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INSTABILITY OF SOME IDEAL PLANE FLOWS*
ZHIWU LINT

Abstract. We prove the instability of large classes of steady states of the two-dimensional
Euler equation. For an odd shear flow, beginning with the Rayleigh equation, we define a family of
operators depending on some positive parameter. Then we use infinite determinants to keep track
of the signs of the eigenvalues of these operators. The existence of purely growing modes follows
from a continuation argument. Employing a new analysis of neutral modes together with a rigorous
justification of Tollmien’s classical method, we obtain a sharp condition for linear and hence nonlinear
instability of a general class of bounded shear flows. We obtain similar results for bounded rotating
flows and unbounded shear flows.
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1. Introduction. In this paper, we study the hydrodynamic stability problem
for plane shear flows and rotating flows. The purpose is to get some sufficient con-
ditions for linear instability and hence nonlinear instability. For plane shear flows,
this problem has a long history, going back to scientists such as Rayleigh and Kelvin
in the nineteenth century. The vorticity form of the incompressible two-dimensional
Euler equation in a bounded domain D with smooth boundary 9D is

Ow+u-yw=0 inR;xD

or
o 0 o 9

1 A — —AYp— ——AYp =

(1) 0+ SE Ay — Ay =,

where 1) is the stream function, w = —Aus) is the vorticity, and u = (%’, —%) is the

velocity. We consider the basic steady state flow Uy = U (y) i, a parallel shear flow
in the z-direction, in the flow domain D = {(x,y)| y1 <y < y2} with rigid walls at
Y = Y1,y2. This means u is tangential, or 1) is constant on each wall. The linearized
equation of (1) around Uy is

0

9 o _
ox n
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Ay Uax

(2) LAY + U 0,

where 1 is constant on y = y; (7 =1,2). Taking v=0¢ (y) et with o the wave
number (positive real) in the z-direction and ¢ = ¢, +ic; the complex wave speed, we
obtain from (2) the Rayleigh equation

(3) (U —¢) (;;22—042)¢—U”¢:0
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IDEAL PLANE FLOW INSTABILITY 319

with ¢ (y1) = ¢ (y2) = 0. We will also consider unbounded shear flows where one of
Y1, Y2 is infinity, with the boundary condition ¢ (y) — 0 as y — co.

So for shear flows, the instability problem is reduced to studying the Rayleigh
equation (3). The flow is linearly unstable if some nontrivial solution to (3) with
¢; > 0 exists. A classical result of Lord Rayleigh [16] is the necessary condition for
instability that the basic velocity profile should have an inflection point at some point
y = ys, that is, U” (ys) = 0. This condition was later improved by Fjgrtoft [10].
Howard’s semicircle theorem [14] says that any unstable eigenvalue ¢ = ¢, + i¢; must
lie in the semicircle

1 2 1 2
(4) <C’I" - 5 (Umin + Umax)) + C% S <2 (Umin - Umax))

However, very few sufficient conditions for instability are known. In 1935, Tollmien
[23] obtained an unstable solution to (3) by formally perturbing around a neutral mode
(c real) for symmetric flows in class K+ (defined below). The original presentation was
improved by C. C. Lin [17] and the asymptotic growth rate was found. Even in recent
treatises such as [20], the main instability result mentioned is Tollmien’s. However,
as indicated by Friedlander and Howard [12], in all these references the existence of
an unstable mode had to be assumed in a neighborhood of the neutral mode. The
assumption of analytic dependence between the parameters a and ¢ (complex) also
lacked justification. These assumptions are rigorously justified in this paper. Here we
get a sharp condition for the instability of a class of flows.

Let us describe the setting of the problem. First we define a class of flows having
some inflection point. By an inflection value we mean the value of U at an inflection
point.

DEFINITION 1.1. The flow U (y) is in class K if U is a C? function on a interval
[y1,y2], and there exists some inflection value Us such that

(5) K (y) :=-U"(y) /(U (y) - Us)

is nonnegative and bounded in [y1 yo] . If K is positive on [y1,y2], we say that U is in
class KT.

A typical example of such a flow is U = cosmy or sinmy. Now we consider any
flow in class K. If (¢s, @) is a solution to the Sturm-Liouville problem

(6) b, —alps+ Kb =0, =0 at y=y1,ys,

then (¢, a,¢) = (¢s,as,Us) is a special solution (a so-called neutral mode) to the
Rayleigh equation (3). Let amax be the largest wave number so that a neutral mode
exists. That is,

v (161 - K W) 16l ) dy

m Y2 2
SEH] (y1,92) " |o|” dy

(7) 7ai1ax =

Throughout this paper, we assume that the right-hand side of (7) is negative. Oth-
erwise, the shear flow was proved to be linearly stable by Drazin and Howard [8].
It was also proved in [8] that instability is possible only for wave numbers « such
that 0 < & < amax- Howard [15] estimated the maximal number of possible unstable
modes for a fixed wave number. However, it still was not clear whether there exists
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some unstable mode for each « in that range. Recently, Friedlander and Howard [12]
studied the special flow U(y) = cosmy, using a continued fractions technique and a
numerical method. For this flow they proved that for all 0 < a < uax, there exists
some growing mode for the Rayleigh equation.

In this paper, we rigorously prove that for any flow of class KT and for all 0 <
@ < Qmax, there does indeed exist an unstable solution to the Rayleigh equation (3).
This is our main theorem.

THEOREM 1.2. Suppose the steady state is in class K. Let —a2 , be the lowest

max
eigenvalue of —% — K (y), which is assumed to be negative. For all o € (0, max),
there is an unstable solution (with Imc > 0) to (3).
The unstable interval (0, amay) is sharp in the sense that there is linear stability
if @ > amax Or —%:2 — K (y) is nonnegative. We can also treat plane rotating flows
in an annulus. In this case, the analogue of the Rayleigh equation becomes

(8) (Q=c) (DD —n?/r*) ¢ —r ' (rD*Q+ 3DN)¢ = 0,

with ¢ (R1) = ¢(Re) = 0,0 < Ry < r < Ry. Here Q(r) is the angular velocity of
the steady state, D, = d% + %, D= %, and n is some integer. We have the following
result analogous to Theorem 1.2.

THEOREM 1.3. For the rotating case, if

(9) K (r) == — (rD*Q+3DQ) /(2 — Q)

is positive and Q (Ry) # Q(Rz), then a necessary and sufficient condition for insta-
bility is that there exists a > 1 such that the equation

(10) (DiD—a®/r?) p+1 'K (r)¢ =0

has some nontrivial solution with ¢ (R1) = ¢ (R2) = 0. This is equivalent to the
condition

R d 2 R
R T T i M i
BT geH) (R Ra) B Lg2dr

< -1

In the case that K (r) is positive and Q(Ry) = Q(R2), a sufficient condition for
instability is that

R d 2 R 2
(12) —a?, = inf w7 (30) dr = [ K (r) %dr < —4.
T $eHL(Ry,Re) [n2 Lodr

Let us return to shear flows that are not in class K. If a shear flow is odd but
there is no assumption on the sign of K (y), we can still get a sufficient condition for
instability.

THEOREM 1.4. Assume U (y) is odd in [—a,a] and define

(13) K (y):=-U"(y) /U (y).

If K is bounded and the operator —% — K (y) with zero boundary values at +a
has a negative eigenvalue, then there is a solution to the Rayleigh equation (3) with
c = iXg (here Ao > 0) for some range of wave numbers. Specifically, if —ad < —a3 <

RS —aﬁo < 0 denote all the negative eigenvalues of —% — K (y), then we have a
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purely growing instability for a belonging to the intervals (a1, cp)U- - -U(ogp—1, Qak—2)
U (g, g—1) (if ko 0dd ) or to the intervals (o, 00) U -+ U (g1, Q2k—2) - -
U (Qhg—1, Qky—2) (if ko even).
We can extend Theorems 1.2 and 1.4 to the case of unbounded shear flows.
THEOREM 1.5. (i) (class KT ) Assume U (y) is in C?(—o0,+0), U(y) —
U (+o0) as y — Foo, and U (y) takes the values U (£00) at only a finite number of
points. We consider the flows such that K (y) defined by (5) is bounded, positive, and

limy 400 K (y) = 0. Let —ad be the lowest eigenvalue of —% — K (y) on H? (R),
which is assumed to be negative. Then for each « in (0, «p), there is instability. This

condition is sharp in the sense that if a > ag or —j—zz — K (y) is nonnegative, then
there is linear stability. The same result holds for the shear flows defined in the half
line.

(i) (odd flows) Assume U (y) is in C? (—oo, +00), odd, and K (y) defined by (13)
is bounded and limy_,1 oo K (y) = 0. If —a} < —af < -+ < —a2 < --- < 0 denote
all the negative eigenvalues of the operator —% — K (y) on H? (R), then we have
a purely growing instability for a belonging to the intervals (a1, ap) U (ag, ) U--- U
(Qop—1,00p—2) - .

Now let us sketch the main ideas of the proofs. For the proof of Theorem 1.4, we
define a family of elliptic operators A, depending on the positive parameter A where
¢ =iA. The problem is reduced to finding some Ay such that A,, has a kernel. The
operator Ay is nonnegative when \ is large and Ay has an odd number of eigenvalues
when A tends to 0. The idea then is to use an infinite determinant to keep track of
the sign of the eigenvalues of Ay as A varies from 0 to oco.

For the proofs of Theorems 1.2 and 1.3, we carefully use the neutral modes. In
the literature, neutral modes have usually been used as the base modes, from which
unstable modes have been obtained by the perturbation argument of Tollmien. The
novelty of this paper is to utilize a different property of neutral modes: the neutral
wave numbers are the possible boundary points of the set of all unstable wave numbers.
Thus if we knew all these possible neutral wave numbers and the instability properties
around them, we could deduce the stability properties at all the wave numbers. Indeed
for our purpose we only need to understand the neutral modes from which the unstable
modes can issue. We call them the neutral limiting modes to distinguish them from
the usual neutral modes, which are just the solutions to the Rayleigh equation with
real c.

DEFINITION 1.6. The triple (cs, s, ¢s) with cs real and ay positive is said to be
a neutral limiting mode if it is the limit of the growing solution sequence (ck, o, O)
(with Tm ¢, > 0) of the Rayleigh equation (3). The precise notions of convergence of
ok to s will be made clear in Lemma 3.6. Formally (cs, s, ¢s) ought to satisfy the
Rayleigh equation

2

(14) (U —cy) (;;2 — a§> ¢s —U"¢s =0.

We call cs the neutral limiting phase speed and o, the neutral limiting wave number.
Here in the above definition, the convergence of {c;} is guaranteed by Howard’s

semicircle theorem (4). From (4) we also know that ¢, must lie in the range of U (y).

The importance of neutral limiting modes lies in the fact that the neutral limiting

wave numbers are the possible boundary points of the set of all unstable wave numbers

(see Theorem 3.9). The knowledge of the instability near every neutral limiting wave

number will allow us to determine the instability in the whole range of wave numbers.
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For that purpose, first we need to know what all the neutral limiting modes are.
In general, it is difficult to get a simple answer. But we have the following simple
characterization in case the flow is in class .

THEOREM 1.7. If the flow is in class IC, then for any neutral limiting mode
(cs, s, Ps) with positive ag, the phase speed must be ¢ = Us and the function ¢
must solve

d2 U//
(15) _d7y2¢s + m% = —al¢s
with ¢s (Y1) = ¢s (y2) = 0.

In the physics literature [17], [6], for a monotone flow it was shown heuristically
by using Reynolds stress that the neutral limiting phase speed must be U,. Using
some lemmas of Sattinger [22], we rigorously prove the same result for large classes
of flows. For flows in class C, we have some uniform a priori bound on the H? norm
of unstable eigenfunctions. This enables us to deduce the other conclusions in the
theorem.

Furthermore, for a flow in the class K+, we also obtain the instability property
near the neutral wave numbers. This is done by rigorously verifying Tollmien’s ar-
gument. By combining it with the boundary point property of neutral limiting wave
numbers (Theorem 3.9), we obtain an unstable mode for each « in (0, Amax)-

To prove Theorem 1.5, we truncate the unbounded flow to get a sequence of
bounded flows. Then by applying Theorems 1.2 and 1.4 to truncated flows, we get
a sequence of approximating unstable solutions. We can show that the sequence
obtained converges to a nontrivial function, which is an unstable solution to the
Rayleigh equation in the unbounded case.

In [1] Bardos, Guo, and Strauss rigorously proved nonlinear instability from the
existence of growing modes under a certain assumption for flows defined on bounded
domains. For rotating flows as in Theorem 1.3, that assumption is satisfied. For
shear flows as in Theorem 1.2, we assume the z-direction is P-periodic, with the wave
number a being multiples of %’“. Then the result in [1] can still apply. The nonlinear
instability proved in [1] is in the L? norm of the vorticity. In [13], Grenier proved
nonlinear instability from the existence of growing modes for very general shear flows.
In particular, nonlinear instability of shear flows in [13] can be proved in unbounded
spaces. Thus the flows in Theorem 1.5 are also nonlinearly unstable. Note that the
nonlinear instability in [13] is in the L and L? norms of velocity.

We can generalize most of Theorem 1.2 of this paper to general shear flows in the
class F (see Definition 3.1). Thus we can treat any flow with a monotone velocity
profile U (y) or any flow that satisfies a differential equation U” (y) = ¢ (U (y)) k ()
for some function k (y) > 0. The details will appear in a forthcoming paper. In [19],
we use the method of section 2 to treat linear instability of general ideal plane flows.

The paper is organized as follows. In section 2, we prove Theorem 1.4 for odd
flows. We study the neutral limiting modes in section 3. Section 4 is devoted to the
proof of Theorem 1.2. In section 5, we give the proof of Theorem 1.3 for the rotating
case. We treat unbounded shear flows in section 6.

2. Odd flows. We divide the proof of Theorem 1.4 into several steps. First we
reduce the problem to the eigenvalue problem of an ODE system. Let ¢ = iA (A > 0)
and ¢ = f + ih; then (3) becomes

d2 ) ) U/IU ] )\U” )
(dyQJra ) (f+ih) + (U2+/\2 +ZU2+)\2) (f+ih)=0.
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Comparing the real and imaginary parts of (3) and using the definition of K (y), we
get

& A2 N (y)
(16a) —dlef+0¢2f— K (y) [+ K (y) WJH_K@) Wh =0,
& AU (y) A2 B

with f = h =0 at y = —a, a. If we denote

Ay — —%—FaQ—K(y) 0
- 2
0 i+ - K(y)

and

A2 , AU (y) ,
2 2
By =K (y) ( MATW AW ) :
TX2+U(y)? A24U(y)?

Ay = Ap + By. Then (16) becomes

w(1)-
The common domain for the operators A is
H=1{(f,h)| f,h € (H?(—a,a) N"H{ (—a,a)) and f odd, h even }.
Let
X = {(f, h)| f,h € L? (—a,a) with f odd, h even }

Here H, X are complex spaces. Due to the oddness of U (y), Ay : H — X. In the
following ||.|| denotes the L? norm. We have the following simple characterization of
A

LEMMA 2.1. A) is a densely defined closed operator, and for any & in its resolvent
set p(Ay), (&— A>\)_1 s a trace class operator. The eigenvalues of Ay appear in
complex conjugate pairs and are all discrete with finite multiplicity.

Proof. Denote
d2
I B
- 0 _d
dy?

with D (A) = H. Then clearly (¢ — A)~" is a trace class operator for any £ € p(A)
and we have

i)

x| =

for any £ > 0. On the other hand, Ay — A are uniformly bounded operators, and
suppose |4y — A|| < M. We have

AA+I<;:A—|—I<;+A,\—A:(1+(AA—A)(A—|—I<;)_1) (A+k).
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If M <k, then —k € p(A)) and

Mtb = AR (14—t )

This is the multiplication of a bounded operator with a trace class operator, so it is
also in trace class. For any £ € p(A,), from formula

(A = (k= AT H(ETR) (€A (k- AN,

we can see that (€ — Ay) ™" is in trace class.

Now the conclusions about the eigenvalues of Ay follow from the trace class prop-
erty just proved and the fact that the coefficients of A, are real. 1]

Now we study the semigroup generated by —A,. Notice that —A) is a bounded

perturbation of
d2
g @ O
B o 2 |’
dy?

which generates the diffusion semigroup. Then by the bounded perturbation theorem
of semigroups, we know that — A generates a strongly continuous semigroup. Denote
Ty (t) = exp(—tAy). Then there exists some C,w positive (independent of \) such
that

175 ()] < Ce".

We have the following characterization of T (t).

LEMMA 2.2. For allt >0, T\ (t) is in trace class.

Proof. First we claim that A\T) (¢) is a bounded operator. Assuming the claim,
the theorem follows easily since we have for any & € p(A)

To () = (€= A (E- AN Th (1),

which is the multiplication of a trace class operator with a bounded operator, so it is
in trace class.

We shall now prove the claim, which is due to the smoothing effect of T (t). We
need to show only that AT) (t) is bounded. For this purpose we study the evolution
equation associated with T’ ().

d &? A2 AU (y)
17a) —f=—-—f—a®f+K@)f-—K({y) ———f—K(y) ———"h,
(17a) 5 f =45 FHE@) - K@) 3 +U(y)2f () XU ()
d &? AU (y) A2
17b) —h=—-sh—a®h+K @y h+K (y) ———"—f—K(y) —-——5h
a7) - 0 () W) 3 U (y)zf W) 3 U
with f(0) = fo, h (0) = hy. Now to show the claim, it suffices to prove
d? 2
— @ |5=sh®)] <C + [lholl,) -
52t 0| [ zm 0] <coant,im)

We denote (17) by

d d?
(18b) e Ry ().

dt - dy?
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Then it is easy to see that

IRl [[R2lly < Co(ILf (D)l + 1R (D)]]2)
< CoCe (|l folly + llholly) -

So from the regularity theory of the linear parabolic equation, we have
d? ,
dygh(t)H < @) (1 Olly + 112 @Ol + [[1Rally + | Rall,)
2
<" () (Ilfolly + [IPoll,) -

Thus the claim is proved. 0
From Lemmas 2.1 and 2.2, we know that the eigenvalues of Ay and T) (t) are
discrete with finite multiplicity and that

o (Tx (1)) \ {0} = exp (—to (Ay)) .

Now denote all the distinct eigenvalues of Ay (arranged with nondecreasing real part)
by p1 (A, w2 (A) ..., pre (A), ..., with multiplicities ny, no, ..., ng,.... We define the
infinite determinant of Id — T) (1) as

)

2

d2
i

d(\) =TT (1= exp (= (W)™
k=1

Since T (1) is a trace class operator and g (A) appears in complex conjugate pairs,
d(A) is a finite real number. From the definition of d ()\), we know that the sign
of d (\) is determined only by the number of negative real eigenvalues of Ay If this
number is odd, then d (\) is negative. And d(\) is positive if the number is even.
Here we always assume A has no kernel, since otherwise we have already obtained a
solution to the Rayleigh equation.

We define three sets

S_.={A>0dN\) <0}, Sy ={A>0/d(N) >0}, So={A>0d(\)=0}.

We will show that S_, S, are nonempty open sets. Then the theorem follows easily,
as we shall now show.

Proof of Theorem 1.4. We claim that Sy is nonempty. Otherwise we would have
(0,4+00) = S_ U Sy, which is impossible, since S_, S, are two disjoint open sets.
So there must exist some Ao > 0 such that d(A\g) = 0. Then there exists k so that
1 —exp (—pr (Ao)) = 0. So p (Ao) = 0 and Ay, has a nontrivial kernel (f, ). This
means that ¢ = i\g, » = f + ih is a solution to Rayleigh’s equation (3). 0

The next several lemmas prove the properties of S_, S, that we need.

LEMMA 2.3. S; is nonempty.

Proof. Because for any real vector (f,h),

(wmoan (1)) - ((—j;m?—mwa((y)mﬁ(y)g) ﬂf)

Lo, A2

>0
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when \ is large, A is a positive operator. Thus all its real eigenvalues are positive,
so that d (A) > 0 for A large. d

LEMMA 2.4. S_ is nonempty.

Proof. From the assumptions of Theorem 1.4 and the definition of operator Ay,
we know that d(0) < 0. We will show that for A small, d (\) < 0.

First we claim that

(i) for any eigenvalue o (A) of Ay, we have |Im p (\)| < || K| ;

(ii) there exists positive €1, 81 such that if 0 < A < 61, then for any eigenvalue
1 (A) of Ay, we have |Repu (\)] > e;.

Proof of claim (i). Let (f,h) be the eigenfunction with || f||, + [|h||, = 1. Taking
inner products with the conjugate ( f, i_L) on both sides of

w(4)-(d)

and comparing the imaginary parts, we get

f
h

f

(19) t

‘N .
2]t [ T iy
—a N2+ U (y)

1 , 1
<Ko 5 Ul 1R = 5 1K -
2 2

[Tm 2 (A)] <

Proof of claim (ii). Supposing it is not true, we could find a sequence A, — 0,
iy, being an eigenvalue of Ay , and Rep,, — 0. Let (f,,h,) be the corresponding
eigenfunction and || f,|ly + [|hnlly, = 1. By (i), {tn} is a bounded sequence. We can
find a subsequence such that u,, — po, so that po is purely imaginary. We still
denote the subsequence by {p,} .

From the equation satisfied by the eigenfunction (f,, hy), we get

[frllgz s [lgnlle < C (I fll; +[12]l2) = C

from elliptic regularity theory by noticing that the coefficients in (19) are uniformly
bounded. Thus there exists a subsequence such that (f,,,gn,) — (fo,90) weakly in

2

H? and strongly in H'. Moreover,
Nk

A U ()

T | N .

2
Nk

2
s 1A, FU W) 2)
oo) + |ty = pol (1fuilly + oy 1l)

(1l + |
<c<

2
A FU W7,

AU (y)
: 2 =+ |/~Ln;€ - /'l‘0|>
A%, +U(y)

2

tends to zero as A\, — 0. Thus we have py € 0 (Ap), which is a contradiction to the
fact that Ao has no eigenvalue lying on the imaginary axis. So claim (ii) is proved.
Let A be the infimum of real part of eigenvalues of Ay. A is finite since A) is

uniformly bounded from below. Define

|A—1<90<76—1

D= {(fﬂ,y) 5

=K <y < 1K}
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and T' = 9D. From claim (ii), if A < 61, all eigenvalues of Ay with negative real part
lie in D. Define the Riesz projection as
1

(20) Py = e (k AA)

and R (Py) its range, where A > 0 and the I'-integral is in the counterclockwise sense.
Then by the definition of d (\)

(21) sign d(\) = (—1)3mEED

To prove the lemma, it suffices to show that |Py — Fy|| — 0 as A — 0. If so, then
dim (R(Py)) = dim (R(P)) if A is small enough. By the definition of Py, dim (R(Fp))
is the number of negative eigenvalues of Ay on the space H, which is equal to that
of the operator fj—:z +a? — K (y) on the space H? (—a,a) N H{ (—a,a). This is due
to the fact that any eigenfunction of —% + a? — K (y) is either odd or even when

K (y) is even. With « lying in the intervals of Theorem 1.4, —dd—:z +a? — K (y) has
an odd number of negative eigenvalues, so dim (R(Fp)) is odd. Thus when A is small
enough, dim (R(Py)) is odd, which implies that d ()) is negative by (21) so that S_
is not empty.

To show ||Py — Py|| — 0, we note that

HBA(;’Z)HsnKnm( eyl [ et >||f +l)
:
SC (e B )(H COlFLCOD
cor( C)IICOD
where
C<A>—C||K||w<ng(y)22 MJHO

as A — 0 by dominant convergence. Since I' C ¢ (4,) if A < §; and T is compact, it

follows that || (¢ — Ay)~" | is uniformly bounded by some constant M independent of
& € T'. Then we have

(6= a0 = (6= 407! = € = A0 Bate - 40) 7|
< [e- a7 e - a7
< 100 (faote e

< MC(\) (1+Hff Ag)” H+H5 Ao) H)

Soas A — 0, || (€ — A\) " — (€ — Ag) " || — 0 uniformly for £ € . Thus || Py — Py —
0if A — 0. O
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LEMMA 2.5. S_ and S4 are open sets.

Proof. We will show that S_ is open. The proof for S, is the same. Suppose
Ao € S_. Let b > 0 be such that there is no eigenvalue of A, with real part b.
Then by the same argument as in the last lemma, there exists €1,8; > 0 such that if
A — Xo| < 61, then for any eigenvalue p (\) of Ay, we have [Rep (A) —b| > e;. Let A
be the infimum of real part of eigenvalues of Ay. Define

9
D={@y h-1<w<-T+b — Kl <y<|Kl.}

and I' = 0D. Then all eigenvalues of A, with real part smaller than b lie in D
and I' C o (A)) provided |A — A\g| < 81. Define Py by (20). Then ||Py — Py,|| — 0 as
A — Xo| — 0, since A) is analytic for A > 0. So dim (R (Py)) = dim (R(P»,)) if |A — Ao|
is small enough. Let uq, pto, ..., gy be all the distinct eigenvalues of Ay, in D. Let my,
be the multiplicity of ug. Now for each py, we can take a small ball By = B (ug; 1)
such that there are no other eigenvalues of Ay, in it besides p;. And by taking ry,
small enough we can suppose that B does not intersect with the imaginary axis if
Reur # 0, and By does not intersect with the real axis if Re ux = 0. Also By does
not intersect with I". They are disjoint with others, and for the conjugate eigenvalue
we take the same radius. Then if |A — A\g| is small enough, by analytic perturbation
theory, there are exactly my eigenvalues (counting multiplicity) of Ay in each By.
Since dim (R (Py)) = dim (R(Py,)), these are all the eigenvalues of Ay in D. Now
notice that for each By and its conjugate one, if we multiply all the eigenvalues of
Ay in them, the sign is the same as for Ay,. So in the definition of d (), the part
corresponding to the multiplication of all eigenvalues of Ay with real part smaller than
b is of the same sign with the A\g case. Thus it is negative if |\ — Ag| is small. While
the other part of multiplication is always positive, we proved that d () is negative
when |XA — Ao| is small. This finishes the proof of the lemma. 0

It is easy to see that we can get the following abstract version by the same proof.

THEOREM 2.6. Consider a family of real operators Ay = —A+ By (A € (0,+00))
with the same domain H. We assume the following:

(I) By is bounded and norm continuous for positive A.

(IT) A generates a generalized parabolic semigroup; that is, exp (tA) is in trace
class and Aexp (tA) is bounded.

(IIT) When X is sufficiently large, Ay has no eigenvalue with negative real part.

(IV) When X tends to 0, Ax tend to Ag in the sense that

1(Ax = Ao) oIl < c(A) ([[Aogll + [[9]])

c(A) — 0 as A — 0% for any function ¢ € H. Then if Ag has an odd number of
negative eigenvalues and no kernel, there must exist some Ao > 0 such that Ay, has
a nontrivial kernel.

We can also treat the periodic and Neumann boundary conditions for the Rayleigh
equation by the same method. The conclusion and the proofs are direct analogues of
Theorem 1.4.

Ezample 2.7 (doubly symmetric flows). Theorem 1.4 could be used to treat some
nonodd flows.

Suppose that U (y) is even on (0,2d) with respect to its midpoint d and is odd
on (0,d) with respect to its midpoint 4. In that case, we could treat the sinuous
(even mode) and varicose (odd mode) separately by studying the Rayleigh equation
on [0, d], taking the boundary condition at d to be either ¢’ (d) = 0 or ¢ (d) = 0. We
could treat the varicose case by Theorem 1.4.



IDEAL PLANE FLOW INSTABILITY 329

The flow U (y) = cos (my) on [—m, 7] was treated in [12]. If m is odd, then U (y)
is in the class we described above. For varicose modes, we can restrict the problem to
[0, 7] and furthermore restrict the function space to be the space P; spanned by sin ny
(n=j+ mp). Here j is a fixed integer in [1,[m/2]]. Then the space P; is invariant
under the operator Ay corresponding to U (y) = cos (my) . Notice that if

7712—(771—]')2 <a?<m?—j2,
then —% +a? —m? has only one negative eigenvalue on P;. Thus from Theorem 1.4,
we know that there is a purely growing unstable mode. This was proved in [12] by

a continued fractions technique. It was also shown in [12] by numerical computation
that if « is small, there is no purely growing mode.

3. Neutral limiting modes. In this section, we study properties of the possible
neutral limiting modes. For a certain class of flows, we get a simple characterization
of the neutral limiting phase speed cs. For flows of class K, we get a complete char-
acterization as in Theorem 1.7.

DEFINITION 3.1. A welocity profile U (y) is said to be in class F if for each
number ¢ in the range of U but not an inflection value, U" takes the same sign at all
points where U (y) = c.

Some examples in class F are a monotone flow, a symmetric flow with monotone
half part, and a flow satisfying U” (y) = g (U (y)) k (y) for some function g and k (y) >
0. It is readily seen that I C F.

Remark 3.2. We mention two simple facts we will use later.

(i) For a C? flow U (y), if c is not an inflection value, then U (y) = ¢ can only
hold at a finite number of points.

(ii) For a C? flow U (y), if there exists some inflection value Uy such that the
function

(22) K (y) :=-U"(y) /(U (y) - Us)

is bounded on [y1, y2] , then U (y) —Us = 0 can only hold at a finite number of points.

For the proof of (i), we notice that U” (y9) # 0 at any point yo € {U (y) = ¢},
since ¢ is not an inflection value. So yo is an isolated point of {U (y) = ¢}. Therefore
{U (y) = ¢} is a finite set. For (ii) we observe that ¢ = U (y) — U, solves a second
order regular ODE

o'+ K(y)o=0

on [y1, 2] . So the zeros of ¢ cannot cluster in the interval.

THEOREM 3.3. If U (y) is in class F, then the neutral limiting phase speed must
be an inflection value.

Note that in Definition 1.6, ay is positive. If ag = 0, then the neutral limiting
phase speed might not be the inflection value. A counterexample is U (y) = cos (6y) ,
y € (—m,m). The numerical computation in [12] indicated that when as = 0, the
neutral limiting phase speed is ¢; = —1 while the inflection value is 0.

For the proof of this theorem, we need several lemmas from the literature, which
we state without proof. The first one is an important equality which was first used
to prove Rayleigh’s criterion.
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LEMMA 3.4. Let ¢ be a solution of (3) with complex eigenvalue ¢ = ¢, + ic;
(c; #0), and let

Y2 U// U—
(23) Jg (¢) = / <¢>’|2 +a? o] + U(Cf) ¢|2> d
Y1 -

Then J, (¢) = 0 for every real number q.
Proof. We multiply the Rayleigh equation

d2 U//
(dy ) - 0=

by ¢* (* denotes the complex conjugate) and integrate it to get

/ (|¢| g + o — ¢|)dy=o.
Y1

Comparing real and imaginary parts, we get

Yz U" (U —c¢
24 [ (10 +aior + ZE= 2 o) ay —o,
Y1 |U - C|
Y2 U// 9
(25) | el a=o,
v |U-— c|2
Combining (24) and (25), we get the conclusion. 0

We also need some results from [22]. In the following we use the notation in [22].
Let ¢ be any real number in the range of U (y) and let 21 < 2o < --+ < zi_ be the
zeros of U (y) — c. Here we assume k. is finite. In the following we always consider the
cases in Remark 3.2, so this assumption is valid. We denote by Sy the complement
of the set of points {z;} in the interval [y1,y2]. Let zo = y1 and 2j_41 = y2. Then we
have the following lemma.

LEMMA 3.5. Let ¢ satisfy (3) with positive « and ¢ as above on Sy, where ¢ is
sectionally continuous on the open intervals (z;,zj41), 7 = 0,1,...,ke. Then ¢ cannot
vanish at both endpoints of any of the intervals (z;, zj41) unless it vanishes identically
on that interval.

Proof. This lemma was proved in [22], where it was used for a different purpose,
namely, to show that for a fixed wave number there are only a finite number of unstable
eigenvalues of the Rayleigh equation under some conditions. Here we give the proof
for completeness.

The Rayleigh equation (3) can be rewritten as

(26) (U=c)¢' =U'¢) =a®(U=c)o.
Suppose ¢ (z;+) = ¢ (zi+1—) = 0 and study (26) in [z, z;+1] . From the definition of
zi, U — ¢ has constant sign in (z;, 2;41) -

If z; # y1 (i £0), then U (2;) — ¢ = 0. Let Z < z;41 be the nearest zero of ¢ in
(2, zi41])- Since (26) is a real equation, we may assume ¢ is real and nonnegative on
the interval (z;, 2) and that ¢’ (z;) > 0 and ¢’ (2) < 0. Integrating (26) over (z;, Z),
we get

(U (2) — )¢ _a/¢ —o)d

since ¢ vanishes at the endpoints z;, 2.
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If Z = 2z;41, then the left-hand side above must be zero. Hence ¢ is identically
zero on (z;, zi+1) . On the other hand, if Z < 241, then U (2) # ¢ and

/(z 2 : (U (Z/) — C) ! ’
o) =at [ g
which could not hold true unless ¢ = 0 on [z;, Z] . But the second order ODE (26) is
regular on (z;, z;+1) . Thus z could not be a cluster point of a nontrivial solution ¢.
Thus ¢ must be identically zero on (z;, z11) -

If ¢ = 0, then we repeat the same argument with the right endpoint of the interval
(ylv Zl) . O

LEMMA 3.6. Let {(ck, ax, ¢x) (with Im ¢, >0)}7- , be the solutions to the Rayleigh
equation (3) and ||¢k|| = 1, and (ck, o) converges to (cs, ) with positive as. Then
¢r converges uniformly to a function ¢s on any compact subset of So, ¢ exists on
So, and ¢, satisfies (14).

The case when ay is independent of k was proved in [22], but the proof can be
applied to the current case without much change. The basic idea is that on compact
subsets of Sy, the function 1/ (U (y) — ¢) is uniformly bounded, so we get a uniform
bound on the derivatives of ¢ up to second order.

Proof of Theorem 3.3. Let (cs,as,ds) be a neutral limiting mode and assume
¢s is not an inflection value. First we show that the ¢, obtained by Lemma 3.6 is
not identically zero. Otherwise suppose ¢s = 0. Let z1, 2o, ..., z;, be all the zeros of
U (y) — ¢s, which by Remark 3.2 is finite. Then by the assumption of the theorem
and the definition of class F, all U” (z;) have the same sign, say positive. Let Es =
{y € [y1,y2] | |y — 2| <6 for some i} . Then Ef C Sy and U” (y) > 0 for y € Es if 6
small enough. Take ¢ = minU (y) — 1 and assume ||¢||, = 1. Then

Y2 " _
T, () = / <|¢;|2 Y TPNC i et )] w) dy

Y1 |U_Ck|2
U// U_ U// U_
>af+ | <—‘§>|¢k\2dy+/ VU9 5124y
e U — ¢y B U —ckl
0" (U — )

||? dy.
E2 (U—ck)2 B¢

Since ¢y, converges to ¢s = 0 uniformly on Ef, we have
lim inf J, (¢%) > 2.
k—o0

So for large k, J; (¢) # 0, which is a contradiction to Lemma 3.4.
So by Lemma 3.5, there is some z; such that ¢, (z;) # 0. Then

UI/ (U _ q) 9 U/l 9
L ez [ ey = o
since ¢, is not an inflection value. By Fatou’s lemma,
1"
kli_)n;oinf/E& w |¢k|2 dy = +o0.

So from

U" (U —q)

U —ci>

o= [ U=

\¢k|2 dy — sup
Es |U_Ck|2 2
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we get limy, inf J; (¢x) = +oo, which is a contradiction to the fact that J, (¢x) = 0
(Lemma 3.4). Thus ¢; must be an inflection value. This ends the proof of Theorem
3.3. d

To show Theorem 1.7, we need to get some a priori estimate for the sequence of
unstable solutions {¢y} in Definition 1.6. We have the following.

LEMMA 3.7. For the flow U (y) in class K, if ¢ is the solution to (3) withImc¢ > 0,
then we have

Y2 Y2
(21) [ (9t vatiof)ar< [ K@ iofay

and

Y2 Y2
@) [ (P26 ot o) dy < KL [ K )10
Y1 Y1

Proof. Inequality (27) was obtained in [8], but we prove it here for completeness.
Denote ¢ = ¢, + ic; (¢; > 0). By Lemma 3.4, for any real ¢

Y2 U// U
(29) / |¢F+&wﬁ+——i——%W|cw=a
Y1 |U_ 7"| +c
Let g =Us — 2 (Us — ¢,) . Then
Y2 Y2
/2 21 12 U—-Us)(U—-q) 2
+ « d :/ K d
Alom 6 dy R el
Y2 (U—-U)P+2U-U)(Us —¢) | 2
- K d
| kW e 6 dy
v (U - Cr)2 - (Us - Cr)2 2
) S ey
Y2
</ K () |6 dy.
Y1
This proves (27) .
n (29), let ¢ = Us, we get by (27)
30)
U U) 9 Y2 2 9 9 Y2 9
$ dy=/ & +a? ¢ dy</ K () |6l dy.
L D opra = [ (0 et P)ar< [TKw

We shall show that

v v (U g
31 / "2 4202 ¢ + ot |6)?) d —/ — 7 _dy=0,
(31) y10¢\ | 617 dy TPy

which was first proved in [2]. For completeness we now give the proof of (31). We
multiply the Rayleigh equation

d2 U//
(2 =o") o= o =0




IDEAL PLANE FLOW INSTABILITY 333

by (¢*)" and integrate it to get

(32) [ @y @ =) = [ (@) e).

Y1

By integration by parts,

LHS of (32) :/ (16" +a2 16/ dy.

Y2
a8

Using the Rayleigh equation for ¢*, we have

RHS of (32) = /:2 <(a2¢* + <UU_/IC¢>*) (UU_Hch)) dy

Y2 TTI 2 Y2 11\2 2
R (T ey L Gl
yw U-—c v U=l +¢

b2 712 214112
/ (16"1° + a?16/1*) dy = Re RHS

Y1
Y2 1 _ 2 Y2 11\ 2 2
2 Mcwr/ (W) I¢l
Y1

v |U=cl? +c? |U—cr\2+cf

v U Iel
:—a2(/ 1+ a? 2d>+/ (7d7
(|¢| |¢|) R T

Y1

So

by (29) with ¢ = ¢,.. Now (31) follows.

Then inequality (28) follows easily from (5), (30), and (31). 0

Remark 3.8 (stability). The inequality (27) was used in [8] to prove that there
is no unstable solution to (3) when o > amax. Indeed, from (27), if there exists some
solution ¢ with Imc¢ > 0, then

(107 = K () 1o ) dy
o1 dy
v (10 = K )19l dy
Y1

> inf TR =«
EH] (y1,92) " |o|” dy

2

max"*

This proves that the condition in Theorem 1.2 is sharp for instability.

Proof of Theorem 1.7. Given (cs,as,¢s), let {(ck, ok, o)} (with Imc, > 0)
be a sequence of solutions to the Rayleigh equation (3), as in Definition 1.6 of the
introduction. Here we take ||¢x||, = 1. By Theorem 3.3, ¢, — U,. From Lemma 3.7,
we get

[ (617 + 160 dy < max {12 1}
Yy

1

So there is a subsequence {¢y,, } of {¢x} and ¢o € H2 N H] (y1,y2) such that

[fni = Pollcr — 0 and |[goll, = 1.
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Taking limits in

we get

From the definition of ¢4, we have ¢s = ¢y and thus the conclusion of Theorem 1.7
follows. O

THEOREM 3.9. Let U (y) be in class K. Then the set = of all unstable wave
numbers is open. Any boundary point a of = must satisfy the condition that —a? is
a negative eigenvalue of —%22 — K (y) in H2NH} (y1,y2) -

Proof. If a € =, then there exists ¢ with Im ¢ > 0 such that the Rayleigh equation
(3) has some solution ¢. Let

d2 2 . " d2 2 -
= (dy2_a )gb, By =Uy —-U (dg/2_a> .
Then from (3) we have B,1) = . It is easy to see that oess (Ba) = [Umins Umax] -
So ¢ is some discrete eigenvalue of B,. Since B, is norm continuous in «, for any o’
near «, there is also a complex ¢’ in the spectrum of B,. So E is open. From the
definition of neutral limiting modes, we know immediately that the boundary points
of E are neutral limiting wave numbers. Then the other conclusion in the theorem
follows from Theorem 1.7. O

From Theorem 3.9, we know that in order to determine =, we only need to know
the instability property near any neutral limiting wave number. This is the basis of
our method in the next section for obtaining a sufficient condition for instability.

4. Proof of Theorem 1.2. Let the steady flow U (y) be in the class £t. To
prove Theorem 1.2, we need to study the instability near each neutral limiting wave
number. Tollmien [23] heuristically showed that unstable modes exist near a neutral
mode for a symmetric flow in class K+. This was later reconsidered and the asymp-
totic growth rate was found by C. C. Lin [17]. However, the existence of unstable
modes near a neutral mode had still not been rigorously proved. Another approach
was recently given in [20] for a monotone flow in class K*, where the implicit function
theorem was invoked to get existence. However, because the differentiability condi-
tion was only established on half of a neighborhood, the standard implicit function
theorem does not apply. Moreover, the convergence to the neutral eigenfunction in
their computation was not specified. Thus, as far as we are aware, a complete proof
of Tollmien’s argument does not yet exist.

Therefore in this section, we rigorously prove a perturbation result of Tollmien
type for flows in class K. The existence of an unstable mode is established when the
wave number is slightly to the left of a neutral wave number.

THEOREM 4.1. Suppose U (y) is in class K and (¢s, s, Us) with as > 0 satisfies

d2 U//

(33) *diyzébs + U—iUS

d)s = 7(34?(253
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with ¢s (Y1) = ¢s (y2) = 0. Then there exists eg < 0 such that if ey < e <0, there is
a nontrivial solution ¢. to the Rayleigh equation

2

U =0~ @) (3 - a0 6.~ U0 =0

with ¢ (y1) = ¢e (y2) = 0. Here a(€) = \/e + a2 is the perturbed wave number and
Us + ¢ () is an unstable eigenvalue with Im ¢ () > 0. Moreover, the function c () is

differentiable in (g9,0) and

(34) Jim e(e) =0,
(35)

lim ¢ (€) = 5 92 () dy

O i (U7 K6 by + P S (K )6 w)/ (U )~ Us)dy.

where ay,...,a; are the inflection points such that U (ay) = Us, k = 1,...,1, and
P fyyf denotes the Cauchy principal part.

Remark 4.2. As mentioned in Remark 3.2, the number of points where U takes
the value Uy is finite. In formula (35), we have

zl: (1017 K62) ly=ar > 0.

k=1

This is due to the following two facts:

(a) The function ¢, must be nonzero at at least one of the points ay. This is a
corollary of Lemma 3.5, where ¢ = U, and z; = a;.

(b) We have U’ (a) # 0 for each k. Otherwise there exists some k such that
U’ (ar) = 0. Then it is easy to see that K (ax) = oo, which is contradictory to our
assumption that K is bounded.

Proof of Theorem 4.1. Define ¢1 (y; ¢, €) and ¢ (y; ¢, €) to be the solutions of

UII

d2
36 - —_
(36) df¢+U_%_c

¢+ (ozf—&—e)qS:O7

with ¢1 (y1) =0, ¢} (y1) = ¢% (y1) and ¢ (y1) = —m, @4 (y1) = 0. Here € < 0 and
Imc > 0. Then ¢1, ¢2 are analytic in the upper half-plane as a function of ¢ and ¢1, g2
are independent with Wronskian 1. Now define I (c,e) = ¢1 (y2;¢,¢). The existence
of a solution to the Rayleigh equation is equivalent to the existence of a root of I
with Im ¢ > 0. It will be proved by a modified Newton method, i.e., by finding a fixed
point of

B I(c,e)
o1/0c |(c,€):(0,0) '

c—C

Letting

N (t,y;e,¢) = ¢1 (t;e,¢) 2 (y5€,¢) — P2 (t;€,¢) P1 (y3€,¢)
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we will show that

8[ Y2
(37) % =/ N (y,y2;€,¢) ¢1 (y;¢,6) dy
€ Y1
and
o1 [v U (y)
38 a. N ) v €, Gy d .
(35) 5= | Nwwso o e e

In order to prove (37) and (38), notice that for (¢/,&’) close to (¢,e) with Im¢’ > 0,
the function ¢; (y; ¢, €’) satisfies
d2 U’ )
7d7y2¢)+ m¢+ (OéS +5) (15
_ { —U"(y) (¢ =¢)

So

o1 (y; €)= b1 (y;¢,€)
Y . =U"(t)(d —¢)
SRl e T o R

— (' = 6)} o1 (¢, &) dt.

Thus, letting y = yo,

I(d,€")=1(ce)
Y2
+ N(tay2;57c) |:
Y1

U () (¢ — )
T -Us—0) (U 1)~ U, — )

+(¢' — 5)] ¢ (€' dt.

Identities (37) and (38) follow from this identity by letting (¢/,&’) tend to (c,€).
Now define the triangle

A(R,b) = {C,- + iCi| |C7-| < Re;,0<¢; < b}
and the Cartesian product

E(R b1 b) = ARrpy) X (—02,0),

where by,bs > 0.

We make the following claims:

(a) For fixed R, (c,e) € E(gp,b,), 1 (y;c,€) uniformly converges to ¢s (y) in
Clly1, 2] as ¢ — 0, ¢ — 0 — . That is, for any 6 > 0, there exists some by > 0 such
that

61 (3 ¢,8) = s (Wllen <6

for by, by < bg, (C, E) S E(R,bl,bz)-

(b) The same conclusion holds true for ¢s (y; ¢, ). We denote ¢ (y;0,0) = ¢, (y),
so that ¢, (y2) = —m. Then ¢s (y; ¢, €) uniformly converges to ¢, (y) in C[y1, y2)
for (c,e) € E(R,bl,bg); c—0,e—>0—.
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Proof of claim (a). Indeed, if it is not true, then there exists 6o > 0 and a sequence
{(ck,er) oy s (crrer) — (0,0), |Reck| < RImey such that

o1 (ys ey er) — bs (W)llcn > do-

Since |Recg| < RImc¢y and Imcg, < by, we have

’U(y)UNg)Ck SK(y)HK(y)"U(y)C%-SCk <K ()] (1+ VR +1).
Thus
(39) HU(?J)U(U” \m <Kl (1+VEZ+1).

Let ¢ = ¢1 (y; ek, €x); then we have uniform bound for |[¢g||. because ¢, satisfies
an ODE (36) with uniformly bounded coefficients and the same initial value. So by
the Ascoli-Arzela lemma, there is a subsequence {¢x, } and a function ¢y € C[y1, y2]
such that

[6r; = ollcr — 0

as k; — oo. Since ¢y, satisfies Rayleigh’s equation, ¢ satisfies

d2 U//
_d7y2¢0 * U - Us
with ¢o (y1) = 0,6 (y1) = ¢ (y1); thus ¢o = és. So [[¢k, — dsllcr — 0, which is a

contradiction to our assumption. Claim (b) follows similarly.
In the appendix we prove that

b0 = —aZ¢o,

Y2
(10) b o | Awa
and
(41)
or 1

. ! =1 Y2
o T ) (sz_l (107" K62) = +7’/yl (K (1) 6% () / (U () —Us)dy>

uniformly in E(gp, 4,) as ¢ — 0,6 — 0 — . Denote these limits by

1 Y2
B=—t o [T
les (y2) Y1 ¢ (y) v
1 Y2
C= 773/ K 2 U (y) — U, dy,
TSI (K ()93 () / (U (y) = Us) dy
1
™ -1
D= U7 K62) o,
where ai (k= 1,...,1) are the inflection points. Denote

f(c,e)=1I(c,e) —Be— (C+ Di)c
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and

B f (e e)

Med) =-crip® " crip

Then by the uniform convergence of (40) and (41), for any g > 0, there exists by so
that when by, by < by we have

4

(42) ," < b V(C, 5) € E(R,bl,bz)-

Oc Oe

So for any (c,¢), (¢/,€’) in the convex set E(g p, b,),
(43) |f(e,e) = f( &) <bo(le—€|+]e—C]).
Now in (43) we let (¢/,&’) — (0,0) and notice that

lim dey= lim I(d,¢)= lim ;e =9, =0,
gl (@ e) =, Jm G T@e) = Hm g 01 eide) = s ()

so we obtain
(44) |f (c;e)| < b0 (el +cl) V(c,e) € E(rpy b)-

Note that for fixed €, a zero of I (c, ¢) is a fixed point of ¢ — h (c,¢). Let R =4|§]|
if C # 0 and R =1 if C = 0. Notice that by Remark 4.2, BD < 0. Denote

—2DB
Q=VR +1— """ +1.

CZ_|_D2
Let
1 |BC| —BD 3 3
60_Qmm{Q(CQ—FDQ)’Q(C2+D2)’1}VC +D
if C' # 0 and

*lmin __—BD 2 2
=3 {Q( )’1} P

02+D2

if C'= 0. There exists by such that if by, ba < by, then (44) and (42) hold. We choose

02+D2 }
by =mind —— = 14p by = Qby.
2 {QDB\/RQJrl 0 1= Qb

Fix € € (—b2,0) and let

—-2DB
be) = Gy e

We will prove that
(45) h(-€) : A(rpe)) — Ar,p(e)) is a contraction map,

with contraction ratio no greater than % for all —by < e < 0.
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Assuming (45), the theorem follows easily. Indeed, for each ¢ € (—bg,0) there
exists a unique c () € Ag p(e)) so that h(c(e),e) = c(e). Since for fixed €, h(c,¢) is
analytic in A(g,) and uniformly contracting, we know that c () is the unique fixed
point in A(g,) and is differentiable with respect to ¢ in the interval (—bs,0) (see [5,
p. 25]). We now let g9 = —ba. Since c(e) € A(gp(e)), we have

lim c(e) = 0.

e—0—
From I (¢ (g),e) = 0, we obtain

;o 010
(&) =~%1jac

So by (40) and (41), we have

lim ¢ (c) = J 03 () dy
£0— DI (|U/|*1 K¢§> ly=ar +P yy12 (K (y) 62 () / (U (y) — Us) dy

This proves (35), and the proof of Theorem 4.1 is complete assuming (45).
Now we prove (45) . By our choices of 6y, by, b1, b2, and (42), we know

on)\_ 1 |of <¥6 <1V(c€)€E
de| T VCPTDE 0| T yoRr DR T2 0T e

Thus h is uniformly contracting with ratio no greater than % for each fixed € € (—bo, 0).
We still need to show that h (c,e) maps A g p(c)) to itself. If C' # 0, by (44) and the
definitions of b (¢), @, and 8y, we have

f(ce) lc] + e] b0 ( 21?l3 ) _bolel@
: < 1+ VR +
C+iD|~ "2+ D2 = \JC2+ D? €= Vo e
1 [ |BC| -BD
(46) S2mm{c2-+D2’C2+D2}|

Substituting (46) into

BC f (ce)
Reh = R
T DT ot
we readily get
1 |BC| |BC|
4 — < h| <2
(47) 2m+Dﬂ| |Re A C+Dﬂ|
In the same way we get
1 —-BD —-BD
4 el <Imh<2————le| =b(e).

Combining (47) and (48), we have

|[Reh| < 4‘C’Imh RImh.
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So h € A(r,p(c))- The proof for the case C' = 0 is the same. This proves (45), and thus
the proof of Theorem 4.1 is complete. a
Proof of Theorem 1.2. Let —a?, < —a2,_; < --- < —a} < 0 be all the negative

eigenvalues of —% + K (y) . Here iy, = auax as defined by (7). Combining Theorems
3.9 and 4.1, we deduce that if & € (0, ) and @ # «; (i = 1,...,m), then there exists
an unstable mode.

Now we investigate the possibility of an instability at a = «; (¢ = 1,...,m). For
each a € (ay,@;41), we know that there exists some unstable eigenvalue c(a) =
¢r (@) +ic; (o) with ¢; > 0. We claim that

(49) as o — o+, ¢; (a) has some lower bound 6 > 0.

Assuming (49), we now show the existence of an unstable eigenvalue at «;. We take a
sequence {(cx, ak, dr)}re; With o, — a;+ and Imeg > 6 > 0. The function ¢ with
l¢rll, = 1 satisfies the Rayleigh equation

d2 U//
(50) _Tﬁ¢k + U—

b = — G-
Ck

By Lemma 3.7, there is an a priori bound for ||¢x||sy2, so there exists some nonzero
function ¢y € H? such that ¢, — ¢q strongly in H'. Note that ¢, is bounded by (4).
Suppose ¢ — ¢g with Im ¢y > 6. Now

1"
V"l

N e
- o

U
H U — Cp

oo

so we can pass to the limit in (50) to deduce that ¢g is a weak solution to

"

= —a?
U*CO(ﬁO_ a7,¢0-

d2
_din(bO +
Since Im ¢y > 0, UUf/;U is a smooth function. So by elliptic regularity theory, ¢¢ is a
classical solution. Thus at a = oy, we get an unstable eigenvalue cg.
Proof of (49). If it is not true, then there exists a sequence {(cy, ag, ¢r)}tre,
of solutions to Rayleigh’s equation, with ap — «a;+ and Recy — ¢5, Imecp, — 0+ .
By Theorem 1.7, ¢s must equal Us. From the proof of Theorem 1.7, we know that
b1 — ¢s in Cy1,y2], where ¢ is a solution to

d2 U//
51 — 7 5Ps s = — ? s-
(51) 0t g e = ol
Multiplying (51) by ¢ and subtracting ¢ times (50), then integrating from y; to ya,
we get
Y2 Y2 U”¢ ¢k

aQ—az/ s d:—c—Us/ : dy.

( k 7,) " ¢¢ky (k ) " (U*Ck)(U*Ug) Y
Let

v v U
A:/ ¢s¢dy,B:f/ dy.
’ Y1 ; g Y1 (U - ck) (U - US)
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Then

Y2
(52) Jim Ay = / 5| dy.
— 00 y

1

In the appendix we will prove

. D () N R,
(53) kILU;OBkaP . mdy+lWZ(|U| K¢s) ly=ax-
k=1
Now we have
Ay V2 |gs| dy

=a-+1ib

lim — =
“oo By, K (y)¢3 i S -
R > (I T [

with b < 0. Thus if k£ is large enough,

Imey = (ai - a?) Img—: <0,

which is a contradiction. So (49) is proved and the proof of Theorem 1.2 is com-
plete. 1]

We also have the following result about the instability at a = 0.

LEMMA 4.3. IfU (y1) # U (y2), then at o = 0 there is also some unstable solution
to the Rayleigh equation.

Proof. Let {(c, ag, ¢r)}re, be a sequence of unstable solutions with ay — 0+.
It suffices to prove that there is some positive lower bound for {Imcy}. Indeed the
existence of an unstable solution at o = 0 would follow by the same argument as in
the proof of Theorem 1.2.

Assume there is no lower bound. Then Im ¢, — 0, Recp — ¢. Then ¢y, converges
to a neutral solution ¢g € H? N H} satisfying equation

(54) (U—-c)gyg —U"¢g=0

sectionally in each (z;, z;4+1). Here we use the same notation as immediately before
Lemma 3.5. We now show that ¢o cannot vanish at any zero zj,...,2,, of U — c.
Indeed, if it is not true, we suppose ¢q (z;) = 0 and consider (54) in (z;, z;41) . Then

(U—=¢)gp—U'¢o) (y) = (U —¢) ¢y —U'¢po) (2:) =0

for all y in the interval (z;, z;+1) . So ¢ and U — ¢ are linearly dependent in (z;, z;+1) .
Thus ¢o (z:41) = 0. Repeating the process, we know that ¢g(z;) = 0 for all i =
1,...,k. and there is some constant b such that U (y) — ¢ = bgg (y) for all y in
(y1,y2) - This implies that U (y;) = U (y2) = 0, which is a contradiction.

Thus ¢g takes a nonzero value at each zero of U — ¢ and ¢y is the limit of unstable
eigenfunctions. By the proof of Theorem 3.3 we know that ¢ must equal Us. Now
by the argument in the last part of the proof of Theorem 1.2, we know that there
is no perturbation of the neutral mode at a = 0 to its right neighborhood. This
contradiction shows that the Im ¢, has some positive lower bound. The proof of the
lemma is finished. ]

Remark 4.4. I U (y1) = U (y2), it is possible that at o = 0 there is no unstable
solution to (3). One such example is U (y) = cos 6y, whose complete spectrum was
found in [12] and for which there is no growing mode at a = 0.
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5. Rotating flows. In this section, we consider the radially symmetric steady
flows in an annulus 0 < Ry < r < Ry. Using polar coordinates (r,#), we rewrite the
vorticity equation (1) as

10y 0 oY1l 0 B
7 e v Tl
Here 1 is the stream function and

1
(ur7u9): (/,180’_871)’ w:—A :;a(rue)_; 89

are the velocity and vorticity, respectively. And 9 is constant on r = R; (j = 1,2).
The steady flow is (u,, up) = (0,rQ), with Q@ = Q (r) the steady angular velocity. The
linearized equation about this steady flow is

0

(55) 8tA'¢/~J+Q%A1[J+ (Z) 10y _

or” ) r oo =0

vyith ¢ constant on r = R; (j = 1,2) and the steady vorticity Z = 2Q + r‘é—?. Taking

Y (r,0,t) = ¢(r)exp (st +inf) and letting D, = % + 1, D = % (following the
notation in [6]), we rewrite (55) as

(56) (s +1in€) (D*D — n2/r2) ¢ —inr~H(rD?Q + 3DQ)¢p = 0,

with ¢ (R1) = ¢ (R2) = 0 and n a positive integer. Letting ¢ = ;- we get the rotating
Rayleigh equation (8). Instability would mean that there exists a solution to (8) with
Ime > 0. In this section we study the flows such that the function K (r) defined by
(9) is positive and bounded, which we still denote by class K.

We are interested only in the case when « is a positive integer of the following

extended Rayleigh equation:
(57) (Q—c) (DD —a?/r*) ¢ —r ' (rD*Q+ 3DQ)¢ = 0,

with ¢ (R1) = ¢ (R2) = 0. However, by embedding the original problem into a family
of problems (57) depending on a continuous positive parameter «, we can use the same
idea as in the shear flow case. For that purpose, first we need to prove the rotating
versions of some results used in the shear flow case. We give detailed proofs only when
they are really different. First is the extension of Lemma 3.5 to the rotating case.
Let 1 < rg9 < -+ < rg, be the zeros of Q (y) — ¢ and let Sy be the complement of the
set of points {r;} in the interval [Ry, Rz]. Here ¢ is any real number in the range of
Q(y). Let o = Ry and 41 = Rs. Note that for the rotating flows in class KT, k..
is finite for any ¢ by the same argument as in Remark 3.2.

LEMMA 5.1. Let ¢ satisfy (57) on Sy with real o > 1 and real ¢ in the range
of Q. We assume ¢ is sectionally continuous on the open intervals (rj,rj41), j =
0,1,...,kc. Then ¢ cannot vanish at both endpoints of any of the intervals (rj,7;41)
unless it vanishes identically in that interval.

Proof. The function ¢ satisfies

(Q—c¢) (DD —a?/r*) ¢ —r~H(rD*Q+3DN)¢ = 0,

which is the same as

(Q=0¢)D*¢ — pD*Q + (2 — ¢)r~' D¢ — 3r~'¢DQ = (Q — 0)%§¢~
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We multiply both sides of the above by 72 to get
(58) (Q—e)r’D?*¢ — r?¢pD?*Q + (2 — c)rD¢p — 3rpDQ = (2 — c)a’¢.
We have

LHS = (Q—c¢) [D? (r*¢) — 4rD¢ — 2¢] — r*¢D*Q + (Q — ¢) rD¢ — 3r¢ D
= (Q —¢)D? (r2¢) —r2¢D*Q — 3 (D (r¢) (2 — ¢) + r¢DQ) + ¢(Q — ¢)
=D ((Q=c)D (r*¢) — r*¢DQ) — 3D ((r¢) (2 — ) + $( — ¢).

So (58) becomes (using ' to replace D)

(59 (@) () ~r262) ~3((ré) (@~ o)) = (0>~ 1) H(Q~ c).

Suppose ¢ vanishes at r; and ;1. Here we mean ¢ (r;+) for ¢ (r;) and ¢ (ri41—)
for ¢ (r;y1) when studying (59) in [r;,7;11]. From the definition of r; we know that
) — ¢ has constant sign in (r;,r;41). If 7, # Ry (i #0), then Q(r;) — ¢ = 0. Let
7 < r;41 be the nearest zero of ¢ in (r;,r;41]. Since (59) is a real equation, we may
assume ¢ is real and nonnegative on the interval (r;, ) and that (r2¢), (r;) > 0 and

(r2¢)/ (7) < 0. Integrating (59) over (r;,7), we get

@) =) (%) () = (22 1) [ ol —epar

since ¢ vanishes at the endpoints r;, 7.
If # = r;41, then the left-hand side above must be zero. Hence ¢ is identically
zero on (r;,7;41). On the other hand, if 7 < 7;41, then Q (7) # ¢ and

o N 9 Q) —c "o
(0) () = (o -1) [ = Doy

which could not hold true unless ¢ = 0 on [r;,7]. But the second order ODE (58) is
regular on (r;,7;11); thus 7 could not be a cluster point of nontrivial ¢. Thus ¢ must
be identically zero on (7, 7i41) -

If i = 0, then we repeat the same argument with the right endpoint of the interval
(Rh 7‘1) . 0

We need Howard’s semicircle theorem for the rotating case, which seems not to
have been proven in the literature. So we give a proof here.

LEMMA 5.2. If a > 1, then for the extended Rayleigh equation (57) to have a
solution, ¢ (with Imc > 0) must lie in the semicircle

(60) (cr -

1 ? 1 2
5 (Qmin + Qmax)) + 012 S (2 (Qmin - Qmax)) 9

where Qumin and Qmax are the minimum and mazimum of Q (r) in [R1, Ra] .
Proof. Let ¢ be a solution to (57). As in the proof of the last lemma, ¢ satisfies
(59), which we can rewritten as

(61) (r(¢(Q—c)r — (2= e)r) ¢)) = (a® = 1) (2 - ¢).
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The above identity is equivalent to

(62) <r3(Q —¢)? ((Q‘bc)?) ) =(a®=1)¢(Q—¢).

Now ¢ = ﬁ is a regular function since Im ¢ # 0. Then (62) becomes

(63) (P} (Q = )%p) = (a® = 1) r(Q - ¢)*y.
Multiplying (63) by ¢* (conjugate of 1) and integrating it, we obtain
Ro 9
(64) [ @02 (@1 + (@ = )l ar =0,
Ry

The rest of the proof is the same as in the case of shear flows [14], [6]. We repeat it
here for completeness. Let

P£r3|w’|2+(a271)r|1/)\2.

Then (64) becomes

(65) /RRQ(Q —¢)?P dr=0.

The function P is nonnegative and not identically zero. Comparing the real and
imaginary parts of (65), we get

Ro Ra
(66) / (Q=c)>—c)Pdr=0 and 201/ (Q@—c )P dr=0.
Ry Ry

Observe that

Ro
0> / (Q = Qunin) (2 — Qo) P dr
Ry
Ro

= {(Cg + 012) - (Qmin + Qmax) Cr + Qmianax} P d?“,
Ry

where (66) is used. So
(C% + Cf) - (Qmin + Qmax) Cr + Qmianax S 0

and the conclusion follows. ]

We also have an a priori bound for unstable solutions. The proof of the following
lemma is essentially the same as that of Lemma 3.7 in the shear flow case. So we
state only the result.

LEMMA 5.3. Denote w (1) = rD?Q+3DS. For any solution (c, ¢, ¢) to (57) with
a real positive, ¢ = ¢, +ic; (¢; > 0), and ||p||, = 1, we have the identities

R, Ry R, 20
(67) / r|Do|? dr—|—a2/ %|¢|2dr—|—/ w(r) |8 (2 q)drzOVqER,

Ry Ry Ry |Q - C|2
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w(r)”

R2 R2
1

(68) / <D*D¢)|2 r3+2a2r|D¢>|2 dr +a*= |(]§|2) dr = / r 5 \¢|2 dr.

Rl r R1 |(2 - C‘
For a flow of class K*, we have the inequalities

Ro 9 1 9 Ro
(69) / <r (D¢)* + o= || ) dr < K (r) ¢*dr
Rl r Rl

and

f2 2 2 1,2 R
(70) / (|D*D¢| 3+ 20°%r | D|” dr + a4; ] ) dr < Ry |Jw| o, K (r) ¢*dr.

Rl 1

In particular, we have the a priori estimate ||¢||g= < C (), where C (Q) is some
constant depending only on €.

Indeed, (67), (68), (69), (70) are the analogues of (29), (31), (27), and (28),
respectively. Their proofs are similar to that of the shear flow case.

Remark 5.4. From (69) we see that a necessary condition for instability in the
rotating case is

w2 (Do)’ dr — [ K (r) 6%dr

G} (R:, Ra) [5 L2y
1

<1,

since a must be a positive integer.

We now define the neutral limiting modes for the rotating case.

DEFINITION 5.5. The triple (cs, as, ¢s) with cs real and as > 1 is said to be a
neutral limiting mode if it is the limit of growing solutions (ck, a, ¢r) (with ITm ¢g > 0)
of the extended Rayleigh equation (57). The precise notion of convergence of ¢ to ¢
is made clear in Lemma 5.6. Formally (cs, as, ¢s) ought to satisfy

(71) (Q—cs) (D*D — az/rz) bs — 1w (r) ¢s = 0.

We call ¢, the neutral limiting phase speed and os the neutral limiting wave number.

The following is the analogue of Lemma 3.6.

LEMMA 5.6. Let {(cy, ax, ¢x) (withIm ey, > 0)},—, be the solutions to the extended
Rayleigh equation (57) with ||¢x|| = 1, and let (ck, o) converge to (cs, as) with ag > 1.
Then ¢y converges uniformly to a function ¢s on any compact subset of So, @Y exists
on Sy, and ¢s satisfies (71).

We state the following results about neutral limiting modes without proof. They
are the analogues of Theorems 1.7 and 3.9, respectively.

LEMMA 5.7. If the rotating flow is in class KT, then for any neutral limiting
mode (cs, s, ds) with ag > 1, we must have cs = Qg, and ¢s € H?> N HY (R, Ra)
must satisfy

(72) (DuD —a2/r?) ¢s + 17 K (r) s = 0.

LEMMA 5.8. Let Q(y) be as in Theorem 1.3. Let E be the set of all unstable wave
numbers greater than 1. Then = is open and any real boundary point as of = is either
1 or some wave number satisfying (72) for some nontrivial ¢ in H2 N H} (Ry, Ra) .

We also have a perturbation result near neutral modes, the analogue of Theo-
rem 4.1.
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THEOREM 5.9. Suppose ) (y) is in class KT and (¢s, as, Qs) (s > 1) satisfies
(73) (2= Q) (DD = aZ/r?) ¢s —r~lw (r) ds = 0,

with ¢s (R1) = ¢s (R2) = 0. Then there exists €9 < 0 such that if €9 < e <0, there
is a nontrivial solution ¢. to the extended Rayleigh equation

(Q—Qs—c(e) (D*D -« (5)2 /7“2) b — 1w (r) ¢ =0,

with ¢ (R1) = ¢ (R2) = 0. Here a(e) = \/e + a2 is the perturbed wave number and
Os+c(€) is an unstable eigenvalue with Im ¢ (€) > 0. The function c (€) is differentiable
in (—eo,0) and

lim ¢(e) =0,
e—0—

(74)
lim ¢ () = Sy 203 (r)dr
e—0— i (\Q/rl quz) ly=r, + Pf}f;z (K (r) ¢2 (1) / (2 (r) — Q) dr

where r1,...,r; are the points such that Q (r) = Qs and Pfyyf denotes the Cauchy
principal part.

Proof of Theorem 1.3. If (11) is satisfied, we know that for any a € (1, amax)
there is an unstable solution to the extended Rayleigh equation (57). The proof is
essentially the same as that of Theorem 1.2, by using Theorem 5.9 and Lemma 5.8,
so we skip it here. If condition (12) is satisfied, then am.x > 2, and we get instability
at n = 2 for the rotating Rayleigh equation (8).

Now we turn to the case when 1 < apmax < 2 and Q(R1) # Q(R2). We want
to show that there exists an unstable mode for n = 1. This is the bottom case for
rotating flows. Now for each o € (1, aax), we already have an unstable mode. We
shall show that the growth rate Im ¢ (a) has some positive lower bound when « tends
to 1. Assuming this, we can find some unstable mode for a = 1 by using the same
argument as in the proof of Theorem 1.2.

We now prove that Im ¢ () has some positive lower bound. The argument we use
here is similar to that in the proof of Lemma 4.3. Supposing otherwise, we can find
a sequence {(ck,ak,qﬁk)},iil with ar — 14, Imcp — 0, Recy — c¢. The convergence
of {¢x} is guaranteed by (60), from which we also know that ¢ is in the range of Q.
Because of Lemma 5.3, ||¢g |2 is uniformly bounded. So there exists some nonzero
¢o in H? N H} such that a subsequence {¢y,, } converges to it in the C* sense. By
passing to the limit in the equation

)

(Q=cn,) (DD = 02 /1?) ¢y, — v~ (rD*Q + 3DQ)y,, =0,
we deduce that the function ¢g satisfies
(75) (Q—c) (DD —1/1%) o —r ' (rD*Q+ 3Dy =0

sectionally in each (r;,7;41). Here 1y < 7y < --- < 1y, are the zeros of Q (y) — ¢ and
To = R1, Tko+1 = RQ. By (59), ¢0 satisfies

() (200) —r2602) ~3((réo) (@~ ))' =0,
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which is equivalent to

(76) (r (2= ) do — (2 — ) =0.

From (76) , we deduce that ¢y must be nonzero at each point r; (i = 1,...,k.) . Indeed,
supposing otherwise, by the same argument as in the proof of Lemma 4.3, we can show
that there is some constant b such that (2 (r) —¢)r = bgo (r) in [R1, R2]. This implies
that Q (Ry) = Q (Rs2), a contradiction. Now by the same argument as in the last part
of the proof of Theorem 1.2, we can show that there is no perturbation of the neutral
mode at a = 1 to its right neighborhood. This contradiction shows that Imc (@) is
bounded below and Imc¢ > 0. Thus ¢¢ satisfying (75) is an unstable solution to the
rotating Rayleigh equation (8).

Combining this result with Remark 5.4, we deduce that the condition (11) is sharp
for instability when Q (Ry) # Q (Rz) . This finishes the proof of Theorem 1.3. |

6. Unbounded flows. We now consider the unbounded shear flows. We prove
Theorem 1.5(i) only for the flow U(y) defined on (—o0, +00) . The proof of Theorem
1.5(i) for the shear flows defined on the half line is similar. The flow with U (—o0) =
U (400) is called a jet and the one with U (—o0) # U (+00) is called a shear layer, as
in [7].

Proof of Theorem 1.5(1). We divide the proof into several steps.

Step 1. First we observe that for any real ¢, U (y) = ¢ holds for only a finite
number of points. Otherwise, there exists some real ¢y and an infinite sequence {y, }
such that U (y,) = ¢o for each n. Then {y,} must be bounded by our condition
that U (£o0) are obtained at only a finite number of points. So there exists some
Yo such that a subsequence {y,, } converges to it. Since U (y) is a C? function, we
deduce that U (yg) = ¢p and U’ (yo) = U” (yo) = 0. So yp is an inflection point and
¢ equals the inflection value Us. But then K (y) defined by (5) is unbounded at yq

since U’ (yo) = 0. This is a contradiction.

d2

ay®
2

compact perturbation of —;72 defined on H? (R). So by Weyl’s theorem [21]

d? d?
Oess <_dy2 — K(y)) = Oess <_dy2> = (O,"‘OO) .

Thus — % —K (y) has only a discrete set of negative eigenvalues which can accumulate

Since K (y) — 0 as y — oo, it is easy to see that — — K (y) is a relatively

only at 0. Let —a < —a? < --- < fai < --- < 0 denote all the negative eigenvalues

of the operator f% — K (y) on H? (R). We fix some « in (0, ) and assume o # a;

for each ¢ > 1. Let I, = (—n,n) and let L, denote the operator —d”‘l—; — K (y) on
H? (I,) N H} (I,,) . Take n large enough so that all the inflection points of K (y) are
included in I,,. Denote by —ag ,, the lowest eigenvalue of L,,. Then by the result of [3],
7043," converges to —a3 as n tends to infinity. So by taking n large enough, « is in
(0,a0,n) . Now since U (y) |1, is clearly in class KT, by applying Theorem 1.2 to this
truncated flow, we obtain a solution ¢,, in H? (I,,) N H} (I,,) satisfying the Rayleigh
equation with ¢, (Ime,, > 0), that is,
d2 2 "

in I,.
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Step 2. Now we have a sequence {(¢,,c,)} satisfying (77) with [[¢nllgz2;, ) = 1.
By Lemma 3.7, we have |[¢n|lg2(;,) < € (where C' is some constant depending only
on ||K||, ). We extend ¢, to a function in H? (R) by setting it to be zero on I¢. For
convenience, we still use ¢, to denote the extended function. Then |[¢y/g2(r) < C-
So ¢,, converges weakly in H? (R) to a function ¢9 € H? (R). We shall show that ¢
is not identically zero.

Let ng be sufficiently large such that

1
K (y) < 5042 if yely, .
From (27) we have
(78) [ (e +a?i0n?) dy < [ K@onldv
I, In

For any n > ng, from (78) and K > 0 we have

/K<y>|¢n\2dy>a2—/ K () |énl? dy
I Ig NIy

no

1
>a® — *a2/ |6n|* dy
2 I NI,
1 2

Since ¢,, converges strongly in H! (I,,,) to ¢, from (79) we get
1
| Kl dy= 52
no

This shows that ¢ is nontrivial.

Step 3. By Howard’s semicircle theorem (see (4)), {c,} is bounded. Supposing ¢,
to converge to ¢y, we shall show that Im ¢y > 0. Otherwise, ¢y is some real number in
the range of U (y) . From the a priori H? bound provided by Lemma 3.7, we deduce
that ¢,, converges to ¢p locally in C!. Suppose z; < - -+ < 2, are all the points such
that U (z;) = ¢o. Then by taking limit k£ — oo in (77), we deduce that ¢¢ satisfies

2

2 _
(80) (U —co) (dy2 -« ) $o—U"do =0
within each interval (—oo,21), (21,22),..., (2K, 00) . Since ¢g # 0, by the proof of
Lemma 3.5, we deduce that ¢g (z;) # 0 for some z;. Then by the same argument as
in the proof of Theorem 3.3, we know that ¢y must be an inflection value of U (y),

which can only be U,. Now

U”
U — Co

=—-K(y)

is a bounded continuous function and ¢ is in C*. So from (80), ¢q satisfies

d2
(a2) do+ K (y)po=0
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on R and ¢y € H2 (R). Thus —a? is a negative eigenvalue of

d2
—-—— K
e (y)

on H2(R), which is a contradiction to our assumption that o # «; for all i. So we
must have Im ¢y > 0.

Now UUf,;O is a bounded continuous function. By passing to limits in (77), we
deduce that ¢g # 0 satisfies the Rayleigh equation (3) on the whole line, with Im ¢p >
0. We thus get instability for each wave number « in (0, ) such that o # «; (i > 1).

Step 4. Now we investigate the possibility of an instability at a = «; (i > 1).
The argument is the same as in the proof of Theorem 1.2 for the case when a wave
number equals some neutral limiting wave number. We only sketch it here. For each
o > «;, we get instability by the previous steps. The main point is still to show that
the growth rate Im ¢ («) has some positive lower bound when o — «a; 4+ . Supposing
otherwise, we get a sequence {(c, o, i)}, of solutions to Rayleigh’s equation (3),
with ap — a;+ and Recp — ¢g, Imecp, — 0+ . It is not difficult to see that we can
extend Theorem 1.7 to the current case, so ¢ must equal Us. By the same argument
as in Step 2, we deduce that ¢ converges to some ¢, # 0 weakly in H? (R) and
locally in C!. Now ¢, satisfies

d2 U//

(81) _d7y2¢s + =0 U,

¢s = —0122¢S.

By Remark 7.2 in the appendix, the analogues of the two limits (52) and (53) still
hold true. That is, we have

(82) /Rmﬁ/Rwsty

and
K ¢s¢k / K ( ) &2 2
83 Ty ( U K ) L
Here aq,...,a; are all the inflection points and ¢; — U, with Imc¢g > 0. Then the

rest of the proof just follows what we did in the last part of the proof of Theorem 1.2.
So we skip it here. 0
Proof of Theorem 1.5(ii). Assume ¢ is odd on the whole line. Fix « in the interval
(Qoky—1, Qake—2) for some ky. Using the same notation as in Step 1 of the proof of
(i), we get the truncated operator L, defined on I,, = (—=n,n). Let —af,, < —0f ,, <
< —aj,, <--- < 0beall the negative eigenvalues of L. By the result in [3], L, has
at least 2kp negative eigenvalues when n is large enough and (—ag’n, cee _a%ko—lﬂl)
converges to (—a(2)7 ey —a%ko_l) as n tends to infinity. So for n large enough, « is in
the interval (ory—1,n, Q@2kg—2.n) - Since U (y) |1, is odd, by Theorem 1.4 we obtain an
unstable solution ¢,, satisfying (77) in I,,, with ¢, = i\, (A, > 0). We get the same a
priori bound as in Lemma 3.7 directly as follows. By Lemma 3.5 with ¢ = 0, we have

, 2 9 2 U// _
/ <|¢n| gl b |¢n|> -0



350 ZHIWU LIN

Thus
/ U2
[ (et f) = [ ) s
* < [ K wlio.Pay

n

Similarly, we get from (31) that

(85) (67 + 202161+ atlof) dy < [ K @)l o
In I,
From (84) and (85), we have |[¢n|/gg2r) < C (|K||). So ¢n converges to some ¢
weakly in H? (R). Let ), converge to some nonnegative \o. By the same argument
as in Steps 2 and 3 of the proof of (i), we show that ¢ # 0 and Ao > 0. Then we get
an unstable solution ¢¢ to the Rayleigh equation on the whole line, with the unstable
eigenvalue ¢ = i\g. The proof of Theorem 1.5(ii) is thus finished. 0

Using the same argument as in the proof of Lemma 4.3, we can show that if
U (—o00) # U (+00) (the shear layer case), then at o = 0 there is also an unstable
solution to the Rayleigh equation. This coincides with the conclusion in [7], which
was deduced from the asymptotic expansion in the long wave limit.

7. Appendix. In this appendix, we prove some asymptotic formulas used in the
proof of Theorems 4.1 and 1.2.

LEMMA 7.1. Assume a sequence of differentiable functions {1y}, converges
in Cy1,y2] to o (y). Let ¢k, = py + ibg (b > 0) converge to 0. Denote Wy (y) =
U (y) — Us — pi. Then we have following limits:

(86) fim [ e @We @), p / ” U%idy’
Y1

k=0 Jy Wy (y)° + b2 (y) — Us
SR i R
(39) lim dey _ ”g (1071760 ly
(89) lim /y y (leﬁ(kyéz;) jiz)Q dy = ;wé (1017 60) ly=ars

Y2 2 Y2 3
o Jy (Wk (y)2 + bi) —xJy (Wk (y)2 + bi)

Here ay,...,a; are all the points such that U (y) = Us, and we assume U’ (y) # 0 at
each ay,.
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Proof. Let ||x]|c: < M (independent of k). For ¢y > 0, we can find ro > 0
such that |U’ (y)| > 8o for all y in the set E,., = U._ I (a;;70). Here I (a;;ro) =
(a; — ro,a; + ro) . Taking k large enough, then we know there are exactly I points
such that Wy, (y) = 0, one in each I (a;;70), which we denote by agk).

Proof of (86). By the definition of Cauchy principal part, for any £ > 0, there

exists some r; > 0 such that if 0 < r < 7y, then

Y2
o I A AT U
Now

U (W) Wi (y) %o (v)

Wi (y)>+02  Uly) —Us
in E¢ uniformly as £ — oo . So if k is large enough, then

b €

%2 /E wf'&f? Ll /E U E/}yo) (E)Us ) <3

Let r < min {rg,r;} . We estimate the integral on each I (a;;r). Suppose U is increas-
ing on I (ay;r). Let

t=W;(y), t’f:Wk(al—i—r), t’ngk(al—r),

i (1) = U W () G-

Then

/ Yr (y) Wi (y) d
I(a;r) Wy (9)2 + bi

X ]
= dt = -t dt | =I+11.
o 2apzt = v /tk it /tk RN *

0 0 0

We have
|15 = t65] < U]l 2r,
and |4}, (t) | < M’ (independent of k) in I (ay;r). So
1T < M|t} — 5] < M ||U”]| , 2r
And

ty + b
I:¢k<0) 1 k

1
—1n
2 th+b?

tends to zero as k tends to infinity for any fixed » > 0. Thus by choosing r small
enough and then letting k large, we have

Ui (y) Wi (y) £
YY) R ) gl < €
o Wi (y)” + 02 ‘ <3
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Combining with (91) and (92), we have for k large enough

[Men, " hw_,

e — <eE.
1 Wk (y)2 + bi

U (y) - Us

1

This ends the proof of (86).
We prove (87) and (90) in the same way.
Proof of (88). For any fixed r,

k () b,
— 5 L=
k—oo Jpe Wi (y)” + b

So we only need to consider the integral on each small interval I (a;;r). Using the
same notation as above, we have

P (y) b
/ 2 2) : 2 dy
Iaxr) Wi (y)” + bj,

th Dr (£) b oy th (12% (t) — U, (0)) bi

k k 7 k

_ _ —I+1I
e =) /tk e /tk 2+ 07 at *

0 [0 0

Then it is easy to see
1
|11] < §M’ [ty —t5] < MU'l o 7.

Since
lim Q;k (O) = lim dJk (a(k)) # = wO (al) #
k—o0 k—o0 1 U’ (a(lk)) U’ (041) ’
lim t¥ =U(a; +7) = U(ay) >0, lim ti =U(a; —7)—U(a1) <0
k—o0 k—oo

so we have

+k
lim T 1'qu(0)/bi Lt Yo (a1) ! /m L Yo (a1) !
1 = 11 - = a =T a —_—.
koo koo PN Jib 321 OV U ay) ) 21 O U (aq)

by

Summing the contributions from each I (a;;r), we deduce (88). The proof of (89) is
the same by noticing that

1 1
/ ——dt=—-m. O
R (1+12) 2

Now (53) follows directly from the above lemma. Indeed letting ¥, = K (y) @5,
¢k = pk + bk, we can write By in (53) as

Y2 by (y) W (y)deri/yz Ui (y) br
Y1

Bk = 2 2 2 2
v Wi (y)” + b3 Wi (y)” + by,

Since

Y — o = K (y) 92 in CMy1,y0] as k — oo,
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by (86) and (88) we have

R A ) LR NN
kILrI;CBk—P/ (U_Us)dy+l7f;(|U| K¢s)|y:ak'

Y1

Remark 7.2. The limit (53) still holds for the case [y1,y2] = (—o0,+00) or
(0, +00) under the assumption that {¢y } -, converges weakly in L? (y1,y2) and locally
in C to ¢ (y). To see it, we notice that for fived ro > 0,

lim 5 >
k=0 Jr/E,, Wi (y)” +bf

K (y) ¢s¢: W (y) 7/ Ky ,
~ Jrye, Uy) = Us Y

by weak convergence of ¢r. We can deal with the integral on each small interval
I (ai;mo) in the same way as in the proof of Lemma 7.1, noticing that the C' norm of
ok 18 locally uniformly bounded.

To prove (41) we need the following lemma.

LEMMA 7.3. Assume a sequence of differentiable functions {T'y},-, converges in
Cy1,yo] to To (y). Let cx = pi + ib converge to 0, where by > 0 and |px| < Rby.
Then we have

(93)
i [TV W PE@TW NS (g
kll_,Igo /y1 (U_Ua—Ck)Zdy_P/yl U(y)— de+Z7TZX_;<|U| K¢0> ‘y=a1,-

Proof. Denote Wy, (y) = U (y) — Us — pr.. We have

[,
Y1 (U - Us - ck)2
_ /” K (y) Tk (y) U (y) — Us)dy

C (Wely) —iby)?
_ /y K ()T (y) Wi +pi) (WE + 2006 W — B7)
" (W2 +0})°

:/wme@n@@+%/WK@wuwmwd_/%K@wuwmﬁd
wo (WZ+02) wo (WE+52) v (WE+63)?
+/y2 K (y) Tk (y) pr (W} —bi)dy+2i /y2 K (y) Tx (4) prbi Wi
" (W2 +b3)* y (W7 +b3)”
=1+ 1T+ I1IIT+1IV+V.

1

Now we estimate each term separately. By (87) in Lemma 7.1, we have

. ¥ K (y)To(y)
lim [ =P / 220N gy
k—o00 Y1 U (y) - y

w
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By (88) and (89), we have

v2 T V2 K T 3
lim I =2i lim / —(y)2 ’“(y; %% gy — tim / K )L w) by ’“(y);’k dy
k—o0 k—oo y Wk + bk‘ k—oo " (V[/'k2 + bi)

1

=2 (Wi <|U/|71 K¢O) ‘y:ai - ;ﬂ'i (|U/|71 K¢0) |y=ai>
=1 =1
= iﬂi (|U’|71 K¢0) ly=as-
=1

By (90), limy ..o ITT = 0. Notice that

1V =

Pr /y2 K (y) Tk (y) b (WE + by — 2b%) dy
v (

by W2+ b2)°

_pe [ [P K(y)Fk(y)bkdy72/”2 K@) Tk )b,
b \Ju  WE+D wo WE )

Dk
=—=VI.
bi

By (88) and (89), we have

Y2 Y2 3
— 00 y

T, WEER L (WE402)

l l
. 1 .
_ W; (|U/| K ro) lyma; — 257 ;:1 <|U/| K FO) ly—a,
—0.

Combining it with the fact that |pg| < Rbg, we have limy_. o IV = 0. Now for the
last term, we have

/K ka’“dy 2Ly
W2 +02)? bk

By (90), limy_.o VII = 0. Thus we also have limy_,», V = 0 since |px| < Rb.
Combining the five terms above, we get (93). ad
Proof of (41). We must show that (41) holds uniformly in E(R b1 bs)- SUPPOS-
ing otherwise, we can find some 6y > 0 and a sequence (c,er) in ERp, p, With
max {b},b5} tending to 0 such that

ol .
’80 (ck,ek) — (C—l—zD)’ > b,

where

. 1 . l n—1 2 vz 2
C+7/D:¢g(y2)<lﬂ';(|l]| K¢s) Iak +7D/ (K(y>¢s (y))/(U(y>_US>dy>

1
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But

9

or v U (y)T
87 (Ckzgk) — / (y) k (y)2d
C Y1 (U — Us — Ck;)

where
T (y) = =N (y,y2;€k, ck) 1 (Y s ER) -

Since I'y, converges in C! to

L

_N : . _ 2
(ya Y23 07 0) d)l (ya 07 0) (b; (y2) ¢5 (3/) 3
Lemma 7.3 implies
Jim - ek, ex)
=L iy (0 K62 P [ (KW S W) W) -y
d)/s (yQ) k—1 ° i Y1 °
=C+1iD,

which is a contradiction. Thus the uniform convergence of (41) is proved.
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