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Abstract

We prove the nonlinear stability or instability of certain periodic equilibria of the
I%D relativistic Vlasov-Maxwell system. In particular, for a purely magnetic
equilibrium with vanishing electric field, we prove its nonlinear stability under
a sharp criterion by extending the usual Casimir-energy method in several new
ways. For a general electromagnetic equilibrium we prove that nonlinear insta-
bility follows from linear instability. The nonlinear instability is macroscopic,
involving only the L!-norms of the electromagnetic fields.
(© 2000 Wiley Periodicals, Inc.

1 Introduction

In this paper, we prove the true nonlinear stability or instability of certain equi-
libria of the I%D relativistic Vlasov-Maxwell (RVM) system. We use the same

notation as in [15]. The I%D RVM system of two species of particles without
external fields is

(1.1a) O fE+010fF + (E1 +0:B)0,, f* £ (Ey — 91B)d,, f* =0

(1.1b) OE\=—ji, GE,+dB=—)»
(1.1¢) OB=—0E,, E =p
with

p= [t =, =[50 =) (1=12).

We refer to [15] for further discussion of this model. Consider a P—periodic equi-
librium of the form

(1.2) o=t (e, p") = () £ (x), v =y’ (x)) >0
with
EY=—-0,0° EY=0, B’=0d.y°,
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where (¢O, I/IO) satisfy the ODE system
(1.3)

020" = —p" == [(£%F = )dv, Y0 =S =~ [0~ S )av

In the appendix of [15], we showed that there exist infinitely many periodic electro-
magnetic equilibria of this form. Under the assumption u; < 0, we found in [15] a
nearly sharp linear stability criterion for periodic equilibria of the form (1.2). Var-
ious linearly stable and unstable examples were explicitly constructed using this
criterion. The main purpose of the present paper is to prove that these linear sta-
bility or instability criteria are indeed also true on the nonlinear dynamical level at
least in some cases.

First we show that the existence of a growing mode implies nonlinear instabil-
ity, in the precise sense of the following theorem.

Theorem 1.1. (Instability) Let (f** = u*(e*, p*),E?, B®) be a periodic equilib-

rium of the form (1.2) for system (1.1c) with

B = O() M), > 3, [+ g = 0), sup [ ()24 + a3 v < o
X

If there exists a growing mode, then there exist positive constants &,Cy and a
family of W' solutions [f6,17557535] of (1.1c) with period P in x, defined for 6
sufficiently small, with fo* (1) non-negative, such that

02,20, < 0], <5
d
B L R W 0 I R

0<1<C|In |

We emphasize that the conclusion of nonlinear instability proven in Theorem
1.1 is in the macroscopic sense: the fields themselves deviate at some time from the
equilibrium fields. This is physically natural since it excludes the spurious instabil-
ity due to microscopic oscillations of the distribution function f. In [9] nonlinear
instability was proven for homogeneous equilibria in a norm that included the L!
deviation of the distribution function f. So our result is an improvement of [9] in
two ways: the instability is proven more generally for any inhomogeneous equilib-
rium, and it is proven in a stronger, more physical sense.

Secondly, we prove nonlinear stability, for certain purely magnetic equilibria
of the type

0% = 1 (e, pt) = uE ()2 £ y0), B = ay®, B0 =o.

Such equilibria exist ([15]) if we assume that u* (e, p) = u~ (e, —p) and y° satis-
fies the ODE

(1.4) afwozz/ﬁzu*(<v>,vz—w0(x))dv.
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Let Tyyo be the minimal period of the periodic solution v to (1.4). By adjusting its
starting point, we can always arrange that the solution satisfies
0(()) — 4,0 o 0 0/1 _ 0
v (0) =y (Tyo) = o vi(x), v (3Ty) o5 v (x),
v (x) =y (Two —x), Vxe [O,Two] ,
and Y (x) is strictly increasing in the interval [0, %Two]. Assume (1 < 0. More-
over, we consider general perturbations of period 7,,0. As noted in [15], the equi-
librium is more likely to be unstable under perturbations that have periods that are

multiples of Tyo. Given such an equilibrium, we proved in [15] the sharp linear
stability criterion for perturbations of period 7,0, namely, that the operator

(1.5) POh = —h— 2/ﬁ2u;dv h— 2/92 w2 [6h]dv

(which has discrete spectrum) should be nonnegative, where &7~ is defined as
the projection operator from L‘ZM‘;| to kerD~ with D~ = $;9, — $,B°9,, + ¥, B°9,,

and L|2”,| denotes the |u, |-weighted L2, space. Using this stability criterion, we

constructed an inhomogeneous equilibrium in [15] that is linearly stable. We em-
phasize that the nonlocal stabilizing term involving &~ is indispensable to a full
stability analysis, even for a homogeneous equilibrium.

In the present paper we show that .#° > 0 also implies nonlinear stability, at
least in certain cases. We restrict our attention to purely magnetic equilibria of the
special type

(1.6) fOE(x,v)=put(e,pt)=e" <V>7(v2 +y'(x), B =ay’(x), E°=0

where y € C? is even. Our reason for this specialization is mainly for simplicity. For
such equilibria many calculations can be made explicit without being excessively
technical. We do expect that our ideas should carry over to prove the nonlinear
stability of more general purely magnetic equilibria.

Theorem 1.2. (Stability) Consider a purely magnetic equilibrium of the form (1.6).
Let 1 = logy and assume ', 1", 0" are bounded. If £° > 0 and ker £° is one-
dimensional, then the equilibrium is nonlinearly stable in the following sense.
Given € > 0, there exists & > 0 with the following property. Let initial data
which launches a global solution be given with x-period P = T\, which satisfies

3 B(0)dx = 0 and d,E(0) = p(0), and for which
d(f5(0)—p*,y(0)-y*E) <8,

where the distance functional d (fi —ut y— I}/O,E) is defined by (2.7) below.
Then the solution of (1.1c) satisfies

inf d (Tof* (1) — =, Toy (1) — v, TE) <&
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at all later times 0 <t < oo, where Ty denotes the translation in x by 0. In particu-
lar, it satisfies

(17)  sup inf {HT@fi (1) —yiH +||ToB (1) — B[ . + HTeEHLz} <e.
0<r<oo 0 L!

Sufficient conditions for initial conditions to launch a solution of (1.1c) are
f(0) € BV; ()3T £(0) € L=; E(0),B(0) € W' (see Theorem 4 of [8]).

We remark that Theorem 1.2 and its proof go over almost verbatim to the I%D
RVM system on the whole line rather than on the circle. For purely magnetic
solitary wave and kink-type solutions on the whole line, we can obtain the sharp
nonlinear stability criterion as above; that is, #9 >0 and ker.£° = {Wor} imply
nonlinear stability with .Z° defined by (1.5) on the whole line.

In [6], Guo proved the nonlinear stability of purely magnetic equilibria of the
same form (1.6) in the periodic and the whole line cases. The nonlinear stability
criterion proven in [6] was that the operator

(1.8) L= —83—2/ﬁ2u;dv

should be nonnegative and ker L should be one-dimensional. For a kink-type equi-
librium, one has L > 0 and the nonlinear stability can be proven. However, for
periodic and solitary wave type equilibria, since Ly? = 0 and y has a zero, the
operator L must have a negative eigenvalue by Sturm-Liouville theory. So the sta-
bility criterion L > 0 could never be satisfied for periodic or solitary wave type
equilibria. Thus in [6] the periodic waves were only proven to be conditionally
stable under perturbations for which the magnetic field B is an even function and L
is a nonnegative operator. For the same reason, the nonlinear stability of homoge-
neous equilibria claimed in [9] is also conditional, with the evenness of B implicitly
assumed for the perturbations. On the other hand, in [15], the homogeneous equi-
libria studied in [9] are proven to be linearly stable without any restriction on the
parity of the perturbations and we construct stable inhomogeneous examples. The
proofs crucially require the additional stabilizing term —2 [V, p, 2~ [hrh]dv in
£Y. By Theorem 1.2, these linearly stable equilibria are also nonlinearly stable.
Now we describe the main ideas in the proof of Theorems 1.1 and 1.2.

To prove nonlinear instability for Vlasov systems, one has to overcome several
particular difficulties. The first difficulty is that the nonlinear term in the Vlasov
equation (1.1a) contains d, f. To overcome this difficulty of a “loss of derivative”,
Guo and Strauss introduced a bootstrap technique in a series of papers starting with
[7]. This allowed them to get a growth estimate of d, f from the growth of f itself,
within a time period [0, Ts| during which the perturbation is exponentially growing
while the amplitude is kept smaller than 6. They close the estimate by showing that
the nonlinear term is indeed of higher order in [0, Ts], which implies the nonlinear
instability.
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A less obvious difficulty is related to the positive Liapunov exponent (growth
rate) u of the particle trajectory in steady fields. It turns out that when u is less
than the growth rate A of the full linearized RVM system, the growing mode is
not differentiable, and more seriously the bootstrap estimate of 9, f cannot be ob-
tained in this case. For the weakly inhomogeneous ([7]) and homogeneous ([9])
cases, one has the “good” case since A > . However for general inhomogeneous
equilibria, the “bad case” when A < u has to be dealt with. In the proof of nonlin-
ear instability of the 1D Vlasov-Poisson system, Z. Lin ([12]) introduced two new
ideas to surmount these difficulties. One was to estimate the electric field £ only,
thus utilizing the regularizing effect of going from f to E by the Poisson equation
in order to balance the derivative d, in the nonlinear term of the Vlasov equation.
This overcomes the “loss of derivative”.

The other new idea in [12] was to replace the classical Liapunov exponent u by
an averaging Liapunov exponent [,,. This comes from a rather delicate analysis
of the geometric properties of the particle trajectory. Coupled with the easier boot-
strap estimates involving no derivative of f, these new ideas led to the nonlinear
instability result ([12]) in the electric field.

In this paper, we generalize these ideas to the relativistic Vlasov-Maxwell sys-
tem to prove Theorem 1.1. However, there are still some important differences
from all the earlier papers. First, unlike the Vlasov-Poisson case one does not gain
any obvious regularity by passing from the particle density f to the field £, B since
the Maxwell system is hyperbolic. To overcome this difficulty, we use the operator
splitting ideas introduced in [4] (for 3D) and [5] (for I%D). This allows us to gain
some regularity when the particle speed is finite, in which case the characteristics
of Vlasov and Maxwell equations are strictly separated. To deal with particles of
arbitrarily high speed, we estimate the coefficients coming from the operator split-
ting by a power of (v). This allows us to obtain some regularity of £ and B by using
a <v>k -weighted norm for f. It turns out that this regularity is enough to overcome
the “loss of derivative” by using a duality argument. Secondly, we also need to in-
troduce the averaging Liapunov exponent and prove that it vanishes. The proof is
more involved than in the Vlasov-Poisson case since the particle trajectory in elec-
tromagnetic fields is much more complicated than in electrostatic fields. Here the
result in [13] for ideal plane flows is important. The main line of proof of Theorem
1.1 follows that of [12] but is technically much more involved. The estimate of the
linearized semigroup and the bootstrap estimates are really different from and more
difficult than the Vlasov-Poisson case. Several techniques regarding homogenous
equilibria ([9]) are also very useful in our study of inhomogeneous equilibria.

In order to prove the nonlinear stability result of Theorem 1.2, we also intro-
duce several new ideas. First, let us make some general comments about the usual
nonlinear stability proofs. The usual way of proving nonlinear stability is the so-
called energy-Casimir method. This idea was first introduced by Newcomb (see the
appendix of [2]) and used by Gardner [3] for Vlasov plasmas and then by Arnold
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[1] for ideal plane flows. This method has been used extensively since then in the
analysis of nonlinear stability in fluid and plasmas (e.g. [10]). The idea is very
simple: one constructs an energy-Casimir functional that is an invariant of the non-
linear system under consideration. Its first variation vanishes at the equilibrium.
Performing a Taylor expansion of the functional around the equilibrium, one then
tries to prove that the second-order term is a positive quadratic form which is to be
used as the nonlinear stability norm.

To close the argument, one has to show that the remainder term in the Taylor
expansion is of higher order (smaller) in the stability norm. In Vlasov models
one of the remainder terms is f> whose L? norm is difficult to be bounded by a
power of the stability norm. In the earlier papers using energy-Casimir methods
([1], [10]), the nonlinear term is estimated by a convexity argument and the higher-
order estimate is avoided. However, the stability condition obtained in this simple
way is far from being sharp and is not even applicable to many situations like our
current case.

To get a sharper stability criterion, one has to use the full power of the positive
quadratic term and to carefully estimate the higher order term. In [6] for I%D
RVM, a delicate argument was developed to get the higher order estimate and the
sufficient stability criterion L > 0 (with L defined in (1.8)) was derived. But, as
mentioned before, for the periodic and solitary wave cases, the operator L always
has a negative eigenvalue and thus general nonlinear stability cannot be proven by
this stability criterion. To get the sharp nonlinear stability criterion in Theorem 1.2,
one has to extend the energy-Casimir method in several important ways.

To understand these ideas better, we switch for a moment to the simpler case
of ideal plane flows. In [16], Wolansky and Ghil extended the energy-Casimir
method for ideal plane flows in several directions. They used any finite number of
Casimir functionals as constraints, thus constructing an augmented energy-Casimir
functional with Lagrange multipliers. Doing a Taylor expansion of this augmented
functional, they obtained a sharper estimate for the quadratic term. The way they
handled the nonlinear term is also interesting. By a duality argument using a Le-
gendre transformation, they essentially transformed the nonlinear term for the vor-
ticity to the one for the stream function. This new nonlinear term was easily shown
to be of higher order. Combining these ideas, they were able to obtain a non-
linear stability criterion which is nonlocal since a finite-dimensional projection is
involved. In [11], by using all the Casimir functionals as constraints, a sharper and
more explicit criterion was obtained. However, as pointed out in [11], there is a
strict gap between the nonlinear stability criterion thereby obtained and the appar-
ently sharp spectral stability criterion. This gap occurs because the particle with
fixed energy in the steady flow is usually trapped on two or more disjoint closed
curves. To get a sharp nonlinear stability criterion, or to pass from linear stability
to nonlinear stability, one has to close this gap.
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We now return to I%D RVM. The proof of Theorem 1.2 is accomplished in
several steps and several new ideas and techniques are introduced. First, we de-
duce a nonlinear stability criterion by Taylor-expanding the usual energy-Casimir
functional (2.1) using all the Casimir functionals as constraints. More precisely,
by observing that all of the functionals I, (f*,v2+y) = [g(f*,v2 £ y)dvdx
are invariant, the conditions I, (f*,v, £+ y) = I, (u*, v, + y°) impose additional
constraints on the perturbations. In a similar fashion to the ideal plane flow case
in [11], we only need to incorporate finitely many Casimir constraints. However,
unlike the case of ideal plane flows in [16], we are not able to construct a similar
augmented functional to utilize these constraints in the plasma case. This difficulty
occurs in part because f and y are functions living in different spaces. More signif-
icantly, in the plasma case f cannot be represented by y via a local relationship. In
the present paper, in order to use the Casimir constraints, we instead employ a new
technique originally developed for ideal plane flows in [14]. In [11] and [14] the
idea is to directly minimize the difference of the energy-Casimir functional under
the Casimir constraints. The constraints are incorporated by using the correspond-
ing finite-dimensional projection for the vorticity w. The nonlinear term in @ is
transformed to a new one in the stream function ¢ by the Legendre transformation
as in [16]. The key observation is that the constraints on @ in the projection form
are nicely suited to the Legendre transformation and provide a nonlinear nonlocal
term in @ involving the projection. Performing a Taylor expansion of this nonlinear
nonlocal term in @, we get the desired nonlinear stability criterion.

Carrying out this approach in the RVM case is far from straightforward. One
key point in our proof is to introduce the |u,|-weighted L? space L|2#g| which con-
tains both f and y and to perform the projection in this space. The Legendre-type
transformation from f to v is also quite delicate and the spectral stability proof
from [15] provides useful insights. We are able to get a nonlocal nonlinear term
involving ¥ only. Performing a Taylor expansion of this new nonlinear term of y,
we obtain the nonlinear stability criterion that the operator

(1.9) P = —afh—z/ﬁzu;dvh—z/ﬁz 1, P~ [9,h)dv

is nonnegative with ker.Z =span {9,y }, where &2~ is the projection operator of
L, onto the subspace

(1.10) W~ = {C € Li,] ¢ =g ((v),v2—y°) for some measurable function g} .

However, W™ is strictly smaller than kerD~, where D™ is the Vlasov generator,
so that 2~ > P~. Therefore "> Z. So as in the case of ideal plane flows
there is a gap between the sharp linear stability criterion .#°>0 and the nonlinear
stability criterion .2 > 0. The reason for this gap is similar: the phase space for the
particle motion for given particle invariants e, p in a steady field has disconnected
components. To close the gap between .#° and .Z and to get the sharp criterion for
nonlinear stability, we investigate the detailed structure of particle trajectories. The
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key observation is that the disjoint components of the trapped intervals are sym-
metric in the purely magnetic case. Using this observation and the explicit forms of
0 and £, we are able to show that .#°>0 implies .Z >0. This finally provides
the sharp nonlinear stability result of Theorem 1.2. Using this sharp criterion, we
can prove nonlinear stability under general perturbations for the stable examples
constructed in [15].

This paper is organized as follows. In Section 2, we prove Theorem 1.2 on
nonlinear stability. In Section 3, we prove Theorem 1.1 in several steps. First
we discuss the averaging Liapunov exponent, then the representation of the fields,
then the semigroup estimates, then the bootstrap estimate and finally the nonlinear
stability.

2 Sharp nonlinear stability in the purely magnetic case

2.1 The invariant functional and duality lemma

We prove Theorem 1.2 in this section. Denote H (f) = flnf — f and n (p) =
Iny(p). Since [I B(r) is invariant, B(r) = o,y (1) + k for a periodic v (¢) and a
constant k independent of ¢. To prove nonlinear stability, we only need to control
the periodic part d,y (7). For simplicity, as in the previous papers [9] and [6], we
only consider perturbations with k = [; B(0) = 0. This allows us to write B(f) =
oy (t), where y(¢) is the periodic magnetic potential. We define the standard
energy-Casimir functional as in [6],

@2.1) I(f*,y.E) =

/OP/Rzzi‘,H(fi)+(<v>—n(vziw))fidvdx+/op <;W3+;|E|z> "

To prove nonlinear stability, we expand the functional (2.1) around the equilib-
rium. Denote

Q(fFmtw)=H(f*)—nmty)f,
so that 910 (u*, v, £ y°) = — (v). So from
0= /QVZQ (L= vt y)dv= / (= () Q™ =1 (£ y°) u*) dv
we have
/n’ (va£ I//O) utdv = —/<v> A, utdv = /132,uidv

and thus

22 —yd= /\92 (Lt —ut)dv= / (" (24" ut —n' (vo—y°) ) dv.
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Hence

2.3)

H( ) 1 (. 9.0) = [ Xl (7) —H (1) dvax
+//§{<V> (f*—u®) —n (£ w) £+ =y )u*} dvdx
+/{;(W—llfo)i+(llf—llfo)xll/ox+;!E|2}dx

://Z{H(fi)—H(#i)HW (f= —u®) —n (£ )+ dvdx

+//Z (r2£v7) (77/(\/24— yOu —n' (v — ) u*) (w— wo)}dvdx
w[{5 v g IeR fax
=hL+bL+5,

where in the second equality above we have integrated by parts and used (2.2) and
with

I = //RZ<ZH H’(u)(fi—ui)—h(fi—ui))dvdx

where h=n(va £ y) — (Vz + 1//0)

e [ (S -
he+f (é (v- W°)§+;|E|2) dx

Now we use the integral identity (which follows from the special form of )
[rEn vy dv= [ =3, ()0’ (2 y") v
/ ,ui (n' (m£v°)) +ﬁ2uin’(vziy/0)>dv

:/ —Hi (n'( Vzﬂ:l//o))2+\92u;) dv.
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Thus the term /I is estimated below by
(24

//Rz ( vziu/)(w—w‘))zin’”(vziu‘f)(w—w°)3>uidxdv
/ /RZZ— " (va ) (w—y°) dxdv—Cy ||y — v,

- [ L.X (Zui (' (")) - iﬁzu,?) (= ") dvdx—C [[y = ||,

where C = |n"”|p~ [ ¥+ |uF|dxdv and ¥ is between y° and y. In order to es-
timate /1, we need the following simple duality formula based on the Legendre
transform.

Lemma 2.1. For given numbers fo > 0,c and d, denote 8.4 (f) =H (f + fo+d) —
H (fo)—H'(fo)(f+d)—cf. Then

G.4(h)= min c. —h
)= min gea()=hf

= fo (1+h+c—eh“) + (h+c)d = (h+c)d+O0(h+c)*.

Proof. The minimizer f}, satisfies

0=g.qg(f)—h=In(f+fo+d)—Info—h—c=0,
50
Jn= fo(h” )—d.
Thus
Gea (h) = gea (fn) —hfn = fo (1 +h+c—eh+c) +(h+c)d.
[l

As a simple illustration of estimating /; by the duality argument, we use Lemma
2.1bysettingc=d =0, fy=p*, f=f*—pFandh=h* (y,y°) =n (- y)—
n (v2 + l//o) Then we have by Lemma 2.1,

w=[f Lle0o(7) =R = i )dvda
2.5) 2/0})/]RZZNi (1+hi(w, wo)—ehi“f’v%)) dvdx
+
P [ 0\)2 02
_/O /Rz;z“ (' (2= ")" ((w—v")") dvdx

—Cie® IVl [y =y,
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since h* (y, y°) < |n'|;= |w—y°| < C'||y —y°||,;;. Combining this with the
estimate (2.4) of I, we get a cancelation that leads to

1
I(fiaW7E) _I(.uiawO’O) Z 5 ||EH§+ (L(W_WO)7W_WO)

=iy =y

By the standard argument, this essentially proves nonlinear stability under the
stronger assumption that the operator L defined by (1.8) is positive, which recovers
the result of Guo [6].

However, the proof of the nonlinear stability criterion asserted in Theorem 1.2
is sharper and its proof is considerably more involved. We divide it into several
steps. Our main task is to use the constrained energy-Casimir method to show that
£ >0 (defined by (1.9)) implies nonlinear stability in the sense of Theorem 1.2.
Assuming that, we will finish the proof of Theorem 1.2 by showing that .Z > 0 is
equivalent to the sharp condition .#° > 0.

2.2 Two projections

We begin with a discussion of the operator . defined by (1.9). Since we do
not know beforehand that the space W~ (defined by (1.10)) is closed in L‘ZH,|, we

shall define an operator &~ : L,zﬂ,| — L|2u’! explicitly and later show that it is the

projection onto W~ For h = h(x,v,v;) € L|2u‘ i we denote

" (e,p,x) = h <x’ /= 1= (p+ v ()% p+v° (x>> '

We classify the particles into five types according to their (e, p) values as in [15]
and we refer to [15] for their definitions and the notation. The classification de-
pends on which of five sets A} U- - - UA5 the point (e, p) belongs to. We can neglect
the set As, which has measure zero. We define

/ (e,p,x)edx
4epzwi v@—vp+wm>

at points (x,v) with (e, p) = ((v),v2 — y° (x)) € A4 corresponding to trapped par-
ticles of type III, where [a{” , b{” } and [aé” , b’” } are trapped intervals and

111
b; edx

TIII e p m
Ve —1—(p+v0 ()

is the half period. At all other points (e, p) € A| UA; UA3, we define

P h=

(e, p,x)edx

h
ep'/¢ —(p+ v ()

?_h:
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where [a, D] is the interval of the particle motion and

ren=
RN T

is the time for a particle to get through its interval. By definition, &~ takes an
arbitrary function into a function of e, p alone. We now show that &2, as just
defined, is the projection onto W™

Lemma 2.2. (i) &~ .'L‘2 | — L’ | is the orthogonal projection onto W .

(ii) If w(x) € L} is odd, then P~ (") = 0. If W is even, then P~ (hy) =
P~ (DY) is even.

Proof. (i) We have

A7, —/{ug\hzdxdv

‘ﬂé
_ (e, p,x)* edx
= ded
//AIUA2UA3 ‘Z/ \/ eap

—(p+ ¥ (x))?
+//A4’“5‘§,.§2/;¢ R —

—(p+y0 ()

by the change of variables (x,v;,v2) — (x,e, p). Since by definition P~ h depends
only on (e, p), it is constant on the x-intervals for each (e, p), so that

|27l = J]] 16| (1)’ axav

He

:2// || (ﬁfh)z (e.p dEdP+4// .| ( T”I(e,p)dedp.
AjUAUA3

By Cauchy-Schwarz, for (e, p) € A] UA; UA3,

(971)22T (e,p)

/ h* (e, p,x ) edx /
21 ep) Ve-1-p+y @2 )\ e —1-(p+yo )’
:l b h* (e p,X ) edx hjE (e,p,x ) edx .
2*/“ Ve —1-(p+ vl /¢ (V)



NONLINEAR STABILITY AND INSTABILITY OF RVM 13

Similarly for (e, p) € Aq,

. bl h* 2
4(@_}2)2#” (e, p) S 1 Z / h™* (e, p,x)" edx
12

T\ a1 (p v ()
bilt h* (e, p,x)* edx
212/ Ve 1-rvw)?
So, summing over the four regions, we have || 2~ ||, < ”hHLT . or |27 <
e He
1. That range (2?~) = W~ is obvious since &7~ map|sua function depending only

on e, p to the same kind of function. The equality (&?~)*> = 2~ = (P ~)* follows
directly from the definition.

(ii) By the definition of P~ we have
bIII p+ ll/o )

P~ (hy) = 2T (e, p) A 12/’" \/62_1_ p+\I/O( )?

for (x,v) corresponding to type III trapped particles, and

1 (p+v(n) w(x)dx
‘@ (VZII/) - T (6 ) 5
P e 1=+ )
at all other points. So (ii) follows easily from this formula for P (V2y) and

the formula for &2~ (V,y) in [15], by the exact cancellation due to the symmetry
properties of the particle motion intervals. U

IN

By the same process as above, we define &% to be the projection operator
of L‘2u+| to its subspace W+ = {(; €L|# | \ C—g((v>,vz+q/0)}_ Let R be the

operator defined by Rf(x,v) = f(x,—v). Note that RLfr = Lfl+ and RW™ =W,
Thus RP?~ = P*R.

The following lemma implies that the weaker stability criterion .2 > 0 is equiv-
alent to the sharp condition .#° > 0. This is a crucial step in the proof of the sharp
nonlinear stability criterion.

Lemma 2.3. 0 > 0 withker.Z° = span{wo,} ifand only if £ > 0 withker £ =
Spa”{llfox}-

Proof. Since L and & map odd (even) functions to odd (even) functions, we
can consider the operators . and .# defined on even and odd function spaces
separately. By Lemma 2.2, .Z = .Z on the space of even functions. Since W,
is odd, by assumption .Z =% >0 on the even space. On the odd space, .Z =L
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(defined by (1.8)) which is nonnegative by assumption and has its kernel spanned
by yp, on the odd space. Combining these two, we conclude the proof. U

2.3 Reduction to finitely many constraints

By Lemma 2.2 it suffices to prove nonlinear stability under the assumption that
2 >0 and ker.Z = span{y,}. To accomplish this, the main idea is to use all
the constraints from the invariance of g (f*,v, + y) to obtain a sharper estimate of
I(f5,W,E)—1I (ui, w0, 0). First we indicate that in some sense we merely need to
use finitely many constraints. Indeed, forany { =g ((v),v2 — y°) =g(e,p) W,
we denote ¢ = e — 1 (p) where 1 =logy. Then { =g(¢'+n(p),p) =& (,p).

So we also have W~ = {C €L|2u;|‘ C:g(e’,p)}, and

1617 = [ |uc|Paxav= [ [ |uc|& ()T (¢ p) de'dp,

‘l‘e

where 7' (¢, p) = T (¢ +1 (p),p) and

b edx
e, Ve 1= (p+ v (@)

is the time for a particle to get through its periodic interval [a,b]. Hence the space

<W, -1l 2 is the same as the |, | T weighted L? , space. Therefore we can
He ’

find a complete orthogonal basis {, &, ,Cy, -} for < 2 ’> in the

’ be
form of products

G=a; () Bi(p) = o (v) =1 (2= ¥'(x))) Bi (v2 — ¥O(x))
with a;, B; in Cg (R). Denote W,, = span{(i,5, - ,Cn} and 33,; the corre-

sponding projection operator from L? | to W,, . Similarly, for any m, denote W,

|1

:span{i_fl*,C;,'--, ,,T} CL|2ue*| with
&r=oi ((v)—n (v2+v")) Bi (v2+v°)

and 9* the corresponding projection operator from L| ‘| to W,!. Define

(2.6) Lh = —37h— Z/VQ[.LP dvh— Z/vz 1, 2,10

Lemma 2.4. Assume 2 > 0 and ker L = {l//fc)} For sufficiently large m, the
operator Z,, defined by (2.6) satisfies £, > 0 and ker %, = {l}/fc)}
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Proof. Since $ry2 = D~ (v1), we have $ry? € (W,,)™ and 2, [0,y?] = 0. Sim-
ilarly, 2 [P2wo.] = 0. So .2 (Wox) = Ly, = 0. It is obvious that 2+ — P+

strongly in L|2u’ , SO

2\ 2
dx)

cz(//yuiugﬁ — P dvdx)l—>0

|- o~ 2], < T (/‘/vz BE (PET5sh] — PE[0,h]) dv

as m — oo, Thus .%,, — £ strongly in L2,,, as m — co. We are assuming .Z > 0

per’

on {l[/x } and we know its spectrum is discrete.

Suppose that %, % 0 on {l;/)?}L for some large m. Then there exists a sequence
{2} and {9} C {y - ||2 =1 and .Z,¢, = A,¢,. Since the
operators .%,, +d? are uniformly bounded in L per, standard elliptic estimates imply
that H(])nH w2, < C for some constant independent of n. So there exists Ao <0 and
p€EH pe, such that A,, — Ag and ¢, — ¢y strongly in Lpe, So %0, — L weakly
and thus .2 ¢y = Aoy, a contradiction. Thus %, > 0 on { Yo, } . O

2.4 Distance functionals

By assumption, £° > 0 and ker £ = span{y?}. So from Lemmas 2.3 and
2.4, there exists a m—dimensional subspace W, (W, ) in L| | <L|2u +|> with pro-

jection &, (2,;) as defined above such that ., > 0 and ker.%,, = {y?}. To
quantify the nonlinear stability, we introduce the following distance functional

@D d (= uE =y E) = [y v +IEI L (70
+
where

dyy =di (f / /Rz H(u*)—H' (u*) (f* —u™)) dvdx.

We note that by Taylor’s formula

1 pP 1
dli(fi’“i):/o/o/Rz(l—r)fjm(fi—ui)zdvdxdrzo
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where f" = rf* + (1 —r) u*. So by the Cauchy-Schwarz inequality
2.8)

I rP
Hfi—,uiH]:2///Rz(l—r)‘fi—ui‘dvdxdr

/21—r</ /szir —u dvdx) (//fi’dvdx> dr
<C(Ir O i (7%

2.5 Projection based on the constraints

Recall that W,,; =span {1, .-+, G} with &= o ((v) — 1 (va— w°)) Bi (v2 — v°)
for some functions o, §; € C% (R). Define

Ai (f) :/Of(xl-(—lns)ds, Qi(fva—y)=A;(f)Bi(v2—w).

Note that 91 Q;(u~,v2 — w°) = o;(—Inu™)Bi(v2 — w°) = ;. We define the m in-
variant functionals

,
L) :/O /RZQ,. (f~.v2— W) dvdx.

In the following we investigate what estimates on perturbations ( fr—u,y—y° )
can be derived from these additional invariants.

We perform a Taylor expansion of
Ji(f7ow) =i (1™, v°)
= [ @@ ) (7 ) b (v ) (v ) v
[0 [T [ o w) (5 ) dvsar

/ l—r//ale, "=y (fT—u7) (v —y) dvdxdr
+/ 1—r//322Q, " va— ") (v — y°)’ dvdxdr

where for brevity we denote f~" = rf~ + (1 —r)u~ and Y = ry + (1 —r) y°.

Since 01 Q; (1~ ,v2 — y¥) = {; and
/32Qi (uv2—y?) dvz/aszi (.u_aVZ_l//O)dV_/avz,u_alQi (L v —y¥)av
= _/a\/puiCidva
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the first term is

/ /Rz T)+0nu (v—y°)] Gidvdx.

The second term can be estimated as

/ l—r// —Inf " r(f’—,u’)zdvdxdr

_ N2 o
g|a;}w/o (1—r)/0 szir (f~ —u) dvdxdr=|of| _dy (f~,u7).
For the third term we have
K| < loulo B | [w = WP 17— 7]l

1
< (L= Ol ) 1w =¥l dr (F707)?
by (2.8). For the last term, noticing that |A; (f)| < ||, f, we have

K| =

1
K2 < Tl By = [
0

< (1= Ol 1) v = wIl
for some constant C. Now we use the estimate
57 0, %) i (1= ), ¥0) < C (I O, le*]) (40)F +4(0))
which follows from
(K@) < (|5 ©=p ], +v—v|..) <ca()

by (2.8) and the existing estimates on terms K7 (0),K? (0),K; (0). By the invari-
ance of the functional J; (f~ (r),y(z)), the above calculations imply that at every
time we have

[ e 0-1) +aun (wio) - v0)) avx
< i (£ (00, w) =i (v (0. ¥) [+ C (L= O [[w=[]) @ ¢
<c (| Oyl (4(0) +d©) +d 1)),

where d(t) is the distance functional d (t) = d (f* (1) — u™* (t), y (t) — y°,E(1)).
To simplify the notation we denote

o= 0-u)+oun (ve)=v), w)=w() -y

Define f;, (1) = Y, |ug | pi (1) & with p; (1) = [ [z &~ () dvdx. Then estimate
(2.9) can be written as

2.9)

Pl <C(d0): +d(0)+a ().
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Now by definition, 2, (9 W) (t) =Y, qi (1) § where g; (1) = [3 [g2 |14, | §:92 W (1) dvdx.
So

il (£) < C|W|.. (£) < Cl| W]l (1) < Cd (£)? .

We write
P ~ ~
/ P (025) ~dxdv = by + b,
0 JRr2

where

by = // D (02W) foydxdv,
R2

by = / /R2 f —f ) dxdv.

Since {&;, &, -,y } is an orthonormal basis in L|2ﬂ, i we have

‘bl (t)‘ — ‘/OP/Rz “LL;} (iqig) (ilﬁg) dxdv

<c(a(+d(0)+d(n)d ()

and

So

(2.10) '/()P/Rz P (52W) F~dxdy gc(d(o)%+d(0)+d(t))d(;)z.

2.6 Duality transformation of nonlinear terms

Now we estimate I (f~,y,E) — 1 (1~,y°,0). We split it in the same way as
before: I =1 + I, + ;. But then we further split /; in a rather delicate way. The
estimate for the term /> is the same as before. We write I} = I, + 11+ and rewrite
the term ;" as follows, using the notation W = y — w0, A free parameter T will be
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chosen later.
Iy =d; // (2= w) =1 (va—°)) (f~ — ) dxdv
=1d; (f ", 1" +r// (va—=v°) (W) (f~ —p ") dvdx
+(1—T)( (fu” +// (—v) ¥ (F —8vZul/7)dvdX>
[ L e ) e (W) ) ()
We substitute n' = ¥, +d,, .~ /1L~ to get
Iy =tdy (f,u +r// (2= v°) (v —v°) (f —u~) dvdx
+(1—1) (d;(f—,u—)+/o /Rz<(1—97,;)[\7217/] P4 a”;“ i )dva’x)
+(1—1 /P/ P[0 W] fdvdx—(l—r)/oP/RZn'(vz—ufo)avZu1/72dvdx
// (2= )= (2= y°) 0 (2= W*) B) (f ") dxdv
5
1"
where 0 < 7 < 1 is free to be determined. In these calculations we wrote

3 T
' (2= y") g = (1= 2,) [29]+ 2, [029] +;7‘fw-

Now we estimate each of these terms separately. By (2.8), we have
1
Ity = wdy (f7,07) = Crlln|le= [y = ° o dy (7 07)°
Lo 2
> 5vd; (f717) = Cellw = v
By (2.10),
‘1;3] <c (d(O)% +d(0) +d(t)) (1)
By the mean value theorem and using (2.8) again, we have
_ 2 i Ng 3
| < el v vy ()t 2 0
To estimate the second term, we use Lemma 2.1 by setting

O, 1~

fo=u f=F h=—(1-2,) (7m¥),c=— e W,d=—0,u"V,
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so that
o= (=0) [[{H(F 40 =0 §) —H () ~H (1) (7~ 3tt ¥)
+(1-2,) (h¥) ];—_l_(?v;u Vi Ydvdx.
By Lemma 2.1,
oz (-9 ffu {i- -2 ) - g

e |- (1 ) (29 - 2

+[0-22) 20+ 22y oy

cth=E——(1-F,) (1) - 2+ g

-
and use the estimate
o OnuT
1= (1= 2) 29+ 2| < clol. < €y
Therefore

22 (1-9) [[{-u [1— )<ﬁ2w>+‘9v;‘fv7r

- B o, . . "o ~
+[(1—f@m)(9211’)+ i w] Bt Wdvdx — eIVl |3

Now we use o, it~ /i~ = —P, +n’ and
P A 2T aVZl’l“i ~ F— (A~ !~
(1= Z0) (29) + = =0 = =2 () +1'W
to get
_ I _ . _
122 (=9 [ 2= VO -’ (2= v9) ) 7
1

51 (P [929]) Yvdx —CeS 1P [,

Also
Lia= (1—1)/ (/Do §* — u(n9?] dvdx.
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Combining all these estimates, we get

I (1) > rdl (7,

u-
lf’c /(
Ra(1)} —Ce|[ ol —cd (1)} —

recalling that d(t) > || §(r)||2,. Similarly, we have

N‘,_v
Y
3
=
=
~—
(3]
N——
U
S,
=

P
won' szw°)2w2+5u (

[S1[9%
/-\
[N
~—~
(=)
~—
=
_l’_
ISH
—
(=)
N—
N———
[N
)
~
N—
o=

I () > Sedi (4 m)
14/ /Rz{;u "2+ ) W2+;u*(@${ﬁzlﬁ])2}dvdx

-0 (@)} el —ca )} ¢ (4 +a ) an)’.

=

We remark that in contrast to the straightforward estimate (2.5), the constrained
energy-Casimir method gives us the additional stabilizing term [ u* 22 [0, W]? dvdx,
which is crucial for the sharp nonlinear stability criterion.

2.7 Proof of orbital stability

Combining the preceding estimates with that of I, (see (2.4)) and the definition
of I3, we have

I(f*,y,E)—1(u",y°,0)
> %fdli (£ 15) + (L (v =) (v — ) + % IEI;—C't |y — v
— LU0 g (13— cd (1)} —c(d(O)% +d(0)> d(0)?
recalling the definition of ., by (2.6) and throwing away the extra term

%//Zu(n’)zl]/zdvdx > 0.
+

Now we use translation to get rid of ker.%,, = {1//)? } We choose 0 (7) so that

[l (2) = o y°||, = min| |y (1) -
which implies that

(w(t) = Toy ¥, Toy W) = (To( W (t) — ¥°, ¥?) =

Next we replace (f=,,E) (1) by T_g() ((f=, W, E) (). Since all the functionals
I(f*,w,E) and J; (f~, y) are invariant under the translation, we can apply all the
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estimates to the translated functions to get
(T o)\ T-000) ¥, T-o)E) —1 (1=, y",0)
1 1, .
2fdi (Too0f* 1) + 5 (L (oo = ¥°) s (Too) ¥ = "))

2 / 1/2 3
0HH] _Cecd(l‘) d(t)z

t3 HEH§ —C't||T_gy ¥ —
—Cd(t) —C (d(())% +d(0)> d (1)
with

O =700 ¥ =¥ [+ 70 E [+ K (7o 1)

From .%,, > 0 on {l//)?}L it follows that there exists ¢y > 0 such that (.Z,¢,¢) >
co||9||%1 for any ¢ € H' and (¢,w?) = 0. Choosing 7 so that C't < 1co, we have

Q@11 I(f7(0),y(0),E(0)) —1(u*,y°,0)
=1(T-o) /" T-00) V. T-0(E) —1 (15, ¥’ )

3

> c1d (1) — CeC10" g (1) —cd (1)? — (

I\)\

d(0))d(r)
for some c1 > 0. It is easy to see that

1(f*(0),w(0).E(0)) —I (n*,y",0) <C"d(0)
for some C” > 0.
Writing x = d(r)"/2, we define the functions y; = c1x* — Ce€*x> — Cx* and
v =C (d 02 +d (0)) x+C"d(0). Then (2.11) implies that y; (d (z)l/z) <

2 (d (t)l/ 2). Now y; (x) has a single positive maximum y(xg), is increasing in
(0,x0), is decreasing in (xo,e°) and tends to —eo. So it is obvious that if d(0) is
sufficiently small, the line y = y, (x) intersects the curve y = y; (x) at exactly two
points x; (d (0)) < xo < x2(d(0)). There are two disjoint intervals [0,x; (d (0))]
and [x2(d(0)), o) such that y; (x) < y2(x). Since d(¢) is continuous, we de-
duce d(t)l/2 < x1(d(0)) for all # < oo, provided we choose d(O)]/2 < xp. Since
x1(d(0)) — 0 as d(0) — 0, we deduce the nonlinear stability in terms of the dis-
tance functional d (t)l/ 2, By (2.8) this implies the stability in the sense of (1.7) and
completes the proof of Theorem 1.2. O

3 Nonlinear instability of one and one half RVM

For simplicity, we consider a periodic equilibrium with a fixed ion background.
The proof can easily be carried over to the two-species case. The nonlinear 1%
RVM in the one-species case is (with f = f7)

(3.1a) Of +910xf — (E1 +92B) 0y, f — (E2 = ¥1B) 9y, f = 0
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(3.1b) OE = —j = /ﬁlf dv, ;B = —0d.E,
(3.1¢) OEy+0B=—j,= /ﬁzf dv
with the constraint

(3.1(1) 8XE1 =ny— /f dv.

We consider an equilibrium of the form (fO =ule,p) ,E?,BO) where e =4 /1+v? +v35—
% (x), p=v2— ¢ (x), EY = —9¥ (x), B® (x) = y¥ (x) with y and ¢° satisfying

the pair of equations
—¢"" = ng —/.U (e;p)dv

y" = / Dapt (e, p) dv.

In this section we assume there exists a growing mode solution M (fo,Eq1,Eq2,By)
of the linearized system

(3.2)

O f +010cf — (EY+92B") 9y, £ +01B°0,, f = (E1 + 92B) 9y, f* + (E2 — 01B) Oy, f°

QE| — / Pf dv, OB = —E,

8th + &XB = /ﬁzf dv
with the constraint

axElz—/fdv.

The main result of this section is the following theorem, which is essentially
the same as Theorem 1.

Theorem 3.1. Let (f°, EY, B®) a periodic equilibrium solution of (3.1d) of the
form given above with Eg = 0 such that

1= 0(0) ™). 1 >3, (el + gl = O, sup [ ()2 (lael + b < o=

If there exists a growing mode with f, € L' and E,B € WV, then fe € Wbl and
there exist positive constants &,Cy and a family of W' solutions [f‘s,Ef,Eg,Bs]
of (3.1d) of period P in x, defined for 8 sufficiently small, with f (t) non-negative,
such that

) 0 =5 0 5( 0
£°(0) £ |8 -8, <
Hf 0) -7 HW” [OP]XR)+H (0) W1 (0,P) + wil(0.P) — 0
and
. B8 (1)~ E° HB5 _B° > 6.
(3-3) P H ®) L'(0,P) * L'o,p) — &

0<1<Cy|In§|
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The pointwise decay hypothesis on ( is made only to assure well-posedness.
The hypothesis ||+ |1,| = O(u) is used only to assure that the unstable solution
has non-negative density. We divide the proof of the theorem into several steps.

3.1 Averaging Liapunov exponent and properties of growing modes
The particle trajectory equation is
X=V,
(3.4) Vi =—(EY(X)+ VB (X))
Vo =B (X).
We want to understand the properties of the Jacobian matrix J (1) = %ﬂ‘g) (1).
We have

Lemma 3.2. (i) For any o > 0, there exist constants My,Cq such that if |vi| +
[va| > Mg then |J (t)|,, < CLe®.
(ii) For any positive constants M and ., there exists a constant Cé such that

//v|+v o (t)], dvdx < CLe™.
1 2

Here we use the usual matrix norms for an n x n matrix A, namely, that |A|. denotes
the maximum of the entries and |A| denotes the (2-norm of the entries.

Proof. The proof of (i) is easy. We have

0 Vit _w
Y, vy (v)’
5 = | —OEN(X) - 108 (X) %BO (X) V<1 TB(X) (U
V10:B° (X) V<1 jl B°(X) 2’1 yz B°(X)
—H(X,V)J.

When |vi |+ |v2| = M is large, the matrix H () is very close to
0 00
HY = | —0EV(X)—cos6dB°(X) 0 0
sin 09,B° (X) 0 0

for some 6, uniformly in M. Since H® only has eigenvalues 0, when M is large all
the eigenvalues of H have very small real part. Thus the conclusion of (i) follows
by standard ODE theory.

The proof of (ii) is similar to the proof of the corresponding result in the 2D
Euler case ([13]), so we only sketch it. Since V5 (¢) + y° (X) = v, + y° (x), we
have

W—axll/ (x) — oy (X)gy 87\/1_ oY (X)TV]’ 87\/2_1 oY (X)Tvz
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So we only need to estimate the L' —norm of the derivative of X and V;. We use
the new variable p = v, + I//O (x) instead of v; note that this does not change the
conclusion. For each fixed p, the particle motion is described by the reduced sys-
tem

(3.5) { X =9 H,

Vi = —0,H,

where H), (x,v1) = \/1 +vi+(p—yo (x))2 — ¢° (x) = e is the energy. The critical
point of (3.5) is (x,v1) = (x0 (p),0) where xo (p) solves the equation

P— \I’OXO
\/1 +(p—y° (%))

The critical energy level is e, (p) = \/1 +(p—y0 (x0(p)* = ¢° (x0(p)). If e #
e (p), then the particle executes periodic motion with period T (e, p). If e = e, (p),

then the particle is either in equilibrium or travels along a trajectory connecting
saddle points. Let

Ay = {(x,v1,p) € [0,P] x [-M,M] x [~M +miny°, M + max y°] } .

The “dangerous set” A C Ay is the collection of nondegenerate saddle points of
H,, and the trajectories connecting them, for all p € [-M + min w0, M+ max y°).

Let A? be the e—neighborhood of A in Aps. On Ay \A?, the Liapunov exponent
of (3.4) is zero, so for any & > 0 there exists C, such that |/ (¢)], < Cye™ thus

(3.6) / 10 () dvdx < Ay \A| Clye™ .
A \AE

EO

B° (x9) = 0.

Now we estimate the integral in the set A®. For fixed x, vy, denote I,," = {p| (x,v1, p) € A%}
and similarly denote I;;” and IZ""'. Then

8X 8V1 aVl
o [ [ L5 | = fan fan [ 5]+ 5
X > |ov 8V1

(3-8) ///\/‘a *‘avld“’v—/‘”’/d’“/p an
WD NEAY

3.9) /// dxdv_/d\q/dx/l

In these three expressions the three innermost integrals on the rlght sides are the
lengths of the planar curves

F(t):xe P — (X (t,x),V (t,x)) for fixed p,vi;
I"(t) vy € P — (X (t,v1),V (t,v1)) for fixed p,x;
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7(t):pel;™ — (X (t,p),V(tp)) for fixed x,v;.

Here we only analyze the length of /7 () since the other two are similar. We split
the interval I;"" into certain subintervals Iy = [p, p] such that exactly one end-
point (say pi) is on A¢;. The curve [” (¢) is split into a collection of curves I/ (¢) in
the same way. Particle 1 starting at (x, vy, p;) approaches a saddle point in infinite
time, while particle 2 starting at the other end (x, vy, p») has a finite period T (p2).
If we choose € small enough, the period function 7 (p) is monotone on [py, p2]. At
a very large time ¢, particle 1 approaches the saddle point very closely and particle
2 completes at most [t /T (p2)] + 1 periods. Thus the stretched curve [P/ (¢) consists
of at most [¢/T (p2)] + 1 “circuits”. If € is very small, each circuit is expected to
wind tightly around the trajectory of particle 2 and thus have a comparable length
L. So intuitively the length of 7/ (¢) is controlled by ([t/T (p2)]+ 1)L and thus
it grows only linearly in time. This implies that the integral (3.9) also grows only
linearly. The rough argument just given can be made rigorous using the same pro-
cedure as in [13]. So we do not repeat it here. By the same analysis, the integrals
(3.7) and (3.8) also have only linear growth. So finally we deduce

/ 1 (1)],dvdx < Cit +C
AS

for some constants Cy,C,. Combined with (3.6), this implies the conclusion of
(i1). [l

Lemma 3.3. The growing mode satisfies f, € Wh! and |f,| < Cu.

Proof. The proof that f, € W1 is essentially the same as in the Vlasov-Poisson
case (see [12]); so we merely sketch it here. Differentiating the trajectory integral
formula for f, as in [15], we represent d f, in terms of the derivative of the fields
(E,,Bg) in the almost everywhere sense. Thus to estimate ||d f, ||, the key point is
to show that the function

q(x,v) = (Iuelﬂupl)/(;e“ [ (5)| (10:E] 4 |9:B]) (X (s))ds

is integrable. To prove this, we split the (x,v) space into two parts according to
Lemma 3.2 and use the estimates of Lemma 3.2 to show that g (x,v) is integrable.
It follows that f, € W1,

The proof that fg is pointwise bounded by a multiple of g is similar to Lemma 7
in [9]. We present the argument here. Let S = f, /u. Dividing the Vlasov equation
satisfied by f, by 1, we obtain 1.5+ VS +m = 0, where

ax N av A 8\1
m=" ‘u—‘ljfg — (Eg1 —l—szg)# — (Eg2 —V1By) :L'u.

Thus
S = —/ e 1% oAy .
0
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Now p = pu((v) — ¢%(x),v2 — w°(x)), from which it follows that m € L*. Hence
S € L and the proof is complete. U

The hypothesis that ||+ |u,| = O(u) can be generalized as in Lemma 8 of
[9].

3.2 Representation of the field

We write the perturbed quantities as the sum of “linear” terms and “nonlinear”
terms as follows:

F=f+=fi+fui+f°, E\=E +E)=E ;+E ,+E,

Ey=E,=E;;+Ey,, B=B+B"=B,+B,+5,

where
fi fi
Ey 2 | En
) t — > 0
Ex, (t)=e Ex, (0)
B, B,
Jn — Vv ((E1 +02B) f,(E1 —VB) f) (s)
Elsn _ ! (tfs)f 0
o (1) = /0 e 0 ds.
B, 0
Here the linearized operator .Z is as defined by
f _Df + ﬁl.ueEl + ﬁZ.ueEZ - \71[.1173 f
E1 . fﬁlfdv . E1
2 g | = [Dafdv— B =@+K)| g
B —oE» B
where
-D 0 O 0
_ L 0 O 0
A=l L 0 0o -a
0 0 —d, O
0 Ve Vol —V1H,
0O o0 0 0
K= 0 o0 0 0
0O o0 0 0
with

D=0, — (E0+5,8°) 3y, +91B%,,, 1i(g)= / figdv.
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As in [9], when E, (0) = B(0) =0,
!
Ez:/o 2 (T,x—t+7)+ jo(T,x+1—7)]drT,
!
B:/o 2 (T x—t+7)— jo(T,x+1—1)]dT.

For the derivatives of E, and B, we use the operator splitting idea, as follows. A
typical term is

I(t,x):/Otax/ﬁzf(r,x—t—l—f)dvdr
:/O /112‘31 (T =S) f(z,x—t+7)dvdz
:/112‘91 (f (t,x,v) = f(0,x—1,V) dv—/ /l—vlsf T,x—1t+7)dvdt

where T = 0, + d; and S = 0, + V1 d,. Upon using the above formulae for E5 ,, and
B, a typical term becomes

(3.10)
I"(t,x):/lzizﬁ(fn(t,x,v)—fn( —1T,v) dv—/ /1 (T, x—t+7)dvdt
1)
=1 —fu(t,x,v)dv
+/ /vv (1_ﬁ >~((E?+ﬁ230)fn,—0130f,,) (t,x—t+1)dvdt
+/0 /vv (1 Vzﬁ >~((E17,1+\92Bn)f0,(E27n—\913,,)]‘0) (t,x—t+1)dvdt
— Vi
. .
[ o (725) (08 1B 01 1) (x4 5
— Vi
=4+ B+
since

St=Sf—Sfi
= (EY +92B") 9y, fu — 01B°0,,
+ (Erp+72By) 0y, fO + (Exn — 91By) 0y, f°
+ (E1 +92B) 0y, f + (E2 —V1B) 9, f -

We shall estimate |Ei|,,|Ez|,,|B|, using the field representation formulae given
above for derivatives and the following duality lemma that was proved in [12].
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Lemma 3.4. (i) If g (x) € L), (0, P), J¥g(x)dx=0and g, € L' (0,P), then

P
3.11) lgll, <2 sup / g.a dx.
acwr(0,p) 70
<1

(i) If g (x) € L7, (0,P), [o g(x)dx=0and g, € L (0,P), then

P
(3.12) llgll. <2 sup / gxa dx.
acWpir (0,P)
llacll <1

Denoting by .Z* the adjoint operator of .Z’, we have

A Df +V1E1 + 0 E>
o E | _ S P1tefdv

E; fﬁzuefdv—i— oB

B —fﬁlu,,fdv+8xE2

3.3 Semigroup estimate

By Rp we mean the circle parameterized by 0 < x < P. By L! we mean L! =
L' (Rp x R?) x (L1 (Rp)3> and by L we mean L= = L= (Rp x R?) x (L” (Rp))’.
As in [9] we have the following lemma due to the separation of the Vlasov and
Maxwell characteristics.

Lemma 3.5. [f supy [g2 (v) (|tte| + |1p|) dv < oo, then Ke™"AK is a compact opera-
toron L' forall t > 0.

Proof. The proof is a slight modification of that in [9]. Denote w (t) = e AKw*
where w* = [f* E} E},B*| and w(r) = [6f (t),8E) (t),86E> (t),8B(t)]. Then
w(t) solves

(3.13) (0, +910x — (EY +9,8%) 9,, +11B°9,,) 6 f =0,
9,0E; — / 9,6f dv, 6B = —0,8E,,
0,6, = —8x63+/\925f dv
with initial conditions
0f(0) = V11e0E) + V2l S Ex — V11, 6B,
SE; (0) = 8E> (0) = 8B(0) =0.
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As usual, we have
5E2—/()t[jz(r,x—t+r)+j2(r,x+t—r)]dr,
EB:/Ot[jz(f,x—t+‘c)—jg(‘c,x—i—t—r)]dr.

By (3.13) we write

(3.14) Of(t)=01(0,X(0;z,x,v),V (0;t,x,v))

so that
2 (1,x) = /1325f(t)dv _ /\725f(0,X(0;t,x,v) V(0:,x,v)) dv.

We also use the operator splitting idea to handle d,E, and d,B. A typical term
is

!
I (1,x) = / ax/1926f (Tox—1+1)dvdt
0

:/0[/ v (T*—8)6f (t,x—1+7)dvdt

1—7;
ﬁz ! ﬁ2
_ _ (5f(t,x,v)—5f(0,x—‘r,v))dv—/ / _SSf (T.x—1+1)dvdT
1— Vi 0 1— Vi
=1 +D.
Since 1E201 < (v) and there exist co,c; > 0 such that for all t € R
(3.15) co(V (1)) < (v) <er (V (b)),

as is easy to see, we have
/\1{ (1) dx < C//(v) 18] (0) dxdv
<c(lE*], +[18%],)-
Since
SSf = ((EY +9:B°) 9y, —91B°9,,) 8.f = /v ((E +9.B°) 8 £, —91B°Sf)

we have

Ié—/ot/vv(

I izA ) ((EY+9,B°) 6 f,—01B°S f) (T,x —t +T)dvdr.

V1
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Using the inequality ’Vv (12' ) ‘ < C(v) as well as (3.14), (3.15), we have
/‘Ié (t,x)‘dx
t
< c/ / V(1 =531, 3,0)) |87 (0,X (1 — 30,5, 0) V (1 — 531, %,v)) dxdvds
0 JRpxR2

—ci [ o)arl©axav <87, + 8],

Here we used C to denote a general constant and we used the fact that the Jacobian
of the mapping x,v — (X (t —s;,x,v)V (t — s;t,x,v)) is 1. Since

SE, (1) + / SF(t)dv = .8E, (0)+ / 5F(0)dv =0,
we have
19:3E1 (), < 187 ()]l = 187 O)II, < (| E*], +|[B*],)-
Combining the preceding estimates, we have
19SE||, + 19:8BIl, < (Cat +Co) (||E*||, + [|B7],) -

Now
\71,[165E1 (l) +\72H66E2 (Z) — ﬁllLLPSB (Z)
9Kw (1) = X
0
so that

10Kw (1)]l; < C(|0SE (1), +1|0:8B (1)) < C(Cre +Ca) (|| E*|], + [|B*]],) -
Therefore w* — Ke A Kw" is a compact linear operator. O

The preceding lemma implies that K is A—smoothing. Combining this fact with
the following functional analysis lemma used in [9], we have control of the growth
of the linear semigroup.

Lemma 3.6. For all § > 0, the spectrum of £ in {ReA > 8} consists of a finite
number of eigenvalues of finite multiplicity. If A, denotes the eigenvalue of £ with
maximal real part, and A > max {0,Re A, } , then there exists Cp > 0 such that

e[iﬂ < CAeAI .

Li-p —

We now define the two spaces

h =) [ U= [ iy <o
and

1= {f )] 11 =m0 5 < w}'
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Using the notation of the previous lemma, we have

Lemma 3.7. Assume supy [g2 (V)" (o] + |t1p|) dv < oo. Let fo € L'* (Rp x R?)

and let (f(1),E1(t),E2(1),B(t)) = ¢~ (f0,0,0,0). If Ay denotes the eigenvalue
with maximal real part and A > max{0,Re A, } , then there exists Cp > 0 such that

1 @)l < Cae™ [ foll s -

Proof. We prove it by deduction. The case k = 0 follows from Lemma 3.6. More-
over, there exists Cj\ > 0 such that

(El + B2l + 1Bl ) (1) < Cae™ [l foll

Suppose the conclusion is true for k — 1; that is, there exists C}{ > 0 such that
I1F Ol e < CLeM | foll1e-r. We multiply (3.2) by (v)* and rewrite it as

o (W) 1)+ 910 () £) = (B +5:8°) a3, () £) + 01800, () £
= (E1+02B) (W) f04, 1O+ (E2 — 01B) (v)* f0,, f
— (EY+0.BY) k(W) o1 £+ 01B% () 0o £
Integrating it along a trajectory, we have
WM F () = (V (0:1,%,9) fo (X (052,x,v),V (052,x,v))
b [1E+928) 00 ot (B2 = 918) () D
— (EY+02B%) k (V)51 f 491 Bk () 0o f
(t—s5,X(t—s5t,x,v),V(t —s3t,x,v)) }ds

Taking absolute values and integrating, we have

t
£ @l < ||fo||L1.k+C/0 (El + 1l + 1By + £l o) (2 = 5) ds

t

< ”fO”Ll.k +C/ (C;\+CX) A5 g
0

< CpeM

for some Cp > 0, where we have again used the fact that the Jacobian of the map-
ping (x,v) — (X (s;¢,x,v),V (s;¢,x,v)) is unity. O

The following estimate of the dual semigroup will be used later.

Lemma 3.8. Assume supy [g2 (v) (|Ue| + |Up|) dv < oo. If A1 denotes an eigenvalue
of £ with maximal real part, and A > max{0,ReA,}, then there exists Cx > 0
such that

(1)

t.L*

< C AeAt
L>—L>
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(I) Assume sup, [go (VY (|tte] + |Wp|) dv < oo. If fo € L= (Rp x R?) and

(f(t),E1 (t),Ex(t),B(t)) = exp (L) (f0,0,0,0),
then
1 ()]l or < Cae™ || foll oot -

(111) There exists C1,Cy > 0 such that if

w(0) = (£(0),E1 (0),E2(0),B(0)) € W' (Rp x R) x (W' (Rp))

and

(f(2),E1(t),E2(),B(t)) = exp(tZL") (f(0),E1 (0),E2(0),B(0)),
then
(3.16) l0,f ()| <C (!J(t)]z—i—CA/oteA(ts) J(s)\zds> [ (0)]yy1.-

(IV) Assume supy [go (W (|| + |1p|) dv < oo, Let fo € L=F (Rp xR?),0,fo €
LK (Rp x R?) and

(f (), E1 (1) ,E2(1),B(1)) = exp(1Z7) (f0,0,0,0),
then

, t
0 () £ Cl13ufoll e )T @)+ Calfolzos | €17 5) s

Proof. Conclusions (I) and (II) are immediate since they are the dual versions of
Lemmas 3.6 and 3.7 respectively, noting that

[l fllg=s = sup fg dxdv.

llgll 1e<1

We will now prove (IIT). By definition, (f(¢),E; (t),E>(¢),B(t)) is the solution of
the system

BA7)  Of = (010 — (EY +7:B°) 0,, +91B°9,,) f + V1 E1 + 02E>

(3.18) QE; = / D1 e fdv

(3.19) OEy = / Popto fdv+ OB

(3.20) OB =— / D1y fdv+ OcEs.
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By (3.19) and (3.20) we have the formulae
1
3.21) E> (t,x) = 3 [E2(0,x—1)+E>(0,x+1)+B(0,x—1)+B(0,x+1)]
1 t
+ 5/0 /(ﬁzue —Viup) fdv(t,x+t—1)dt

1 t
+§/0 /(ﬁzue+91up)fdv(r,x—t+r)d1
and

(322)  B(t,x)= % [E (0,x—1) — Ey (0,x+1) + B(0,x— 1) + B(0,x+1)]

1 t
+§/0 /(ﬁgue—ﬁlup)fdv(r,x+t—'L')dr

1 t
—5/0 /(ﬁgue+91up)fdv(r,x—t+r)dr.

We use the operator splitting idea as before to deal with d,E; and d,B. A typical
term is

(3.23)
F0) = [ [ 0220 (o) =910 (tp ) (7,514 ) dve

:/(;/(1?91 (17 =57 et =

where Tt = 0, + d, and S~ = d, — ¥; d,. We estimate each term above as follows.

/t/ 72 T" (Uef)(T,x—t+1T)dvdT
0

1-7;

: il (T*-5") upf> (T,x—t+1)dvdt

15

}I{i (t,x)‘ =

:‘/ 2 (Uef (t,x,v) — e f (0,x—1,v))dv

1 -7
<Csup [ ()|l dv(Lf (1) ol
<Che v ).

by (I). We have

15 (1,%)

_/t/ n2 S (Uef) (T,x—1+7T)dvdT
0

1—-7;

! v
= [ ] 75 ( (BD402B°) 2, 0800, ef + e+ FaptEn) d (3 =1+ )

t .
—/O/<vv<lvzﬁ>.(E?+\?2B0,ﬁ180)uef+ 2 (ﬁl,ueEl—l—\?zueEz))dv(r,x—t—i—'c)d’c
— Vi

1-7;
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since by (3.17)
(3:24) O (Hef) = (P10 — (EY +02B°) 9y, +91B%,,) (e ) + P11t Er + P2t En.
Thus
5 0] <Csup [0l [ (1 + B+ 2]l (2) e
< Cre ||w(0)

The other two terms in (3.23) can be estimated in the same way and we finally get
14 (1,x)| < Cpe™ |lw(0)||... Thus

(3.25) (|0xEx2| +[9:B]) (t) < Cae™ [[w(0)]|ypi -

Hoo .

Integrating (3.24) with respect to v, we have

0,0E| = ax/")l.uefdv = at/.uefdv_/ﬁZHedVEZ-

So
(3.26)

O (1.3) = 21 00+ [wef (v — [ s @ av— [ vapeas [ B (s)as,
which combined with (I) implies that
(3:27) |0:E1] (1) < Cae™ [[w ()l -
Now integrating (3.17) along a trajectory, we have
(3.28) f(t,x,v)=f(0,X(t;x,v),V (t;x,v))
(3.29) +/0[ (Vi (s)E1 (t —s,X (5)) +Va (s) Ex> (t —5,X (5))) ds
SO
|9uf (1) < 10f (0) [ 1 (1)1
e E1 o+ 1Bl 10E1 |+ |0 ]L) (1 —5) [ (5)] ds,
which implies (3.16) by (I), (3.25) and (3.27).

Now we prove (IV). We use Cy to denote some general constant only depending
on A. By (ID), (3.15) and (3.18),

(3.30)
t t
Ev| < [ [10imes ©)dvlds <Csup [ 00 elav [[115(5)lends
< Call follg-ue™.
Similarly by (3.21), (3.22) and (3.26),
B3 [Ea(t0)|+ B (0] +[AE (16)] < Ca | foll ke,
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For d,E; and d,B, we use the same operator splitting procedure as in the proof of
(III). It is easy to see that

|1 (1,2)] < CSl;P/<V>k+1 |l dv (ILf ()| =i+ Nl foll L)

< Ca || foll =i €™

and
|5 (1,0)] < Csup / () || dv /O U ) ot + I+ B ) (5) de
< Callfoll s €™
by (II), (3.30) and (3.31). Thus
(3.32) (19cE2| +19:B|) (1) < Cae™ || foll -

So from (3.29) we have
10, ()] < V()X |94 fol ot 1 (1)1

t
€ [[(E+ Ealu + 0B+ 1O:E2L) (1= 5) I ()] ds

/ t
<O 0ufol o WOl +Callfollims [ I )]s

by (3.15), (3.30), (3.31) and (3.32). U

3.4 Bootstrap estimate

Lemma 3.9. Let w’ = [f* = pi (e, p) ,E) (x),0,B° (x)] be a steady state such that
supx Jg2 (07 (|te| + |p]) dv < oo. Let wd = [f8,ES ES B] be a W' solution
with (v>2f5 € L' to the (]%) RVM system (3.1d) of period P, which satisfies the
conditions

o (o)) +lE -2 o]+ o-#] <5

and
|28 - ¢

|+
1

#1000, <o

with @ > 0 and t <T. Then there exist D > 0 and 0 > 0, depending on Cy and @,
such that

o (70 o -] <3,

for t in the interval [O,min (T7 % In %)] .
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Proof. Denote w(t) =wd (t) —w® = [f (¢),E| (t),E> (1), B(1)].
Step 1: Estimate of ||E; (¢)]|.. + || E2 (). + 1B (?)]l.. -
The proof is almost the same as in [9]. We note that (3.1a) can be rewritten as

(3.33) (a+ 00— (B0 +0:8°) 0, — (B2 —01B°) . ) f
= (Ey +%:B) 0y, f°+ (Ey — 1 B) 9y, f°
and thus
(3.34) (a,wlax— (Ef +921§5) 9 (E2 - le5) ) (1)
= ((Ey +%2B) (v) 9y, f* + (E2 — 91B) (v) 9, f°) sgnf
— (BY +028%) 011 (B9 = 918°) o2 f].
Using the above equation and following the proof in [9], we get the desired boot-
strap estimate: there exist D1 > 0 and 6 > 0, such that
IE (1)l + 1E2 (£)l]. + 1B (1) ]| < D16,

for 7 in the interval [0, min (T, % In g)] .
Step 2: Estimate of || f (¢)]|.. -
Denote by (X* (s;¢,x,v),V*(s;t,x,v)) the perturbed trajectory satisfying

:\7*1‘
Vi=— (Ef3 (t,X*) +V;B° (t,X"))
Vi =—(ES (t,X*) - Vi B% (1,X%)).

with (X* (¢),V*(¢)) = (x,v). Then
P2 (t,x,v) = 72 (0,X7(0),X7(0))
=u(€(0),5(0)+f(0,X*(0),v*(0)),
where
s) = \/1 V()2 V5 ()7 = 90 (X7 (5)), p(s) = V5 () + 0 (X" (s)).
We have

"d
—é(s)ds

.
2 el =| [

' D
< [ 1B )+ 1B ()] ds < 2 3e
and similarly |5 (0) —e| < 25¢®. Thus

1f (D)o < |1 (2(0),5(0)) — i (e, )|+ [ £ (0) o, < D25

for some D, depending on D, it and ®.
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Step 3: Estimate of H(v>2f(t)Hl .
Integrating (3.33) along a perturbed trajectory, we have

ftx,v) = f(0,X7(0),X"(0))
+/0t ((E1 +,B) 8vlf0+ (E; —V1B) 8V2f0) (t—s5,X"(t—35),V"(t—s))ds
so that

17 @l < 117 O, +C/O (Bl + B2l + [1Bly) (s)ds < D36

for some D3 only depending on Cy, @, as t < T. Integrating (3.34) and using the
bound in Step 1 (assuming 6 < 1), we have

1) f @l < 10 £ )] +C/0t(HE1!1 +HlIE, +[IB,) (s)ds

+C/O (Wl + 11 Lo () + 1 2]l () + 1Bl () £ () s
§D45€wt

for some D4 only depending on D3,D;,®. By (3.33), we have
(9+ 00— (B0 +028°) 3, — (B2 = 0B%) a1, ) ()2 11)
- ((E1 +52B) (v)2 9y, fO + (E» — $1B) ()2 9, fo) sgnf
) (Ef n 19235) DI =2 (Ef - \911§6> % ) [f].

Integrating the preceding equations and using the estimate on ||(v) f (¢)||,, we de-
duce

Jo 0], < bt

for some Ds depending on D4,D3,D;,®. This completes the proof of the lemma.
g

3.5 Proof of nonlinear instability

We consider the perturbed initial data
E? (0) = E) + 8Ey, EZ (0) = SEg, B (0) = B° + 8By, 2 (0) = 0+ 5f,,

where (f,,Eq1,Eq,Bg) is the growing mode and § is a small parameter. (In case
the growing mode is not real, we take the imaginary parts of the growing mode as
in [9].) By Lemma 3.3, 3(0) > 0 for sufficiently small 8. We consider the solution
to the I%D RVM system (3.1d) with the initial data given above. Furthermore, as
mentioned above, we have the well-posedness of the system (3.1d), which is more
than sufficient for our purpose of proving nonlinear instability.
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We decompose the perturbation of the field into its linear and nonlinear parts as
in Section 3.2, writing
Ey=Ei +E1n Ey=E)+E,, B=B+B,.
If we could show that for some 6,c3 > 0,

(3.36) |Eva )1l + B2 ()]}, + [1Ba (1)1l < 3 (8¢)°

fort <T* = % In %, then nonlinear instability would follow by a standard argument
as in [9] (see also [12]), in the norm ||E; (¢)||, + ||E2 (¢) ||, + || B (¢)]];-

In order to prove (3.36), we use the field representation formulae for the deriva-
tives and the Duality Lemma 3.4. First we estimate ||E} ,||, . By Lemma 3.4,

P
337 |Ea@), < ‘ /0 Ev () dx| +

sup / OE1, (t)a(x) dx
aeWL:“ 0,P)
HaxH <1

We have

p t
/ E,(t)dx= / // V1fn (s)dvdxds
0 0 JJRpxR2

t s — Vv ((Ex+02B) f,(E1 = 01B) f) (u)
oy

f
7e(s—u)i” 8 duds
0
t N
://// Vvg1 (s —u,x,v) - (E1 + 02B) f,(E1 — 91 B) f) (u) dxdvduds
0 Jo JJrpxR?

>
—

S OO

where g (¢,x,v) is the first component of ¢ [f,0,0,0]. Since |57, (¥1)| + [91] <
3, Lemma 3.8 (IIT) for < A < 2 implies

t
Tt < (100 +Cx [ 9110 ).
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Choosing o < ®, we define Dy = {(x,v)||vi|+ |v2| > My} and D, = D{ where
My is as in Lemma 3.2. We also denote F' = |E |+ |E>| + |B|. Then

/E1n dx<C//// J(s—u)l,
RPXRZ
+CA/ AT | T (wy) |y duy ¥ |Ff | (u) dxdvduds
0
! S
=C / / / / CLe® ™ \F ()| | f (u)|dxdvdu ds
0 JO Dy
t S
wo [ ][ Wis—wladsdv|F @)1 (0)..duds
0 Jo D,
t S S—Uu
+CCA/// eA(S_”_L“)// Cle® |F (u)|,|f (u)|dxdvdu,du ds
0o Jo JO D,
t S S—Uu
+CCy / / / Als—u=) / / I (1) dxdvduy |F ()| |f (o)) du ds
0o Jo JO D,

=TI+ +1+1V,

By Lemma 3.9 and Lemma 3.2,

t s
1< C/ / CLe*s=) (D8e®)? du ds < C' (5@”’)2
0 Jo

t s
11 < C/ / C2e*574) (D§e®)? du ds < C" (56“”)2

111 < CCy / / / Als—u=m)cl o (D§®)? duydu ds

< C/// ( )
IV < CCA/ / / (s=u=u) 22 o1 (D§®) duydu ds
sz (6 )
Combining these estimates, we have
P 2
/ El,n (t)dx <(C (sewt)
0

fort <T* = %ln %, where 6 is as in Lemma 3.9.
Now we estimate the second term in (3.37). As above,

(3.38) /OPQXEL,,(I)G()C) dx:/ fo(t,x,v) a (x) dvdx
:/()I/OS//vvgz(S_”,x,v)-((El-l-\?zB)f,(El—\’)IB)f)(u)dvdxduds
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where g (¢,x,v) is the first component of ¢/“ " [a(x),0,0,0]. Since |a|y:~ < 1, by
Lemma 3.8 (III) we still have

t
alren)] < (U0 +Cx [ A 156 )

and we can estimate the term in (3.38) in the same way as above. Combining these
estimates, we have ||E , (1), < C; (8¢®)* for some C; > 0 as t < T*. By Lemma
3.4, we have

(339) ’EZ n‘ '/ E2 n dx SUP / 0 E2 n )
aEWper (0,P)
llaxl<1
and
(3.40) |Bn|; ( ‘/ B, (t)dx| + sup 8 B, (
aeWL;’“ 0.P)
JaslL<1
By the same method,
F 2
' / E>, (1) dx| = D2 fn (5) dvdxds| < C3 (5e™)
0 RPXRZ

for some C3 > 0 and

/OPB,, (1) dx = /OPBn (0)dx =

Thus we only need to estimate the second term on the right side of (3.39) and
(3.40).

To accomplish this, we shall use the field representation formulae in Section
3.2. A typical term in the expression of d,E, , and d,B, has the form I" (t,x) =
Iy + I +I5 + I as in (3.10). We estimate each term as follows. First

3 (t,x)a(x)dx

sc/0t|F(r)\wH<v>f(r)uldTgc/ot (DS dT < C4 (57)?
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for some C4 > 0, by Lemma 3.9. For 7, we have

P
/zg(t,x)a(x)dx
0
0 0
- ! hl (x) El,n
= i (%) alx+t—1), Exy (t,x) | dt
h3 (x) Bn
0 —v-((E1 +02B) f,(E1 —V1B) f) (s)
! hy /T (1—9)& 0
_ . ds | d
A Iy a(x+t—1), A e 0 s|dart
h3 0

_ ) 0
hl(x)—/%l(l_ﬁl)f dv

o (0 25 (%))

and g5 * (T —s,x,v) is the first component of

0
(t—s)z* | mx)alx+t—1) | _ ST-9L7 =
hy (x)a(x+1—1) :
hs(x)a(x+1—1)

e

Since h; (x) is differentiable and |||l 1. < P, we have ||w'~?||;1. < C (with a
constant independent of ¢, 7). So by Lemma 3.8 (I1I),

T—s

oy < (e -] <€ (Wie=s) 4G |

t T
vy
0 0 RPXRZ

c (u(f —5)|, +Ca /O T A ]J(u)zdu) |F (5)|1f (s)| dxdvdsdt

< Cs(8e°7)?

AT ()], du) .

Moreover,

P
/O B (1,x)a (x) dx
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for some Cs > 0 as t < T*, by using the same calculations as in the estimate of
‘f(fELn (1) dx‘ . Now we estimate

P
/0 Ii (t,x)a(x)dx

:/Ol//a(x—i—t—T)G(x,v)fn (t,x,v)dxdvdt
_ /0 ’ /O ! / / u8 7 (T—s5,2,v) - ((E1 + 92B) £, (E1 — 1B) f) (5) dxdvdsdr,

where

6 =0 (72 )- (] +028) —518°)

and g/~ " (7 — s,x,v) is the first component of

a(x+t—1)G(x,v) G " (x,v)
(1—5)2" 0 _ (e 0
¢ 0 ¢ 0
0 0

= ol <C()? and llally1~ < P, we have
G " e L™ (RpxR?),0,G' % € L2 (Rp x R?) and

Since by simple calculations ‘V%

HGFTHU""‘ + HavGI*T < C (independent of ¢, 7).

Ip-2

Thus by Lemma 3.8 (IV) we have

T—S
}8Vg4 s,x,v)’ < C<V>2 ‘J(T—S)|2+CA/ AT | ()|, du
0

and

’/Plf(t,x)a x)dx
<c//// (T ), |F (5)|If (s)| dxdvdsd
+Ch /O /0 // /O _SeA (5|7 (u)|, du|F (s)| | f (5)| dxcvdsd

=I+1I
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The second term is handled in the same way as above to deduce II < Cs (8¢®%)*.
As for the first term, we use Lemmas 3.9 and 3.2 to obtain

ISC/Ot /(://Dl CLe® ™) |F (5)|, (W) |f (5)| dxdvdsdt
+C"‘/ot/or//D. U (2= ), |F ()| | £ (5)].. dxdvdsdz

t T
<Co [ [ e (D8 dsde < Cs (86777,
0 Jo
Combining these estimates, we deduce
P
/0 I (1,x)a (x) dx| < C; (8¢°7)*

for t+ < T*. The estimate of the first term [jj is similar to the estimate for /' and we
have

P
/ I (1,x) a (x) dx| < Cs (8¢°%)>
0
for t < T*. Combining all of the preceding estimates, we conclude that

1E 1 ()] + B2 (O, + 1B (0]l < €3 (8¢)°

for some c3 > 0 as t < T*. This completes the nonlinear instability proof. g
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