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Abstract

We prove nonlinear modulational instability for both periodic and
localized perturbations of periodic traveling waves for several disper-
sive PDEs, including the KDV type equations (e.g. the Whitham
equation, the generalized KDV equation, the Benjamin-Ono equa-
tion), the nonlinear Schrédinger equation and the BBM equation.
First, the semigroup estimates required for the nonlinear proof are
obtained by using the Hamiltonian structures of the linearized PDEs;
Second, for KDV type equations the loss of derivative in the nonlinear
term is overcome in two complementary cases: (1) for smooth nonlin-
ear terms and general dispersive operators, we construct higher order
approximation solutions and then use energy type estimates; (2) for
nonlinear terms of low regularity, with some additional assumption on
the dispersive operator, we use a bootstrap argument to overcome the
loss of derivative.

1 Introduction

The modulational instability, also called Benjamin-Feir or side-band insta-
bility in the literature, is a very important instability mechanism in lots of



dispersive and fluid models. It has been used to explain the instability of
periodic wave trains to self modulation and the development of large-scale
structures such as envelope solitons. The modulational instability has been
observed in experiments and in nature, for many physical systems. The
first theoretical understanding of modulational instability arose in 1960s, in
the works of Benjamin and Feir ([1]) for water waves and independently by
Lighthill ([27]), Whitham ([32]), Zakharov ([33]) for various dispersive wave
equations. We refer to the review ([31]) for more details on the history and
physical applications of modulational instability. In recent years, there have
been lots of mathematical work on the rigorous justification of linear modula-
tional instability for various dispersive wave models including the KDV type
equations, the nonlinear Schrodinger equation, the BBM equation etc. In
particular, the modulational instability conditions for perturbations of long
wavelength (i.e. frequencies near zero) were derived in lots of works ([7] [3]
[17] [12] [16] [18] [20] [22]). We refer to the recent survey ([0]) for more de-
tails and references. The modulational instability for perturbations of high
frequencies (i.e. not near zero) was also considered in some papers ([9] [21]).
However, there has been no proof of modulational instability under the non-
linear dynamics of the PDE models. The purpose of this paper is to provide
a proof of nonlinear modulational instability under both multi-periodic and
localized perturbations, for a large class of dispersive wave models.
We mainly consider the KDV type equations,

Ou + 0 (Mu + f(u)) =0, (1.1)

where M is a Fourier multiplier operator satisfying /T/l\u(f) = a(&)u(€) and
f(s) € C*(R,R). We make the following assumptions on the operator M:
(A1) M is a self-adjoint operator, and the symbol a : R +— R™ is even
and regular near 0.
(A2) There exist constants m, ¢y, ca > 0, such that

(A2a) 1 |€]" < a(§) < e |g|™, for large &, (1.2)

or

(A2b) 1 [T < a(€) < e|El™™, for large &. (1.3)

The assumption (1.2) implies that M is an “differential” operator with
IM@)|lzz ~ || - llgm, and (1.3) implies that M is a “smoothing” operator
with [|M(:)||gm ~ || - ||z2. For the classical KDV equation, M = —9 and



f(u) = u® Other examples include: Benjamin-Ono equation, Whitham

equation and intermediate long-wave (ILW) equation, which are all of KDV
type with a(&) = [¢], \/% and & coth (EH) — H™! respectively.
For convenience, we assume min a(£) > 0. Since otherwise, we can always

break M = M + ¢, where M has a positive symbol and ¢; is a constant.
Then in the traveling frame (x — ¢it,t), the equation (1.1) becomes

Owu + O (Myu + f(u)) = 0.

A periodic traveling wave (TW) of (1.1) is of the form u (x,t) = u. (z — ct),
where ¢ € R is the traveling speed and u, satisfies the equation

Mu, — cu.+ f (u.) = a, (1.4)

for a constant a. The existence of the periodic TWs of (1.4) had been well
studied in the literature, and we refer to the book ([2]) and the references
therein. In general, the periodic TWs are a three-parameter family of so-
lutions depending on period T', traveling speed ¢ and the constant a. The
stability of TWs to perturbations of the same period has been studied a lot
in recent years (e.g. [2] [1] [19] [28] [22]). The modulational instability is to
study the instability of periodic TWs for perturbations of different periods
and even for localized perturbations in R. The equation (1.1) in the traveling
frame (x — ct,t) becomes

QU — c0,U + 0,(MU + f(U)) = 0. (1.5)

The linearized equation of (1.5) near u. can be written in the Hamiltonian
form

U = -9, M—c+ f'(u.)) U = JLU, (1.6)

where

J==0,, L=M-c+ f(u.). (1.7)

Without lost of generality, we take the minimal period 7" = 27. By the
standard Floquet-Bloch theory, any bounded eigenfunction ¢(x) of JL takes
the form ¢(z) = e*®y;(z), where k € [0,1] is a parameter and v, € L?*(Tyy,).
It leads us to the one-parameter family of eigenvalue problems

JLe™ v (x) = Mk)e* vy (z),



or equivalently JiLyvr, = A (k) vy, where
Jp = 0p + ik, Ly = My—c+ f'(u.). (1.8)
Here, My, is the Fourier multiplier operator with the symbol a/(§ + k).

Definition 1.1 We say that u. is linearly modulationally unstable if there
exists k € [0, 1] such that the operator JiLy has an unstable eigenvalue (k)
with Re A\(k) > 0 in the space L*(Ta,).

By above definition and the analytic perturbation theory of the spectra
of linear operators, if ky is an unstable frequency, then all £ near ky are
also unstable. So there exist intervals of unstable frequencies in [0, 1]. For
periodic waves which are orbitally stable under co-periodic perturbations
(i.e. same period), it is shown in Proposition 11.3 of [28] that when & is
small (i.e. long wavelength), the possible unstable eigenvalues of JiL; can
only be perturbed from the zero eigenvalue of JL in L? (T,,). The conditions
of linear modulational instability for such long wavelength perturbations had
been studied in lots of papers for various dispersive models (see the references
cited at the beginning). In Section 8, we give some examples for which the
linear modulational instability condition is satisfied.

Our first main result is the proof of nonlinear modulational instability un-
der both multi-periodic and localized perturbations, for a smooth nonlinear
term f (u) and M with a general symbol.

Theorem 1.1 Assume (A1)-(A2a) or (A1)-(A2b) and (2.3), f € C*> (R) and
ue 18 linearly modulationally unstable. Then

i) u. is nonlinearly orbitally unstable to (1.5) for multi-periodic pertur-
bations in the following sense: there exists ¢ € N, 0g > 0, such that for any
s € N and arbitrarily small 6 > 0, there exists a solution Us(t,z) to (1.5)
satisfying [|Us(0, 2) — we(2) || gs(Tyny) < 0 and

inf [U5(T°,2) = e + )l 2rary) > o

where T° ~ |In 6].

i) u. is nonlinearly unstable to (1.5) for localized perturbations in the
following sense: there exists 6y > 0, such that for any s € N and arbitrarily
small & > 0, there exists a solution Us(t,x) to (1.5) satisfying ||Us(0,x) —
Ue() || gery < 0 and |U(T°,z) — uc(2)||12R) = 0o, where T° ~ |In ).
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For some examples, f (u) is not smooth. Our second result is comple-
mentary to Theorem 1.1, about nonlinear modulational instability for non-
smooth f with some additional assumptions.

Theorem 1.2 Assume
1
feC”?(R), wheren > 3 max{1 + m, 1} is an integer, (1.9)

the symbol v (€) of M satisfies the condition
| < a(f) < lé™, m>1,c1,¢c0 >0, for large €. (1.10)

Suppose u. is linearly modulationally unstable. Then u. is nonlinearly unsta-
ble to (1.5) for both multi-periodic and localized perturbations in the sense of
Theorem 1.1, with the initial perturbation arbitrarily small in H*" (Tan,) or

H>" (R).

Remark 1.1 In Theorem 1.2, the regularity assumption (1.9) on f is only
used to prove that the equation (1.5) is locally well-posed in H*" (Tay,) and
u. + H?" (R) by Kato’s approach (see Lemma 5.2). Assuming the local well-
posedness of (1.5) in the energy space H'z , we only need the following much
weaker assumptions on f to prove nonlinear instability:

f € C*(R) and there exist p; > 1, py > 2, such that

[f (w+v) = f(v) = f (0)u] <C(July, [vle) [ul™ (1.11)

Fu+tv)=F(v) = f(v)u— %f’ (v)w?| < C(|July , [v]oe) [ul, - (1.12)

where F (u) = [ f(s)ds. The conditions (1.11)-(1.12) are automatically
satisfied when f € C? (R).

In above Theorems, the nonlinear instability for multi-periodic perturba-
tions is proved in the orbital distance since (1.5) is translation invariant. For
localized perturbations, we study the equation (1.5) in the space u.+ H* (R)
which is not translation invariant. Therefore, we do no use the orbital dis-
tance for nonlinear instability under localized perturbations.



Below we discuss main ingredients in the proof of Theorems 1.1 and 1.2.
For the proof of nonlinear instability, first we need to establish the semi-
group estimates for the linearized equation (1.6), more specifically, to show
that the growth of solutions of (1.6) is bounded by the maximal growth rate
of unstable eigenvalues of the linearized operator. To get such estimates, we
strongly use the Hamiltonian structure of the linearized equation (1.6). For
multi-periodic perturbations, since L has only finitely many negative modes,
this fits into the general theory developed by Lin and Zeng ([28]) and the
semigroup estimates follow directly from the exponential trichotomy Theo-
rem 3.1. For localized perturbations, the quadratic form of L has infinitely
many negative modes and we cannot use Theorem 3.1 directly. By observing
that any function v € H*(R) can be written as

1
u(z) = / e“ug(z)dé, where ue(z) = Speze™ a(n + &) € H¥(Ta,),
0

[u(z)]

1
ey = [ e () s,y 46 (1.13)
0
1

€tJLu(JI) _/ ez‘{zethLgu5 (J?) df,
0

the estimate of '/*|ys(r) is reduced to estimate e'/¢¢|y«(r, ) uniformly for
¢ € [0,1]. This is proved in [28] for the case when M is “differential” (i.e.
(1.2)) and in Lemma 3.5 when M is “smoothing” (i.e. (1.3)).

With the semigroup estimates, to prove nonlinear instability we still need
to overcome the loss of derivative of the nonlinear term in (1.5). We use
two different approaches to handle two complementary cases. For the case
of smooth nonlinear term and general M including both “differential” and
“smoothing” cases, we basically adapt Grenier’s approach in [13] developed
for proving nonlinear instability of shear flows of the 2D Euler equation. The
idea is to construct higher order approximate solutions of (1.5) and then use
the energy estimates to overcome the loss of derivative. When the nonlinear
term is smooth, the approximate solution can be constructed to sufficiently
high order to compensate for the roughness of the energy estimates. For
the multi-periodic case, the initial perturbation is chosen to be along the
most unstable eigenfunction. For the localized case, since there is no genuine
eigenfunction of JL in L?(R), the initial perturbation is constructed as a
wave packet concentrated near the most unstable frequency.

6



When the nonlinear term is not smooth, we cannot use the approach of
higher order approximate solutions. Instead, a totally different approach of
bootstrap estimates is used to overcome the loss of derivative when f is C*
with the growth conditions (1.11)-(1.12) and M is “differential” with the
condition (1.2). First, the invariance of the energy functional is used to show
that H 2 norm of the unstable solution has the same growth as the L? norm.
Then we estimate the growth of H~! norm with the help of the semigroup
estimate e/?|; 1. The estimates are closed by interpolating H~' and H
to get back to L?. The loss of derivative in the nonlinear term 0, f (u) is
overcome by observing that

102 f ()| g1 = [1f (w)l] 2 »

which is controllable in H%. To get the crucial semigroup estimate e
used in the above bootstrap process, by duality it is equivalently to estimate
e'Ld |1, which is then related to e'/% by certain conjugate transforms. The
proof is much more involved for the localized case. By using the norm equiv-
alence (1.13), this is reduced to estimate e"“¢”¢| 1 (g, ) uniformly for £ € [0, 1].
This is done by a careful decomposition of the spectral projections of L¢ near
0 and away from 0. We note that the idea of overcoming the loss of deriva-
tive by bootstrapping the growth of higher order norms from a lower order
one was originated in [15] for the Vlasov-Poisson system. This approach was
later extended to treat other problems including 2D Euler equation ([3] [29])
and Vlasov-Maxwell systems ([30]). Here, our approach of bootstrapping the
lower order norm (H ') from a higher order norm (H %) and then closing by
interpolation seems to be new. This idea coupled with the H~! semigroup
estimates could be useful in other problems involving the loss of derivative.

Besides the KDV type equations, modulational instability also appears
in semilinear models such as BBM and Schrodinger equations. Since there
is no loss of derivative, the nonlinear instability can be proved by ODE
arguments. The required semigroup estimates can be obtained similarly by
using the Hamiltonian structures. As an example, we consider BBM equation
in Section 7.

This paper is organized as follows. In Section 2, we study the regularity
of unstable eigenfunctions. In Section 3, we gather and prove the semigroup
estimates used in the proof of nonlinear instability. In Sections 4 and 5,
the nonlinear instability for multi-periodic and localized cases is proved by
constructing higher order approximate solutions. In Section 6, we prove non-
linear instability by bootstrap arguments. In Section 7, we prove nonlinear

tJL|H_1
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instability for BBM equation. In the final Section 8, we list some models for
which our theorems are applicable.

2 Linear Modulational Instability

In this section, we prove the regularity of the unstable eigenfunctions of Jj Ly.
In the proof below and throughout this paper, we use ¢ < h (g,h > 0) to
denote g < Ch, for a generic constant C' > 0, which may differ from one
inequality to another. First, we consider the case when M is a "differen-
tial" operator as in the case of the KDV, the Benjamin-Ono and the ILW
equations.

Lemma 2.1 Assume (1.2). If f € C*(R) and v,(z) € L*(Tay) is an
unstable eigenfunction to JyLy with k € [0,1], then vy, € H*(Ty,) for every
s € N.

Proof. By assumption, there exists A (k) with Re A (k) > 0 such that
JuLgve = X (k) v, vp(z) € L*(Tar), (2.1)

where Jy, Ly are defined in (1.8). It is easy to see that Jj is a skew-adjoint
operator and Ly, is a self-adjoint operator. Taking the real part of the L2
inner product of (2.1) with Livi, we get the following “conservation law”:

Re (A\vg, Lyvy) = Re (JiLyvg, Lyvg) = 0.
Since Ly is self-adjoint, (vx(z), Lyvk(x)) is real. It follows that
(Re ) (vg, Livg) = 0.
Noting that Re A > 0, we have

(0, Livr) = (vi(x), (¢ = My = f'(uc))vi(x)) = 0,

c/T vg(x)vg(x) d:zc—/qF v (2) Moy () d:zc—/qF vg(x) f'(ue)v(z) de = 0.



It follows immediately that

(Muwd] <le [ ool + | [ o) Fluuta) da
2m am
< (e+ [1f (el poeram) loa (@) 1221
Applying My, to (2.1), we obtain
M. J. L, = AM 0. (2.2)
Taking the real part of inner product of (2.2) with Lyuvg, one has
Re(My Jy Ly, Lyvk) = Re(AM vy, Lyvg).

Note that My is self-adjoint and .J; is skew-adjoint, also M, and J, are
commutable, therefore MyJ; is skew-adjoint. It follows that

Re(/\/lkaLkvk, Lk’l)k;> = O,

which implies
Re()\./\/lkvk, Lk’l}k> =0.

Then, we obtain
(Re \)(Myvp, Myvi) = Re(AM vk, (¢ — f'(ue)) vg),

which implies that

1
IMivellZ2cr,.) S (e 1 (wll grpren o, MR VRN L2n, )

and
k|l zrm () S [IMVR, )| S N0kl £2(T00)-

In the above, we use the estimate

(M, £/ (ueud] < [|ME (F o) | | IIMEv2e
< 1 (1)l o, 1M 012

1
< N5 @ lgtgron e, 1okl oy, M E el 22

1
< ||f,(uc) ||C[%}+1(T2w)||M1§Uk:||2L2(1r2w)'



Similarly, one can show that

|| HS(Tan) < C(S)HUkHL?(T%)

for any s € N. |

In the next Lemma, we prove the regularity of unstable eigenfunctions
when M is a smoothing operator satisfying (1.3) as in the case of Whitham
equation. We need the following assumption on the periodic TWs of (1.1):

¢ = 1 f"(ue)l| oo (mamy = 0o > 0, (2.3)

which was assumed in [18] and [11] to show the regularity of TWs of Whitham
equation. This assumption is satisfied for small amplitude waves of Whitham
equation (see Section 8.1). By a similar proof as in [18] and [ 1], we can show
that u. € C'* under the assumption (2.3) when f € C* (R).

Lemma 2.2 Assume (1.3) and (2.5). If f € C®(R) and v, € L*(Ty,)
is an unstable eigenfunction of JyLy with k € [0,1], then vy € H*(Ty,) for
every s € N.

Proof. Step 1: We first prove that under the assumption (2.3), for any
integer s > 0, there exists a constant C(s), such that for any ¢ € H*(Ts,),

[0+ D) Dol rary < Cl5) 161l (2.4
where D = —(0, + ik) (¢ — f'(u.)).
Define an inner product [-, -] by
[, 0] = (u, (¢ = f'(uc))v).
One can check that
[Du,v] = _[u> DU],
i.e. D is skew-adjoint in the inner product [-,-]. For any u € Dom(D) =

H'(Ty,), denote v = (A + D)u € L*(Ty,), then one has
|[v, u]| = |Re[(A + D)u, u]| = (Re A)[u, u]
Also, by the Schwartz inequality, one has

[, ul] < [v,0]" [, u]'72.
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It follows that
(A + D)ullz2(r,,) = (Re Mullz2r,,.),

where || - [|z2(r,,) = [-,-]'/2. Note that ¢ — ||f'(ue)||zoo(msn) = do > 0, so
L3(Ty,) ~ L*(Ty,). Thus, A+ D is invertible and (A + D)~! is bounded from
L?(Ty,) to L*(Ts,). Taking the inner product of the equation v = (A + D)u
with Du, we obtain

[v, Du] = Au, Du] + [Du, Dul,

which implies that ||Dul|r2r,,) < C||v||r2(r,,) for some constant C'. Hence,
we have that (A + D)™! is bounded from L?(Ty,) to H'(Ty,), from which it
follows immediately that (A + D)~'D is bounded from H'(Tsy,) to H'(Ty,).
Also, A+ D)™ 'D =T — XA+ D)~! is bounded from L? to L?.
We now prove (2.4) by induction. Suppose it is true for 0 < s < [. Let
Y = (A + D) 'D¢, then
Dé = (X + D).

From

O\ + 0. Dy = 0. Do,

we get
Oy = (A + D)'[9,D¢ + (DO, — 8,D))].

It is easy to check the following commutator estimate
(DD, = 9. D)ll 2 < CD |-

Therefore,
I(X+ D)™ (D3, = 9Dyl < C(s)[[¢ ] .

Also,

+ D)0, Dol

<||(A+ D) D3|l + [|(A+ D) (8D — DI.,) ¢l i
<C(s) (105l + || (0.D — DI.,) ¢l 12)

<C(s) ]| g+

Thus, we obtain

101l < C(s)(Igllses + [0l m) < C (5) |6l s,
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by the induction assumption. This finishes the proof of (2.4).
Step 2: From (2.2), one has

vr(z) = A+ D)7'D (¢ — f'(u.)) " Mywp(). (2.5)

Let B= (A+ D)™'D(c— f'(u.))™!, then we have vi(x) = BMyuv(z). Since
f(u.) € C® and ¢ — f'(u.) = dp > 0, by (2.4) B is bounded from H?*(Ts,)
to H*(Tsy,), for any integer s > 0. By using the interpolation theory, B is
bounded from H*(Ty,) to H*(Ty,) for any s > 0. So we have

[ BMivk ()| m(m2) < CNlMe0k(2)]] pm ) < Cllow(@) | £2(ma)-
Repeatedly using the identity vy, (z) = BMug(x), we arrive at
v (r) = BMyvg(z) = BMBMv(z) = - - = (BMy) vi(x),
which implies that
[0k (@) Ermm (ma0) < C(0)[[0k(2) [ 22T -

Since n € N is arbitrary, this finishes the proof of the lemma. |

3 Semigroup estimates

In this section, we consider semigroup estimates for e'/* (equivalently, for

the linearized equation (1.6)), which will be used in later sections to prove
nonlinear instability. First, we consider the estimates in both multi-periodic
space H® (Tar,) and localized spaces H* (R), with s > . Such estimates
are given in Section 11.4 of [28] and we only sketch it here. It is obtained
by using the theory in ([28]) for general linear Hamiltonian PDEs which we
describe below. Consider a linear Hamiltonian system

Oou=JLu, u € X,

where X is a Hilbert space. Assume that:

(H1) J : X* — X is a skew-adjoint operator.

(H2) The operator L : X — X* generates a bounded bilinear symmetric
form (L-,-) on X. There exists a decomposition X = X_ @ kerL & X,
satisfying that (L-,-)|x. < 0, dimX_ = n~ (L) < oo, and there exists
01 > 0 such that

12



(Lu,u) > 6, ||ul% , for any u € X,.
(H3) The above X satisfy

kerii;(.;_@X_ = {f S X | <f7u> = 07 Vu e X_ EBXJr} C D<J>7

where 7% oy @ X* — (X, © X_)* is the dual operator of the embedding
IX @X_-

The assumption (H3) is automatically satisfied when dimker L < oo, as
in the case of this paper.

Theorem 3.1 [28] Under assumptions (H1)-(H3), JL generates a C° group
e of bounded linear operators on X and there exists a decomposition

X=F'@©@FE°PF, dimE'"=dimE*’<n (L)

satisfying:

i) E*, E* and E° are invariant under e’
ii) B¢ ={u e X | (Lu,v) =0, Yv € E*® E"};

ii1) let A\, = max{Re\ | A € o(JL|g«)}, there exist M > 0 and an integer
ko > 0, such that

L.
’

tJL

e H |y < M(14 8™ he ™t vt > 0;

|€tJL|Eu’X S M(l—i— |t|dimEu_1>6)‘“t, V¢ S O7

(3.1)

e gelx < M(1+|t|*), ViteR, (3.2)

and
ko <1+2(n (L) — dim E");

Moreover, for k > 1, define the space X* C X to be
Xt =D(JL)}) ={ueX | (J)'ueX, n=1,--- ,k}

and
ull xx = lJull + [|TLul| + - - - + [|(JL)*ul. (3.3)

Assume E™* C X*, then the exponential trichotomy for X* holds true: X*
18 decomposed as a direct sum

Xt=FE'©E.0FE Ei=EnNX*
and the estimates (5.1) and (3.2) still hold in the norm X*.
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By using above Theorem, we can prove the following estimates for the
linearized equation (1.6).
Lemma 3.1 Consider the semigroup e'’*
(1.6), where J, L are given in (1.7).

i) (KDV type) Assume (1.2), the exponential trichotomy in the sense of
(5.1) and (3.2) holds true in the spaces H (Targ) (s > 2,q € N)

it) (Whitham type) Assume (1.3) and (2.3), then the exponential tri-

chotomy of €'’ holds true in the spaces H® (Tar,) (s > 0,9 € N).

associated with the solutions of

Proof. It suffices to check the assumption (H2) in Theorem 3.1, since
(H1) is obvious and (H3) is automatic due to dimker L < oco.

For i), the quadratic form (L-,-) is bounded in the space H > (Tay,). The
operator L is a compact perturbation of M, whose spectrum in H™ (Ts,,) are
positive and discrete. Therefore, L has at most a finite number of negative
eigenvalues, that is, n~ (L) < oo. Thus, the exponential trichotomy of /-
is true in H 2 (Tay,). By the proof of Lemma 2.1, any stable or unstable
eigenfunction of JL in L?(Ta,) lies in H* (Tay,) for any s > 0. Therefore,
the exponential trichotomy of "/ is also true in H* (Tyy,) for any s > 2.

For ii), the quadratic form (L-, -) is bounded in the space L?(T2,,). Under
the condition (2.3), the operator — L is a compact perturbation of the positive
operator ¢ — f'(u.), thus n= (—L) < oco. Applying Theorem 3.1 to JL =
(—J)(—L), we get the exponential trichotomy of e'’* in L?(Ts,,) and in
H? (Tar,) (s > 0) by the regularity of stable and unstable eigenfunctions of
JL in L*(Ty,) as in Lemma 2.2.

As an immediate corollary of the above lemma, we get the following upper
bound on the growth of the semigroup e*’/~.

Corollary 3.1 Let )y be the growth rate of the most unstable eigenvalue of
JL. Then under the conditions of Lemma 5.1, for any € > 0, there exists
constant C. such that

||€tJL‘

(Ao+e)t
H(Tamg) < Ce\ 0T for any t > 0,

where g € N , 5 > 5o with sg = % for case 1) and sy = 0 for case ii).

The above semigroup estimate implies the following lemma for the inho-
mogeneous equation. For convenience, we use T for Ts.,.
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Lemma 3.2 If ||g (t) || ms(m) < Cye™, for some s > sg and w > Ao, then the
solution to the equation

8tu = JLu +g7 u|t:0 = 07

satisfies

ullms=my S Cye™.

Proof. Using Corollary 3.1 with € = 1 (w — Xg), we have

~Y

HetJLHHS < ez(otw)t

Then

[l (2)]

t
Hs(T) = H/ =g (s) ds
0 H3(T)
t

< %(Ao-i-w)(t—s)cf ws 1 < () wt )
N/Oe gehds < Coe™

To prove nonlinear instability for localized perturbations, we need to
study the semigroup e’ on the space H*(R) (s > %) In general, the
operator L has negative continuous spectra in H® (R). For example, when
M = —92, the spectrum of L = —02 4V (x) with a periodic potential V (z)
is well studied in the literature and is known to have bands of continuous
spectrum. So Theorem 3.1 does not apply. However, we can prove upper
bound estimate of e!/L on H* (R), which suffices for proving nonlinear lo-

calized instability. We will need the following lemma to estimate e/’ on
H* (R).

Lemma 3.3 Suppose h(k,x) € H:(T) for any k € I, where I is a measur-
able set contained in an interval with length less than or equal to 1, then
[; h(k,z)e** dk € HE(R) if and only if ||h(k,z)||usry € Li (I). More pre-
cisely, there exist constants Cy(s), Ca(s) > 0, such that

| /h(k,x)eikx dk|
1

@wzawzmwm%mw

and

rdﬂmmmm
I

g®3@@ﬂmwmgm%
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Proof. First, we write h(k, z) as a Fourier series
=D hik,j)e”.
jEL

By direct computations, we have

/Z (k+ 7))°h(k, j)eittie dk—Z/zk (k—j,j)e™ dk

JEZ

— ZL(ik)sXIj(k)ﬁ( — j. e dk = /R (Z(ik)s/‘{lj(k)ﬁ(k—j,jg R

jET

1 ifkel
0 ifk¢l;

Note that I is contained in an interval with length no more than 1, there-
fore I; are disjoint with each other, which implies that X}, X, = 0 almost
everywhere, if j; # jo. Then by Parseval’s identity, we have

o / (k, ) dkn%z(m

S i) (k DM = / S 1, (B2 [k [k — ,5)P dk

I=1+7, X(k) = {

JEZ JEZ
=3 [ Wl —le2d/f—/21k+J|2s . )2
JEL JEZ
/Z|J|2S (k. j)I? dk.
JEZ

Then the desired results follow directly. |
Now, we are ready to prove the upper bound estimate of '/ on H*® (R).

The following semigroup estimates were proved in [28] for the “differential”
case (1.2).
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Lemma 3.4 [28]/Assume (1.2) and
a'(€)

lim sup —7- < 0. (3.4)
Let \g > 0 be such that
ReX < )Xo, VE€(0,1], A € a(JeLe). (3.5)

Then for every s > 3, € > 0 there exist C(s,e) > 0 such that

e u(@) | ar:ry < Cls, )™ Ju(a))]

HS(R)’ Vt > O,
for any u € H*(R).
Remark 3.1 The assumption (3./) can be replaced by a weaker assumption

g 12+ ) = (©)

— 0.
p—=0 ¢ccz L+ [&m

For the Whitham type equation, we have the following similar result.

Lemma 3.5 Assume (1.3) and (2.3), then for every s > 0, ¢ > 0 there
exists C(s,e) > 0 such that

e u(@) | ar:ry < Cs, ) Ju(a))]

i), V> 0, (3.6)
for any uw € H*(R). Here, \q is the largest growth rate as defined in (5.5).

Proof. The proof is similar to that of Lemma 3.4 (or Lemma 11.2 in
[28]). We sketch it here. First, for any u € H*(R),

1
u(z) = / g (x)dé, where ug(r) = X,eze™i(n + &) € H*(Tay),
0

and 4 is the Fourier transform of u. By Lemma 3.3, there exists C' > 0 such
that

1
mms/wwwﬁmm%saw
0

1
6||U| He(R)- (3.7)

Note that )
et‘]Lu(x) — / eigxetJ5L5u€ ($) d£,
0

17



and thus

e u(a)]

1
2 / b (2) [ cn,. ) dE. (3.8)

So to prove (3.6), it suffices to show that: for any €, s > 0, there exists
C(s,e) > 0 such that

e €0 (@) || 3 (rsny < C(s, )Pt u(2))]

H3(T2x)» vé- € [07 1] (39)

It suffices to prove the lemma for s = 0 since the estimates for general
s > 0 can be obtained by applying J¢L¢ repeatedly to the estimates for
s = 0 (and interpolation for the case when s is not an integer). Due to the
compactness of [0, 1], it suffices to prove that for any &, € [0, 1], there exist
C, e > 0 such that (3.9) holds for £ € (§, —€,&, + €). We first note that each
A € 0(Jg, Lg,) is an isolated eigenvalue with finite algebraic multiplicity and
Lg, is non-degenerate on E) when A # 0 and on Ey/(Ey N ker Lg,), where
E, is the generalized eigenspace of the eigenvalue \ of Je Lg,. By (2.3),
n~ (—L¢) < oco. Let

A={N€a(JgyLe) | 6> 0st. (—Leyv,v) > §lv]|* on By}

By the instability index formula (Proposition 11.2 in [28]), o(Jg Lg,)\A is
finite and thus
n = E)\EO’(JgoLgO)\A dim £, < oo.

Moreover, there exists €9 > 0 such that Q N A = (), where
Q= Uneo(e,Le,\ 012 | |2 = Al <o} C C.
Assuming that:
the resolvent (A — Jg¢L¢) ™! is continuous in & € [0, 1], (3.10)

we now prove (3.9) for £ in a small interval near &,. Indeed, by (3.10), there
exists € > 0 such that 02N o(JeL¢) = 0 for any & € [§o — €, & + €]. For such
&, let
1 _
PO =55 § (=LA Ze= POX. Y= (1= PO)X.

which are continuous in ¢ and invariant under e'’¢“<. Therefore dim Z¢ = n.
By the definition of €2, we know that —L¢, ’y€0 is positive definite. Then the

continuity of L, in £ implies that there exists dp > 0 such that

8 2[[v]|* = (—Lev,v) > 6gllvl®, Vo € Y, |€—&| <e.

18



So for any £ € [{y—¢, {o+¢€], there exists a generic constant C' > 0 independent
of &, such that for any v € L? (Ts,),

Jetekeu] < fleebe P€)o] + fles e (T - P(&)) ]
<C((1+ M P + (—~Lee (1 = P(§))v, ek (I = P(&))v)?)
<C((L+ ) PEW] + (~Le(1 = P(©)v, (I = P()v)?)
<O+ o]l 12 < C () €M o] .

Along with the compactness of [0, 1], this implies estimates (3.9) and (3.6).
It remains to prove (3.10) about the continuity of the resolvent. Fix
k € [0,1]. For k' near k, we have

JwLy — JuLi = (0 + ik) (M — My) +i(k — k) (My — c+ (1))

Let D = (0, +ik) (¢ — f'(u.)), then by (2.3) and the proof of Lemma 2.2, for
any ag > 0, (ap + D)™' : L? — H' is bounded. So

‘(ao + D)il (Jk/Lk/ - JkLk —0as k — ]{3,. (311)

>‘L2—>L2
Moreover,
I+ (ag+ D) " (A= JuLy) = (ap + D) " (A + ag — (9, + ik) My,

is compact in L?. Therefore A = (ag + D)™ (A — JiLy) is a Fredholm oper-
ator of index 0. Suppose A ¢ o(JyLy), then A is injective and thus A~ is
bounded on L?. Along with (3.11), we obtain

(N = JuLy) Y (Jw Ly — JiLy)| = |A7 (ag + D)_1 (Jyw Ly — JeLy)| — 0
as k' — k. From
)\ - Jk/Lk/ - ()\ - JkLk> ([ - ()\ - J]{;Lk)il(Jk/Lk/ - JkLk)) 5

we obtain the continuity of the resolvent (A — JyLj)™! in k € [0,1]. This

finishes the proof of the lemma. |
The following is an analogue of Lemma 3.2.

Lemma 3.6 If

wt

e
O)llgem) < Cg——, t>0
g (@) lrs(w) 971 g 2
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for some b >0, s > so and w > A, then the solution to the equation

O = JLu+ g, ul—o =0,

satisfies
ewt
Proof. Choose € = 1 (w — o) in Lemma 3.5, then |[e"/%| . < e3(Gotw)t

So we have

ws 119 ()] s ds

t
o)l < [l

¢ 1 by e
< / Lootw)t—s) € 4
0 1 -+ Sb

wt

_wt ' L (o—w)(t—s) L €
=e ez ds < ,
0 1+ ~ 144

since w > Ag. |

Lastly, we prove the semigroup estimates in the space H !, which will be
used in the proof of nonlinear instability by bootstrap arguments. First, we
consider the estimates for periodic perturbations.

Lemma 3.7 Consider the semigroup e'’I associated with the solutions of

(1.6), where J, L are given in (1.7). Assume (1.2) or (1.3) and (2.3), then
for any € > 0 there exist C(¢) > 0 such that

€2 ) -1 2y < VT ()| 1(ty0ys > O,
for any u € H ™ (Tay,).
Proof. Since (JL)" = —LJ, by duality it suffices to show that
€7 | 1 (m,.) < Cle)eXT, W > 0. (3.12)

Denote P° and P! = 1 — P° to be the projection operators to ker L and
(ker L)" = R (L) respectively. For any v € H'(Tyy,), let v = P + Ply =
v1 + v9. Then the equation 0;v = LJv can be written as

@vl = 0, 8t1)2 LJUl + LJUQ (313)
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Since L1 = L|gr) : R(L) — R (L) has a bounded inverse and
L\ gy = LiPYIL LT, e™lrey = L PYet | gy LY,

by Lemma 3.1 we have

< C(g)e(/\o+s)t’

tLJ|R(L tJL
e 0| S [l e[| g <

for the case of (1.2), and
[0 5 el < O

for the case of (1.3) and (2.3). By (3.13), we have |[v1 (t)||;n = |lv1 (0)]| 12
and

t
[oa (8) ]| 2 < HetLJ|R(L)U2 (o)HHl +/ He(t—S)LJIR(mLJUl (())HH1 ds
0

< C)e® " (Jloz ()l 1 + llvr (0)l 1)
< ) v (0)]l 4,

which implies (3.12) and the lemma. W
In the next lemma, we consider localized perturbations.

Lemma 3.8 Consider the semigroup eI associated with the solutions of

(1.6), where J, L are given in (1.7). Assume (1.2) or (1.3) and (2.3), then
for any € > 0 there exist C(¢) > 0 such that

e u(@)|| a-1(ry < C ()™ Ju(@) || g1y, VE >0,
for any uw € H'(R).
Proof. By duality, it suffices to show that
€7l gy < Cle)eo .

As in the proof of Lemmas 3.4 and 3.5, it is enough to show that for any
e > 0, there exists C' (¢) > 0 such that

e u(@) || gy < C (€)M (@) || 11 myn (3.14)
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is true for any ¢ € [0,1] and u € H'(Ts,). By compactness of [0, 1], again it
suffices to prove that for any &, € [0, 1], there exist C, e > 0 such that (3.14)
holds for £ € (& — €,& + €). We consider two cases below.

Case 1 (Lg, is invertible): In this case, there exists e > 0 such that L is
invertible for £ € (& — €,& + €). So we have

HetLngHHl _ HLgetJELEL 1H < He < C( ) (Ao+e)t

tJeLe |
(T2r) H(T2r) HMm(Tar)

for the case of (1.2), and

15y = 2L ) S e o, < eI

HY(T2)

for the case of (1.3) and (2.3). In the above, we use the estimate (3.9) which
is true for both cases of (1.2) and (1.3)-(2.3).

Case 2 (Lg, is not invertible): In this case, ker L¢, # {0}. It is possible
that L¢ is invertible for { near &,. For example, when M = —02, it was shown
in Remark 11.1 of [28] that L¢ has zero eigenvalue if and only if £ = 0, 1.
However, for £ near £y, there is no uniform (in &) estimate for Lgl and we
cannot argue as in Case 1. We will separate the eigenspaces of L¢ (£ near &)
for eigenvalues near 0 and away 0. Since 0 is an isolated eigenvalue of Lg,, so

do =min {|\|, A € o (Lg,) /{0}} > 0.

Let € > 0 be small enough such that when & € (& — €, &y + €),

r:{zy |z[=%}ﬁa(l)5):@.

Denote PO fr ~!dz to be the Riesz projection associated with the
elgenvalues of Lg 1n51de F and P} =1 — P{. In particular, Py, Pg are the
projection operators to ker Lg, and R (Lg,) respectively. By choosing € small,
we can assume that: dim R (PEO) = dim ker Lg,,

min{|)\\ , A€o <L5|R(Pg>)} > Zdo.

and
max{|)\| , AECT <L§|R(Pg)>} <ale),

with a (¢) — 0 when € — 0. Denote

Eo=ker L¢,, Fy = (ker Le,)" = R(Le,),
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and
Es=R(P), E; =R(P}).

It is easy to show that Ef can be written as a graph of a O (¢)-bounded
operator S¢ : By — Ey. That is, let S¢ = I + Se, then E$ = S (E;). For any
u € HY(Ty,), let

u:Pgu—l—Pgu:uO—i—ul,

then the equation d,u = L¢Jeu becomes

Gtuo = PngjguO + Pngjgul, (315)

O = Pl LeJeu® 4+ Pl Le Jeu'. (3.16)
We will show that: For any € > 0 there exist C'(¢), € > 0 such that

tPLll, J, e
g E‘EfunHl(T%) < C(e)ePor ) [ul|ap,.y, VE >0, (3.17)

e

holds for £ € (§ — €,& + €). Assuming (3.17), we now show (3.14) for &
€ (& — €,& +¢€). First, by (3.16) we have

[ut @) (3.18)

tP e J¢| E (t—s)PILe Jg|
e &L e EtEiplr Jeu® (s) ds
o £ HEYE

uw (0)

+
H1

< C(e) (e()‘OJrg)tHul (0) || + /0 e(Yot5)(t=2) 0 (3)\|H1d5>.

Hl

Since the operator P{LgJe is finite ranked and ||P?L¢Je||,,, < Ca(e) for
some constant C, so from (3.15) we have

t
40 O < e o O) .+ Cale) [ <Ot 5) s, 319
0

We choose e small enough such that Ca (¢) < 5. Plugging above into (3.18),
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we get
[ ()], < C"C ()Pt (Ju (0) [l + || (0)]],,.)

t s
+ Ca(e) Cle) / (Po+5) (=) / 367100 () || grdrds
0

0
< "C ()Pt ) u (0) ||

t

t
+ Ca(e) C(e)e(AOJF;)t/ e 27 ||ul (1) HHl/ e M%dsdr

0 T

t
< C"C(e)e 8 | (0) ||t + Ca (€) C(e)elor )" / e o0 () | gpdi,
0
where C’, C" are some constants independent of e. Define

y (1) = e Cor Dl (8) ||,

then above inequality becomes

y(t) < C"C(E)[u (0) e + Ca () Cle) / y () dr.

Choose ¢ further small such that Ca (¢) C(e) < 5. Then by Gronwall’s in-
equality, we have

y (1) £ Ce)ex u(0) |,

that is,
[ ()| r S C () [ (0) || 1.

Plugging above estimate into (3.19), we also get

[ ()] 1 S C )P+ [ (0) || 1.

Combining above, we have
lu @)l S ) [ (0) |14,

~J

and thus (3.14) is proved. It remains to prove (3.17). Since

-1
P¢ LeJe| pe = Le| e P JeLe| e <L5|E§>
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and
< 1

-1
L 5) ~ 70
H( §|E1 H1_ Hl+m do
to prove (3.17) it suffices to show that there exist C'(¢), € > 0 such that
1
etp5 Jf Lf ‘E§

< Ce)e)t v > 0, (3.20)

H1+m

. . tP}JeLe| ¢
for £ € (§9—¢,&+€). Again, it is enough to estimate e E1 on the energy
space H? and then apply Pg Je Le| B repeatedly (and by interpolation) to get
the estimates for s > 7. We will study the semigroup generated by Pfl JeLe| B
on H? via the perturbation of the semigroup generated by P} Jeo Ley |, -
First, we use the transform 5’5 By — Ef to study the conjugated operators
RN
on the same space E;. Notice that (Sg) : Ef — Fj is exactly the projection
operator Pélo‘ Therefore the S'g—conjugated operator can be written in a
Hamiltonian form
&—1 pl & _ plpl N piye (& (pry* 16 _ §.F
Sg ' PeJeLelpe Sc = Pe, P Je (Fe) (Pey) <55) (F)" LePe Se = JeLe,

where

7 _ plpl 1\* (pl)* . *

Je = PePeJe (F)" (Pg,)" : (B1)" — Er
and . s .

Le=(S¢) (PY)' LePiSe: B — (B
are anti-selfadjoint and self-adjoint respectively. We also write

P510 J§0 L50|E1 = Pﬁlo ‘]§0 (Pﬁlo)* (Pﬁlo)* L§0P§10 = J§0L507

where ) )

JfO - P§10J§0 (Pﬁlo) ) LfO - (Pﬁlo) L§0P§10'
We note that the spectrum of JeL, is discrete, n- (Eg) < n” (L) < oo.

Moreover, the maximal growth rate of the eigenvalues of P. Jg, Le, | g1 is still
Ao. Therefore by the similar proof as in Lemma 3.5 or Lemma 11.2 in [28],
to prove the estimate (3.20) in H?, it suffices to show that the resolvent
(A — JeL¢)~! is continuous for ¢ near &. We have

Jele = JeLey = (Je = Jeo) Leo + Je (Le = Leo )
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In the above,
Je = Jey = gy (1= P0) Je (Pey, (1= )" = Py ey (Py,)”
- _P§10P§OP§OJ5 (Pﬁlopﬁl)* - (Pﬁlopgpfo‘]f (Pflopﬁl)*)
- Pflo (‘]5 - ‘]50) (Pﬁlo)

since Jg — Jg, = O ([ — &l) s
P§10P§0:O(|§_§0|)7 Pfo‘jsz(l)a Pglopglzo(l)

Also,
Le— e = (8) (P2)" LePlSe — ()" Leo P,
= (PL)"(Le— Ley) PL + (PESc— L) LePSe
+ (PL) Le (PESe— PL).
where

P!Se — Pi, = P} — P. + P/S: = O (|€ — &)
Thus by similar arguments as in the proof of Lemma 3.5 or Lemma 11.2 in

[28], we can show the continuity of the resolvent (A — JeL¢) ™! for & near &.
This finishes the proof of the Lemma. |

4 Nonlinear Modulational Instability (multi-
periodic)

In this section, we prove that linearly modulationally unstable traveling waves
are nonlinearly orbitally unstable under multi-periodic perturbations. First,
by the definition (1.1) of linear modulational instability and the remark there-
after, there exists an interval Iy C [0, 1] such that for any k € Iy, there ex-
ists an unstable solution e*®’e?*7y; (1) with Re A (k) > 0 and 27—periodic
vk (x) to the linearized equation (1.6). So we can pick an rational number
ko = § € Iy with p, ¢ € N. Then %y, (z) is a 2mg-periodic unstable eigen-
function to the operator JL in L?(Tay,). It leads us to consider the nonlinear
instability of u, in L?(Ta,).
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The proof of Theorem 1.1 i) uses the strategy in [13], by constructing
higher order approximation solutions and then using the energy estimates to
overcome the loss of derivative.

The following energy estimate will be used in the proof later. We use T
for Ty, below.

Lemma 4.1 Consider the solution of the following equation
0w — cOpv + O Mv + 0 (f(ue + U +v) — f(u. +U)) = R, (4.1)

U(O’ ) =0,

where U (t,-) € H*(T) and R (t,-) € H*(T) are given and f € C®(R). Assume
that

sup [|U]| (t)H‘l(T) + ||UHH2(T) (t) <8,
0<t<T

then there exists a constant C (B) such that for 0 <t < T,

O |vll g2y < C(B) 0]l g2y + (1Bl g2y - (4.2)

Proof. We write
1
flue+U+v)— f(u.+U) :/ ' (ue + U + 1) drv.
0

First, taking the inner product of (4.1) with v and integrating by parts, we
have

1 1
gl == ([ £/ v rare) o)+

= _%/T (/Olf’(uchU%—Tv)dT)vadIﬂL(R,U)

2
<CB)If <S)||CQ(|5|§HuCHOQ+C,8) HUHLZ(T) + ||R||L2(’]I‘) HU||L2(T) 3
where in the above we use the fact that 0,M is anti-selfadjoint and
[0l + 1820l < Cllvll g2y -

Thus
O vl 2y < CB) 10l p2ery + 1 Bl 2 - (4.3)
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Next, applying 9% to (4.1) and then taking the inner product with d9?v, we
get

1 1
58,5”8§U|’%2(T) = - ((/0 f/ (uc + U + T/U) dTU) 7Umx> + (R:m:; Uxx) .

(4.4)
By direct computation and integration by parts, we can show that for 0 <
t < T, there exists a constant C'(/3), such that

‘((/01 f/(uc—O—U—i-Tv)dTU)mZ,vmx)

We only sketch the estimates of the terms involving 92v. One such term is

< C(B)lvllFz -

1
‘ (/ (e + U + 70) dT Vs, Um>
0
/ f (ue +U + 1v) dT%&C (vm)z dx
T

/T (/01 f (e + U + 710) d7>w(vm)2dg:

<C(p) HUMHQL?(T) )

1
2

and another term

1
(/ O (ug + U 4 70) 78d7T 00400, vm>
0
can be handled similarly. Thus by (4.4), we have
O [vazll 2y < C (B) 1Vaall poqry + ([ Rzl 2oy -

and combined with (4.3) this proves (4.2).

Now we are ready to prove nonlinear modulational instability for multi-
periodic perturbations.

Proof of Theorem 1.1 i). Let v, (z) be the eigenfunction associated
with the most unstable eigenvalue A of JL in L? (T). By Lemmas 2.1 and 2.2,
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vy € H*(T) for any s > 0. We construct an approximate solution U to
(1.5) of the form

U™P(t, 1) = u.(x) + Z U, (t, ), (4.5)
where .
Up(t,z) = vy()eM + 0,(z)e, (4.6)

is the most rapidly growing real-valued 2wg-periodic solution of the linearized
equation (1.6). The integer N is chosen such that (N +1)ReX > C(1),
where the constant C' (1) is the one in the energy estimate (4.2) with 5 = 1.

Now we construct the terms Us,--- ,Uy. By the Taylor expansion for-
mula,
. N0 () (A *
FU) = flue) =y == | D00, (47)
k=1 Jj=1

1 fNFD (uc+72§[1 5J'Uj> N N
- N .
+/0 ¥i (1—7)Ndr (Z 5JUj> .

J=1

Since u, is a stationary solution to (1.5) and U, satisfies the linearized equa-
tion

8tljl - Caa:Ul + az(MUl + f,(uc)Ul) = 07
by using (4.7) we have

atU’”’p o Caanpp + 8I(MUapp + f(Uapp))

N
= Z(Sj (anj — CamUj + 8$(MUJ + f'(uC)Uj) + &;Pj(uc; Ul, UQ, s ,Uj_l))

=2

NN N N+1
+ Z 5jasz(Uc; Ui, Ug, -+ ,Un) + 0y | 9 (ue; Ur, Uz, -+ ,Un) <Z5jUj> )
J=N+1 J=1
where
1 fINHD <UC+TZ§V:1 (5jUj) N
(0 U U, Uy) = [ N (1-7)"d,
0 .
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and P;, ), are polynomials of Uy, --- , Uy with degree j such that

N N k
f(k) Ue j
> ()

2

N NV
:Z(Sjjjj(uc§UlaU27"' Uj—1) + Z 5ij(Uc; U, Uz, -+, Un).
j=2

j=N+1

For j =2,--- N, we define U; be the solution of

{atU] = JLUJ + 3;,;]3](1%, Ul; U27 e an—1)7 (4 8)

U;(0,-) =0,
Now we estimate U; for j > 2. First, by Lemmas 2.1 and 2.2, one has
10 (t) lz1ry < CelFVY, (4.9)
where [ = s + N. By (4.8), U, satisfies the equation
0Uy = JLUy + 0, P2(Uy), Us (0) =0, (4.10)
where P,(Uy) = 5 f"(u.)Uf. By (4.9), we have
100 Po(Un) || gr1-1(my < C (1) €27
Then, it follows from Lemma 3.2 that
[U(t, 2) || -1 ¢ry < C (1) €27,
By induction, for each 2 < j < N, we have
100 Py (Un, -+ uj 1) | grer—smy < C (4, 1) 7N,
and then by Lemma 3.2
U (t, @) -y < C (5, 1) €N,
Therefore, there exists a constant C'(N, s), such that

|U;(t, 2) || grsa-aery < C(N, 8)e? N for j =1,2,--- N. (4.11)
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By the construction of U*P, we have

QU™ — QU + 9,( MU + F(U")) = Repp, (4.12)
where
NN N N+1
Rapp = > 80,Q;(uc;Us,Up, -+ ,Un)+0y | g (ue; Us, Up, -+, Uy) (Zé]@)
j=N+1 Jj=1
(4.13)

Let 0 < 0 < 1 to be determined and define T° by §e®**’ = ¢. Then
T° = O (|Ind]). Choose s > 4 and recall that | — N = s. Then by (4.11), for
any N +1 < j < N¥, we have

"8:EQ]<u07 U17 U27 e 7UN)’

and thus by (4.13)

ws(m) < C(N, 5)el et

| Rappll e < C (N, 5) e FTDRA T for 0 < ¢ < T, (4.14)

Let Us(t, x) be the solution to (1.5) with initial value u.(z) + dU;(0, x), and
let v = Us—U“P. Then by using (4.12), one finds that v satisfies the equation

{@U — 0,0 + 0, Mo + O (f(UP 4 v) = [(UP)) = —Rapyp (4.15)

v(0,-) = 0.

Define T} to be the maximal time such that

1
||U<>||H2 2 0<t<Th.

We claim that 7} > T° when @ is chosen to be small enough. Suppose
otherwise, T} < T°. Then for 0 < t < T}, we have

N N
||Uapp _ uc||H4 < Zaj Z Re)\t
j=1 J=1
o 1
< — < =
= 1-60-2
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when 60 is small. Thus we have

sup [|U“"" — uC||H4(’[[‘) (t) + ”UHH2(T) (t) <1.
0<t<Ty

By using Lemma 4.1 for the equation (4.15), we have

O ||U||H2 < O<1) HUHH2 + ||Rapp||H2 , for 0 <t <. (4-16)

Recall that (N +1)ReX > C(1). So by using (4.14) and the Gronwall’s
inequality, we obtain from (4.16) that for 0 <t < T7,

[Vl () < C (N, ) dNFDRA (4.17)

Thus 1
Joll s (T2) < €OV <
when 6 is small. This is in contradiction to the definition of 77 and the claim
is proved. Moreover, for 0 < t < T% < T, when 6 is small enough the
estimate (4.17) is true by above arguments. So there exist C1,Cy > 0 such

that

1Us (7°, 2) = e (2)]]

= [ (17, ) = we (@)]] o = [[o (T, 2) |

2
> Croete N’ — G (6e%0°) = €16 — Cof?
1
2 50197
when 6 is small enough.
It remains to show that above nonlinear instability is also true in the
orbital distance. This can be done by using the argument in ([14]). By the
previous estimates, there exists a constant C', such that

|Us(t, x) — ue(x)|| g2y < CO, for 0 <t < T°,
where C may depend on 6, but is independent of . Denote
Vi (t, ) = e BMU, (2,t) = 2 (Rew, cos (Im At) — Im v, sin (Im \t)),

then it is easy to see that for any s > 0, there exist two constants ¢; (s), ¢z (s) >
0 such that
0 <er(s) < [IVAf

e S c2(s).
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Let Vi (t,z) be the projection of Vi(t,z) into Z+ in the L? inner product,
where

7+ ={v e LAT) : (v, 0,u.) = 0}.

Let h(t) be such that

1Us(t, 2) — e(w + h(8))l|2qry = Inf |Us(t, 2) — e(z + y)ll2n)-
Then for 0 < t < T, we have

[ue(x) = ue(z + (1))l 22 (r)
< s, ) = we(@) [ 2y + [[Us(E, ) = ue(z + h(t)) || L2(m)
< 20|Us(t, x) — we(x)|| 22(m) < 2C0,

which implies |h(t)| = O(f). So we can write
Ue(z + h) = u.(x) + hdyuc(z) + O(6%).
This implies that

[{Us(2) = ue(x + h(T*)), Vi (T°, 2))]
> [(Us() = uc(w), Vi (T°, 2))| = O(6%) = cof,

for some ¢y > 0, when 6 is small enough. On the other hand, we have
[(Us(T°, &) = ue(w + W(T?)), Vi (T°, 2))|
< inf (T, @) = el + y) || zen) Vi (7%, )| 2 ry,
which implies that

inf ||U(T°, ) — uc(z + y)||z2m) > C'0,

yeT

for some C’ > 0. This finishes the proof of Theorem 1.1 1). |l
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5 Localized Nonlinear Modulational Instabil-
ity

In this section, we prove nonlinear instability for localized perturbations.
Since the linearized operator JL (defined in (1.7)) does not have an unstable
eigenvalue in H*® (R), we will construct unstable initial data in the form of
a wave package of unstable eigenfunctions of JL; where k is near the most
unstable frequency ky. Without loss of generality, we can assume that kg €
[0, %] . Indeed, if k& € [0, 1] is an unstable frequency in the sense that Jj, L has
an unstable eigenvalue, then —k, 1 — k are also unstable frequencies. So we
can always pick kg € [0, %] such that Ji, L, has the most unstable eigenvalue
A (ko). More precisely, for any k € [0, 1], if J, L) has an unstable eigenvalue
A then Re A < Re A (ko). To construct the unstable wave package, we choose
a small interval I C [0,1] and I is near ko. If |I| is small enough, then
any k € I is still an unstable frequency since JiLj; depends on &k smoothly.
In the case when )\, is a simple eigenvalue of Jy,Ly,, then by the analytic
perturbation theory ([25]) of linear operators, there is a smooth curve of
unstable eigenvalue A (k) of Jx Ly, with k& € I. Since Re A(k) is smooth in the
vicinity of ko, and Re A (k) obtains its maximum at kg, there exists an even

number [ > 2, such that

[Re(V)] (ko) = -+ = [Re(\)] "™V (ko) = 0, [Re(N)]" (ko) < 0. (5.1)

Now consider the general case when )y, is a multiple eigenvalue of Jy, Ly, .
Since the eigenvalues of JiL; are all discrete, we can use the analytic per-
turbation theory ([25]) of eigenvalues of matrices to study the eigenvalues of
Ji L near ky. In this case, the eigenvalues of J,L; near kg can be grouped
in the manner

{/\1 (k) T 7/\p1 (k)} ) {/\p1+1 (k) T ’)‘p1+p2 (k)} )

such that each group constitutes a branch of an analytic function (defined
near ko) with a branch point (if p; > 2) at k& = ky. Assume p; > 2, then
we have the following Puiseux series (see p. 65 of [25]) for the first group

{>‘1 (k) y 7)‘171 (k>}

A1 (k) = X (ko) + maw” (k — ko)P" 4+ mow? (k — ko)™ + -+, (5.2)
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where w = exp (2mi/p;) and h = 0,1,--- ,p; — 1. In the next lemma, we show
that the leading order term of Ay (k) in (5.2) is still given by (k — k)" for
an even integer /.

Lemma 5.1 Let p; > 2, consider the Puiseux series (5.2) near ky. If
max Re A1 (k) <ReA(ko), h=0,1,--- ,p; — 1, (5.3)
for k in a neighborhood of kg, then there exists an even integer | such that
Rem; =--- = Remyy,_1 =0, Remy,, <0.

Proof. Let m,, be the first coefficient in (5.2) such that Rem,, # 0. Then
by (5.3), we have

Remnwnh (k_ko)”/l?l S O7 h:O’L , D1 — 1.

This implies that:

Rem,, exp (27T;1nh) <0, when k — kg > 0,
and
Rem,, exp (W) <0, when k — ky < 0,
for h=0,1,--- ,pr — 1. So
Rem,, exp (%j) <0,0<j<2p —1. (5.4)

If n/p; is not an integer, then we must have m, = 0. Since otherwise if
my, # 0, it is clearly impossible for all the 2p; points

mnexp<Lmj), 0<j<2pm—1
P1

to stay in the left half complex plane when n/p; is not an integer. If n/p; is
odd, then for (5.4) to hold true we must have Rem,, = 0. So for Rem,, # 0,
we must have n/p; = [ to be even. In this case, (5.4) implies that Rem;,, < 0.
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Let I C [0, %] be a small interval with ky being its right end point. Let
A(k), k € I be a curve of unstable eigenvalues of JiL; ending on the right
at A (ko), as determined by one of the functions in (5.2) when A (ko) is a
multiple eigenvalue. Then by (5.1) when A (kg) is simple or by Lemma 5.1
when A (ko) is multiple, we have

Re A (k) — Re A (ko) = —ao (k — ko) + o0 ((k . k:o)l> , (5.5)

where g < 0 and [ is even. Let v;(k, z) be the corresponding eigenfunction
of A (k) for Jy Ly, which depends on k continuously. By Lemmas 2.1 and 2.2,
vi(k,z) € H: (T) for any s > 0 when f is smooth.

Define the following wave packet consisting of unstable eigenfunctions
with frequencies in 1,

uy () = /vl(k,x)eikwdk—l—/vl(/{:,x)e_ikxdk = 2Re/vl(k,x)eikmdk. (5.6)
I I I

Since T U -1 C [—%, %}, so by Lemma 3.3,

2 2
o )iy S [ s )y < o

We will choose initial data Us (0) = u. + du; to show nonlinear localized
instability. First, we follow the arguments in Section 8.5 of [31] to prove the
well-posedness of (1.5) in the space u. + H® (R). The arguments can be also
found in [26] [24].

Lemma 5.2 (Well Posedness) Assuming that M € L(H?(R), L*(R)) (8
may be negative ) and f € C*%(R), where s > max{1 + 3,1} is an even
integer. Then for every up € B*(R) := {u. + w : w € H*(R)}, there exists
T > 0, such that the Cauchy problem

{&u — O+ Op(Mu+ f(u) =0,  (t,z) €[0,00) x R
u(0,x) = ug(x)

has a unique solution v € C([0,T], B*(R)) N C'([0,T], B°(R)).
Proof. It is equivalent to prove that the following problem

{&gw — cOpw + Op(Mw + f(ue +w) — f(u.)) =0

w(0,z) = wp
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has an unique solution w € C([0,T], H*(R)) N C'([0,T], L*(R)).

Rewrite the equation (5.7) as
1
dw + 0 (M — c)w + f'(u, + w)d,w + &cuc/ 1" (ue + Tw)wdr = 0.
0

Let Ag = —c0, + 0, M. Tt is clear that D(Ay) = H°(R), where 0 = max{1 +

B,1}.
For any v € H® with s > o, define A;(v) : H'(R) — L*(R) as

1
Ai(v)w = f'(ue + v)d,w + &Cuc/ 1" (ue + To)wdr.
0

Following the arguments in Section 8.5 of [31], we consider the equation
Ow + A(v)w = 0,
where A(v) = Ao + A1 (v).

Let B, be the ball of radius » > 0 in H?(R). According to Theorem
6.4.6 and Section 8.5 in [31], the following four conditions guarantee the
well-posedness of (5.7):

(C1) There exists a constant k, such that if |Jwy|

ms®) < 1, then
[A(v)woll 2wy < K,

for every v € B,;

(C2) The family A(v), v € B, is a stable family in L*(R) (see Definition
6.4.1 in P. 200 of [31]);

(C3) There is an isomorphism of H*(R) onto L*(R) such that for every
v € B,, SA(v)S™! — A(v) is a bounded operator in L*(R) and ||[SA(v)S~! —
AW)] < Gy

(C4) For each v € B,, D(A(v)) D H*(R), A(v) is a bounded linear
operator from H*(R) into L?(R) and

[A(v1) — A(v2) || L), L2(m)) < Cillvr — v2lr2(m)-

Since ||wol|gsmy < 7 and ||v||gsm) < 7, it is straightforward to show that

| A(v)wol| L2y < C(Cy,7)||wollgswr) < C(Cy,7)r = k.
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where

Cr= _ max  ([f(s)[+]f"(s)]).

s[<llucllLoo )+

Thus (C1) holds.

Note that Ag is skew-adjoint, therefore one has (Aqw,w) = 0. Also, it is
easy to check that

(A (), w) = / F (e + 0) (Duw)wde + / Dyt /0 e+ ro)wdrwds

1
=5 [ et 0+ opds + [ [ e+ rowdruds
0

1 " "
> (511" (e +0)0u(ue + )l + [|Oztcllioe || £ (e + 7o) [ ) ][ 72

Therefore A(v) generates a Cy semigroup from L*(R) to L?(R) and A(v) is
stable for v € B,.

Following the similar argument as in the proof of Lemma 5.5 in [31], one
can verify (C3) by letting S = A®, where A® is an operator with Fourier
symbol (1 +€2)S/ 2. We only consider s = 2n, where n is any positive integer.
It is easy to check that

(L= =(1-0)" =) Cp(-)"
k=0

where C}' is the number of k-combinations.
Then one can check that

A (f(ue + v)A"*"0pw) — f'(ue + v)0pw

n

= Z Cl?(_ai)k(f,(uc + U)A_Qnamw) — f'(ue +v) Z C’g(—@i)k(/\_%aww).
k=1

k=1

It follows that
A% ' (ue + ) A2 0w — f(ue + 0)0,w|| 2wy < C(Cru)|wlL2m)
where

Cran= _ max  (|f'(s)|+|f"(s)] + - [FE D (s)]).

Is|<[lucllLoo )+
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Moreover, it is easy to check that

1 1
||A2"((9muc/ I (ue + T0)A " wdr) — &Cuc/ (e + T0)wdT || L2(m)
0 0
<C(Cpan, [[ucllwenireo) || 22wy

Thus, (C3) holds. It is trivial to verify (C4). So we complete the proof

of this lemma. W
Now we are ready to show nonlinear localized instability. Let

Ui(t,x) = 2Re/v1(k‘,a:)ek(k)teikw dk, (t,x) e R" xR, (5.8)
I
It is easy to see that U; (t,x) is a real-valued solution to (1.6) with initial

data U; (0,2) = uy (z) (defined in (5.6)). Denote Ag = Re A (ko).

Lemma 5.3 There exist ¢c; > co > 0 such that

Co

C
mekot < ||U1(t7$)||L2(R) < (1 +1t)}e/\ot’ t>0. (59)

Proof. By Lemma 3.3, we have

102t 2) 72wy z/I||Ul(’f,x)IIED(TQW)GI’“’A(k)td/’fz/IeR““‘?)tdk.

Denote I = [kog — 1, ko], n > 0. By (5.5), when 7 is small enough, for any
k € I, we have

1
—2ag (k — ko) < ReX (k) —Re X (ko) < — 50 (k- ko)".
So letting ky = k — ko, then

0 0
e,\ot/ o~ 2a0kit dy < /eRe,\(k)t dk < ert/ ef%aoklltdkl
-n I -
When 0 <t < 1, it is easy to estimate that
° 1 kit ’ 2a0klt 2a0n!
/ e 29" dky <, / e 20t dly > ey,

-n -n
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When ¢ > 1, by direct calculations we have

o

0 lt ;_1 _1
1 n 7 e 2a0p C
/ emsaokit g — — [ PLC 7 g, (5.10)
L ti Jo [ t1
where
1 +oo 14 1
L Jo
Similarly,

!

O c 1 [7
/ e2kt gl > 2 o = —/ pt e3P dp.
-n t7 l 0

Combining above, we get the estimate (5.9).
Proof of Theorem 1.1 ii). Following the same way as in the periodic
case, we construct an approximate solution U?P to (1.5) of the form

N
U™ =u.+ Yy _ U, (5.11)

j=1
where U, is defined in (5.8). By Lemma 5.3

e)\ot

10 2) ey S C(s) (1+1)

1
1

Following the same arguments as in the proof of Theorem 1.1 i), for j =
1,2,---, N, we solve U; by the equation

oU; = JLU; + 0, P;j(Uy, Uy, -+ ,Uj—4), Ujl=o = 0.

By Lemma 3.6, we obtain

1U;(, )]

6)\075 J
wm < C . 5.12
mmr) < Cj 110 (5.12)

Define Ty by the equation
deroTs

S
(1 —|—T5)7
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where 6 is to be determined. Then T5 = O (|Ind|). The energy estimate in
Lemma 4.1 is still true in H? (R). Let U; (z,t) be the solution of (1.5) with
initial data Us (x,0) = u. + duq (). Then by the same arguments as in the
periodic case, when 6 is small enough, we have

HU5 (T67 9‘3) = Ue (l’)”p(R)

Re AT? Re AT
_Cl(ge—l _ 02 66—1 — 019 o 0202
(1+Ts)1 (L+T5)r

1
>— .
_2019

This proves the nonlinear instability in the localized space. |

6 Nonlinear instability by bootstrap arguments

The proof of nonlinear instability by constructing higher order approximate
solutions requires the nonlinear term f (s) in (1.5) to be in C*°(R). In this
section, we give a different proof by using bootstrap arguments, for the case
when f is not smooth. We assume that (1.5) is locally well-posed in the
energy space H =, which is certainly satisfied under the assumption (1.9)
(see Lemma 5.2). We will prove nonlinear instability for the nonlinear term
f € CY(R) with the growth conditions (1.11) and (1.12). The bootstrap
arguments are done in three steps. First, we use the energy conservation to
control the growth of the energy norm in Hz from the assumed L? growth.
Then we use the semigroup estimates in H~' to control the growth of H~!
norm of the nonlinear part of the solution. Lastly, the estimates are closed
by using the interpolation of L? by H% and H~'.

Proof of Theorem 1.2. We only give the proof for localized perturba-
tions since it is similar for multiple periodic perturbations.

Step 1. (bootstrap from L? to H?).

The nonlinear equation for the perturbation v of u, in the traveling frame
(x —ct,t) is

O — JLu+ 0y (f (u+ue) — f (ue) — f (ue)u) =0, (6.1)

where J, L are defined in (1.7). For any § > 0, we choose the initial data
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ugs (0) = duq, where u; is defined in (5.6). Then by Lemma 5.3,

Cydetot
——— < € Fus (0) || 2y <
(1+1)1 (1+1)

for some Cy, Cy > 0, [ € N, where )\ is the largest growth rate defined in
(3.5). Define T} > 0 to be the maximal time such that

20 5erot
us ()], < =25 o<t <.
L 1

(1+1)1
where u; (t) is the solution of (6.1) with the initial data us (0). Define Ts by
SeroTs

(1+T5)t

)

where & > 0 is to be determined. We will show that 77 > T5 when 6 is
small. Suppose otherwise 77 < Ts. The equation (6.1) has the conserved
energy-momentum functional

H (1) = 5 {Lus ) /R (F (-t ) = F () = f ()= 3" () u) iz,

since (6.1) can be written in the Hamiltonian form dyu = 0,H’ (u). By the
assumption (1.10), there exists ¢q > 0 such that

(Mu,u) > ¢ ||u||;% , forany u e H?.

Let 715 be the maximal time such that

us (O], m < -, 0<t <15, 6.2
s Ol < s : (6.2
where )
2 3|(Luy,u 2
Co= = (Ble+ 7wl 0 + 2EB )
with
e)\Qt
ap = min 0.
20 (1 +1¢)7



We claim that 75 > Tj. Suppose otherwise T, < T7. Then by the energy
conservation H (us (t)) = H (us (0)) and the assumption (1.12), we have

collus ()5 < (Mus (1) us (1)) (6.3)
< Jet f (ue)l o llus (0)]I72 + (Lus (0),us (0))

+ 0 (Ilus ()12 + llus )72 )

for any 0 < ¢ < T,. Here, we use the fact that L™ (R) — H2 (R) when
5> % For any t < T, <T; < Ty, by (6.2) we have

Codet  Cydeols
lus (B)]] < —— < —22C

1 T — w2v.
1

(1+8H)7 ~ (1+Ty)
Therefore (6.3) implies that for 0 < ¢ < Ty, we have

20156)\0t

collus (D7 < let f'(uc)l <(1+t)%> + 0% [(Luy, ua)|

+ C'Co"2 72 (|[us ()|l + 6% lall )

2

and thus by choosing 6 small enough

2
1 20156)‘0t
t 2 m < — 2 ! c —1 352 L 9
Jus (D)2 < ” e+ f" (ue)] <(1+t)l + 30% [(Luy, ur)]
1 $\(Luy,ud|\ [ e\
§—<8|C+f/<u0)|00012+ 2’ > 1
Co ag (1+1¢)7

2
1 o[ dert

= _02 1 )
4 (1+t)r

for 0 < ¢ < T,.This is in contradiction to the definition of Cy and shows that
15 > 1Tj.

Step 2 (bootstrap from L? to H™1).

The solution us (t) to (6.1) can be written as

Us (t) = etJLu5 (0) - /0 e(tis)JLax (f (u5 (S) + uc) - f (uc) - f/ (uc) Us (S)) ds
=y (t) + uy, ().
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By (6.2), Lemma 3.7 and the assumption (1.11), when 0 < ¢ < T; we have

[un Dl g1 S /0 ey 1 (us (5) + ) = f (we) = f' (ue) us (5)] 2 ds

t
S [ @l fus 5) 2 ds
0

~Y

t Xos p1
</ C(g)ePotalt=) oo™ ; ds
o (1+s)t

< 0256)\0?5 "
~\a+nr)
by choosing € < (p; — 1) Ao and using Lemma 3.6.

Step 3 (Interpolation and closing of the estimates).
For 0 <t <717, by interpolation we have

«@ j e m
w2 < o O3l O3 (0= 275) (64)
ot ap1+1—az
N |
(1+1t)1
where we use

Jeot
Uy (T m < ||lug (t m — ||uy (t m < .
e Oy < s Ol = Ols S 77

Noticing that p3 = ap; +1 — a3 > 1, so when 0 <t < T < Ts we have
s ()l g2 < llw ()l gz + s )l 2

Aot Aot P3
<0 de e de :
(L+t)r (L+t)r

66)\0t 56)\0t

< ,
(1+0f Tt

< (O + C'om )

by choosing 6 to be small enough. This is in contradiction to the definition
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of T7. Thus we must have 77 > T. At t = Ty, by using (6.4) we have

s (T5)l 22 > Nlw (T5)| 2 — lwn (T5)]] 12

XoTs AoTs 3
> ¢ de ¢ de :
(14+1T5)7 (1+Ts)7
=Cyd — C'oP3 > %C’OQ,

when # is chosen to be small. This finishes the proof of nonlinear instability
for localized perturbations. |

Remark 6.1 The assumption (1.10) could be weakened to 0 < m < 1 de-
pending on the nonlinearity. In the proof, we only need the embedding of LP
into the energy space H= , where p > 1 is the highest power of the nonlinear
term f (u) and its anti-derivative F (u).

7 Semilinear equations

In this section, we consider the nonlinear modulational instability of the
generalized BBM equation

(1 = Opa) Ot 4 O (u + f(u)) = 0. (7.1)

The BBM equation can be viewed as an ordinary differential equation in
Hl
Ou+ (1 — 0pp) 0p(u+ f(u)) = 0.
Assume that (7.1) admits a T-periodic traveling solution u.(t, z) = u.(x—ct).
Writing (7.1) in the traveling frame u(t,z) = U(t,z — ct), we arrive at

OU — c0,U + (1 — 0,0)'0,(U + f(U)) = 0. (7.2)

Linearizing (7.2) at u., we obtain the linearized equation in the Hamiltonian
form

aU = JLU, (7.3)

where

J = (1 _axz)_lawa L:C(l _awx) - <1+f/ (uc)) (74)
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Assume T' = 27. For any k € [0, 1], define
T = (1= (0, +ik)*) (0, + k), Ly=c(1— (0, +ik)*) — (1 + [ (u.)).

As for the KDV type equations, the linear modulational instability of .
means that J;L; has an unstable eigenvalue for some k € [0,1]. Denote \g
to be the maximal growth rate of e/ k € [0,1]. By the same proof of
Lemmas 3.1 and 3.4, we have the semigroup estimates for (7.3).

Lemma 7.1 Suppose u. is modulationally unstable. Consider the semigroup
et associated with the solutions of (7.3), where J,L are given in (7.4).
Then

i) the exponential trichotomy in the sense of (3.1) and (3.2) holds true in
the spaces H® (Taz,) (s > 1,9 € N).

ii) for every s > 1, € > 0 there exist C(s,e) > 0 such that

e u(a)]

o) < C(s,8)e ™ fu(z)]

H(R); Yt >0,
for any u € H*(R).

For (7.2), there is no loss of derivative in the nonlinear term. There-
fore, we can use the semigroup estimates in Lemma 7.1 to prove nonlinear
modulational instability directly by ODE arguments. We consider localized
perturbations below.

Theorem 7.1 Assume f € C' (R) and there exists p; > 1, such that

[f (wtv) = f () = f () u] S C(Jul, v]o) ful™ - (7.5)

Let u. (x — ct) be a traveling wave solution of (7.1) which is assumed to be lin-
early modulationally unstable. Then u. s nonlinearly unstable under localized
perturbations in the following sense: there exists 0y > 0, such that for any
s € N and arbitrarily small § > 0, there exists a time T° = O (|Ind]) and a so-
lution Us(t, z) to (7.2) satisfying |Us(0, ) —ue(z) || mrar) < 0 and ||Us(T°, z)—
ue(7) || L2(r) = Oo.

Proof. For any § > 0, choose the initial perturbation us(0) = duy, where
uy is defined as in (5.6). Then by the proof of Lemma 5.3,

CO(SeAOt tJL < 0156)‘“

1+8)7




for some Cy, C; > 0,1 € N and )\ is the maximal growth rate defined before.
Let Us(t,x) be the solution to (7.2) with initial value u. + dus(0) and us =
Us — u., then ug satisfies

Oyus = JLus + g(ug), us(0) = duy, (7.6)

where
9(v) = =(1 = 0p0) "1 0u(f (e +0) — f(ue) — f'(ue)v).

Define T > 0 to be the maximal time such that

20 5ot
s (8)|p < —25— 0<t < T

(1+1)

Define T by o
Jerots

(1+T5)t

where 6 > 0 is to be determined. We will show T} > Tj. Suppose otherwise,
Ty < Ts. From (7.6), we have

Y

t
it o) = hus(0) + [ g(us (5)) ds
0
= U] + Up.

Then when 0 < t < T} < T}, by using assumption (7.5) we have

[ D1 S /0 e I (s (5) + we) = f (ue) = f' (uc) us (5)]] 2 ds

t
< / C(e)ePHI g (s) 2 ds
0

! Aos P1
5/ C(g)e(Ao+£)(t—s) (M) s
0

(1+s)7
Aot p1
<[22
(1+1t)7

by choosing € > 0 small. By the same arguments as in the proof of Theorem
1.2, this leads to a contradiction with the definition of 7. Therefore, T7 > T}
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and

s (T6) | 2 = Nl (T5)N 2 = N (T5) ||

AoT, AT, ps
> 0056—61 _C le
(1+T5)7 (1+T)
=Cyh — C'oPs > %C’OG,

when 6 is chosen to be small. This finishes the proof of the Theorem. |

Remark 7.1 For multi-periodic perturbations, following the same arguments,
we can prove the nonlinear modulational orbital instability of the generalized
BBM equation. Moreover, since the generalized BBM equation is an infinite
dimensional ODE in H', one can even construct invariant (stable, unstable
and center) manifolds by the standard theory.

8 Applications

In this section, we apply our results to some concrete examples.

8.1 Whitham equation

Consider the Whitham equation for surface water waves,
Opu + Moyu + 0,(u?) = 0, (8.1)

where M is the Fourier multiplier given by

M) = t"”;hf 7).

It is clear that ||[M()|lgi2 ~ || - |lz2- It is clear that m(§) = taréhf is

real-valued, analytic and even.
The existence of a periodic traveling wave solutions was shown in [18].

Lemma 8.1 ([18]) For each k > 0 and each b with |b| sufficient small, there
exists a family of periodic traveling wave solutions to (8.1) taking the form

ue(a, b, k)(z,t) = w(a,b)(k(x — c(k,a,b)t)) = w(k,a,b)(z),
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for a with |a| sufficiently small , where w and ¢ depend analytically upon k,
a, and b. Moreover, w is smooth, even, and 2m-periodic in z, and c is even
m a. Furthermore,

w(k,a,b)(2)

1 2
= wo(k, b) + acos z + =a’( cos(2z)

2 'm(k)—1 m(r)— m(2/<;)) + Olala”+57)

and

c(k,a,b) = co(k,b) + a’( L + = )+ O(a(a® + b%))

as |al, |b| — 0, where
co(k, b) := m(k) + 2b(1 — m(k)) — 66*(1 — m(k)) + O(b*)

and

wo(k,b) :=b(1 —m(k)) — b*(1 — m(k)) + O(b*).

One can check that

¢ = [1f"(ue) | ooy

= ¢ = 2[|ucl| = my

= m(k) +2b(1 —m(x)) — b(1 —m(r)) — acos z + O(a® + b?)
> g9 > 0,

when |a|, |b] are sufficiently small. So the assumption (2.3) is satisfied.

Moreover, the linear modulational instability of u.(a,b,x) is shown in
[18] for k > 0 large enough. Therefore, we can apply Theorem 1.1 to obtain
nonlinear modulational instability of u.(a, b, k) when |a|, |b| are sufficiently
small and s > 0 is sufficiently large.

8.2 The Nonlinear Schrédinger equation

We consider in this section the focusing NLS equation

ity + Uge + [ul?u = 0, (8.2)
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in which x € R, t € R™, and u(z,t) € C. Note that like the generalized
BBM equation discussed in Section 7, the NLS equation is also semi-linear,
with no loss of derivative in the nonlinear term. From the results in [12] [10],
we know that (8.2) possesses a family of small periodic waves of the form
Uap(z,t) = e elat® P, (ko pz), where

1
lap = Z(a2 — b)) + O(a* +b*),

kap =1+ z(a2 +0%) + O(a* + b,

Pap(y) = ae™ +be” + O(|abl(|a| + [0])),
as (a,b) — 0.

In [12], ugp(z,t) were written in the form of
ua,b<$7 t) = ei(pa’bzit)Qa,b<2ka,b$)a

and solutions of (8.2) of the form u(z,t) = ePast=)Q(2k, ,x,t) were consid-
ered, where .
Pap = la,b + ka,by Qa,b(z) = e_zz/QPa,b(Z/z)'

Here ), () were claimed to be a member of a two-parameter family of trav-
eling and rotating waves, see Claim 2 in [12]. Moreover, (), (%) were regarded
as an equilibrium of a corresponding evolution equation, and the spectrum
of a linear operator at @, ,(x) was studied to obtain the linear modulational
instability of the small periodic waves u,;(x,t). Thus, we can use the same
arguments as in Section 7 to prove nonlinear modulational instability of the
small periodic waves u,(z,t) as a solution of (8.2).

8.3 Fractional KDV-type equation
Consider the KDV-type equation

Oru 4 0 (A"u — uP) =0, (8.3)

where the pseudo differential operator A = /—0? is defined by its Fourier

multiplier as @(f) = |¢]a(§). Here we consider m > 1 and either p € N or
p = 1 with ¢ and n being even and odd natural numbers, respectively.
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It is clear that ||[M(+)||z2 ~ |||z~ and (&) = |£|™ is real-valued and even.

In [22], a family of small periodic traveling waves u, (¢, ) of (8.3) were
constructed for |al,|b] << 1. It was also showed in Theorem 3.4 of [22] that
Uq(t, ) is linearly modulationally unstable if m € (3,1) or if m > 1 and
p > p*(m), where p*(m) is defined by

. _ 2"3+m)—4—-2m
rm) = e

Therefore, if m € (%,1) and p € Nor if m > 1 and p > p*(m) and

|la|, |b] << 1, then Theorems 1.1 and 1.2 can be applied to obtain nonlinear
modulational instability of u,;(¢, ) for both multiple periodic and localized
perturbations. When m = 2, equation (8.3) is reduced to the generalized
KDV equation.

8.4 BBM equation
Consider the BBM equation
(1 = 0uz) O + O (u + ) = 0. (8.4)

In [20], the authors showed that (8.4) admits a family of periodic traveling
wave solutions u,. in the following form,

1+ m? 3
ue(t, z3;m,a) = acos(m(x — ct)) + a 5= cos(2m(z — ct) — 3) + o(a”),
m
1 2 9 4
c¢(m,a) = Tz e + o(a”),
with |a| < 1. Furthermore, it was showed in [20] that u.(t, x; m, a) is linearly

modulationally unstable if m > /3. Applying Theorem 7.1, one can obtain
the nonlinear modulational instability of u.(t, z;m, a).
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