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Abstract

We consider the linear stability problem for a symmetric equilibrium of the rel-
ativistic Vlasov-Maxwell (RVM) system. For an equilibrium whose distribution
function depends monotonically on the particle energy, we obtain a sharp linear
stability criterion. The growing mode is proved to be purely growing and we get
a sharp estimate of the maximal growth rate. In this paper we specifically treat
the periodic I%D case and the 3D whole-space case with cylindrical symme-

try. We explicitly illustrate, using the linear stability criterion in the I%D case,
several stable and unstable examples.
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1 Introduction
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We consider a plasma at high temperature, of low density such that collisions
can be ignored compared with the electromagnetic forces. Such a collisionless
plasma is modeled by the relativistic Vlasov-Maxwell (RVM) system. We assume
all physical constants like the speed of light and the mass of particles to be 1, for
the sole purpose of simplifying our notation. All the results we obtained below can
be modified straightforwardly to apply to the true physical situations with masses,

charges, etc.
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Let f* (t,x,v) be the ion and electron distribution functions, E(¢,x) and B(z,x)
be the electric and magnetic fields and E, B be the external fields. Then we
have the RVM system

(1.1a) OfF+9-Viff £ (E+E¥ +9x (B+B*))-V,f* =0,
(1.1b) 8,E:V><B—j,V-Ezp,pz/(f*—f’)dv,
(1.1c) 0B =-VxE, V-Bzo,j:/ﬁ(ﬁ—f*)dv,

where ? = v/ (v)and (v) = /14 |v|*. In many physical problems ([3], [4]), a non-
neutral plasma is also considered, where there is only a single species of particle.
One of the central problems in the theory of plasmas is to understand plasma sta-
bility and instability ([27], [30]). Most stability studies ([6], [7]) are based on
macroscopic MHD models. However, many plasma instability phenomena have
an essentially microscopic nature, for which kinetic models like Vlasov-Maxwell
are required. Moreover, the collision-dominant assumption required in deriving
MHD models is often not justified in physical situations, such as in nuclear fusion
([6]) and in astrophysics ([28]). The Vlasov-Maxwell system is a rather accurate
description of a plasma when collisions are negligible, as occurs in many physical
situations. So we expect that an understanding of stability of Vlasov plasmas could
also provide the necessary theoretical ground to compare and test stability results
from various approximating models like MHD.

The stability problem of Vlasov plasmas is very complicated partly because
of its collective nature. More precisely, the instability in Vlasov plasmas is usu-
ally due to the collective behavior of all the particles. This makes the instability
problem highly nonlocal and difficult to study both analytically and numerically.
In the physics literature (e.g. [30]), usually only the stability of a homogeneous
equilibrium with vanishing electromagnetic fields is treated. In this case, one can
get a dispersion relation which is often an explicit algebraic equation and is rather
easy to study analytically. A beautiful classical result of this type is Penrose’s
sharp linear instability criterion (see [27]) for a homogeneous equilibrium of the
Vlasov-Poisson system. However, even for a homogeneous equilibrium the stabil-
ity problem becomes quite complicated when magnetic effects are included, as for
the Bernstein modes in a constant magnetic field ([30]).

The stability problem for inhomogeneous (spatially-dependent) equilibria with
nonzero electromagnetic fields is much more complicated and so far there are few
results. In [11], Guo and Strauss developed a sophisticated perturbation argument
to obtain the instability of weakly inhomogeneous BGK waves of the Vlasov-
Poisson system that are close to Penrose’s unstable homogeneous equilibrium. This
idea was further developed in their subsequent papers ([14], [12], [13]). In [20],
Z. Lin proved that an arbitrary periodic BGK wave is unstable under perturbations
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of double the period, using a new method of dispersion operators together with a
continuation argument.

In the present paper we study the linear stability of a symmetric equilibrium of
RVM under perturbations with certain symmetries. We consider two RVM models,
the I%D periodic case with x € R,v € R? and the 3D case in the whole space
with cylindrical symmetry. However, our methods are certainly applicable to other
RVM models and will yield similar results. In a subsequent paper [25], we study
the nonlinear stability and instability problem for I%D RVM.

THE 3D CASE. Now we state our main result for the cylindrical 3D case. As
mentioned in the appendix, there exists no plasma equilibrium of the 3D RVM
model in the whole space without external fields. So it is necessary to include an
external field. To simplify notation we consider a 3D nonneutral electron plasma
with an external field, which indeed occurs in many important physical situations
([31, [4]). Instead of f~, we use the notation f in (1.1) for the electrons. The
equilibrium we consider is cylindrically symmetric with electron distribution f° =

U (e,p), where
e =\ 1+ 0" (r2) ~ 9 (n2),

p=r(ve—Ag (rz) —A§" (r.2))
and with equilibrium fields

1
E’ = —0,¢0%, — 0.9, B®=—0.A%, + ;a, (rAg) ..
To be an equilibrium, (A%, ¢°) must satisfy the elliptic system
1
(12) 89" = 0.6 +2,19°+~0,9° = [ uav

1 1 1
(1.3) <A — r2> AY = 0,AY + 9,,AY + ;a,Ag - 72A° = /99udv.

The derivation of this system from (1.1) can be found in [3] or [1]. Here we use
cylindrical coordinates (r,0,z) and denote by (é,,és,€;) the standard basis. We
also assume axisymmetry of the external fields in the form

E& — _ar¢ext (7‘, Z) Er o azq)exté»z’
1
B = —0.Ay" (r,z) é-+ ;8, (rAg") @..

We assume a confined plasma equilibrium with compact support S for 2. Com-
pact support is a realistic assumption for a confined plasma. We make the further
assumption that f° and E°, BY are continuous everywhere, including on the bound-
ary of the support. In the appendix we show that with properly chosen external
fields, an example of a continuous nonneutral plasma equilibrium with support in a
torus is constructed. For such an equilibrium, the internal modes have distribution
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functions supported in S. Another important assumption is that dy/de = y, <0
inside S. This condition is widely believed to make the equilibrium more likely
to be stable ([3], [29]). We consider the stability of such an equilibrium under
perturbations preserving cylindrical symmetry.

In order to state our theorem, we define certain operators acting on the cylindri-
cally symmetric functions i € L?(IR?) by

(1.4) O = — 0o — Oy — L yh— / fedvh+ / 1o () dv,
r

1 1
(15)  eAh=—0:h—drh——Oh-+ —h— /ﬁg/.tpdv rh— /ﬁgue@ (Poh)dv,

(1.6) B — / Lo P (Dgh) dv— / Pottedv h,
and
(1.7 L= (B) () B+ .

where & is the projection operator of L2“ onto ker D. Here D denotes the transport
operator associated with the steady fields, namely

D=7%-Vi+ (E°"+E“ +9 x (B’ +B*)) -V,

2
and L| e

operators are well-defined and that £ is self-adjoint. Our main result is

| is the |u.|-weighted Liv space. We will prove in Lemma 3.1 that these

Theorem 1.1. Consider a nonnegative axisymmetric equilibrium ( fO=u(e,p),E°, BO)
as defined above. Assume U, < 0 inside S. For axisymmetric perturbations, we
have following results.

(i) £° > 0 implies spectral stability. That is, if £° > 0 then there does not
exist a growing mode.

(ii) Any growing mode must be purely growing, that is, if

[ f(x,v),e"E(x),e!B(x)]  (ReA > 0)

is a solution of the linearized system, then A is real.

(iii) If £° # 0, denote by — o the lowest eigenvalue of the operator £°. Then
the maximal growth rate A cannot exceed «.

Theorem 1.1(i) gives us the linear stability criterion .£° > 0. In physics, it is a
practical and important problem to study o-stability ([7]): the equilibrium is said
to be o-stable if the growth rate does not exceed ¢. Theorem 1.1 (iii) asserts that
o < « for a Vlasov plasma. We can also compare Theorem 1.1 with the classical
energy principle for the stability of a static equilibrium in ideal MHD ([6], [7]), for
which the conclusions are rather similar. So Theorem 1.1 can be regarded as the
analogue of the energy principle for the case of a symmetric Vlasov plasma.
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We note that the projection &2 in the definition of £ is a highly nonlocal
operator since Z?h(x,v) turns out to be essentially the average of & in the phase
space occupied by the particle trajectory in the steady field (EO,BO) starting at
(x,v). So our stability criterion .#° > 0 is also highly nonlocal, which reflects the
collective nature of Vlasov instabilities as mentioned above. In [10], Y. Guo con-
sidered the stability of a two-species plasma satisfying 3D RVM without external
fields, in a bounded domain with perfectly conducting boundary condition. In a
similar setting to ours, a sufficient condition for stability was obtained in [10] by
the energy-Casimir method. Extending the calculations in [10] to the whole space
case, we obtain the stability condition that L® > 0 where L is the local operator

1 1
(1.8) Loz—8ZZ—8r,—;8r+r—2—r/\79updv.

Since .Z° > LY, the stability criterion .#° > 0 in our Theorem 1.1 is a significant
improvement because of the additional stabilizing effects from the nonlocal terms
in .#°. More importantly, in the simpler I%D case discussed below, we will show
that these nonlocal stabilizing terms are indispensable to prove the stability of any
equilibrium, even a homogeneous one. We believe that the nonlocal stabilizing
terms must also play an important role in plasma stability in the 3D case.

THE I%D CASE. The simplest case that permits a magnetic field is the so-
called 1% dimensional case. In this case, physical space is one-dimensional x € R
and the momentum is two-dimensional v = (v{,v,) € R2. Moreover, E = (E{,E;,0)
and B = (0,0,B). We refer to [28] for astrophysical applications of this system.
Assuming no external field and setting all physical constants to be 1, system (1.1)
reduces to the following 1% RVM system

(1.92) O fE+ 910 fF £ (E1 +12B)dy, f~ £ (Es —$1B)d,, fX =0

(1.9b) dEI=—ji, OE:+dB=—)
(19C) 8,B = —asz, 8XE1 =p
with

p= [t =rav, =[50 —f v (1=1,2).

The main reason for considering I%D RVM is its simplicity, and yet it preserves
many of the essential features of 3D RVM. So we expect that a good understanding
of the I%D case can provide us new tools and insights in the 3D case. We also note
that the global existence of classical solutions of I%D RVM is known [17], while
the global existence of classical solutions and the uniqueness of weak solutions of
3D RVM are still open questions.

We consider solutions of the system (1.9) that are periodic in the variable x with
a given period P. Consider the P—periodic equilibrium

(1.10) O =pt e p) = ut () £0°(x), v £ 90 (x)),
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and
= _ax¢07 Eg = 07 BO - axlI/O7

where (9°,y?) satisfy the ODE system
(1.11)

990 =—p’= —/(f“ — Oy, Py == _/ﬁz(fo,+ Oy

In the appendix we show that there exist infinitely many periodic electromagnetic
equilibria of the above form. We assume that

(1.12)  p* >0, p*eC', u° <0, g+, <c(1+]e))~®
for some o > 2.

We denote
D* =0, + (EY +B")a,, +9,B%),, ,

P o
Lzﬂi’ = {f ’ f periodic in x, ||f]|% E/ / | £ | | dvdx < 00} ,
e 0 —oo
and 2+ = the projection operator of L\zui| onto ker D*. We define the following

operators acting on L%,(R), where the subscript P refers to the periodicity.

(1.13) h=—97h— (Z/uedv> h+2/uj P*hdv.
+ +
(1.14) AYh = —0>h — <Z/ﬁ2uj;dv> Z/He PE(Dyh)dv.
+

(1.15) PB°h = (Z/uidv>h+2/ui P*(hsh) d
and

(1.16) L0 = (B () B+ A

As in the 3D case, we have the following result in I%D.

Theorem 1.2. Consider the I%D case under the assumptions (1.12). Then
(i) £° > 0 implies spectral stability.
(ii) Any growing mode must be purely growing.

(iii) Denote by —a? the lowest eigenvalue of the operator £°. The maximal
growth rate cannot exceed Q.

Moreover, we have the following additional theorem asserting the existence of
growing modes in 1%D and showing that the condition .#° > 0 is sharp.

Theorem 1.3. If (1.12) holds, and w°,¢° are even in [0,P), and £° has an even
eigenfunction corresponding to a negative eigenvalue, then there exists a real grow-
ing mode [e* f(x,v),eME(x),e* B(x)| with f,E,B € W"! and A > 0.
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Theorem 1.3 is applicable for instance to the even periodic equilibrium con-
structed in the appendix. In Section 4, we show that if .#° # 0 for a homogeneous
equilibrium or a purely magnetic equilibrium (¢° = 0), then there indeed exists an
even eigenfunction corresponding to a negative eigenvalue. Thus combining Theo-
rems 1.2 and 1.3, we get the sharp stability criterion .#° > 0 for any homogeneous
equilibrium or purely magnetic equilibrium.

In Section 4, we construct various stable and unstable I%D examples using our
criterion. First we show that any homogeneous equilibrium is either stable to per-
turbations of arbitrary period or stable only up to a critical period. This improves
the results of [15] where the homogeneous equilibria are assumed to be even in
vp. In particular, in [15] stability for subcritical period is only proven under the
implicit assumption that the perturbed magnetic field is even. Our result removes
this restriction by utilizing the stabilizing nonlocal term in .#°. Perturbing from
the unstable homogeneous equilibrium, we can easily construct weakly inhomo-
geneous purely magnetic equilibria that are unstable under perturbations of double
the period. It is more interesting that we construct an inhomogeneous purely mag-
netic example that is stable under perturbations of minimum period but becomes
unstable under perturbations of double the period. Note that for homogeneous
equilibria the perturbations of longer wavelength are more unstable (by Theorem
4.1 in Section 4). So our example shows that for the RVM system long waves
might be always more unstable, even for inhomogeneous equilibria. The proof of
stability for inhomogeneous equilibria is rather tricky and the nonlocal stabilizing
term in .2 plays the crucial role once again. In our subsequent paper [25], we will
show that the linear stability and instability results stated above are also true on the
nonlinear dynamical level.

We now sketch the main ideas in the proofs of these results. To prove the
spectral stability in Theorems 1.1 and 1.2, we start by finding all the invariants
of the linearized RVM system. The first invariant / corresponds to the quadratic
term of the Taylor expansion of the usual energy-Casimir functional introduced in
the nonlinear stability analysis. The second set of invariants, which is due to the
special structure of the linearized equation, is less obvious. For the 3D case the
invariants are

K, = // (f+UeD-A+rupAg) gdxdy

for all g € kerD, where A is the magnetic potential. For a growing mode, all the
invariants / and K, must vanish. We then use the same strategy as in the study
of spectral stability of ideal plane Euler flows ([21]), namely, to minimize / under
the constraints that K, = 0 for all g € kerD. This minimization problem is rather
delicate for 3D RVM. Nevertheless, we are able to show that .9 > 0 implies
that the constrained minimum I,;, is positive, which excludes the existence of any
growing mode.
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To estimate the maximal growth rate and prove the purely growing property,
we borrow some ideas from stellar dynamics and MHD. Recall that to derive the
MHD energy principle one reduces the linearized MHD system to the second order
system

2
ﬁ — Fé
dr?
where F is self-adjoint and p > 0. Then the purely growing property follows im-

mediately. The spectral stability and the estimate of the growth rate follows ([19])
from the two identities

(1.17) P

2

d d
1.1 — (K — = —N=K
(1.18) ” (K—W)=0and dtzN +W

where

On the other hand, the linearized RVM system is a first-order system and there is
no easy way to reduce it to a second-order system of the form (1.17). In the study
of stellar stability modeled by 3D Vlasov-Poisson, Antonov introduced an ele-
gant splitting argument which allowed him to write the linearized Vlasov-Poisson
system in the form (1.17) and to derive his famous energy principle for stellar sta-
bility ([2]). We use a similar splitting idea here. For the I%D case, the splitting is
= fov+ foa With f, = % (f (x,v1,v2) + f (x,—v1,v2)). Unlike the Vlasov-Poisson
case, the linearized RVM system cannot be written in the form (1.17) by this split-
ting. However, by lengthy calculations we are able to derive two identities of the
form (1.18); see Lemmas 2.9 and 2.10. This allows us to prove spectral stability
and to control the maximal growth rate. But we cannot obtain the existence of a
exponentially growing solution as in the usual energy principle for (1.17) because
the linearized RVM is not a second-order system.

In order to construct growing modes, we use the method of dispersion operators
together with continuation, an argument first introduced in [20] for the 1D Vlasov-
Poisson system. In [20] the idea is to express f in terms of the electric potential
¢ by integrating the Vlasov equation along the particle trajectory, then to plug
f into the Poisson equation to get a self-adjoint dispersion operator for ¢, and
finally to use a continuation argument to get growing modes. There are several
difficulties in extending this approach to RVM models. In the I%D case, assume
the growing mode has periodic electromagnetic potentials (¢, ), and express f
in term of them by integration along the trajectory. Plugging f into the Maxwell
system, we unfortunately do not get a self-adjoint problem for (¢, y). However,
using the condition u, < 0, we can eliminate ¢ to get a self-adjoint dispersion
operator for y alone and can then apply the continuation argument as in [20]. One
difficulty with this approach is that the equation

(1.19) AE = —ji
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(part of Maxwell’s) is not taken care of by the dispersion operators. For the I%D
RVM system (1.9), equation (1.19) and the Poisson equation

(1.20) OE| =p

are somewhat redundant but not equivalent. To derive (1.19) from (1.20), it is
enough to check that both E; and j; have zero mean. Under the assumption of
Theorem 1.3, we show by means of a parity argument that if y is even, then j
indeed has zero mean. Then (1.19) is satisfied and we get a growing mode. In
the 3D case, an analogous difficulty exists with the dispersion operator approach.
However, the difficulty cannot be solved by a parity argument similar to the I%D
case and we have not succeeded in handling it.

This paper is organized as follows. In Section 2, we prove Theorems 1.2 and
1.3. To simply our notation, we only give the proof for the single species case. In
Section 3, we prove Theorem 1.1 in the 3D case. In Section 4, we discuss the I%D
stability criterion for the special cases of homogeneous and of purely magnetic
equilibria. In particular, a stable inhomogeneous example is explicitly constructed.
In the appendix we show that there exists infinitely many periodic electromagnetic
equilibria in I%D. With properly chosen external fields, a confined equilibrium
with support in a torus is constructed.

2 Linear stability of periodic 1% dimensional RVM

In the following discussions of stability (until the end of this section), with the
sole purpose of simplifying our notation, we consider a constant ion background
ng. All the proofs remain almost unchanged for the more general two-species case.
The I%D RVM for one species becomes

(2.13) 8,f+\718xf— (E1 —i—ﬁzB) (9v]f— (Ez — \’513) QVZf =0
(2.1b) QE = —j) = / 9uf dv, 4B = —d.Es
(2.1¢) 0tEr + 0B = —j2= /\92f dv

with the constraint
(2.2) (9XE1 =npy— / f dv.

Fixing any such equilibrium with a period P, we will consider the system (21) with
periodic boundary conditions of the same period P.

The equilibrium is assumed to have the form f° = (e, p), EY = —0,¢°, EY =
0,B° = 9,y°, where the electromagnetic potentials ((})0, l//o) satisfy the ODE sys-
tem

029" =no— [wle.pidv. 329" = [ oaue,piay
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with the electron energy and the “angular momentum” defined by

(2.3) e=()=9"(), p=v2—y’(x)
(The e is distinguished from the exponential e in context.) The only assumptions
we make on U are

(2.4) p>0, uec, uezg“<o
e

and, in order for [ (|u.|+ |i,|) dv to be finite,
(2.5) (Ite] +1p]) (e, p) < c(1 + e
The linearized evolution equations are
(2.6) (0, +D)f = peV1 E1 — ppP1 B+ (HeV2 + Uy ) Er,
where D is the transport operator associated with the steady fields,
@2.7) D = %0, — (E{ +,B°) 9, + B9,
= 910+ 3:9° 9, + Y’ (910, — 029,,),

)~ for some o > 2.

together with
(2.8) OiE, = — / Fdv, HE, = / Prfdv, HEr+ OB = / Pofdv, FB+ AuEr = 0.

We define the Hilbert space
P )
Liu) = {f(x, 0 | oerodicine, 1712, = [ [ 1fPluclavax < oo}

and denote its inner product by (-, ~)‘ u|- Let & be the projection operator of L|2”e|

onto the kernel of D. We also denote by L%, (H3) the space of P-periodic LY (H?)
functions for p > 1.

Similarly to the two-species case, we define the following four operators, each
of which acts from H3 to L3,

A h = —0>h— (/uedv) h+/ue Ph dv,
A = —d2h — < / ﬁzupdv> h— / UeDr P (D2h) dv,

Bh = ( / updv> h+ / te P (92h) dv
and
Zo — ((@0)*('2{10)—]%0_’_%0.
In these definitions one should keep in mind that it > 0 is a function of x and v,

that yt, = dp1/de < 0 and that y, = du/d p. We will show in Lemma 2.4 that .7}
is invertible on the range of %" so that . will be well-defined.
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By spectral stability of the system (2.1) with respect to the given equilibrium,
we mean that there is no exponentially growing mode

(™ fo(x,v), €M Eg(x),e* By (x))
with Re A > 0 of the linearized equations (2.6), (2.8) which has period P in x, where
E, By, €L} and f, € L}C’v. On the other hand, if there exists such a growing mode,

the system is called spectrally unstable. The following two theorems are just the
one-species versions of Theorems 1.2 and 1.3.

Theorem 2.1. Assume (2.4) and (2.5).

(i) The system is spectrally stable if £° > 0 as an self-adjoint operator on L;é .
(ii) If [M fo (x,v), e} Eg(x),e* By (x)] is a growing mode, then A is real.

(iii) The maximal growth rate A of a growing mode cannot exceed o, where —o
is the lowest eigenvalue of £°.

2

For the existence of growing modes, we consider a periodic equilibrium with
even Y and ¢°. The simplest example is a purely growing magnetic equilibrium
with ¢° = 0, in which case y° satisfies a second order ODE and can always be
assumed to be even by adjusting its starting point. In the appendix we will show
that there exist infinitely many periodic, even electromagnetic equilibria in the case
of two species.

Theorem 2.2. Assume (2.4), (2.5) and that y°,¢° are even. If £° has an even
eigenfunction corresponding to a negative eigenvalue, then there exists a growing
mode [ f,(x,v),eM Ey(x),e* By (x)] with f € Wi and (E,B) € WI}’I.
2.1 The Operators

We begin by discussing the operator D.

Lemma 2.3. D is a skew-adjoint operator on L‘ZM. Its nullspace ker D consists of
all functions g = g(x,v) in L‘ZM that are constant on each connected component
in R x R? of {e = (v) — ¢°(x) = constant and p = v, — y°(x) = constant}. In
particular, kKer D contains all functions of e and p.

Proof. The skew-adjointness follows from an integration by parts. The domain of
Dis{fel?  |Dfe leuel}' The characteristics of D are given by the ODEs

|ite
(2.9) X = ‘71, V] = 8xq)0(X) — Vzaxl,llo(X), Vz = ‘71 8x1;/0(X)
We verify that De = 0 and Dp = 0 and then use the chain rule. O

We also introduce the particle paths (X (¢;x,v),V (¢;x,v)), which are the charac-
teristics of D. They are defined as the solutions of (2.9) with the initial conditions
X(0) =x, V(0) = v. Now we introduce some additional operators depending on a
parameter A. For any A with ReA > 0, we define the following three operators

0
Ath=—02h— (/,uedv) h—i—/,ue/ Ae*h(X (s))dsdv,
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0
A h=—02h+A*h— < / vzupdv) h— / Dol / 2™V (s)h(X (s))dsdv,

- 0
B h = (/ ,updv> h+ /,ue/ 2"V (s)h(X (s))dsdv.
We will show that szl/l is invertible on the range of %%, so that the operator
gl — (@l)*(%l)fle@l _'_%l.
is also well-defined.

Lemma 2.4. Assume A > 0.

(i) The operators ,ijl,ﬂfjo,fl and £° (j = 1,2) are self-adjoint on L3 with the
common domain H3. Their spectra are discrete.

(ii) 7 > 0 for all A > 0.

(iii) The nullspace N(<7}*) consists of the constant functions. The inverse (/)
is bounded from {h € L | f({) hdx =0} = N(</})* > R(#*) into H3.

(iv) If W°, ¢° are even functions, then the operators ;zfjl ) 42%].0, Z* and L0 preserve
parity (j =1,2).

Proof. We first claim that engjk +9? and #* are bounded operators on L for all
A > 0. For instance, for A = 0 a typical one of these operators L is estimated as

(W) = [ weznaveras < ( [ suplulav) Il 1) < clale

by the decay assumption on f,. For A > 0, a typical one of these operators L is
given by
(Lh,k) = / / e oh(X (s))k(x)dsdvelx,

We use Schwarz’ inequality and then, in the factor involving (X (s)), we use the
change of variables x,v — X,V which has Jacobian = 1. Thereby we obtain

wnk) < ( [ supluav) 1181 < €Il

The other operators L have extra factors of v, and V5, which do not change the
estimates.

Secondly, we prove the symmetry of the operators .2Z. Of course, —d? is sym-
metric (and unbounded). In order to prove the symmetry of 42%20, we notice that

/ / Patte P ($2h)dv - kdx = / 1o P (92h) P(9ak)dvdx |
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which is clearly symmetric in 4 and k, because of the definition of &2. In order to
prove the symmetry of <7, we calculate

// A 0o, Vo (53, v) (X (s:x,v) dsdv - k(x)dx

= / / / A h(y) 2 Va(—s53, w)k(X (—s;y,w))dsdwdy,

where we have changed variables y = X (s;x,v),w = V(s;x,v) and used the invari-
ance of e and p and hence of u,. Notice that X (—s;y, —wj,wp) = X (s;5,w1,w2),
—Vi(=s;y,—w1,w2) = Vi(s;y,w1,w2) and Va(—s3y, —w1,w2) = Va(s3y, w1, w2). So
we can change w| — —wp,wy — +w»,y — +y to obtain

// A (Y)W Vs (533, w)k(X (55, w))dsdwdy.

If we replace y,w by x,v, this is the symmetric expression that we desired. The
symmetry of ﬁ%ll is proven in the same way by omitting the ¥ factors.

However, the operators %* are not symmetric. But by almost the same calcu-
lation, we find the formula for the adjoint of #* as

0
(2.10) %l*h:/updvh+/ﬁzue/ LM h(X (s))dsdv

—/92/46{—h+/_i/le“h(x(s))ds}.

Thirdly, we prove the discreteness of the spectra of the ;zfj’l. All of the bounded
operators discussed above are relatively compact, that is, relative to the operator
2. By the Kato-Rellich Theorem, dj’l are self-adjoint with domain H3 for j = 1,2
and A > 0. By Weyl’s Theorem, these operators have the same essential spectra as
—a2. Since the latter has purely discrete spectrum, so do the operators @7]3.

Fourthly, we prove (ii). For A > 0, we have (szllh,h) = [+ 11+ 1] where
1= [(dh)*dx >0, II = [[|u.|h*dvdx > 0 and

11 < [[[ A el (X ()] 1) dsvax

</ M{ I/ wrh<x<s>>|2dvazx}é { I/ |uer|h<x>|2dvdx};ds
_ /_ ile“ds / ||| () Pdvdx = 1.

Thus (JZfl/lh,h) > [(dh)?dx > 0 for all h € L%,. In case A = 0, we write 42%10 =
I+ 11+ 111 in the same way and estimate

11| = //w P (h) Pdvdx < //w P dvdx = II.
This proves (ii).
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Fifthly, we prove (iii). By the inequality just above, N(/*) C {constants}.
On the other hand, a direct calculation shows that ,szflll =0 for all A > 0. Thus
N(e#*) = {constants} and 1+ = {h € L2 | ¥ hdx = 0}. Since the spectrum of ot}
is discrete, it follows that the restriction of ;zflk to 1+ is invertible. Now it is easy
to see that R(%*) C 1*. Indeed, for A > 0,

P
/ B hdx = — / / Do ptohdvdx + / / / LA Vah(X (s))dsdvdx
0

—_ / / Poptohdvdx + / / / LA 52h(x)dsdvdx = 0,

A similar proof is valid in the case A = 0. This proves (iii). The self-adjointness
and discrete spectrum of .Z* for any A > 0 follows immediately for the same
reasons as above.

Finally, to prove (iv), first we observe that if y°, ¢° are even in [0, P], then
(2.11)
(X(t;P—x,—v1,v2),V(t;P—x,—vi,»)) = (P—=X(t;x,v), Vi (t;x,v), Va2 (t;x,V)).

So if & is even, then for a typical nonlocal term appeared in the definition of
CANC AN
J ) )

0
Hh—= / . / A h(X (s))dsdv
we have

0
A h(P—x) :/uelwkelsh(X(s;P—x,—vl,vz))dsdv
0
= /ue/_wkehh (P—X(s;x,v))dsdv (by (2.11))

:/,ue/i),ehh(X(s;x,v))dst:Jifh(x).

By the same calculation, J#h is odd is & is odd, so Z” preserves parity. Similarly,
we can show that the operators Jz%j’l,.,%l preserve parity. By the proof of Lemma

2.6 below, fgfj’l,%’l,fl converge to %Q,%O,EO strongly, so %Q,%O,XO also
preserve parity. 0

The following lemma explains why we introduced the operators discussed above.

Lemma 2.5. Assume that y°,¢° are even periodic functions. If £ A has a non-

trivial nullspace of even functions for some A > 0, then there exists a purely grow-
ing mode of (2.6), (2.8).

Proof. Assume 0 # y € H3 is such that ZL*y =0 and y is even. We define
¢ = ()71 %"y then clearly ¢ € H3 and ¢ is even by Lemma 2.4. Define f as

(.12) fl5v) = e ()~ py () s [ 2™ [0(X(5)) Vol WX ()] .
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From (2.12) it is obvious that f € Liv NL!

X,V 2

/ / fdxdy = / / (—He® (x) — ppy(x)) dxdv
T /_ i At / / He [¢(X(5)) — Va(s)w(X(s))] dxdvds
= [[ 0@~y s+ [ Zle’“ J[ 1l = 2 ()] dudvas
=[] (~neo 0~ pwi)) v+ [ e l6(0) — paw ) v =0.
We also have [ jidx = [f | fdxdv = 0, since as in the proof of Lemma 2.4 (iv)
Ji(P—x)

~ 0
:/ﬁlue/ et [(])(X(s;P—x,vl,vz))—Vz(s;P—x,vl,vz)l]/(X(s;P—x,vl,vz))] dsdv
0
= —/ﬁlue/ Aelts [(Z)(X(s;P—x,—vl,vz))—Vz(s;P—x,—v1,vz)l,l/(X(s;P—x,—vl,vz))] dsdv
0
= —/\?1/,16/ A [0(P— X (s5x,v1,v2)) — Va(s:,v1,v2) W(P — X (s3x,v1,v2)) | dsdv

= [ [ AP [ (5) ~ a5y (1)) dsdtv =~ ().

In [25] we show that although the function f may not be differentiable everywhere,
we have f € le,’vl. Here we use this fact, which follows by the same proof as in
[22]; see also Lemma 5 in [25]. Define

B=0\w, E; =—Ay, E; = —0,¢.

We shall show that [e* f(x,v),eME(x),e* B(x)] is a growing mode satisfying the
linearized system (2.6), (2.8). This is equivalent to checking that [f(x,v), E(x), B(x)]
satisfy

(2.13) A'f"i_Df = —UeVi ax¢ _“'pﬁlaxw_ (l.ueﬁZ +A'.up)llj
and
(2.14) IE|=p, AEy=—ji, AE,+0B=—jo, AB+0Er, =0

with p = — [ fdv and j; = — [ V;fdv. By definition, </*¢ = #*y and o}y +
(#*)" ¢ = 0, which implies that d,E; = —32¢ = — [ fdv=p and LE;+ 9B =
02y — A%y = [V, fdv = — jp, according the formula (2.12) and the definition of
o+, B*. We also have AB+ 0,E; = 19, ¥ — Ay, = 0. Thus three of the four equa-
tions in (2.14) are true. To check (2.13), we look at (2.12) at the point (X (7),V (¢)),



16 Z.LIN AND W. STRAUSS

as follows.
F(X(@), V(1))
= —UH(X (1) — upw(X(1)

—l-,LLg/ileM [0(X(5:0,X (1), V(1)) — Va(s:0.X (1), V(1) w(X (5:0,X (1), V (1)))] ds
= e (X0~ B X () st [ 2 [0 1+5)) — Dol )y (X ()] ds

[
= 0 (X(0) ~ WX (0) e [ (‘9 (¢*) o0x(s)) - ze“ws)w(x@))) ds

=~ W(X(t) — pee / ) <ema¢(axs(s) +AM Vo (s)w(X (s))) ds.

Thus
Mf(X(), V()

[ A0 (H 20T o) ) as
Differentiating this expression, we have
E v}
o CTRe 103} B S Y R ARSI

which is equivalent to (2.13). Finally, we still need to check the equation AE; =
—Jj1. Integrating (2.13) in v, we get Ap + dyji = O since all the other terms
have vanishing integrals in either x or v. Combining it with d,E; = p, we have
ox (AE| + j1) = 0, which implies that AE; = — j; since

P P
/ Eldx:—/ jldx:0.
0 0

This completes the proof of Lemma 2.5. U

Lemma 2.6. If Z° # 0, then there exists A > 0 such that £* has a non-trivial
nullspace. In particular, if £° has an even eigenfunction corresponding to a neg-
ative eigenvalue, then £* has a non-trivial even nullspace for some A > 0.

Proof. We first claim that Z* > 0 for sufficiently large A. Indeed, sz/f > 0 so that
(B*)* ()~ B* > 0. Now let us write o+ h = —92h+A2h — ([ Dappdv) h+ E,
where (as in the proof of Lemma 2.4)

0
=)= \ [ [ 2P ncx ) s

with a constant C independent of A. Thus there is a constant C’ such that (.75 h, h) >
A%(h,h) —C'(h,h) > 0 for large A.

<C|n|
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Secondly we claim that

0
lim [ AeMm(X(s),V(s))ds = &
fim | e*m(X(s),V(s))ds m
in the norm of L‘ZM forall m e leue\‘ Indeed, letting M denote the spectral measure
of the self-adjoint operator R = —iD in the space leuel’ we have m(X(s),V(s)) =

exp(sD)m = exp(isR)m, so that
A

0 0
As . As ios —
/_wle m(X(s),V(s))ds-/_mle /Re dM(a)mds_/R/l—i—iOC

On the other hand, the projection is &2 = M({0}) = [ xdM where x(a) = 0 for
o # 0 and (1) = 0. Therefore

dM(o)m.

L

L\zﬂe\ R

by orthogonality of the spectral projections. By the dominated convergence theo-
rem this expression tends to 0 as A — 0, as we wished to prove.

Thirdly we claim that £* — #0 — 0 strongly as A — 0. Indeed, for all 1 € L3,

2

A
diM@ml;

A+ia

H/i/me“m(x(s),x/(s))ds— Pm — (@)

O A
A h— AR = — / Patte 1 2P {Da(h(X(5)) — 2(32h) } dsdv

so that
|t h— tPh||)> < C// [/_i?te’“ {Vz(s)h(X(s)) - @(ﬁzh)}dsr |Ue| dvdx
:cH/iAeM{m(x(s),V(s))—,@m}ds ’

L2
te]

where m(x,v) = P2h(x) and C = sup, [ |pe|dv. By the second claim, ||<%}h —
Ath — 0 as A — 0. By essentially the same proof, Jflk also tends strongly to
/) and B to A°. Tt follows that £* tends strongly to .Z°. From the hypothesis
£ # 0, it now follows that £+ # 0 for sufficiently small A.

Fourthly we claim that, for ¢ > 0, || .£*h — £°h| — 0 as A — o. Indeed,
estimating as in the proof of Lemma 2.4,

(A k)~ (] < [[[ 1A = 0e)ueh(X(5) dsdvli(x)|dx

0
< CIIhHIIkII/ 4™ — e |ds
< C||h|||k|[|logA —log 6| — 0.

Thus ||.<%5*h — /Zh|| — 0. Similarly, || &/*h — /Ch| + || B*h — B°h|| — 0. Tt
follows from Lemma 2.4 that ||(</})~'h — (/°)~'h|| — 0 and hence ||.£*h —
ZL°h|| — 0.
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Finally suppose that .#° has a smallest negative eigenvalue k°. By the third
claim .#* also has a smallest negative eigenvalue k* for A small enough. Because
of the self-adjointness,

k= inf (L hh)
heHE,||hl|=1

is the smallest eigenvalue of .Z* for every A. By the fourth claim x* is a contin-

uous function of A > 0. But we now know that k* < 0 for small A, while k* >0
for large A. Therefore k* = 0 for some A > 0 and .Z* has a nontrivial kernel. If
Y has an even eigenfunction corresponding to a negative eigenvalue, by Lemma
2.4 (iv) we can restrict all operators in the space of even functions. Then repeating
above proof, we get a nontrivial even kernel of £ for some A > 0. This completes
the proof of Lemma 2.6. U

Theorem 2.2 on the existence of growing modes follows immediately by com-
bining Lemma 2.5 and Lemma 2.6.

2.2 Invariants

In order to prove Theorem 2.1(i) on spectral stability, we will introduce the tem-
poral invariants of the system. First we briefly discuss the well-posedness of the
Cauchy problem for the linear system with periodic boundary conditions. Denote
by .Z the linearized operator corresponding to the linearized Vlasov-Maxwell sys-
tem (2.6), (2.8) excluding the constraint equation d,E; = —p. Thatis, (f (¢),E (¢),B (1)) =
¢ (f(0),E (0),B(0)) is the solution to the linearized system and the constraint
dyE1 = —p is clearly preserved in time. Define

1 g1 1)3 L B
L=ry,x (Lh) Wi =wh (wat)

where W,}’l is the space of P—periodic functions in A By Lemma 8 of [25], the
semigroup ¢'< is well-defined from L' to L!. Furthermore, it is also easy to prove
that ¢ is well defined from W' to W1,

We consider initial data (f (0),E (0),B(0)) € W!! with the set of constraints

{//f )dvdx =0, .E; (0 /f dvand/B dx—}

which are clearly preserved for all time, for any solution of the linearized system
(2.6), (2.8). Since [ B(t)dx =0, we can define a periodic magnetic potential y (7)
such that B () = dyy (¢). Now we are ready to define the functional

2.15) I B ) = //“1(f+,up1//)2dvdx—|—/[E1]2dx.

In the following discussion we consider initial data (£ (0),E (0),B(0)) € W!! with
the constraint ¢ and J(f (0),y (0)) <

Remark. It is important for our discussion that any possible growing mode
(emfg (x,v),eME,, eMBg) with f, € L}C’V and E,, B, € L3 satisfies these conditions.
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Indeed, by the regularity result mentioned in the proof of Lemma 2.5, we have
(for Eq,Bg) € W1 Also [e*B,dx and [ [ e f,dvdx are constant in time, which
forces [ [ fodvdx = [ B, =0. So (fs,E,,Bg) € €. So there exists a periodic mag-
netic potential y, such that B, = 0, W,, Egp = —A y,. We now check J(f,, ) < co.
From the linearized Vlasov equation, we have

kfg +Dfy = UeV1Eg) — I-lpﬁlaxllfg — (AeDr+A 1)) W,
Along the particle trajectory (X (s),V (s)), we have

(12X (6)) 4 Avi(X ()} 2 = 2 LA ()}

On almost every trajectory, f(X(s),V(s)) is a bounded function of s so that, upon
integration,
(2.16)

0

Fleev) = —Bpel) b [ € (V1 6) Ea (X()) = ATa(0) Yo (X(5) s

—oo

So we can extract the factor pt, from f, + 1, W,, which implies that J(fg, E1q, ¥, ) <
g

oo,

Here are the invariants.

Lemma 2.7. Consider initial data (f (0),E (0),B(0)) € L' in the constraint set €
satisfying J(f(0),E;(0),y (0)) < eo. The functional

Q.17 I(f,E1, ) :J(f,El,lll)—//92upw2dvdx+/[(8tw)2+(axl//)z]dx

is independent of t for the solution of the linearized system (2.6), (2.8) with such
initial data. Furthermore, for all g € ker D, the functionals

(2.18) Kel7w) = [[1F+ (ot 1)) g v
are also independent of t.

Proof. By a standard approximation we may assume that the solution is smooth.
We calculate

1o
1
=[] p U W)@t + v
- / / Patty W yvdx + | / H(ED>+ (0w) + () ]dx

1
= / / m(f + 1pY){—Df + U E1 — [pP1Ox Y — P20 W} — / / Do, WO, wdvdx

+/{E1/ﬁlfdv—irc?tl//(&fw—/ﬁgfdv) +8xl//8x8,1//}dx
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by (2.6) and (2.8). In this expression three terms vanish because D is skew and
V1le, V1 My and Dy ug /U, are odd functions of v;. Furthermore, eight other terms
cancel pairwise. We end up with

o0 = — // s o 1//+1//Df}dvdx—//D{‘ |fw}dvdx—0
This proves the invariance of 1. Next let g € ker D. Then by (2.6),
9K, = //{atf+ (HeD2 + 11p)dyr} gdvdx

= //{—Df—.ueﬁlEl — U010y} gdvdx =0

because the first term is —D( fg) while the second and third terms are odd functions
of 9. g

Next we get a lower bound for the functional J defined in (2.15).

Lemma 2.8. Forany E1,y € L and f € L}(’V with

[ favax=0, 81 =~ [ gav, J(.Erp) <o, (4 (attet11p) ) =0
Vg € kerD, we have

@19 JSEW) > [[1200) ddvdr () ()7 By ).

Proof. Our strategy is to fix y and to minimize J over all f and E; satisfying the
conditions of the lemma. By means of a minimizing sequence, it follows easily that
for each y there exists a minimum of J(f,Ey, ). Call the minimizer (f¥,E/). It
satisfies

<8f(f EY ), f> <ﬂ(f"’,E1‘",w),E1>

_2//f + 1,y +2/E"’E1dx

for all test function pairs (f,E;) in the constraint set . Let k¥ = § JYE} dx
and k = 113 f(f) Edx. Since EI’/ — kY is periodic with zero mean, there is a periodic
function ¢¥ such that E) = k¥ — 9,¢¥. Then

P P
/ EVEdx= / (kY — 8.0¥)E1dx
0 0

P P
= Pk¥k +/ oV E1dx = PkVk — / /q)"’fdvdx.
0 0
Thus the minimizer satisfies

Yy —ule f

0=
| e | e
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We can choose the test function f so that the integral vanishes. Since k is arbitrary,
it follows that k¥ = 0 and hence

Y+ v+ peoY
He

€ (kerD)** =kerD =kerD.

Writing this result in terms of the projection & onto kerD, we have (I —
) (fY+ upy + ue0¥) /1) = 0 and the constraint is equivalent to Z2((f¥ +
Up W + Do) / 1) = 0. We add to obtain

(2.20) FY 1Y+ 9V = e 02y -+ 9¥).
Therefore since [(i, + Uevo)dv = [du/dvadv =0,
029" = [ frav=[1f"+ (i) Wldv = [ (1 = 2)(~¥ +52y)av.
Thus
82¢"’+/uedv¢"’ /ue (¢¥)dv /upde /ue (hy)d
which means that
(2.21) — oY = —ABy.

The equations (2.20) and (2.21) are satisfied by the minimum. It follows from
(2.20) that

= ;e,<f"’+upw>2dvdx+ [ @ov)ax
2//|Ne =Y+ Z(—Dy+ oY) 2dvdx—l—/ (3:9Y)°
—//We [(1—22)(0Y)] 2dvdx+//|,ue (D2y) 2dvdx+/ (0:0¥)*d

by orthogonality. The first term in the last expression can be rewritten as

Jor{ fiuda-2xeviavfax= [or{- [uaver+ [n.2(e¥)av}as

So from the definition of ,52710, the functional J equals

¥) = [[ Il 2 G2y Pavdx-+ (6.6 Y)

at the minimum. By (2.21) the last term equals

(B, ()" ) = ((2°) (A) 2w, y).
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Proof of Theorem 2.1 (i). To prove spectral stability, suppose there is a growing
mode [¢* f,e* E,e*B] with ReA > 0. Later we will show that A must be real
and positive. We assume this here. We must prove that . ¥ 0. As mentioned
in the remark before Lemma 2.7, both the mean of B and the mean of f vanish.
We also have J (f,E}, ) < o where  is the periodic magnetic potential such that
B =0d,y. By (2.17) and (2.18), we get exponential growth in time unless

I(f,E;,y) =0 and f+ (Pt +uy)y € (kerD)".
Thus Lemma 2.8 is applicable. We deduce from (2.17) and (2.19) that

0=1(f,vy)
> ((B°) () Bw, )

[ Al 2 G29) P = tapty 2 v {4292+ (0,

= (B () 2w v) + (B v w) + A2 (v ).
Thus
(LW + 2%y, y) <0.
Since A >0 and y # 0, it is impossible if .#° > 0. This proves the spectral stability
when .20 > 0. O

2.3 Splitting Method

In the following discussion we introduce a new invariant, based on the splitting
of f into even and odd parts. It will provide more information on the nature of
the instability. First we will use the invariant to prove that every growing mode is
real. Secondly, in the unstable case when .#° has a negative eigenvalue, we will
get an upper bound of the growth rate which we believe is sharp. These are stated
as Theorem 2.1 (i), (iii).

The derivation of the invariant is based on the splitting of the electron density
f into its even and odd parts in the variable v;:

f - fev +f0d7 where fgv(.x,V1,V2) = %{f(X,VI,Vz) +f(x7_v17V2)}~

The operator D takes even functions into odd ones, and vice versa. So we can
eliminate f,, from the linearized Vlasov equation and thereby obtain a second-
order equation for f,,, as follows:

(2.22) (07 = D?) fot = —HeD(Exi>) + </\71f0d dV) V1 te,

where of course D is given by (2.7). In order to derive (2.22), we equate the even
and odd parts of the linearized Vlasov equation (2.6) to obtain

(2.23) O fod +Dfor = (Ev+92B)0, f* — 010, f°

and

(2.24) O fer+Dfoa = E2d,, f.
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Eliminating f,,, we find
atzfod - szod
= —D(Ezavzfo) =+ (8,E1 + 928;B>8V|f0 — 1 8t38V2f0

= —D[E>(DaMe + 1p)] + </171foddv—\72<9sz> + V10 Ex (Ve + Lp)

= —U.D(Ex>) + </\91foddV) D1 Ue,

which is (2.22). This has the appearance of a second-order wave equation. It is
convenient to rewrite it as

(2.25) {9? - D?} <|J;1’d|> = D(Exb,) — < / D1 Lo dv) o1

In the next lemma we derive the energy invariant.

Lemma 2.9. Define the “kinetic” and “potential” energies by

K://“L1|yatf(,d|2dvdx+/|8tE2|2dx

and

1
W:// o \Dfod—ueﬁgEzlzdvdx—i—/\ang]zdx
e

2
+/ /ﬁlfoddv

Then K+ W is independent of t for any complex-valued solution. Some regularity
is required but it is true in particular for any growing mode.

dx — / 102 |Ea|* dvdx.

Proof. By approximation we can assume that the solution is as smooth as we wish.
We begin with (2.8):

(2.26) axEl = —/fdv, 8,E1 = /ﬁlfdv,

OB+ 0B — / Drfdv, OB+ dEy =0

We denote the complex conjugate of f by f*. Multiplying (2.25) by 9, £, inte-
grating over x and v and taking the real part, we find

2 2
// ’alf0d| +‘Df0d‘ d d.x
2dt | e |

1
= —Re//Ezﬁzath:ddvdx— 22/‘/\91]((%161‘}

2
dx.
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The first term on the right is
“Re / Ex0,9,Df" dvdx
= —% Re //Egﬁsz(’fddvdx + Re/ (tE2)02 D dvdx.
Substituting Df,q = E20,, f* — 0, f.,, we have
Re / (Q/Ex) 92D S dvdx

/ B> / 920, fodvdx — Re / KE> O(IE; + 0B )dx

2 dt
m /|E2| (P2 pte + ) dvd /|8,E2|2dx— ,7/|a E|Pdx
by (2.26). Combining these identities, we obtain dK /dt +dW /dt = 0. O

Another important identity is the following.

Lemma 2.10.

dtz{ // wlfodl dvdx+ ~ /]E2] dx} K-W

for any complex-valued solution. Some regularity is required but it is true in par-
ticular for any growing mode.

Proof. We now multiply (2.25) by f, , integrate and take the real part. The first
term on the left gives

2 fod |fod‘ _/ |atfod|2
Re/ o, {|,ue’}f0dd dt22 / ] dvdx ] dvdx.

The first term on the right in (2.25) gives, using (2.24), the real part of
(2.27)

/ D(Exts) £ dxdv

—//Ezﬁsz(fd = —2//152920]”321+//E292(E53v2f0—3sz$)
S / / ExtaDf’,+ / / |Es|? 92 (Pabte + ) dvdx — / Ex, ( / % f;;dv> dx

= —2//E2V2Df0d—|—//‘E2‘ Vs Vz/.Le—F/.Lp dvdx /E2 32 Ezdx
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using (2.26) at the last step. Combining all the terms from (2.25) multiplied by f;,,
we find

(2.28)
P ([ fodl
A1 | fodl dvdx
dr?2 | e
o fo : Dfo ’
:/ | ]id dvdx—/ | |{Ld’| dvdx—2Re/ Ex0aDfoqdvdx

2
dx.

+ / / |Es[? $2($atte + y)dvdx — Re / E> 0P Ejdx — / EV / ' / P foady

Finally,
2 ok d2 1 2 2
—Re/Ezat Ezdx: —WE/’EQI dx-i—/‘a,Ez’ dx.

Combining terms, we deduce Lemma 2.10. U

Remark. For any growing mode [¢* f(x,v),eM E(x),e* B(x)] with ReA > 0,
we show that (K + W) (0) < oo and thus Lemmas 2.9 and 2.10 are applicable. In-
deed, let ¥ (x) be the magnetic potential such that E;, = —Ay and B = d,y. By
(2.16),

£l = ) e [P (01 () B () — ATa )y (X (5) ds

—o0

= —Hp W (x) + ek (x,v).
S0 fod = Mekoa (x,v) and fo, = =, W(X) + Uekey (x,v). Thus by (2.24),
(2~29) Dfod =E (‘,}\2“6 + ”p) - lfev = Ue (EZ\’}Z - )vkev (x7v)) .

Because E,y € Ly, k€ L™ and ., € L!, we have k (x,v) € L‘ZM, we have

V2

! 1
//“L!‘fo"‘zd‘)dx—i_//w’Dfod—ﬂe92E2|2dvdx<oo_ -

Proof of Theorem 2.1 (ii), (iii). Suppose now that there exists a growing mode

[ f(x,v),eME(x),e* B(x)]
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with exponent A = a+ ib,a > 0. By the Remark above, Lemmas 2.9 and 2.10 are
applicable. By (2.25) we have

(2.30)

2

= // D(ExV2)foy a’vdx—/‘/\?lfoddv 2

2
—//‘Ez’zﬁz(ﬁgﬂe-i-ﬂp)dvdx-i-/Ez 8,2E§dx+/8xE2|2—/‘/171f0ddv

as in (2.27). From (2.30) we have

2 2
D
QLZ/ ]’TZA‘ dvdx = —/ | |£0d|’ dde—/ |Ea|? 020241, + ) dvdx

2
2 [1ERart [10ER+ [| g

Taking the imaginary part, we have

. 2 .
2ab (/ ‘{Z’\ dvdx+/ |E2|2dx> =0,

which implies » = 0 as desired. This proves part (ii) of Theorem 2.1.

dx

dx

Now we take a growing mode, which is necessarily real. We claim that
W > (Z°E,,E).

To prove this claim, we apply Lemma 2.8 with y replaced by E, and f replaced
by & = Dfpa — (V2lde + 1) E>. There are several conditions to check. First, E; €
L2. Secondly, g+ (Vo + Up)Es =Dfpq € ker D*. Thirdly, g has zero mean due
to the fact that V. + 1, is the derivative of p with respect to ¥,. Finally, by
(2.29),J (g,E») < o=. So, applying Lemma 2.8, we find that

W = J(g,Es) + / |0.Ex P dx — / / Pty |Ex2dvdx
> () () BB + [[|2(02E0) Pludvax
+/|8XE2|2dx—//ﬁzup|E2|2dvdx — (LE>E»),

by definition of .Z°.
Thus letting

R T 1 )
2//“le|f[d| dde+2/| 2| dx
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we have W > (LEy, E>) > —o? [ |E2|*dx > —20>N. Hence from Lemma 2.10

d*N )
by Lemma 2.9. For a growing mode, we have N = exp(2A¢) N(0), so that 412 <
40? or A < a. This proves part (iii) of Theorem 2.1 and completes the proof of

Theorem 2.1. g

3 Linear Stability of Axisymmetric 3D RVM

In this section, we prove Theorem 1.1. The 3D RVM for a non-neutral electron
plasma with external fields is

Of+9-Vif —(E+EY+9x (B+B)) -V, f=0
@E—VxB:/&hwz—j
OB+VxE=0
VE:—/fm:p,V%Bzo

where x € R3 v € R3. We consider solutions of finite energy. Thus they vanish in
some sense as |x| — oo.

We use the notation of the introduction. The equilibrium distribution function
is assumed to have the form f0 = u (e, p), with

e =\ 1+ P 0" (r2) — 9" (n2),

p=r(ve —Ag(rz) - A5 (n2))
and equilibrium fields

- o | .
E” = —0,0°¢,— 9.9, B = —0.A%%,+ -0, (rA}) .

with (A9,¢°) satisfying the elliptic system (1.2), (1.3). We assume f° to have
compact support S in the (x,v) space and f°, E, B to be differentiable in the whole
space. Such an equilibrium is easily constructed in the appendix by choosing ¢,
A%" and p properly. We assume that g, < 0 on the set {u > 0}.

We will consider axisymmetric perturbations only. Our results and methods in
this section are analogous to the l% dimensional case. However, the problem of
constructing growing modes in 3D is more complicated and we do not discuss it
in this paper. The solutions now live in the whole space with vanishing boundary
conditions at infinity and this will bring in some new technical issues.

We introduce the vector potential A = A,é, +Agég + A €, and the scalar poten-
tial ¢ for the perturbation of electromagnetic fields, with A,, Ag, A, and ¢ indepen-
dent of 6. We impose the Coulomb gauge V - A = 0. (It is not necessarily true that
A and ¢ vanish at infinity.) The corresponding fields are

E=-V¢—-JdA and B=VxA
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or

E= (EhEesz) = <_8r¢ - aA” aAe 8AZ> )

kel - I S
a0 o Ty
1
B = (B,,Bg,B;) = <—8ZA9, d,Ar— A, ;8, (rA9)> .
Then the linearized Vlasov equation becomes

(3.1) O f+Df = —pDo — eV - A —rp,diAg — 1D (rAg)

where
D=9¢-V,— (E°"+E“ +9x (B’+B*"))-V,,
and the Maxwell equations become

(3.2) AP = —p
together with the vector equation
0? d
33 —A+-—Vp—AA=j.
(3.3) At Ve J

It is worthwhile to recall that A = 92 + 97 + %8, + %283, that the 6-component
of r%agA is —F%Ag and that {AA}g # A{Ag}. Let the spaces L2, HZ consist of the
cylindrically symmetric functions (functions of 7 and z only) in L? (R3) H? (R3) .
Let

. 1
Y — {weﬂg ®) | Lyer (u@)}

with the norm

2
Wl = Wy e+ v
P(R?) 2 2
As pointed out to us by Fanghua Lin, for any function y (r,z) we have
i0 1 1 0
3.4 A (e = —0Y =0y =~ Oy + Sy | €.

Furthermore, v (r,z) € H*' (R?) is equivalent to ye'® € H? (R3), because ye'® €
H? implies that (19g)?(ye'®) € L2, which in turn implies %21// € L. Thus the
singular factor 1/7? is artificial, introduced merely by the change of coordinates.
We can apply the usual elliptic regularity theorem to the operator —d,, — d,, —
}8, + ,17 This is important when we consider the regularity of the steady states
(in the appendix) and it will allow us to prove the continuity of steady fields in the
whole space. Recall that the O—operators Mio,%’o,fo are defined by (1.4), (1.5),
(1.6) and (1.7). We shall prove that these operators are well-defined.

By a growing mode we mean a solution of the linearized axisymmetric system
of the form (e* f, (x,v), e Eg(x), e By(x)) with ReA > 0 where E,,B, € L and
fe€LL,NLS,.

In analogy with the 1% dimensional case, we also introduce the following op-
erators depending on a positive parameter A. Even though we do not use these
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A —operators to find growing modes in the 3D case, it is still worthwhile to study
them. On the one hand, they are more explicit than the O—operators which are
their limits. On the other hand, the A —operators will still be useful in the future
search for growing modes, as we can see from the I%D case. First we introduce
the particle paths (X (¢;x,v),V (¢;x,v)), which are the characteristics of D. They are
defined as the solutions of the ODE

3.5) X=V, V=-— (EO+E”“) (X) -V x (BO —i—Bex’) (X)

with initial conditions X (0) =x, V(0) =v. Let A > 0 and define

0
A} h=—0.h—Oph— Lon- / Uedvh + / LLe / 2e*h (X (s))dsdv,
r —o00

1 1
A3 (h) = —0ch — Oprh — —Orh+—h+ A%h— rh/ﬁgupdv

_ / Pokte K Omxe“f/@ (s) (X (s)) dsdv,

0
B (h) = / e / A"V (s) R (X (s)) dsdv — h / Poltedy
and
* —1
2t = (#*) (o) # 4},

which will be shown to be well-defined. First we discuss the basic properties of
these A —operators and 0—operators.

Lemma 3.1. (i) The operators 42/11,42/10 are self-adjoint operators on L§ with the
common domain Hf. The operators 42/21,42/20,.,2” A and 20 H*Y — L% are self-
adjoint .

(ii) <} > 0 for all 2 > 0.

(iii) The essential spectrum of each of the operators 42%11 , 42/10, 42%20, £ is[0,00) and
the essential spectrum of both of the operators 52%2’1,.3 A is [A%,00) .

(iv) L* — Z° strongly in L3

Proof. First we show that the operators szf , dio,f’l and .#° map a cylindrically
symmetric function to another cylindrically symmetric function. It can be checked
directly that the particle trajectory (3.5) has the property

(X(t;Rx,Rv),V(t;Rx,Rv)) = (RX (t;x,v),RV (t;x,V))
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for any matrix R representing a rotation with respect to the z-axis. So
0 0
/ue/ A9 (X (s;Rx,v))dsdv = /,ue/ A ¢ (X (s;Rx,Rv)) dsdv
0
= /,ue/ 1™ (RX (s3x,v)) dsdv
0
= /,ue/ A9 (X (s;x,v))dsdy

and thus 52%17“ is symmetry preserving. Similarly %’L,%l,f % can be proved to be
symmetry preserving. As in the proof of Lemma 2.6, ;zfl’l,szfz’l,%’l converge to
,52710, @720, 2" strongly, so ,52710, @720, 2° and £ are also symmetry preserving.

The proofs of self-adjointness of these operators and the positivity of the oper-
ators szll , 43710 are essentially the same as in the I%D case, so we skip them here. It

is also easy to see that %* and 2" are bounded operators on Lg. We concentrate
on part (iii) of the lemma, dealing with the essential spectra of the operators.

The spectra are entirely different from the periodic I%D case because of the
unboundedness of the spatial variables. To find their essential spectra, we shall use
Weyl’s theorem. Define

K¢ = / Ledv — / LLe /_ ize%(x (s))dsdv.

Note that ,52%1’1 =—A— " and K* <0, as in the proof of Lemma 2.4.

We claim that K* is relatively compact with respect to —A. For the proof in
case A > 0, we notice that K*¢ = [ fdv where f = ¢ — U, meAe% (X (s))ds
satisfies the equation

(3.6) Af+ (9 Vi— (EO+E +9x (B°+B“))-V,) f = u- Vi ,

which can be seen by considering (3.6) along a trajectory, multiplying by exp(As)
and integrating. So

BT OVif = Vi —Af+ VY, ((E°+E +9x (B'+B)) f) .

As in the proof of Lemma 2.4, we have

1711, < fsuplpcas) ol

and also

<

[(E°+E 49 (B +B%)) f| o +[|te?- Vadll 2, < ClIOlp -

Thus by (3.7) we have
19 Vafllz, <Cllo e
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Since W, is smooth and has compact support in x,v (so that f also has compact
support) and since d7¥ is bounded, equation (3.7) and the estimates above imply
that

(3.8) HKA‘PHH%(R;) < Cl1lla (g3

for some constant C, by the averaging lemma in [5]. Since K*¢ has compact sup-
port, estimate (3.8) implies that K* maps a bounded set in H' (R3) into a compact
set in L? (R?C) Thus K* is relatively compact with respect to —A. It follows from
Weyl’s Theorem that Gy, () = Gy (—A — K*) = [0,0). The operator 7 can
be written as —A — K° where K¢ = [ fdv with f = p.¢ — & (1.¢) . By the same
reasoning, K* is relatively compact with respect to —A and Gy, () = [0, 0).

Now define the unitary operator U : L? (R3) —1? (R3) by Up = ¢e'®. By (3.4),
the operator (—A)mag = —0,— 0y — %8, + r%, which is defined on the space H>",
can be written as (—A)uqg = U* (—A)U. Thus (—A),,,,, is self-adjoint with essen-

tial spectrum [0,c0). We will show that for any A > 0, Z* is a relatively compact
perturbation of (—A) 4+ A2. For A > 0, we write

mag

L = (—A) e AP+ G

mag

For Ag € H*', we have GAAQ = &g [Vfdv, where f is defined by
3.9)

0 0
f=—Uo+u /_wxe% (X (5))ds — e /_m/le“f/g (s)Ag (X (5))ds + pyrAg.

with ¢ solving
0
(3.10) —Aqb—/uedvqb—f—/ue/ A (X (s)) dsdv

0
_ / e / 2e*50p () Ag (X (5)) dsdv + rAg / Uy,

This follows from the definition of A —operators by simple calculation. We will
show that G* is relatively compact with respect to —Apag- Define the electromag-
netic fields that correspond to Ag and ¢ (with A, = A, = 0) by

E= (EHEQvEZ) = (_ar¢7 —AAG, _az¢)

1
B= (Br,BQ,BZ) = <_8ZA9707 ;(9r (I’AQ)) .
Then the equation (3.9) satisfied by f can be written as

(3.11) Af+(9-Vi— (EO+E® +9x (B°+B*))-V,) f
=(E+9xB)-V,f°,
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which comes directly from the original linearized Vlasov equation. Now @fl’l >
—A, as in the proof of Lemma 2.4(ii). By (3.10) and the Holder inequality we have

IV613 < (9,0) = (#*40,0) < C A0l V0],

The last inequality is true because

(B Ag,0) //u/ A"V (5)Ag (X (5)) dsdv ¢ dx—//ﬁguedvAg ¢ dx.

The last integral is bounded by ||Ag||2]|@]l6|| | Pote dV||3. The first integral is bounded
by
1/3

R Y T

< (sop f kv Waloll < ClAala 99l

So ||V@|l, < C||Ag ||, and thus ||E|, < (C+A)||Agl|/,- By the definition of
H?', we have ||B||, < ||Ag|| 2:. From (3.11) we have

0-Vof ==Af+V, - {(E°+E“ +9 x (B’ +B)) f+ (E+ ¥ x B) f°}.
So fori=1,2,3 we have
(3.12)
0V (0if) = —A0if + V- { (E° + E + 9 x (B*+B)) 6;f + (E+ 9 x B) 9;f°}
—V, () {(E°+E* +9x (B+B*)) f+ (E4+ 9 xB) f°}.
Integrating (3.11) along the trajectory, we have
f= / ((E+9xB) -V, ) (X (s3x,), V(s3x,v)) ds,
whence || f 2, < £ (IIE[l, +[[Bll,) < C(4) [|Ae]|p2r- Since
| (E° +E* +9 x (B"+B*")) f+ (E+9 xB) f°||,

< C([[El,+1Bl,) <C(4)[|Ap |l o
and |V, (V)| < C, we have

H/ﬁifdv

by (3.12) and the averaging lemma. Thus for any fixed bounded sequence {A }
in H?7, there exists a convergent subsequence of j" in L2 (Ri) where j" = [Vf"dv
with f” defined by (3.9) and (3.10) from A}y. This implies the existence of a con-

vergent subsequence of G’IA’é =&p- [Vf"dvin L? (]Ri) and thus G* is relatively
compact to (—A)
rem.

SC‘(}’)HAGHHhL (l:17273)
H1/4

and the essential spectrum of .Z* is [A2,e0) by Weyl’s theo-

mag
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We use the same strategy to deal with the operator .£°. We write .Z° =
(—A) pag + GO. Using the previous definitions, for Ag € H?', we can write G’°Ag =
€g - [ Vfdv, where f is defined by

(3.13) [=—Hed+ 1P (9) — e P (PgAs) — WprAg
with ¢ satisfying
(3.14) —A¢—/,uedv¢+/97’(ue¢)dv:/Q(NeﬁgAg)dv—i—/updvrAg.
We have Df = —u,D¢ — u,D (rAg) which can be written as
7-Vof =V, (E°+E* +9 x (B +B*)) f+ (E+0 xB) f°)
with E and B defined by

E= (_ar¢707_8z¢) ,B= <_azA970a ;ar (I”A@)) .

Similarly, from (3.14) we have ||¢ ||, < ||E||, < C||Ag||,. Then from (3.13) we have
12 <C(llollg+ |Asll,) < C"||Ag]l,. By the same argument as we used to prove

the relative compactness of G*, we deduce that G° too is relatively compact with
respect to (—A),,,,.- Thus the essential spectrum of LVis [0,0).

Now we prove (iv), that Z* — £9 strongly as A — 0+. Compared with the
I%D case, the main difficulty here is that (;zflk)_l and (42710)71 are unbounded
operators. Given Ag € H*', we define ¢* and ¢(%) by

A = (—A—Kl) or = B A,

and
,Qflogb(o) _ (—A—KO) (P(O) _ %OAG-

We will show that ||¢* — ¢(©)|| . — 0. We have
At (¢x _ ¢(0)) — B Ag— BAp+ (K’L —K°> 0.
Multiplying this expression by ¢* — ¢(*) and integrating, we have

[7 (6 -0) [ = (40— #00.02 - 60) (52 ~17) 9.4 4)
=I1+1I

since K* < 0. As in the proof of Lemma 2.6, we have

0
(3.15) / A m(X (s),V(s))ds — Pmin L‘QM, as A — 0+
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for any m € leue\' So

I=//ue (/_ize“f/e (s)Ae (x(s))ds—gﬂ(ﬁgAe)> (6% —6©) dvax
< el (9% 0)

<ol o),

where @; (1) — 0 as A — 0+. As in the proof of Lemma 3.1, we have H(I)(O) H6 <

C|/Agl|l,- Then by the same estimate as above, II < @, (A) H(])’1 —q)(O)H6 with
@ (A) —0as A — 0+. So

[¥ (0% =) |[" < (@1 1)+ n (1) 02 0
<o 1)+ (1) |V (62— 9]

which implies that |V (¢* — ¢(©))||, — O and ||¢* — ¢(©)||, — 0as 2 — 0+.
By definition, #*Ag = (%) "9 .o} Ag and LA = (2°)" 9O + /A g.Using
(3.15), we have H%’IAQ — %OAQ H2 — 0 as A — 0+ . By the same proof as above,

() ¢ =0, < [[(#*) (o -0 ) [, ((#) - =)7) 0"
<clo o0 ram o],

/_ sze“% () Ag (X (5))ds — 2 (PoAg)

1
e

L)ﬁ( vV L/% v

2
el

2

for some ®; () — 0 as A — 0+. Thus H (%’l)* o* — (%’0)*¢(0)H2 — 0 and

)
as we wanted to prove. O

Lemma 3.2. For any growing mode, f, has support in S and there are potentials
¢g and Ay in H 2(R3) that satisfy Maxwell’s equations in the Coulomb gauge.

Proof. Consider a symmetric growing mode of the form (e* f(x,v),e*E(x),e*B(x))
with ReA > 0 where E,B € L2 and f € L!, N LY. We have dropped the subscript g.

Now [ fdvdx = — [ pdx is an invariant of the linear system and so it must vanish
for a growing mode. By the linearized Vlasov equation we have
(3.16) Af+Df =y, 0-E—ru, (V.B,—V.B,).

Note that the right-hand side / of this equation belongs to L?>(R? x R?®) with com-
pact support. Along a particle trajectory we have

2[5 (5).V ()] = hX(5).V ().
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But f is bounded and Re A > 0 so that e“f(X, V) vanishes as s — —oo. Integrating,
we therefore have

f:ue/_ioe’“v(s).E(x(s))ds

A

— [ (; MR () (V, (5) B2 (X (5)) = V. (5) B, (X (5)) ) ds.

Thus f(x,v) has support in S. We define a scalar potential ¢ by ¢ (x) = ﬁ Ik |§ (_yy)‘ dy.
It follows that —A¢ = p = — [ fdv also has compact support. Since = i| +

] = I

0 ( ﬁ) for large x, we have

1 1 1 1
¢(X)—47EM/P()’)CZ)’+0<|X|2> —0<‘x‘2>

which implies that ¢ € H>(R?). Then we define a vector potential A by solving
the equation (12 — A)A = —AV¢+j € L2. Since A2 is not a negative real number,
it follows that A € H?(R?). We have

(A2 —A)V-A=-AAp+V-j=Ap+V-j=0

by the continuity equation, and thus V- A =0. Now we check that (¢,A) are indeed
the potential functions for E, B. By the Maxwell equations, we have AE —V x B =
—j, AB+VXE=0andV-E=p, V.B=0.SoV-(E+V¢+AA)=V-E—p=0
and

(3.17) Vx(E+Vp+AA)=—-A(B-V xA).
By the definition of A
(3.18) Vx (B=VxA)=AE+j+AA = A (E+V¢ +1A),

so taking curl of (3.17) we have
(-A+A)(E+Vo+A1A)=0

which implies that E = —V¢ — AA. Then by (3.18), V x (B—V x A) = 0 from
which it follows that B =V x A since V- (B—V x A) = V-B = 0. This ends the
proof of the lemma. 0

To prove Theorem 1.1 (i) on spectral stability, we need to introduce the invari-
ants of the linearized 3D RVM system (3.1), (3.2) and (3.3), for which we intro-
duced the electromagnetic potentials (¢,A) with the Coulomb gauge V-A = 0.
The invariants are

_ _i 2 2 2
1_//S Aoy dxdv+/(|E| +|B| )dx

—//I”\’/\Q‘LLP |Ag]2dxdv,
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where S is the support of i, and

K, = // (f+UD-A+rupAg) gdxdy

for all g € kerD. The proofs that I and K, are invariant follows by direct calcu-
lations which are somewhat similar to the proofs of Lemma 2.7 in I%D and of
Lemma 3.4 below, so we skip them here. Here we assume that f vanishes on the
boundary of S. This is true for the growing modes, which are our only concern in
this paper. In order to prove the stability part of Theorem 1.1, we use the same
strategy as in the I%D case. We begin with a simple lemma.

Lemma 3.3. The projection operator &7 maps a function that is odd or even in
(vr,v;) to another function with the same symmetry property.

Proof. First we show that if a function & (r,z,v,,vg,Vv;) is in kerD, then so is & =
& (r,z,—v,,vg,—v;). Set B =B? +B* and E = E° + E*". Then

D =$.0,+ 9.0, — (E, + ¢B.) 0,
— (9.8, —9,B.) 0, — (E.+ V9B, 9.

So we have D(&_) = — (D) _ and the conclusion follows.

Given a cylindrically symmetric function 4 odd in v, and v,, we want to show
that Zh is also odd in v, and v,. By definition, for any & € kerD

(3.19) // (h— Ph) Edxdv = 0.

Without loss of generality, we may assume & to be odd (or even) in (v,,v;) by the
property we have just proved. Then by the change of variable (v,,vg) to (—v,, —vg)
in (3.19), we have [[ (—h—(%h)_) &dvdx = 0. So (Ph)_ = —Ph. The even
case is proven in the same way. g

Proof of Theorem 1.1 (i) (Spectral Stability). We merely sketch the proof since it
is similar to the 11D case. For a growing mode */[f(x,v),E,B] with Rel >
0, assume the associated electromagnetic potentials to be ¢(r,z) and A(r,z). We
clearly have the invariant functionals / = 0 and K, = O for any g € kerD. Here /
takes the form

2

> dx

17.0.8) = [ [ =1+ o P v | (\v¢!2+\8er\2+'i8r(rAe)

+ / (121 1A +10.4, - 9.4, dx— / / rooky |Ag|” dxdv.
because V- A = 0. Since

//(f—%ue\?'A—FrupAg)gdxdv:O
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for any g € ker D, there exists a function £ (x, v) such that f+ u,v-A+ru,Aq = Dh.
Then [ Dhdv = [ fdv since

9
/([.Le\?~A—i—rupA9)dv:/(,ue\?gAg—l—rupAg)dv:Ag/%dv:O,
7]

due to the fact that p, is even in v, and v..
Now define the set

|
F = {h(x,v) ’ // ™ \Dh|* dxdv < 00}
and the functional

1
h):// ] |Dh—,ue\?-A]2dxdv+/|V¢|2dx
on F, where A9 = [ fdv = [ Dhdv. Then

1,9.4) =Ja (W) + [ (1APIAP +10:4, - 947 dx— [[ roop, 4o dxav

+/<8A9 +‘ . (rAg) 2) dx.

For fixed A, we shall find the minimum of J4 (%) on F. As in the proof of the
1%D case in Lemma 2.8, the minimizer A satisfies

Dhy = e (1 — ) (9.A_¢(0>>

= _ue¢(0) +.ue<@ <¢(O)) +.ue‘,)9A9 _”e@ (ﬁGAG)
+Ne(Vr rJFVz ) .uegz(‘?rAr+ﬁzAz)

with A¢(®) = [ Dhodv. The function ¥,A, + VA is odd in (v,,v), so it follows that
P (0,Ar+7;A;) is also odd in (v,,v;) by Lemma 3.3. Similarly, &7 (V9Ag) is even
in (v,,v;). Thus

(320 [Dhodv= [ (<90 + 112 (00) + pedodo — e P (3oA0) ) v

Plugging (3.20) into the expression for J, (h),and using similar calculations as in
the I%D case, we have

minJA (h) = JA (h())

= [[ (2 0-)axav-+ () ()" B40,40)
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So for a growing mode,
0=1
2/ |te| (2 (9,4, +9,A;)) dxdv + (£°Aq,Ap)

+/ (1P 1AL +]0:4, — 0,4 dx,

by the definitions of £ and &7). This is impossible if #° > 0. Thus £° >0
implies that growing modes cannot exist. g

Now we use the splitting technique to study the 3D stability problem. As in
the I%D case, we will prove that the growing mode must be purely growing, and
we will control the maximal growth rate. We decompose f as f = f,4 + fe, Where
foa (fev) is 0dd (even) in (v,,v;). Then (3.1) can be written as

01 fod + D fer = Ue (VEy + V. E;) — ppr (9B, — V.By)
and
O fev +Dfoa = UeVoEg + UyrEp.
So
OF fod — D* fou
=t (9] +9:0,E2) — ppr (9,08 — 9:0,B,) — oD (9E® ) — t, D (rEo)
= W (V-0 Ey + V.0 E;) — 1D (Vo Eg) ,
or
(3.21) 8,2@ = Dzﬁd +0,0,E, +9.0,E. — D (VgEg)
since
D (rEq) = 0,9, (rE®) + 9., (rEq) = ‘5; (9,0, (rAg) + :9: (rAq))
= —r(9,0,B.— 9.9,B,).
Define

N—1</ foal” P gxav+ [ o+ 1Bl dx>
2\

K= (/ |af£""| dxdy +/|8tEg] +|9:By| dx>
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and

1 “ ~
W= // ﬁ ‘Dfod *I'LeVBE9|2dXdV7 /rva,up |E9|2dde
Ue

+/(1

Now we state the analogues of Lemmas 2.9 and 2.10.

+\8E9\ )dx+/ |0, |* +|0.E,| )

Lemma 3.4. We have

d’N
and
d
(3.23) 7 (K+W)=0

for any complex-valued solution such that (K+W) (0) < co. Some regularity is
required but it is true in particular for any growing mode.

Proof. First we prove (3.22). Multiplying (3.21) by f, and integrating, we have
(3.24)

//8 i Soafod ;.

Dful? '
-l ’id’dxdw [] @aE+ .08 frudxav— [[ D(3oEg) frudxas

Computing the second integral on the right in (3.24), and using the equation J,E =
~Va,¢ — 9?A, we have

/ / (9,0,E, +9,0,E;) fydxdv = — / (QEj; +OE.j7) dx
_ / (190> +|0.E:P) dx / (QE-(V xB"), +9E (V x B"),) dx
_ / (1B +10E-) dx— (~V9,,V x B

- / (8,2Ar(8ZBe)*—8t2Azi3r(rBe)*) dx

_ / (19,8, +18.E) dx—2x / (02A,d. (rBo)" — 92A.0, (rBe)") drdz

_ / (19,5, +10E-) dx-+27 / r92 (DA, — 9,A.) (Bg)" drdz

:/(|8,E,\2+]8th|2> dx+/a,239 (Bo)" dx.
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For the last integral in (3.24) we have
//D(ﬁgE@)f:ddxdv = 72//199E9Df:ddxdv+//ﬁgEng:ddxdv
= —2// VoEeDf.dxdv — // PoEg (0; fer — MeVoEg — UprEg)” dxdy
) / / PoEeDf,dxdv + / / (93 e + Popipr) |Eq|* dxdv + / Eg0, jodx

— / / PoED S dxdv+ / / (#3tte + Pot,r) | Ee|> dxdv — / Eo (92Eq)" dx

-/ (’i&r(rEg)

since

/Ee%jédx - _/EG (97Ee — (V X 9tB)9)*dx

_ —/Ee (92Eg)" dx— /E6 ((V x (V X E))g)" dx
= 7/E9 (8,2E9)*dx+/Ee <8, (ia,(rEg)) +3zzE9>*dx
:—/EQ (aleQ)*dx—/' (‘i&r(rEe) 2

So finally from the identity
(3.25)

&N Jdi? :K+Re{_// dedw/ (Eg (8,2Eg)*+(39)*8,230) dx}

and the calculations above, we have

Df,ql*
dZN/dzZ:K+//i"dxdv—/(w,ErlerI&th\z) dx
e

-/ (‘ia,(rEe)

_2Re//ﬁgEng;‘ddxdv+// (ﬁ%,/.te—l—\?gupr) \E9|2dxdv

_/<\8,Er]2+|8tEZ\2) dx—i—/\?e,upr]Eg\zdxdv
=K-W

2
+ |8ZE9|2> dx

+|0.Eg 2) dx.

2
+ ]82E9]2> dx

2

+ |8ZE9|2> dx
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Now we prove (3.23). Multiplying (3.21) by d; f;;, and integrating, we have

2
Re //a fodat Odd dv — 1//|alfod‘ dxdv

Df,
:_Ei /| fd| dx dv+Re// (0,0,E, + V,0,E;) 0; f;dxdv

—Re//D(ﬁgEg)@f;ddxdv.

By the same calculations as above, the second term is

d 1
Re / / (FDLE,+0D.E:) O fjadxdv = =2 / (19,8, +10.E: + |,Bo [ ) dx

and the third term is

d
Re//D(ﬁgEg) 8,f,fddxdv = _ERG// ﬁgEng:ddde-l-Re// ﬁg&tEng;ddde.
The last term is

= —Re//ﬁgatEe (atfev — “,e\’/\eEQ — ,uprEg)*dxdv

dtZ// (Ve + Poptpr) |E9|2dxdv+Re/8tE93;j§dx

2dt // D5 e + Do L7 )|E9| dxdv
2
+|8ZE9|2) dx

1d 1
-4 <8tE9|2—|— ’r8r(rE9)

2 dt
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Combining these calculations, we deduce the invariance of the expression

1 1110 foal? L [ Dfoal 1
z /“dedv—f-//‘ﬁd‘dxdv—/<|8[Er\2+’ath|2+‘a’B9|2) dx
2 IJ«e 2 ‘Ll’e 2

1
_Re//\?QEng;‘ddxdv+§// (\9%/,L6+1?9/.Lpr) |E9\2dxdv

1
2

<|atE@|2+ “a,(rEg)

1 (/10 foal? 1
=3 /' ’i;"' dxdv—i/(|8,Bg]2—|—|8tE9]2)dx

1 ([ |Dfoi — teVoEo|* 1
+5 /| f(d Hevo 9’ dxdv—f/(|8,Er]2+|3th\2>dx

2
+ |8ZE9|2> dx

Me 2
2
. 2 1 1 2
+//VV9‘LLP‘E9’ dxdv—i/ ('rar(rEe) +|8ZE9| >dx
B IK 1W
o2 2
Thus (3.23) is proven. O

Proof of Theorem 1.1 (completed).  Theorem 1(i) has already been proven. As
in the 11D case, we check that for a 3D growing mode (K +W) (0) < o, so that
Lemma 3.4 is applicable. The purely growing property, Theorem 1.1(ii), is proven
just as in Theorem 2.1(ii). Now

A0 = /8,fdv = —/Dfoddv.

Following the same kinds of calculations as in the proof of spectral stability for
Theorem 1.1(i), we deduce that W > (£°Eg,Eg). The estimate of the maximal
growth rate, Theorem 1.1(iii), follows exactly as in the I%D case. O

4 Examples in the I%D case

In this section, we apply our stability criterion to various examples in I%D for
the two species case. We use the notation of the introduction. Recall that Theorems
1.2 and 1.3 tell us that if the operator #0 (defined by (1.16)) is nonnegative, then
the equilibrium ( o5 o, ¢0) is spectrally stable. If .#° has an even eigenfunction
for a negative eigenvalue, then there exists a growing mode. In the following, we
use this stability criterion for two simple cases: homogeneous equilibria and purely
magnetic equilibria. We will begin with a remark about the sharp stability criterion
for a general homogeneous equilibria, improving the results in [15].
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For purely magnetic equilibria, the operator . has the simple form of a Sturm-
Liouville operator plus a positive nonlocal term. Using this simpler stability crite-
rion, we can easily prove linear instability of weakly inhomogeneous purely mag-
netic equilibrium under perturbations of double the period by perturbing from the
unstable homogeneous equilibrium. However, the construction of a stable inhomo-
geneous equilibrium is quite involved. We will construct an explicit example for
which the stabilizing nonlocal term can be estimated and the stability condition can
be verified.

4.1 Stability criterion for homogeneous equilibria

As the first, rather simple application of our stability criterion .Z° > 0, we
consider a homogeneous plasma with %% = u*((v),v,) and E® = B® = 0. Assume
0 < u* € C? and uf < 0. If one assumes additionally that u* is even in v, and
that

2\ 2
= = TS
o= <P0> N /Rz ;va ((v),v2)dv > 0,

then in [15] it was shown that the steady state is unstable (both linearly and nonlin-
early) if the perturbation period P > Py. It was also claimed in [15] that if P > Py,
then the steady state is nonlinearly stable. However in that proof the evenness of
the magnetic field perturbation B was implicitly assumed so that the stability ob-
tained was only conditional. Below, we will deduce the sharp stability criterion
for a general equilibrium without an evenness assumption. We shall see that, even
to get linear stability for a homogeneous equilibrium, the nonlocal term involving
2% in £V is indispensable.

In the homogeneous case, D* = $1 0, so that 2+[n(v)h(x)] = n(v)2h where
2h = h denotes the average of & over the perturbation period P. Denote

DIZ;/H;EdVa Dzzg/ﬁzude:—Dl,

DaZ—Z/HeidV>0, D4=—Z/ u (92)*dv >0,
1 £
where pu* = u*((v),v;). Then we have

L= (D) +D,2) (—02 + D3 —D3.2) ' (D) +D2.2) — 32 — Dy + Dy 2.
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Clearly we can study the properties of %Y for each Fourier mode e*27x/P

rately. For k = 0, we have

Z(1) =Dy — Doy = —/RzZﬁz (1 + i 02) dv
+
_ L ou* _ + N
_—\/llzgvzavz—/Rz;‘u, avZ(VQ)dV
2
:/Rz;uiaé <\/1—|—|v| >dv>0.

For k # 0, we have 2 (e”‘z?”x) =0and

2 -1 2
D%O (eik%x> = D% <<k2;f> +D3) + <k2;[> — Dy eik%x = lkeik%ﬂx.

sepa-

The condition for A; > 0 is that either
(D34 Dy)* —4D? < 0

or

2%

, ) , 2 DO—D3+\/(D3+D0)2—4D%
(D3 —I—Do) —4D1 >0andk ? > .

2

We can always choose the even eigenfunction cos (k27tx/P) for .# in this case, so
that Theorem 2.2 is applicable. Summarizing the above computations, we have the
following.

Theorem 4.1. Consider a homogeneous equilibrium with fO* = u*((v),v,). As-
sume ;7 < 0and [ (|pg|+ },u;,t D dv < oo. Then the sharp linear stability condition
is that either

(D34 Dy)* —4D? < 0

or

: DO—D3+\/(03+D0)2—4D%
pu— 2 M

2
(D3 +Do)? —4D? > 0 and (;)

Remark. This theorem shows that if
(D34 Dg)* —4D} < 0

or

DO—D3+\/(D3 +Dy)* — 4D}

(D3 +Dy)> —4D? > 0 and 0 > 5
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then the equilibrium is linearly stable to arbitrary perturbations of any period P. If

Do~ Ds 41/ (D3 +Dy)? ~ 4D}

2
then the critical period is P, = j—% The equilibrium is linearly stable iff P < P,.

(D3+Dy)* —4D?} > 0 and Ds :=

>0,

We note that in case ui are even (in v;), then Dy = 0. So if Dy < 0, the
equilibrium is linearly stable to perturbations of any period. If Dy > 0, then D5 =

Dy and P., = \;—%. In this case, linear instability follows if P > -2Z which recovers

VDo
the instability result in [15]. We also get the linear stability for P < %’ improving

the conditional stability result in [15].

4.2 Stability criterion for purely magnetic equilibria

Here we consider the so-called purely magnetic case for which the steady elec-
tric field vanishes. In this case, the stability criterion takes a much simpler form.
For the purely magnetic case we make the assumption that

1) uh(e,p)=u"(e,=p).
We claim that there exists a solution with ¢° = 0 provided y? satisfies the ODE
(4.2) Py’ =2 / Dot ((v),v2 — w0 (x))dv.

Indeed, let R be the operator that reverses the momentum, that is, Rf(x,v) =
f(x,—v). Then with ¢° = 0 we have
Rl ((v),v2 = ¥O)] = u= (), —v2 = W) = u* (), v+ ")
so that
p° = /(u+ —p)dv = /(R/f —u7)dv=0

and
Oy =~ fi=— [oalut —p )av=— [o2(Ru”— v =2 [ oo™ ((0),v2 = y°) v

This proves the claim.
Let T\0 be the minimal period of the periodic solution v to (4.2). By adjusting
its starting point, we can always arrange that the solution satisfies the conditions

V0 = (T = min v, v(X)= max v,

0<x<T0 2 0<x<T 0

v (x) =y (Two —x) , Vx € [O, Tl!lo] ,
with y (x) strictly increasing in [0, Tyo /2} . Then d,w" has exactly two zeros per

period. (In the Appendix, we also construct truly electromagnetic equilibria with
E" = 0 such that y° has the same structure.)
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For a purely magnetic equilibrium, the trajectory equation reduces to
Xt =V, V=500 (x ), v =4V op(xY)

and it is easy to check that X ~(—s;x,—v) =X (s;x,v) and V~ (—s;x, —v) = =V (s;x,v).
We also have R~ = &R in the purely magnetic case. [Indeed, f € kerD™ iff
Rf € kerD". Hence &2~ f = f iff ZTRf = Rf.] For brevity, we shall write

(4.3) ur=Ru, u =Ry, , p, =—Ru,.

Lemma 4.2. For a purely magnetic equilibrium satisfying (4.1) and (4.2), we have
B° =0 and hence £° = . Furthermore,

(4.4) AOh=—92h—2 / B prdvh—2 / U922 (Dah) v,

where i = p*((v),v2 — y°(x)).

Proof. For any h € L2, we calculate

B = (Z/;ﬁm) h+Z/ui P (5

- </ (1 + Rt W)H [ (e 2~ (02h) + Rt R* (521) v

by changing variables v — —v in two of the + integrals. Using R~ = 2R and
(4.3), we end up with complete cancelation so that B® = 0. In exactly the same

way, noticing that R (Dp1,7) = =R (1) = Dop, and R (i 02) = —R (p") =
—Vvo U, , we calculate

A=~ — / (R (P4t + Popts ) dvh — / (R (15 92) RP* (9yh) + 11597 2~ (52h))
= —8x2h—2/172up‘dvh—2/ﬁ2 ,LL;@_ (ﬁzh)dv.
]

Lemma 4.3. Consider the operator £° to be defined on the space of T\yo—periodic
functions. If £° has a negative eigenvalue, then its ground state is an even function

of x.

Proof. For brevity, we now write 4t = u~ and & = £~. We also write .£° =
M + N where

@45  Mh= [—af ) / 92updv] h, Nh=-2 / Leby P (ah)dv.

Differentiating the equation satisfied by w°, we find that .# (d,w°) = 0. Since
A is a standard second-order operator, its ground state is even and non-vanishing.
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Since 9,y is odd with exactly two zeros per period, .# must have exactly one
negative eigenvalue. Moreover, ./~ > 0 since

(N h,h) = —2/ue|@(ﬁ2h)\2 >0.

We claim that if A(x) is an even function, then &?(V»h) is an even function of x
for each v. To prove this, recall that D = D™ = %0, — o,y (9,0,, — $20,, ). Thus h
and Zh have opposite parity. Now p0rh — 2 (u.02h) € (kerD)> . Let h be even,
say. Changing x to —x, we have (UP2h)(x,v) — P (UeD2h)(—x,v) € (kerD)*. Thus
P (Ubrh) — P(Uhoh)(—x,v) € (kerD): NkerD = {0}. So Z(u.H,h) is even.
Similarly, if 4 is odd, so is & (¥,h). This proves the claim.

Now let —A be the lowest eigenvalue of £, assumed negative. Let i be
the corresponding eigenfunction of unit L> norm. Since .#° preserves parity,
(LCh,h) = (LOhe,he) + (£LChy, hy), where h, is the even part of & and h, is the
odd part of 4. Thus

—A[1=(hy,ho)] = =A(he,he) < (Lo, b)) = (LR, h) — (LPhy, hy) = — A — (L, hy),
whence (Z°h,,h,) < —A(ho,h,). Therefore either £, is a ground state or else

h, = 0. Similarly, the same is true of &.. Now in case v were a normalized ground
state that is odd, then —A = (L%v,v) = (Av,v) + (N v,v) > (M v,v) so that A4
would have a negative eigenvalue. However, .# has only one negative eigenvalue
and its eigenfunction (the ground state) w is even and non-vanishing. Since v and
w are orthogonal, this is a contradiction. Therefore any ground state of .#° must

be even. O

By this lemma, all we have to check for linear stability is the nonnegativity of
the operator .#° = ,52%20 restricted to the even functions. Moreover, combining this
lemma with Theorems 1.2 and 1.3, we will deduce that .Z° > 0 is the sharp linear
stability criterion for a purely magnetic equilibrium of minimum period.

4.3 An unstable purely magnetic equilibrium

Now we construct an unstable purely magnetic equilibrium with a small mag-
netic field. The idea is to perturb the unstable homogeneous equilibrium to get an
unstable weakly inhomogeneous equilibrium. A tricky perturbation argument was
developed in [11] to get an unstable electrostatic BGK wave of small amplitude,
but with our explicit stability criterion szfzo > 0, the perturbation argument here
becomes almost trivial. We begin with a periodic purely magnetic equilibrium
satisfying (4.2) where u satisfies:

,LLECI, Ue <0 and DoZZ/ﬁzup(<v>,V2)dv>0.

Assume put = p~ is even. If we write (4.2) as 92y° = g(y?), then g(0) = 0 by
oddness and g’(0) < 0. Hence the origin is a center. So there exists a family of
periodic solutions W2 (0 < € < &) with periods T, satistying (4.2) such that
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i) \qu\cl — 0 as € — 0+ and

.. 2

ll) T]Vg —)PC,-— \/7D—0

Each y? gives us a periodic equilibrium.

Theorem 4.4. For € sufficiently small, this periodic equilibrium is linearly unsta-
ble under ZT\VS —periodic perturbations.

Proof. We use %o,e to denote the stability operator for the equilibrium with param-
eter €. By Theorem 4.1 or by the instability result in [15], the homogeneous equi-
librium with f* = u ((v),v,) and E° = B® = 0 is unstable under 2P, —periodic per-
turbations. In particular, if we choose the 2P,.,—periodic function ¢ ~° = cos (x/FP,,),

then (;2%20’0(;)_70, (])_70) < 0. Set ¢ ¢ = cos (nx/ng) which is even and has pe-
riod 2T,0. Using the same argument as in [24] for the 1D Vlasov-Poisson case, we

have (%O’ed)*’g, qrvf) < 0 for € small enough. By considering @%20’8 on the space

of even functions, it follows that %O’ghas an even eigenfunction corresponding to a
negative eigenvalue when € is small. By Theorem 1.3 and Lemma 4.3, this implies
the existence of a growing mode for the €—equilibrium with magnetic potential

v O

Remark. The form of ,52%20 looks very similar to the operator .7 used in [20] to
study the linear instability of periodic BGK waves of the 1D Vlasov-Poisson sys-
tem. In [20], linear instability under a double-periodic perturbation is proven for
any periodic BGK wave by constructing a double-periodic test function ¢~ such
that (ﬂ% 09—, (]5_) < 0. However, the construction in [20] cannot be carried over
to the current purely magnetic case because of the more complicated trajectory
structure. We conjecture that, by using a more delicate construction, an arbitrary
periodic purely magnetic wave can still be proven to be unstable under perturba-
tions of double the period.

4.4 A stable purely magnetic equilibrium

The explicit construction of a stable inhomogeneous example is much more
involved. We consider a periodic purely magnetic equilibrium under perturbations
of minimal period P. As remarked above, it is quite possible that any periodic
purely magnetic equilibrium is unstable under multiply-periodic perturbations, that
is, under perturbations that are allowed to have a period that is a multiple of P. To
see the difficulty of proving stability, we recall that the linear stability condition for
a purely magnetic equilibrium is that #° = &7 = .# + .# >0. But the Sturm-
Liouville operator ./ has a negative eigenvalue, since .Zy? = 0 and y? has a
zero. So in order to get stability we must use the positive operator .4 to balance the
negative part of .#. Because the operator ./ is highly nonlocal, the construction
of a stable example is rather tricky.
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We choose t = u~ = u* = Co(e) (1+ p*) where C is a constant and either
6 >0, 0’ <0oroc>0with 6’ <0on {o > 0}. Then

22y =2 / 5200 (V) (1+ (va — Y0 (x))?) dv = —4C / Pavaa((v)dv ¥O(x).

Because the last integral is positive, we can choose C so that d2y® = —y°. We
then choose y”(x) = €cosx, which of course has period 27.

To indicate the dependence on &, we now write 0 = £ (&) = .4 (¢) +./ (),
where

M(e) = -9 — 2/\92;1[,61\/ — 2 4C/\926(<v))(v2 —ecosx)dv=—8>—1

because of the definition of C and the oddness with respect to v, of the term with
€. Denote y, = s~ = o’({v) (1 + (v — €cosx)?). Then

h— —2/1/2#@ V2h

The parameter € appears both as the coefficient of the cosine and within the pro-
jection Z; . Since C1o((v)) (14v3) < |pe| < Co((v)) (1+v3) for some con-
stants C},C, > 0, we can consider &, to be the projection from the u°—weighted
Liv space Lio to ker D¢, where u® = o((v)) (l + v%) and Dy = V0, — €02By0d,, +
£91Byd,, with By = d,y°(x) = —sinx.

In the limiting case € = 0, Dy = 90, so that & [n(v)h(x)] = n(v)h where h
denotes the average of /& over a period of length 27. So the limiting operator of .4
is

N (0)h = lim A (&) = —2/ 92)2e (V) v2)dv o = o,

£—0

o= —2/(ﬁ2)2ue(<v>,vz)dv = —2/1728'udv—|—2/132updv

_2/8 ,udv—|—4C/ vzvde—Z/ 2ua’v+1>1
V2

since (v) is strictly convex in the variable v,. Therefore
Z(0)h = lim Z(£) = —92h —h+ ah.
E—

where

Now we decompose h = h+ h* where [h'dx =0. Then
(L(O)h,h) = (=32 = D" 1)+ (a— DI? = (a— D = 0

since . (0) = —d? — 1 takes functions of zero mean into functions of zero mean
and is nonnegative on the periodic functions: .#(0) > 0. The operator .#(0) has a
two-dimensional kernel, spanned by cosx and sinx because if i € ker.Z(0), then
the mean of & vanishes so that d2h+h = 0.

We will show that for properly chosen o, (&) > 0 for € > 0 small. This im-
plies that the equilibria with € > 0 are linearly stable. Moreover, we will show that
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Z(€) has only a one-dimensional kernel spanned by sinx. This is also important in
the nonlinear stability proof of [25]. We prove above properties of .Z’(¢€) in several
steps. It suffices to prove .4 (&) > .4/(0) on (sinz)~.

Lemma 4.5. For any periodic function y (x) € L2,
eP () (x,v/e€).

Proof. Denote Dy = v, 0, — €v,By0,, + €vBya,, without the “hats”. Because D =

&DS, we have kerD; = kerD,. Furthermore, P, can also be defined as the

we have Pg () (x,v) =

projection operator from Lio to kerD,. For any h(x,v) € ker Dy, we define he =
h(x,v/¢€). Then

Dshg = (v18x — 8V2B()avl + 8V1308v2) he
— & (v10sh — v1Body, h -+ v1 Body, ) (x, g)

—eDih (x, 3) —0
€

so he € ker D, and each function in ker D, can be obtained in this way. By defini-
tion, for any Li‘) —function 4 € ker Dy,

O:/(vzy/—@f (vay)) h (x,v) dxdv
:813/(\/21//—&@1 (ny) (x,%))h(x,g) dxdv

by the change of variable v — L. So (voy— 2] (n¥) (x, %) ,he) = 0 which
implies that &, (v2y) (x,v) = €22 (»2y) (x, %), since he can be an arbitrary

Lio —function in ker Ds. [l

Classification of Particles. In the following discussion we consider a general
purely magnetic equilibrium (E® = 0) with a P—periodic magnetic potential y°,
not depending on the above special form. We can adjust the starting point so that
v2(0) = v (P) = miny®, y°(£) = maxy?®, and y° is monotone in each half
interval [0, g] and [g,P]. The potential y° has a single minimum per period P.

Now we investigate the electron trajectories in the magnetic field By = o, y/°.
The ODE for any particle is

(4.6) X=V, Vi=-0hoy'X), Vh="Vady’X).

The two invariants of (4.6) are the energy e = (v) and momentum p = v, — Y (x).
We classify the motion of the particles according to their energy and momentum
(e,p). We write

(v) e dx
dt = —dx == )
BT/ )
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Note that e = (v), p = vy — y’(x) is equivalent to

=4/ —1—(p+y°(x)?, wm=p+y°(x).

(A1) (free particle) If e? > 1 +max (p—i— IVO)Z, the particle travels around the
whole circle [0, P] with the period

P eax
Tf(e,p):/o \/82_1_(p+1;/0(X))2

(A,) (trapped particle of type I) If p > —miny® or p < —max y?, and € <
1+ max ( p+ I,IIO)Z, then [p+ w"]? has a single maximum at P/2 and the particle is
trapped in the interval (a’,b") with the half-period

where (a',b") is the interval such that e — 1 — (p+ y° (x))2 > 0. On the other
hand, if —maxy® < p < —miny?, the function (p+ y° (x))2 has two maxima
M, < M per period, which occur at x = 0, P/2.
(A3) (trapped particle of type IT) If —maxy® < p < —miny® and 1+ M, <
e < 1+ M, the particle is trapped in (a’ I plt ) with half-period
X

b”
T”e
7 /W—l—pwo())

where (a/l,b"") is the interval such that e — 1 — (p + y° ()c))2 > 0.

(A4) (trapped particle of type IIT) If —max y° < p < —miny® and €? < 1+ M|,
the particle is trapped in one of the two intervals (af’’,b{") or (a4’ b}") where
0 <all" <d" < £ issuchthate? —1— (p+y° (x))2 =0andd' =P —alll W1 =
P — b Tts half-period is
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(As) (critical particle) If ¢* = 1+ max (p+ l//O)Z, the particle motion is not
periodic. It takes infinite time for the particle to approach the maximum point of
( p+y0 ) ?. The same situation occurs if the particle approaches the local maximum

2 _
e =1+M,.
The following lemma gives an explicit formula for 22~ (V).
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Lemma 4.6. For any Y (x) € L;,,,, define the function hy (e, p) in the following
way:

[P (v )y
0 Ve—1- X))’
hy (e, p) = —Y. Tf (eu:)w% )

for (e, p) corresponding to a free particle, and

I (P+¥° (%)) y(x)dx
¢ Ve 1-(pry)’
T; (e, p)

hll/ (e,p) =

for (e, p) corresponding to a trapped particle where (a,b) is the trapped interval

of the particle. Then we have 2~ ($,y) = hy ((v),v2 — y°(x)) in L‘ZM.

Proof. By definition, D(22~ (,y¥)) =0s0o Z~ (V,y) is constant on each particle
trajectory. For any compactly supported (in v) function & € ker D, we have (with
e=1)

0= [[[ (2w =27 (529) & (x)dv

- ///l(e,p) (IH—IZO(X)‘V— 2 (\921I/)> g \/ ‘ dxdedp

2 —1—(p+y°(x))’

where we changed variables (x,v) — (x,e,p) and used I (e, p) to denote the x-
interval with fixed (e, p). We decompose the (e, p) region into five parts Ay, - - - ,As
corresponding to the different type of particles defined above. We can ignore As
in the integral since it has zero measure. For (e,p) € AjUA2UA3, I(e,p) is a
single interval while / (e, p) = (af’,b{") U (", bY") for (e, p) € A4. Since & and
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2" (V) are independent of x on each component of / (¢, p), we have
P
o /[ [ <”+"’O(’C)w—% (%w))é ¢ dxdedp
A1 J0 e \/e2 B 2

1—(p+‘V°(X))

blll

bl - bl
+ // -~ -dxdedp + // ---a’xdedp—i—/ / --dxdedp
Ay Jal A3 all

:// p+t/f X)) ¥ (x)dx
Ay

— P () Ty (e,p) | dedp

(v ()
p+w)>wmm¢x o
" P (520) T (ep) | dedp
[& i)}
e /b" p*"’“"”"’(’”d’“ — 7y (20T (e.p) | dedp
A\ —(p+ v (x)

/ é‘ alll bl /bl (erWO(X))W(X)dx _’@17(92‘/’)7;”1(@717) dedp.
it Ve—1-(p+y0 )’

Since & is arbitrary, each integrand must vanish. Thus &~ (Vo ¥) = hy (x,v) as
claimed. O

Using this lemma, we readily see by integration that &~ ($,0,y°) = 0. The
following lemma shows that the converse is also true.

Lemma 4.7. Forany y € C per, P~ (hy) = 0 if and only if y = co, y°.

Proof. Let 22~ (hy) = 0. First we choose p > —miny and e slightly larger

than min, \/1 +(p+yvo(x) =m= \/1 + (p+ w°(0))*. Looking at the graph of

(p + I/IO) , we see that the trapped particles are of type I and the trapped interval
is a small interval (—& (e), € (e)) in the circle. As e \, m, the period T,! (e, p) tends
to a finite number because €(e) = O(\/e — m) Thus

m? — £(e) 0 (x
mlw(0)<—/ (P+v°(0) w(x)
%@¢&4f@+w<»
so that we must have y (0) = y(P) = 0.

/TI (e,p) =hy(e,p) =2 (hy) =0

Secondly we choose p < —max y? and e slightly larger than min \/ 1+ (p+y0 (x))2 =

\/ I+ ( p+yo (g))2 The trapped interval is a small interval centered at g. For the
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same reason as above, we have y (LZJ) = 0. Thus y vanishes wherever 0,y does
(at0,% and P).

Thirdly we choose —max y” < p < —miny°. Denote by xf ,xb the two roots
of p+y°(x) =0, where 0 < x{ < £ and x} = P —x{. Then the minimum of

\/ 1+ (p+ w0 (x))? is obtained at both x and x5. We take e to be slightly larger

than \/ 1+ (p+y° (xf ))2 The trapped particles are of type III. The two trapped

intervals I; = (x/ — g(e),x! + €(e)) (i =1,2) are symmetric to each other with

respect to x = 5. We have €(e) — 0 and T,/ (e, p) tends to a finite number as

e\, \/1 +(p+y° (x’f))2 = /(. From 0 = &~ (Vo) = hy(e, p), we obtain

0 (p+v°(x)
e

—1- P+l//°( )’

- [a(Ve-1-trvww?) ¥ Ra

— [Ve-1-wrwwra (X))o

Dividing by £(e)? and taking the limit as e \, £, we obtain 0, ( %}3) =0 at the
y(x)

pointx?, where ¥ ERT is a well-defined function by the observation above. By chang-

\_/

ing p, the point x” can be any point in (0,P). It follows that J; < ;0) vanishes

everywhere and thus v = cd, y" for some constant c. U

Now we can construct some stable equilibria.

Example. We take a purely magnetic equilibrium with g =~ =pu* =Co((v)) (14 p?)
and y2(x) = €cosx. We take o > 0, 6’ < 0 on a finite interval [0,a) while 6 =0
on [a, ). For € > 0 small, we will show that the operator .Z(€) is nonnegative and
ker.Z(€) is spanned by the single function sinx. Thus this equilibrium is spectrally
stable.

In order to prove this, we will show that .#(¢€) is strictly increasing. For any
differentiable y € L7, define g (¢) = (.4 (€)y, ¥). By Lemma 4.5 and the invari-
ance of U, and of (v) under the flow,

—2 / / / 1 (v),va — ecosx) [P (52y)2dxdv

_ 2C///—Ge(<v>) (1+ (VZ—ECosx)z) @3282[@1 ()2 (xg) dxdv
= —2C///8 o.((ev)) op < ! +(v2—cosx)2> (2] (vaw))* (x,v) dxdv

82
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by changing scale in v. Denoting H (e) = —0¢’ (e) /e?, we have
zc/// <4H ev)) +H' ((ev) ‘Z' ’> ) (27 (vaw)2dxdy
/ € |V|2 21 g 2
+2c/// ( )+ H' (e >)<8v>> (v2 — cosx)2 [ 2 (vay)|Pdxdy.
Since o has compact support, if € > 0 is small enough, we have

‘ 2

, elv
4H (o) + H' ((e0) 7

By Lemma 4.7, if y is not a multiple of sinx, then & (v, y) # 0 and thus g’ (€) >

0 for small €. This implies that g (&) > g (0) = (.4 (0)y, y). Therefore (£ (&)y, y) >

(Z(0)y,y) for y # csinx. Recalling that sinx € ker.Z(¢g) and .£(0) > 0, we

conclude that £ (&) > 0 and that ker .Z'(¢€) is spanned by sinx for small €. O

Remark. Combining this example with Theorem 4.4, we have constructed a
periodic purely magnetic equilibrium that is stable under perturbations of minimal
period and unstable under perturbations of double the period. It is worthwhile to
make a comparison with the homogeneous case. By Theorem 4.1, for any ho-
mogeneous equilibrium, the perturbations of longer wave lengths are always more
dangerous for stability. This example indicates that the same phenomenon is valid
for an inhomogeneous equilibrium. We believe in general that perturbations of
longer wave length are more likely to induce instability.

Remark. If 4|c’| > 6" as e — oo, for example if o(e) = (1 + )72, then
g'(e) > 0, hence (Z(€)y,y) > 0 for small €. This follows immediately with-
out using Lemmas 15 or 16. In some cases we can simply choose o so that
4H(0)+H"?/(s)> > 0.

=4H(1)+0(g) > 3H (1) = —30'(1) > 0.

Appendix

In this appendix, we construct some equilibria of the type studied in this paper.
For the I%D case, we prove that there exist infinitely many periodic equilibria.
Then for the 3D case, we prove that for properly chosen external potentials, there
exist equilibria representing a compactly confined plasma.

Existence of periodic equilibria in 1% dimensions
We consider a plasma with two species. The equilibrium is
fOE = ph) = uF () £9° (), £ ().

For simplicity, we choose u* = u~ = u. Given U, the equilibrium potentials
(¢°,w°) should satisfy the ODE system

@ { 926 = —p = — [ (1((¥) + 9,2+ W) — 1((v) — 9 v2 — ¥))
) 2Y=—jo=— [Da(W((V)+ P, va+ ) —u((v)—d,v2 — w))av.
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We claim that for many choices of u there exist many periodic solutions of this

system. In order to show this, we first write the system in Hamiltonian form. Let
Jx be written as a dot and let

G=VY, =0, rn=—V,n=0,q=(q1,q), r=(r1,r2).
Let

q2
(4.2) V(q)z/0 /(u((v>+7t,vz+6h)_l~l(<v>—7L7V2—q1))dvd)L
+/oql/ﬁ2 (((v),v2 = A) = p((v),v2+A)) dvd A
Note that g—;/z = p and
aa;_/OqZ/(IJp(<V>+7L,V2+q1)+up((v>_}L’vZ_ql)>dvdl

+ [0 ()= 1) = () w2+ 1) v

_ /O’“/{aavz _vaai} () +2,v2 + 1) YdvdA,
Eraa3

= [ ()+ 0,24 ¥) = B~ 92— W) dv =~z

Let S be the diagonal matrix with entries (—1, 1) and let

1 1
H(q,r)=—=ri+ -3 +V(q,q2) = (Sr) - r+V(q).

2 2
Then our system takes the Hamiltonian form
JH JH
i =Sr=—. —i=V'(qg)==—.
a=sr=5" —=Vig=5

We shall apply a theorem of Hofer and Toland [18].

Theorem 4.8. Let V be a C? function : R*? — R. Let € be the closure of a compo-
nent of {q € R?* | V(q) > 0}. Assume that

(i) € is compact and convex;

(ii) V'(q) # 0 for g € 0€;

(iii) if g € d€ and (SV'(q),V'(q)) =0, then (V" (q)SV'(q),SV'(q)) < 0.

Then there exists a periodic orbit {(q(t),r(t)) | t € R} with some positive minimal
period T with q even and r odd and with the properties

4.3) r(0)=r(T/2)=0, q(0)€dC, q(T/2) € 9%, q((0,T/2)) C int(¥).
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Moreover, ¢(t) is monotone in [0,T /2] in the sense that q(t;) — q(t1) is in the
positive cone C§ = {q | q1 > 0,(Sq,q) <0} for T/2>1t, >1; > 0.

Corollary. If V is a C? function which has a maximum point ¢° where its
Hessian V" < 0, then there exist a family of periodic solutions in a neighborhood
of ¢°.

Proof. We have V'(¢°) =0, V"(¢°) < 0. Then of course all the level sets near ¢°
are convex and bounded. On the level sets near ¢°, we have V' # 0 and V" < 0.
Therefore all the hypotheses of the theorem are satisfied. O

In order to explicitly exhibit some choices of u that satisfy these conditions, we
choose ¢° to be the origin. Then obviously the first derivatives of V are zero at ¢°.
First we choose (e, p) to be a positive even function of p such that pu, (e, p) >0
for p # 0 and u, < 0. This is easily arranged, for instance, if t(e, p) = a(e)B(p)
for appropriate & and 3. Now

0%V ap
—_ — = _ _ d
901909, dqi /(Up(<v> + g, va+q1) + U ((v) —g2,v2—q1))dv
vanishes at the origin ¢ = 0. Furthermore, both
R
qu - /(nu'e(<v> +CI27V2 +CI1) +,Lle(<v> — 42,2 —ql))dv
2
and
0%V

57 = —/192 (p((v) +q2,v2+q1) + 1, ((v) = g2,v2 = q1)) dv
1

are negative at the origin. Thus the corollary is applicable. This construction pro-
vides only a purely magnetic equilibrium since (0, ) is an invariant plane for the
ODE system (4.1), by the evenness of ( in p.

To get a truly electromagnetic equilibrium with E° # 0, we modify the above
even example to break the evenness in p. If we add a small odd part to the even
example above, then V still has a strict maximum nearby and so the corollary is
still applicable. In this case, (0, y) is no longer an invariant plane for (4.1) and
we get equilibrium with E® £ 0. Thus we can construct infinitely many periodic
electromagnetic equilibria (l//o, qbo). Moreover, by Theorem 4.8, we easily derive
the following properties of the equilibrium. First, y° ¢° are even functions in
[0,T]. Second, y? is increasing in [0, 2] and decreasing in [%,T].

Remark. By a similar process, solitary wave and kink type solutions can also
be constructed for (4.1) by using the corresponding theorems in [18] for homoclinic
and heteroclinic orbits. These types of solutions are also constructed in [8] by using
more complicated dynamical system arguments. However, a periodic equilibrium
was not constructed in [8].
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Existence of 3D confined symmetric equilibria

To accomplish this, we need an external field. Indeed, for the three-dimensional
problem there can be no equilibria of finite energy in the absence of an external
field. In fact, it is proven in [16] that every finite-energy solution of RVM without
an external field in 3D must satisfy the estimate

° 1 1
44) [ 5me e gme e [ s fasar <

or all R < 0. It is clear that this could not be satisfied by an equilibrium. The esti-
mate (4.4) is also true for a multi-species plasma without an external field. Thus, to
get any 3D plasma equilibrium, it is necessary to add an external electromagnetic
field. For the case of MHD, the necessity of external fields for the existence of
equilibria in the whole space is well known in the physics literature (see [6]).

Now we construct one type of confined plasma with support in a torus. Our
method of proof is a modification of the standard sub-sup argument, as in [1] and
[26], but there are some major differences. In [1] and [10] steady states are con-
structed in a bounded domain away from the z—axis with the perfectly conducting
boundary condition. Here we consider the confinement problem in free space with
external fields, a more practical problem in physics ([3]). One difficulty in our
proof is that the operator —d,, — d,, — %8, + riz that appears in the steady state
equation appears to be singular at z—axis. That is why the existence results of [1]
and [10] could only be proved under the restriction that the domain is away from
z—axis. However, observation (3.4) allows this restriction to be removed so that
equilibria with continuous fields in the whole domain including the z—axis can be
constructed.

We consider an equilibrium (f°,¢% ,A9) of the form f° = F (¢) G(pg), where

e= m— ¢° (nz) — 9" (rz), pe=r(ve—Af(rz))

and (¢°,AY) satisfies the elliptic system
D B iyt i Ul T
A+ 0r Ay + 0, Ag — 2Ag = jo = [ VeF (e) G (pg)dv.
Denoting U = ¢° (r,z) + ¢ (r,z) , (4.5) becomes
4.6)

AU =m (1,2)+p (U,AY) =m1 (r2) + | F (Wu) G (r (ve —AY)) dv
AnagA = DAY — LAY = jo (U,AY) = [ 96F <m—u) G (r (ve — %)) dv

where ny (r,z) = A9 (1,z2).
We impose the following assumptions:
i) F,GeC!(R), F>0, G>0, G hasbounded C' norm.
i) F (e)eve2 —1, |F'(e)|eve? —1 <m(e) forsome m e L' ((1,0)).
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iii) F (s) =0if s > ¢¢ for some ep < 1.

iv) G(s) =0if |s] < & for some & > 0.

v) nj €C! (R3) and n; < 0 is compactly supported.

It is trivial to construct functions F' and G satisfying above assumptions.

Theorem 4.9. Under Assumptions i)-v), there exists an equilibrium with ((PO,Ag) €
Cc? (R3) such that the equilibrium density p° and the current jg are supported in a
torus; specifically, they are supportedin aregion{(r,z) |0 <C; <r <G, |z| < C3}.

Proof. We recall from (3.4) that for a function f (r,z) € H>" we have

1 1 . .
4.7) (=A) g f 1= (—8ZZ — Oy — ;8, + r2> f=e(-A) (elef) _

This shows how the singular term 1/r? is artificially introduced by the coordi-
nate change. On any cylindrically symmetric, bounded domain Q, we can define
(—A0) gt L5 (Q) — H' (Q) by

mag*
(—AQ) pag =€ (—A0) ™! (eie)

where (—AQ)_1 is defined by the Dirichlet boundary condition. It is obvious that
(—AQ);;g is a compact operator. Moreover, we still have the maximum princi-
ple for (—Ag)mag. So we can modify the theorem of McKenna-Walter (see also
Theorem 4.1 in [1]) to directly solve our system (4.6) in a bounded domain by the
sub-sup method. There is very little change in the standard proof so we skip the
details. We use the sub-sup method to solve problem (4.6) in Bg = {x||x| <R},
with the boundary condition U = Ag =0 on JBg.

By a straightforward calculation (see [1]), Assumption ii) implies that |jg| <
p < C’ for some constant C'. Define AX = (—ABR);alg (C),AR = (—ABR);;g (-C),
UR = (~Ag,) ' (—m) and UR = (=Ag,) ' (—n1 —C'). Then for all B € [UR,UX]
and o0 € [AF, AX] we have —AUX = —n; (r,z) > —n1 (r,z) —p (B, @) and —AUF =
—n; —C' < —ny(r,z) —p (B, a). We also have (—A)magA§ =C'"> jo(B,) and
(=A) g AT = —C' < jo (B, ). So (Uf,Af) and (U5,A%) are sub and sup so-
lutions to (4.6) on Bg. By the modified form of the McKenna-Walter Theorem
mentioned above, there exists a C2*9 solution (UR ,Alg) of (4.6) on Bg vanishing
on dBp and satisfying Uf <UR< Uf and AIf < Alg < A§ for some 0 < 0 < 1. We
denote p¥ = p (UR,AI(;) and jg = Jo (UR,AI(;).

If we also denote Uy” = — [ f;f}y)‘ dy, then of course Uf /" Uy as R — oo. Since

Uy (x) — 0 as |x| — oo, there exists Ry > 0 such that 1 — U5’ (x) > eg for |x| > Ry.
So if R > Ry, we have

VIHIVP=UR @) 2 /14 P = UF () = 1+ VP = U5 () > e

for |x| > Ro. By Assumption iii) it follows that p® and jg have their supports in the
ball Bg, for any R > Ry.
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Furthermore by Assumptions i) and ii), p® and jlg are bounded in C!(R?)
uniformly as R — oo. Thus there exist cylindrically symmetric p*° and jgy in
C? (R?) with supports in Bg, such that (p%, j&) — (p>, j5) in C? (R?) as R — .
Hence there also exists a pair (U”,A‘(’;) eC? (BR,) such that (UR,A’(;) — (U“,A‘;")
in C%(Bg,) as R — co. Thus (U=,Ay) clearly solves (4.6) in Bg, with p=~ =
P (U"",A"e") and jy = Jjo (U"",A‘;’). We extend (U°°,A‘§’) outside the fixed ball Bg,
by setting U* (x) = U5° (x) and A§ = 0. It satisfies (4.6) in (Bg,). Then (U~,A})
solves (4.6) in the whole space R>.

That supp(p*) C {(r,z) | r < Gy, z < Cs3} is implied by the compact support of
p°. To show that supp(p*) C {(r,z) | r > Ci}, we use Assumption iv). For very
small r, in order for G (r (ve —A%)) to be non-zero, we must take |vg| to be very

big, by Assumption iv). Thus if r is small enough, we have 1/1+ |V]2 —-U”>ep
which implies that p= = 0. So supp(p~) C {(r,z) | r > C;} for some C; > 0. Let
p° =p=and j§ = jg. O
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