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ABSTRACT. We studythebehavior of Legendrianandtransverseknotsundertheoperationof con-
nectedsums.As aconsequenceweshow thatthereexist Legendrianknotsthatarenotdistinguished
by any known invariant. Moreover, we classifyLegendrianknotsin somenon-Legendriansimple
knot types.

1. INTRODUCTION

Thelastfew yearshave broughtforth severaladvancesin our understandingof Legendrianand
transverseknots.Roughlyspeaking,our knowledgehasadvancedon two fronts: via theholomor-
phic theoryandvia 3-dimensionaltopology. The mostconcreterealizationof the holomorphic
theoryis thetheoryof Chekanov-Eliashberg contacthomologyinvariants[Ch, EGH]. This theory
yieldedthefirst examplesof nonisotopicLegendrianknotswith thesameclassicalinvariants:the
topologicaltype,theThurston-Bennequininvariant,andtherotationnumber. (Therearealsomore
computablevariantsderivedfromcontacthomology, suchasthecharacteristicalgebraof Ng [Ng].)
Thepurposeof theseholomorphicinvariantsis to distinguish. Their counterpartis 3-dimensional
contacttopology, which hasthe flavor of classical3-dimensionalcut-and-pastetopologywith a
slight twist. The main tool hereis convex surfacetheory, introducedby Giroux [Gi]. Using re-
centadvancesin convex surfaces,the authorscompletelyclassifiedLegendriantorusknotsand
Legendrianfigure eight knots [EH]. A completeclassificationof Legendrianknotsof a certain
topologicaltype implies the completeclassificationof transverseknotsof the sametopological
type[EH] (althoughnotviceversa);hencetransversetorusknotsandtransversefigureeightknots
areclassified(thepredecessorto this resultis [Et1]). More recently, Menasco[Me] classifiedall
transverseiteratedtorusknotsby usingthe work of Birman-Wrinkle[BW] which rephrasedthe
classificationquestioninto aquestionin braidtheory.

Thegoalof this paperis to prove a structuretheoremfor Legendrianknots,namelythebehav-
ior of Legendrianand transverseknotsunderthe connectedsumoperation. Our main theorem
(Theorem3.4) classifiesLegendrianknotsin a non-primeknot type,providedwe understandthe
classificationfor theprimesummands.Theorem3.4, in essence,is therelative versionof Colin’s
gluing theoremfor connectedsumsof tight contactmanifolds[Co]. Onecorollary of our main
theoremis theexistenceof Legendrianknotswhich arenot contactisotopicbut areindistinguish-
ableby all known invariants(includingtheholomorphicinvariants).Moreover, for any integer � ,
thereexist Legendrianknotswith identicalinvariantsthatarenon-Legendrian-isotopicevenafter� stabilizations.Previously it wasnotknown whetherLegendrianknots(with identicalinvariants)
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becameisotopicafteronestabilization,largelydueto thefactthattheChekanov-Eliashberg invari-
antsvanishonstabilizedLegendrianknots.Theorem3.4alsoimpliesthefollowing: theconnected
sumof transversallysimpleknot typesis transversallysimple(seeSection3 for definitions).

Theplanfor thepaperis asfollows. After reviewing somebackground(especiallyonconnected
sumsof knots)in Section2, we give precisestatementsof themain theoremin Section3 andits
applicationsin Section4. Themaintheoremis provedin Sections5 and6.

2. SOME BACKGROUND AND NOTATION

We assumefamiliarity with basicnotionsin contactgeometry, suchascharacteristicfoliations
andconvex surfacetheory. This canbe found in [Et2] (seealso[Ae, El, Gi]). As this paperis a
sequelto [EH] we assumethereaderis familiar with its contents.In particular, Sections2 and3
of [EH] arefoundationalanddevelop the necessaryterminologyandbackgroundon Legendrian
knotsandtransversalknots.

In thispaper, ourambient3-manifoldsandknotsareoriented, and“knot types”areorientedknot
types. Let

���
and

���
be3-manifolds.We first describetheconnectedsumof two (topological)

knots � ���	���
and � �
�	���

. Let ��
 beanopenball in
� 
 thatintersects��
 in anunknottedarc� 
�� Let ������� ����� � ����� � � ����� � �!� beanorientation-reversingdiffeomorphismwhich sends� �#" ��� ���$� � �%� to � ��" � � ���&� � �'� � (Here,( �*)

denotesthemetricclosureof thecomplement
of
)

in ( .) Now theconnectedsumof
���

and
���

is����+,���.- � �/�0� � ���2143 � ���5� � �'�
andtheconnectedsumof � � and � � in

�/�6+����
is� ��+ � ��- �7� �2� � �6�21 �7� ��� � �8� �

Notethattherearetwo possibleidentificationsof � �0" � � ��� � � ��� with � �5" � � ���4� � �!� — we
choosetheonewhich inducesa coherentorientationon � �6+ � � . It is aneasyexerciseto seethat� �%+ � � is well-definedandits topologicaltypeis independentof thechoicesof �

 and � .

If � �89 � �:�<;�=
, we can interpretthe connectedsumoperationashappeningentirely in

;�=
,

since
; = +,; = ->; =

. In particular, fix a 2-sphere
;

in
; =

thatsplits
; =

into two balls � � and � � �
Thenisotop � � so that it intersects� � in anunknottedarcandisotop � � so that it intersects� �
in anunknottedarc. Moreover, we canarrangefor � � and � � to intersect

;
at thesamepoints.

We thendefine � ��+ � �?- �7� � " � �6� 1 �@� ��" � �!� � This clearly is anequivalentdefinitionof the
connectedsumin

; = � Fromthis definition it is easyto arrive at thefamiliar diagrammaticpicture
of aconnectedsum.SeeFigure1.

A knot � in
;�=

is prime if � - � �6+ � � impliesthateither � � or � � is theunknot.Any knot� �	;�=
admitsaunique(minimal)decompositioninto primepieces,i.e., � - � ��+ �A�B� + ��C with��
 , D -FEG9 �A�B� 9IH , prime.Thisdecompositioncanbeachievedbyfindingacollection J ; �'9 �A�A� 98; CLK �'M

of disjoint 2-spheresin
; =

thateachintersects� in two points. Givensucha separating sphere; 
 , we may reversethe proceduredescribedin the precedingparagraphto write the knot asthe
connectedsumof two otherknots.

Althoughthecollection JN� �89 �A�A� 9 ��C M is uniqueup to isotopy, thecollection J ; �89 �A�A� 98; CLK �IM of
separatingspheresis not. To avoid confusionin what follows,whenever we decomposea knot in; =

, we will be doing so with respectto a fixedcollectionof separatingspheresJ ; �!9 �A�B� 98; CNK �'M .
Moreover, we take � - � �%+ �A�A� + ��C to meanthe following: usingthesamenotationfrom the
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FIGURE 1. Diagrammaticconnectedsums.

secondparagraphof this section,we glue the �,
 � � 
 togetherso that the endpointof �,
 � � 

connectsto theinitial pointof ��
TS �U� � 
TS � modulo

H
. (Thismakessensesincethe �,
 areoriented.)

Thisway, the � �89 �B�A� 9 �,C arecyclically strungtogetherin order.
Let V bea topologicalknot typein a3-manifold

�
, i.e., anequivalenceclassof (topologically)

isotopicknots.Define WX�YV 98�	96Z[�
to bethesetof isotopy classesof Legendrianknotsin � �\96ZU�

of
type V]� If thecontactmanifold � �\9�Z[�

is implicit, thenwewrite WX�@V � insteadof W^�@V 98�\96ZU� �
3. THE MAIN THEOREM

Wefirst explainColin’sgluingtheorem[Co]. Denotethespaceof tight contact2-planefieldson
a3-manifold

�
by _�D7`babcd� �e�

. Thenwehave thefollowing:

Theorem 3.1 (Colin). Giventwo 3-manifolds
���!98���

, there is an isomorphismfhg �Y_�D7`babcd� �/���6�.i fhg �j_
D@`ba#cd� ���8���lkm � fhg �Y_�D@`#abcd� ���6+,���!�6� �
Let � � 
 96Z 
 � , D -nEG98o

, be two tight contactmanifolds. Choosepb
^q � 
 aswell asa standard
contact3-ball �

 with coordinates�Yr 9Ist9'uU� aboutp#
 sothat thecontactstructureis givenby v u^wrtv s�-yx

. After possiblyperturbingthe boundaryof �

 , thereis an orientation-reversingmap �
from

; �z- � � ���5� � ��� to
;��?- ��� ���{� � �!� that takesthecharacteristicfoliation of

; �
to thatof;��

. Accordingto Colin’s theorem,thecontactstructure
Z

inducedon� -e�/��+,���|- � ���2� � �%�21{3 � ���5� � �8�
is tight, andis independentof thechoiceof �

 , p#
 , and � , up to isotopy. Moreover, every tight

Z
on�

arises,up to isotopy, from auniquepair � ZL�89�ZA�'� of tight contactstructures.
Let usnow explain theLegendrianconnectedsumoperation,which is a relativizedversionof

Colin’s connectedsumoperation. In each � � 
 96Z 
 � , choosean orientedLegendrianknot }4
 and



4 JOHNB. ETNYREAND KO HONDA

a point p#
Xqe}4
~� Normalizethe standardcontact3-ball �

 so that } - �

 "�s
-axis, andfurther

requirethat � maps} �$"�; � to } ��"�;�� asorientedmanifolds.ThenweobtaintheLegendrianknot} - } ��+ } �?�	�
, which is calledtheconnectedsum} �6+ } � of } � and } � �

Lemma 3.2. Theconnectedsumof two Legendrianknotsdoesnot dependon the points p#
 , the
balls �

 , or � usedin thedefinition.

Althoughthis lemmais not difficult to prove,we defertheproof until Section6. See[Ch] for a
diagrammaticproof.

Given a nullhomologousLegendrianknot } , we candefineits Thurston-Bennequininvariant�I� �7} � andit rotationnumber�#�@} � . (For moredetails,consult[Et2] and[EH], for example.) We
thenhave:

Lemma 3.3. If } � and } � are two nullhomologousLegendrianknots,then

(1)
�I� �@} �6+ } �!�{- �6� �7} �6�2w �6� �7} �!�2w�EG9

and

(2) �b�7} ��+ } �!�*- �#�@} �6�2w �b�7} �8� �
This lemmaeasilyfollows from thefactsthat

�I�
and � canbecomputedfrom thecharacteristic

foliation of aSeifertsurfaceof aknot(see[EF]) andthatwecancontrolthecharacteristicfoliation
on theSeifertsurfacefor } �6+ } � in termsof thefoliationson thesurfacesfor } � and } � �

Wedenoteby
;&� �@} � the � stabilizationof theLegendrianknot } . Recallthatthis is aprocedure

to reduce
�6�

of a Legendrianknot by
E

(see[EH]) anddiagrammaticallycorrespondsto “adding
kinks” to }z� Thefollowing is our maintheorem.

Theorem 3.4. Let V - V ��+ �A�A� + V^C be a connectedsumdecompositionof a topological knot
type V � � �\96ZU�

into prime piecesV^
 � � � 
 96Z 
 � , where � �\96Z[��- � �/�!96ZL���6+ �B�A� + � � C 96Z C � is
tight. Thenthemap

(3) ��� � WX�@V ���.i:�����#i WX�@V^C �� � m � W^�@V ��+ �B�A� + V^C �
givenby �7} �89 �B�A� 9 }�C �X�� } �6+ �B�A� + }�C is a bijection. Here theequivalencerelation � is of two
types:

(1) �7} �!9 �A�A� 98;&� �@}�
 �!9 }�
TS �'9 �A�A� 9 }�C � � �7} �!9 �B�A� 9 }4
 98;&� �@}4
�S �6�!9 �A�B� 9 }�C �!9
(2) �7} �!9 �A�A� 9 }�C � ��� �7} �!9 �A�B� 9 }�C � , where � is a permutationof the V^
 � � � 
 96Z 
 � such that� � � 
 96Z 
 � is isotopicto � � 
 96Z 
 � and � �YVX
 �{- V^
 .

Theorem3.4 will beprovedin Section6. We now discussits consequences.Let
�I� �YV � denote

themaximalThurston-Bennequininvariantoverelementsin W^�@V � . Then,

Corollary 3.5.
�6� �@V �6+ V �8�{- �I� �@V �6�2w �6� �@V �8�2w�E �

Thiscorollarywasindependentlyprovenby Torisuin [To].
Theorem3.4takesonaparticularlysimpleformwhenonerestrictsattentiontomaximalThurston-

Bennequinknots.

Corollary 3.6. If } is a Legendrianknot which is a maximal
�6�

representativeof WX�YV � , then }
admitsa uniqueprimedecomposition(modulopotentialpermutations).
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Recallthestrategy describedin [EH] for classifyingLegendrianknotsof a givena topological
knot type.Theideawasto (1) prove thatLegendrianknotsin a particularknot typewouldalways
destabilizeto a knot with maximal

�6�
andthen(2) classifyall Legendrianknotsof this typewith

maximal
�6�

. Whenexecutingthe final stageof this strategy, Corollary 3.6 is usefulbecauseit
allowsusto concentrateonprimeknots.

4. APPLICATIONS

In discussingtheapplicationsof Theorem3.4,we restrictour attentionto Legendrianknotsin
thestandardtight contact � ;4=B96Z����'� or �Y� = 96Z � � � . Similar resultshold in othermanifolds.

Firstwereformulatetheconnectedsumoperation.Let V � and V � betwo topologicalknot types.
Given }�
 q�WX�YV^
 � , D -�EG98o

, wedefinetheirconnectedsumasfollows: let �

 beastandardcontact
3-ball abouta point p#
 on }�
�� By Eliashberg’s classificationtheoremof tight contactstructureson
the 3-ball [El], thereis a contactisotopy �$�X� ; = � ; = 9 c,q�� x�9AEB�79 from � g - id

�N�
to � � which

takes � � to
; = � � � � Moreover, it is easyto arrange} � and � � �7} �6� to intersect�t� � in thesametwo

points.Wemaynow define} �6+ } � to betheLegendrianknot �@} �U" � ; = � � �8��� 1 �~� � �7} �6� " � �'� . We
leaveit asasimpleexerciseto checkthatthisdefinitionof theconnectedsumof knotsis equivalent
to theonegivenabove. It hastheadvantageof beingdoneambiently, i.e., wedonottakeconnected
sumsof theambientmanifolds,only of theknots.

Sinceany Legendrianisotopy canbeassumedto missa preassignedpoint, theclassificationof
Legendrianknots in � ; = 96Z �N� � and in �Y� = 96Z � � � areequivalent. Moreover, thereis a convenient

diagrammaticdescriptionof Legendrianknotsin � = in termsof front projections(for example,see
[EH]). Figure2 indicatestwo waysin whichtheambientconnectedsum(describedin theprevious
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FIGURE 2. Two diagrammaticversionsof Legendrianconnectedsum.

paragraph)canbedonein termsof thefront projectionsof Legendrianknots.
Perhapsthemostinterestingapplicationof Theorem3.4is towardstheconstructionof topolog-

ical knot typeswhich arenot Legendriansimple. Recallthata topologicalknot type V is saidto
beLegendriansimpleif Legendrianknotsin V areclassifiedby theThurston-Bennequininvariant
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andtherotationnumber. Thefirst non-Legendrian-simpleknot typewasdiscoveredin [Ch] and,
sincethen,many similar exampleshave beenfound. All examplesto datehave usedcontactho-
mology(in oneform or another)to distinguishtheLegendrianknots.Althoughcontacthomology
providesanintriguingwayof distinguishingLegendrianknots,it currentlydoesnotprovidemuch
geometricinsightinto why Legendrianknotsaredifferent.

Theorem 4.1. Giventwopositiveintegers � and
H
, there is a knottype V anddistinctLegendrian

knots} �!9 �A�A� 9 }�C in WX�YV � whichhavethesameThurston-Bennequininvariantandrotationnumber,
andremaindistinctevenafter � stabilizations(of anytype).

Theorem4.1 follows from Theorem3.4 andtheclassificationof Legendriantorusknots(The-
orem4.2 below) from [EH]. Recallthat Vz£�¤ ¥ is a ��p 9I¦ � -torusknot if any elementof V�£A¤ ¥ canbe
isotopedto sit on a standardly embeddedtorus _ in

; =
asa ��p 9I¦ � -curve. Herewe saya torus_ �§; =

is standardly embeddedif it is orientedand
; = � _ -©¨ª�51�¨«�

, where
¨ 
 , D -�EG98o

, are
solid tori with � ¨ª�|- _ and � ¨«��- m _ . Now, thereexistsanorientedidentification_­¬�� �8®L¯*�
wherethemeridianof

¨,�
correspondsto ��� E 9'xU� andthemeridianof

¨°�
to ��� xb9AE�� .

Theorem 4.2. Legendrianknotsin W^�@Vz£A¤ ¥ � aredeterminedbytheir knottype, Thurston-Bennequin
invariant androtationnumber. If p²± x

and m p�³ ¦ ³ xb9
then

�I� �@Vz£A¤ ¥ �{- p ¦ andthecorrespond-
ing valuesof � are �#�@� � q:JL�]�'´ p�´ m ´ ¦ ´ m oL¦ µ#� � µ q ¯ 9'x°¶	µ ± ´ p�´ m ´ ¦ ´´ ¦ ´ M �
Moreover, all otherLegendrianknotsin this knottypeareobtainedbystabilization.

If we plot thepossiblevaluesof
�6�

and � for a negative torusknot, we obtaina picturesimilar
to thatof Figure3.

-7     -6     -5     -4     -3      -2     -1      0       1      2       3      4      5       6       7

tb = - 21
·

- 22

- 23

- 24

r =

FIGURE 3. Somepossible
�I�

and � ’s for the � m�¸ 9I¹U� torusknot.

Proofof Theorem4.1. Let p - m �Yº H»weE��6¼ m E
and

¦½-¾oG¼
, with

¼
anevennumbergreaterthan� w­E

. Then,accordingto Theorem4.2, thereare º H Legendrianknotsin WX�@Vz£A¤ ¥ � with maximal�I� - p ¦ anddistinct rotationnumbersm �@º H m ¹U�6¼�w¿EG9 �A�A� 9 �Yº H m­À �6¼�wFE 9 �@º H m E���¼�wFE
andm �@º H m E���¼ m EG9 m �@º H m:À �6¼ m EG9 �A�A� 9 �@º H m ¹U�6¼ m E

. Let }�Á�q�WX�YVz£�¤ ¥ � with
�6� - p ¦ androtation

number� . For
µ�-­xb9 �A�A� 98oLH m EG9 let }4Â - }�ÃÅÄIÃÆCNK Â'Ç K � ÇÉÈ S �I+ }�K$ÃÆÄIÃÅCLK ÂIÇ K � ÇÉÈ K � � Notethatall the }4Â are

topologicallyisotopic,have thesame
�6� -�o p ¦zw\E

and � -Êx
, yet arenot Legendrianisotopicby

Theorem3.4. SeeFigure4. Sincethespacingsin � betweenadjacentmaximal
�I�

representatives
areat least

o � by our choiceof p and
¦
, the } Â remaindistinctevenafter � stabilizations. Ë
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FIGURE 4. When � -­x
in Theorem4.1,onecanuse �Tp 9I¦G�4- � m � oLH*w»E��!9'oG� -torus

knots.Hereis oneof thoseknotswhenp - m?¸ �
Remark 4.3. The Legendrianknots }4Â appearingin the proof of Theorem4.1 remaindistinct
after � stabilizations.However, it is well-known thattheChekanov-Eliashberg contacthomology
invariantsareunableto distinguishstabilizedknots (becausethe invariantsvanish). Thusthese
arethefirst examplesof Legendrianknotswhicharenot distinguishedby theknown holomorphic
invariants.We alsonotethat theexamplesin Theorem4.1have nontrivial contacthomology. We
areunableto determineif theseinvariantsarethesameor not,but all easilycomputableinvariants
derivedfrom contacthomologyarethesamefor theseexamples.

Remark 4.4. Using Theorems3.4 and4.2, we canclassifyLegendrianknotsisotopicto (multi-
ple) connectedsumsof torusknots. This is the first classificationof Legendrianknotsin a non-
Legendrian-simpleknot type.

Remark 4.5. Observe that the connectedsumsof torusknotsarefiberedknots. Thuswe have
examplesof non-Legendrian-simplefiberedknots,contraryto a (perhapsoverly optimistic) con-
jecturethatfiberedknotsareLegendriansimple.

Weendby observingthat,while theconnectedsumof Legendriansimpleknot typesneednotbe
Legendriansimple,the connectedsumof transversallysimpleknot typesis alwaystransversally
simple.Hereaknot type V is transversallysimpleif transversalknotsin V aredeterminedby their
self-linkingnumber.

Theorem 4.6. Theconnectedsumof transversallysimpleknottypesis transversallysimple.

Proof. Recallthat,accordingto Theorem2.10of [EH], a knot type is transversallysimpleif and
only if it is stablysimple. A knot type V is stablysimple if any two knots in WX�YV � for which¼�- �I� m � agreeareLegendrianisotopicaftersomenumberof negativestabilizations.

Now assumethat V � and V � arestablysimpleknot types. Let } �!9 }4Ì � q	W^�@V ��� and } ��9 }�Ì� qWX�YV �'� suchthat
¼ �7} ��+ } �!�{-e¼ �7}�Ì � + }�Ì� � � It followsthat

¼ �@} �6�4-e¼ �7}�Ì � �UwÍoNH and
¼ �7} �!�4-e¼ �@}4Ì� � moLH

for someinteger
H

, which we may take to be Î x
. Since V � and V � arestablysimple,there

exist � � and � � suchthat
;5Ï{ÐK Ñ ; CS �7} ��� is Legendrianisotopicto

;5Ï{ÐK �7} Ì � � and
;5Ï�ÒK Ñ ; CS �@} Ì � � is

Legendrianisotopicto
; Ï ÒK �7} �!� � Thus; Ï{Ð S Ï�ÒK �7} �6+ } �!�4- � ; Ï*ÐK �7} �6�6��+ � ; Ï�ÒK �@} �8�6�{- � ; Ï*ÐK �@} �6�6�6+ � ; Ï5ÒK Ñ ; CS �7} Ì � �6�- � ; Ï*ÐK Ñ ; CS �7} �6���6+ � ; Ï5ÒK �7} Ì � �6�4- � ; Ï*ÐK �7} Ì � �6��+ � ; Ï�ÒK �7} Ì � �6�-­; Ï{Ð S Ï5ÒK �7} Ì � + } Ì � � �

Thisprovesthat V ��+ V � is stablysimple. Ë
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Remark 4.7. In contrastto thesituationfor Legendrainknotsdiscussedin Remark4.5,it still does
notseemsunreasonableto believethatfiberedknotsaretransverselysimple.Seealso[BW, Me].

5. THE MAIN TECHNICAL RESULT

GivenaLegendrianknot } in a tight contactmanifold � �\96ZU�
, wemayalwaysfind asufficiently

small tubular neighborhood̈ of } suchthat _ - � ¨ is a convex toruswith dividing set Ó�Ô
consistingof two parallel,homotopicallynontrivial dividing curves.We make anorientedidenti-
fication _Õ¬\� �!®N¯*� with coordinates�@Ö 9'×Ø� , sothatthe Ö -directionis themeridionaldirectionand×

-directionis the longitudinaldirectiongivenby a Seifertsurface. (Note that this conventionis
differentfrom theusualDehnsurgeryconvention.)Theslopeof ahomotopicallynontrivial closed
curveon _ will begivenin the Ö × -coordinates.With respectto thesecoordinates,theslopeof Ó�Ô
is

�ÙÛÚ ÃÆÜ Ç � UsingtheLegendrianRealizationPrinciplewemayarrange,andshallalwaysassume,that_ is in standard formandtheruling slopeon _ is
x �

An embeddedsphere
;

in
�

thatintersects} transverselyin exactlytwo pointsandseparates
�

will becalledaseparatingsphere for � �\9 } � � Givenaseparatingsphere
;

, let
�Ý��;Þ-\�\ß�*à �\ß�

and } ß
 - �@} �|;{�&"á� ß
 , D -FE 98o
. Wecall

;
a trivial separatingsphereif oneof the

� ß
 is a3-ball
and } ß
 is anunknottedarc in

� ß
 - � = � Theseparatingsphere
;

canbe isotopedso that
;â" _

( _ - � ¨ ) consistsof two ruling curves. We may further isotop
;

, relative to
;�" _ , so that

;
becomesconvex andtheannularcomponentof

;»� _ admitsa ruling by closedLegendriancurves
parallel to the boundaryof the annulus.Suchan

;
will be calleda standard convex separating

sphere.
Wenow introduceastandardobjectto capoff ourcut-openmanifold/knotpairs � �	ß
 9 } ß
 � � To this

end,let
¨ È bea convex tubular neighborhoodof the

s
-axis in thestandardtight contact �j� = 96Z È �Tã �

given by the 1-form v uªw rtv s . We canassumethe dividing curveson
¨ È consistof two lines

parallel to the
s
-axis andarrangethe ruling curvesto be all meridional. Now let � È be a 3-ball

aboutthe origin with convex �h� È , suchthat �h� È " � ¨ È consistsof two ruling curves. Finally,
let } È -�s

-axis
" � È � We call thepair �6�7� È 96Z È �TãG´ ä�å �!9 } È � , consistingof thetight contactmanifold�7� È 96Z È �TãG´ ä å � andtheLegendrianarc } È , thestandard trivial pair.

Givena convex separatingsphere
;

asabove,we canapply theGiroux Flexibility Theoremso
that thecharacteristicfoliationson

;
and �t� È agree.For eachD -æEG98o

, we thenglue �7� È 9 } È � to� �	ß
 9 } ß
 � to getaclosedcontactmanifold � � 
 9�Z 
 � andaLegendrianknot }�
 �	� 
�� Thefollowing
is aconsequenceof Theorem3.1.

Corollary 5.1. � � 
 96Z 
 � is tight, and,up to isotopy, doesnot dependon thechoiceof convex sepa-
ratingsphere

;
(providedthetopological typeis preserved)or on thegluingmap.

We now considerthe relative versionof thecorollarywhich takesinto accountthesplitting of
theLegendrianknot } �	�

. We thenhave:

Theorem 5.2. Let ��� �\96ZU�!9 } � bea tight contactmanifoldtogetherwith a Legendrianknot } �	�
,

and let
;

,
; Ì be(smoothly)isotopicstandard convex separating spheres. Let ��� � 
 96Z 
 �!9 }�
 � (resp.�6� � 
 9�Z 
 �89 } Ì
 � ), D -nEG98o

, be the glued-upmanifoldstogetherwith Legendrianknots,obtainedby
cutting

�
along

;
(resp.

; Ì ) andgluing in copiesof thestandard trivial pair. Thenthere existsa
sequence�7} g � 9 } g� �{- �7} �!9 } �!�!9 �@} �� 9 } �� �!9 �B�A� 9 �7} Â � 9 } Â� �4- �7} Ì � 9 } Ì � � , where:



KNOTS AND CONTACT GEOMETRY II: CONNECTEDSUMS 9

(1) } ç 
 is a Legendrianknot in � � 
 9�Z 
 � isotopicto, but not necessarilycontactisotopicto, }�
 ,D -¿EG98o
,

(2) �7}0ç S �� 9 } ç S �� �
is obtainedfrom �7}0ç � 9 }0ç � � byperformingoneof thefollowing:

(i) Legendrianisotopy,
(ii) } ç S �� -­;&� �7} ç � � and } ç S �� - � ;&�2� K � �7} ç � � , or
(iii) } ç S �� - � ;&�2� K � �7}0ç � � and } ç S �� -\;&� �7}0ç � � .
Here, � ;&�2� K � indicatesdestabilization.

In otherwords,theLegendrianknots }4
 and } Ì
 whicharisefrom isotopicbut notcontactisotopic
separatingspheresdiffer only by successively shifting Legendrianstabilizationsfrom onesideto
theother.

The remainderof this sectionis devotedto the proof of Theorem5.2. The proof is essentiallya
concreteapplicationof thestatetraversaltechnique.

Step 1. Let
Z

be a � xb9BEB� -invarianttight contactstructureon è -y; � i � xb9AEB� , viewedasa neigh-
borhoodof �h� È sitting in �j� = 9�Z È �Tã � � It followsfrom theproofof Eliashberg’sclassificationof tight
contactstructureson the3-ball [El] that

Z
is theunique(up to isotopy rel boundary)tight contact

structureon è , with thegivencharacteristicfoliation on theboundary.
Theintersectionof è with the

s
-axishastwo components}{S and }�K ; theseareLegendrianarcs

runningbetweenthetwo boundarycomponentsof è�� Let } Ï ¤ C� -­; ÏS Ñ ; CK �7} �2� �

FIGURE 5. Thearcs �7}�K 9 } � ¤ �S �
in è°�

Lemma 5.3. Let } Ì S and } Ì K beLegendrianarcs in è which havethesameendpointsas }*S and}�K , respectively, andsuch that } Ì S à } Ì K is (smoothly)isotopicto }{S à }.K inside è , rel �$è . Then,
afterapplyinga contactomorphismwhich is isotopicto theidentitythroughan isotopywhich fixes
only oneof the boundarycomponents,} Ì K à } Ì S is Legendrian isotopic to }�K à } Ï ¤ CS for some
uniquelydetermined� and

H �
Proofof Lemma5.3. Wedefinethetwistingnumber(or therelativeThurston-Bennequininvariant)c�éª�@} Ì � � to be the differencebetweenthe contactframingsof } Ì � and } � . Note that the well-
definitionof c�éª�@} Ì � � follows from thefactthat } Ì � and } � have thesameendpoints.

Now, let ` bethediffeomorphismof è -­; � i � x�9AEB� whichrotatesthesphere
; � i J�c M aroundthe

axisprovidedby }*S à }�K (i.e., the
s
-axis)by

o f µ c , where
µ

is chosensothat c�éª�j`��7} Ì K ���*-	x
with
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respectto ` ê Z . Here `Gê Z is isotopicto
Z

rel boundaryby theuniquenessof tight contactstructures
on è with fixedboundary.

Observe that c�éë�7}�ÌS �?¶�x
, sinceotherwisewe coulduse }�Ì K , }�ÌS andarcson �$è to constructa

Legendrianunknotin è with nonnegativeThurston-Bennequininvariant,which would contradict
tightness.Let � and

H
be nonnegative integerswhich satisfy � w	HÕ- m c�éª�@}�ÌS � � (The precise

valuesof � and
H

areto bedeterminedlater.) Hencec�éª�7} Ï ¤ CS �
- c�éª�@} Ì S � . Next, thereexistsan
isotopy � of è rel �$è which takes }�Ì K à }�ÌS to }�K à } Ï ¤ CS . SinceLegendriancurvesandtheir
standardtubularneighborhoodsareinterchangeablefor all practicalpurposes,wemayassumethat� is acontactomorphismfrom theneighborhoodì of }�Ì K à }�ÌS ontoits image.

It remainsto extend � to a contactomorphismon all of è or, equivalently, matchup two tight
contactstructureson the solid torus è � ì . For this, we apply the classificationof tight contact
structureson solid tori [Gi2, H]. Theboundaryslopefor bothtight contactstructureson thesolid
torus è � ì is m � � w�H&� m E

. By theclassification,thereexistsa bijectionbetweennonnegative
integer pairs � � 9IH2� with � weHÊ- m c�éë�7} Ì S � andtight contactstructureson è � ì with slopec�éª�@}�ÌS � m E

andtwo dividing curveson theboundary. Hencethereis a uniquechoiceof � ,
H

so
thatthetwo tight contactstructureson è � ì arecontactisotopicrel boundary. Ë
Step 2. Wenow establishTheorem5.2underanextra hypothesison thespheres

;
and

; Ì �
Claim 5.4. Theorem5.2 holds if

;
and

; Ì are disjoint and cobounda region diffeomorphicto; � i � xb9BEB� �
Proofof Claim5.4. Let è Ì �F�

betheregion between
;

and
; Ì , andlet

�\í�
and

�\í�
becompo-

nentsof
� � è Ì sothat: ���*-\� í� 1 � È 9���|-\� í� 1 è Ì 1 � È 9� Ì� -\� í� 1 è Ì 1 � È 9 and� Ì� -\� í� 1 � È 9

where � È is thestandardcontact3-ball.
Let } í
 - } "Í� 
í , D -FEG9'o

and }�Ì - } " è
Ìî� ThustheLegendrianarcsunderconsiderationare:} �*- } í � 1 } È 9} �|- } í� 1 } Ì 1 } È 9} Ì � - } í � 1 } Ì 1 } È 9 and} Ì � - } í� 1 } È 9
where } È is thestandardLegendrianarcin � È �

Observe that � È is contactomorphicto � È 1 è , where è -�; � i � xb9AEB� with the � xb9AEB� -invariant
tight contactstructure. Thereforewe may think of

���
and

� Ì� ascomposedof the appropriate�\í
 9 � È and è�� Let ��� ��� k� � Ì� bethediffeomorphismwhich sends
�\í� �­���

to
�\í� �e� Ì� by

the identity, � È �§���
to � È �¾� Ì� by the identity, and è to è Ì by a diffeomorphismpreserving

thecharacteristicfoliation on theboundary. It is easyto arrangefor thediffeomorphismfrom è
to è Ì to take theendpointsof thestandardarcs }{S à }.K (describedin Step1) to theendpointsof



KNOTS AND CONTACT GEOMETRY II: CONNECTEDSUMS 11} Ì . Now, by Lemma5.3, � is isotopicto a contactomorphism.The isotopy is fixed on
�\í�

and
mightmoveoneof theboundarycomponentsof è , but thiscanbeextendedover � È � Thuswecan
identify thetight contactmanifolds

�/�
and

� Ì� . Moreover, accordingto Lemma5.3,
; ÏS Ñ ; CK �@} �6�

is Legendrianisotopic to } Ì � and
; K ÏS Ñ ; K[CK �7} �8� is Legendrianisotopic to } Ì � , where � ,

H
are

nonnegative integers. Ë
Step 3. We now finish theproof of Theorem5.1 by usingthe following Lemma5.5 to reduceto
thepreviousstep.

Lemma 5.5. Let
;

,
; Ì be(smoothly)isotopicstandard convex separatingspheresfor � �	9 } � , with;�"�¨n-¿; Ì "�¨ . Thenthere existsa finite sequence

; g -¿;598; �89 �A�B� 98;�ï�-�; Ì of standard convex
separatingsphereswhere, for D -\x�9 �A�A� 98µ m E , thepair � ; 
 98; 
TS ��� coboundsa regiondiffeomorphic
to
; � i � xb9AEB� .

Proofof Lemma5.5. We useColin’s isotopydiscretizationtechnique[Co]. Let ðñ� , c°q�� xb9AEB� , be
the imagesof a smoothisotopy which takes ð g -ò;

to ð �,-ò; Ì . We may additionallyassume
that each ðñ� intersectsthe standardneighborhood̈ of } in meridionalruling curvesand that
eachðñ� "Í¨ is a standardconvex meridionaldisk. For eachc , thereexistsa tubular neighborhood¨ �7ðñ� � of ðñ� andaninterval �óc m/ô 9 c w ô � suchthat ð È ��¨ �~ðñ� � for all

¼ q�� c m/ô 9 c w ô � . By the
compactnessof � x�9AEB� , thereexist c g -�x ±�c � ± ����� ±	c Â -§E

suchthateachðñ�TõÅö Ð is containedin
a tubularneighborhood̈ �~ðñ�Tõ � of ðñ�Tõ . Sinceconvex surfacesare �°÷ -densein thespaceof closed
embeddedsurfaces[Gi], wemayassumethatthe ðñ�Tõ and � � ¨ �~ðñ�Tõ �6�{- ðñÌ�Tõ m ðñÌ Ì�Tõ areconvex. Now
simply take thesequence ðñ�Tø 9 ð Ì�Tø 9 ðñ� Ð 9 ð Ì� Ð 9 �B�A�B�
It is easilyverifiedthatthissequencesatisfiesthecoboundingcondition. Ë

6. PROOF OF THEOREM 3.4

In this sectionwe completethe proof of Theorem3.4. For simplicity we assumethat V -V ��+ V � andthereareno equivalencerelationsof type 2 in Theorem3.4, i.e., thereareno extra
symmetries.Weshow that

(4) ��� � W^�@V ���.i WX�YV �'�� � � W^�@V ��+ V �!�
given by �@} �!9 } �!�,�� } �6+ } � is a bijection. The proof is broken down into the following three
claims.

Claim 6.1. Theconnectsumoperation is well-defined.

Proof. Theorem5.2 indicatestheambiguityin splitting a manifoldalongdifferentstandardcon-
vex separatingspheres.Sincewe are always removing a standardtrivial pair �7� È 9 } È � from a
manifold/knotpair whentakingaconnectedsum,and } È is not stabilized,theonly statetransition
thatactuallyoccurs(amongthepossibilitieslisted in Theorem5.2) is Legendrianisotopy. Hence
thereis no ambiguityin theconnectedsumoperation. Ë

It is clearthat �]� ;&� �7} �6�!9 } �8� and ���@} �'98;&� �7} �!��� areisotopicLegendrianknots,sincestabiliza-
tionsof a knot canbetransferedfrom onesideof theseparatingsphereto theother. Thereforethe
map � is well-defined.
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Claim 6.2. Themap � is surjective.

Proof. Let } be a Legendrianknot in WX�@V ��+ V �8� and
;

be a 2-spherein
�\=

that intersects}
transversely in exactly two points and topologically divides the knot into the appropriateknot
types.Also let

¨
beastandardconvex neighborhoodof } , wherewearrangetheruling curveson� ¨ to bemeridional. First isotop

;
so that

;�" � ¨ consistsof preciselytwo ruling curves,and
thenapplya further isotopy of

;
rel

;Í" � ¨ sothat
;

becomesconvex. Denoteby � � ß� 9 } ß � � and� � ß� 9 } ß� � thecomponentsof thecut-openmanifold
� �?;

togetherwith thecut-openLegendrian
knot } �?; . Let } È bea trivial Legendrianarcin � È . We now gluethestandardcontact3-ball � È
(with convex boundary)onto

�\ß
 , D -�EG98o
, to form aclosedtight contactmanifold

� 
 ; at thesame
time we glue } È and } ß
 into a Legendrianknot }�
 �©� 
 with }4
zq�WX�@V^
 � . Moreover, sincewe
formedtheconnectedsumof } � and } � by removing � È from eachof

���
and

���
andgluing the

resultingboundariestogether, it is alsoclearthat } - } �6+ } � � Ë
Claim 6.3. If ���@} �'9 } �!�*- ���@} Ì � 9 } Ì � � , then �7} �89 } �!� � �7} Ì � 9 } Ì � � �
Proof. Assumethat } �6+ } �	- } Ì � + } Ì � 9 and let

;
(resp.

; Ì ) be a standardconvex separating
spherefor } �6+ } � (resp. } Ì � + } Ì � .) Since

;
and

; Ì aresmoothlyisotopic,Theorem5.2 implies
that �@} �!9 } �!� � �@}�Ì � 9 }�Ì� � � Ë
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