
instability, as what we did for regular neutral modes in Section 2 and [10]. This
issue is important to study instability of shear flows in a stratified fluid and in a
beta plane([3], [16]).
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