KNOTS AND CONTACT GEOMETRY Il: CONNECTED SUMS
JOHNB. ETNYRE AND KO HONDA

ABSTRACT. We studythebehaior of Legendrianandtrans\erseknotsunderthe operationof con-
nectedsums.As aconsequencee shov thatthereexist Legendriarknotsthatarenot distinguished
by any known invariant. Moreover, we classify Legendrianknotsin somenon-Legendriansimple
knottypes.

1. INTRODUCTION

Thelastfew yearshave broughtforth severaladvancesn our understandin@f Legendrianand
trans\erseknots. Roughlyspeakingpur knowledgehasadwvancedon two fronts: via the holomor
phic theory andvia 3-dimensionatopology The mostconcreterealizationof the holomorphic
theoryis thetheoryof Chekanwe-Eliashbeg contacthomologyinvariants|[Ch, EGH]. Thistheory
yieldedthefirst examplesof nonisotopicLegendrianknotswith the sameclassicalinvariants:the
topologicaltype,the Thurston-Bennequimvariant,andtherotationnumber (Therearealsomore
computablevariantsderivedfrom contacthomology suchasthecharacteristialgebraof Ng [Ng].)
The purposeof theseholomorphicinvariantsis to distinguish Their counterparts 3-dimensional
contacttopolagy, which hasthe flavor of classical3-dimensionakut-and-pastéopology with a
slight twist. The maintool hereis corvex surfacetheory introducedby Giroux [Gi]. Usingre-
centadwancesin convex surfaces,the authorscompletelyclassifiedLegendriantorus knots and
Legendrianfigure eight knots[EH]. A completeclassificationof Legendrianknots of a certain
topologicaltype implies the completeclassificationof trans\erseknots of the sametopological
type[EH] (althoughnotvice versa)hencerans\ersetorusknotsandtrans\ersefigure eightknots
areclassified(the predecessao this resultis [Et1]). More recently MenascqMe] classifiedall
trans\erseiteratedtorus knots by usingthe work of Birman-Wrinkle [BW] which rephrasedhe
classificatiomuestioninto aquestionin braidtheory

The goal of this paperis to prove a structuretheoremfor Legendrianknots,namelythe beha-
ior of Legendrianand trans\erseknots underthe connectedsum operation. Our main theorem
(Theorem3.4) classifies.egendrianknotsin a non-primeknot type, provided we understandhe
classificatiorfor the prime summandsTheorem3.4,in essenceis therelative versionof Colin’s
gluing theoremfor connectedsumsof tight contactmanifolds[Co]. One corollary of our main
theoremis the existenceof Legendrianknotswhich arenot contactisotopicbut areindistinguish-
ableby all known invariants(includingthe holomorphicinvariants).Moreover, for ary integerm,
thereexist Legendrianknotswith identicalinvariantsthatare non-Legendrian-isotopieven after
m stabilizations Previously it wasnotknown whethen_egendriarknots(with identicalinvariants)
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becamasotopicafteronestabilization Jargely dueto thefactthatthe Chekane-Eliashbeg invari-
antsvanishon stabilizedLegendriarknots. Theorem3.4 alsoimpliesthefollowing: theconnected
sumof trans\ersallysimpleknottypesis trans\ersallysimple(seeSection3 for definitions).

Theplanfor thepapers asfollows. After reviewing somebackgroundespeciallyon connected
sumsof knots)in Section2, we give precisestatement®f the maintheoremin Section3 andits
applicationgn Section4. Themaintheoremis provedin Sections and6.

2. SOME BACKGROUND AND NOTATION

We assumdamiliarity with basicnotionsin contactgeometry suchascharacteristidoliations
andcorvex surfacetheory This canbefoundin [Et2] (seealso[Ae, El, Gi]). As this paperis a
sequelto [EH] we assumehe readeris familiar with its contents.In particular Sections2 and3
of [EH] arefoundationaland develop the necessaryerminologyandbackgroundon Legendrian
knotsandtrans\ersalknots.

In this paperourambient3-manifoldsandknotsareoriented and“knot types”areorientedknot
types. Let M; and M, be 3-manifolds. We first describethe connectedsumof two (topological)
knotsK; C M, andK, C M,. Let B; beanopenball in M; thatintersectds; in anunknottedarc
a;. Let f: O(M;y \ By) — 0(M, \ B,) beanorientation-reersingdiffeomorphismwhich sends
K,NOo(M;\ By) to K;NO(Ms \ By). (Here,X \ Y denotegshemetricclosureof thecomplement
of Y in X.) Now theconnectecdumof M; and M, is

Ml#MQ = (M1 \Bl) Uf (MQ \ BQ)
andtheconnectedumof K; and K, in M #M, is
Kl#Kg = (Kl \ (11) U (K2 \ 052).

Notethattherearetwo possibleidentificationsof K, N (M \ By) with Ky N O(M; \ By) — we
choosethe onewhichinducesa coherenbrientationon K;# K. It is aneasyexerciseto seethat
K # K, is well-definedandits topologicaltypeis independenof the choicesof B; and f.

If K,,K, C S3 we caninterpretthe connectedsum operationas happeningentirely in S3,
sinceS3#S3 = S3. In particular fix a 2-sphereS in S? thatsplits S? into two balls B; and B,.
Thenisotop K; sothatit intersectsB; in anunknottedarc andisotop K, sothatit intersectsB;
in anunknottedarc. Moreover, we canarrangefor K; and K, to intersectS at the samepoints.
We thendefine K3 #K, = (K; N By) U (K3 N By). This clearlyis anequivalentdefinition of the
connectegumin S3. Fromthis definitionit is easyto arrive at the familiar diagrammatigicture
of aconnectedsum. SeeFigurel.

A knot K in S% is primeif K = K,#K, impliesthateither K, or K, is theunknot. Any knot
K c S$? admitsaunique(minimal) decompositiorinto primepiecesj.e., K = K|# ... #K,, with
K;,i=1,...,n,prime.Thisdecompositiomanbeachievedby findingacollection{S, ..., S,_1}
of disjoint 2-spheresn S? thateachintersectsk in two points. Given sucha sepaating sphee
S;, we may reversethe proceduredescribedn the precedingparagraplo write the knot asthe
connectedgumof two otherknots.

Althoughthecollection{ K1, ..., K, } is uniqueupto isotopy, thecollection{Sy, ..., S,_ } of
separatingpheress not. To avoid confusionin whatfollows, wheneer we decomposea knotin
S3, we will be doing sowith respectto a fixed collectionof separatingspheres( S, ..., S,_1}.
Moreover, wetake K = K # ... #K, to meanthefollowing: usingthe samenotationfrom the
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FIGURE 1. Diagrammaticconnectedgsums.
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secondparagraplof this section,we glue the K; \ «; togetherso that the endpointof K; \ «;
connectgo theinitial pointof K; . \ ;1 modulon. (This makessensesincethe K; areoriented.)
Thisway, the K1, . . ., K, arecyclically strungtogetherin order

Let I beatopologicalknottypein a3-manifold M, i.e., anequialenceclassof (topologically)
isotopicknots.Define L(IC, M, &) to bethesetof isotopy classe®f Legendriarknotsin (M, &) of
type K. If the contactmanifold (M, ) is implicit, thenwe write £(KC) insteadof L(/C, M, ).

3. THE MAIN THEOREM

We first explain Colin’s gluingtheorem[Co]. Denotethe spaceof tight contact2-planefieldson
a3-manifold M by Tight(M). Thenwe have thefollowing:

Theorem 3.1 (Colin). Giventwo 3-manifoldsM;, M, thereis anisomorphism
mo(Tight(M)) x mo(Tight(Ms)) — mo(Tight(Mi#Ms)).

Let (M;, &), i = 1,2, betwo tight contactmanifolds. Choosep; € M; aswell asa standard
contact3-ball B; with coordinategz, y, z) aboutp; sothatthe contactstructureis givenby dz +
xdy = 0. After possiblyperturbingthe boundaryof B;, thereis an orientation-rgersingmap f
from Sy = 0(M; \ B;) to So = (M, \ Bs) thattakesthe characteristidoliation of S; to thatof
S,. Accordingto Colin’stheoremthe contactstructuref inducedon

M = My#M, = (M \ By) Uy (M \ By)

is tight, andis independenof thechoiceof B;, p;, and f, upto isotopy. Moreover, everytight £ on
M arisesupto isotopy, from auniquepair (&1, &) of tight contactstructures.

Let usnow explain the Legendrianconnectedsumoperationwhich is a relativized versionof
Colin’s connectedsum operation. In each(MM;, &;), choosean orientedLegendrianknot L; and
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apointp; € L;. Normalizethe standardcontact3-ball B; sothat L = B; N y-axis andfurther
requirethat f mapsL; N S; to L, NS, asorientedmanifolds. Thenwe obtainthe Legendriarknot
L = L #L, C M, whichis calledtheconnectedumL,# L, of L, andL,.

Lemma 3.2. Theconnectedsumof two Legendrianknotsdoesnot dependon the pointsp;, the
balls B;, or f usedin thedefinition.

Althoughthis lemmais not difficult to prove, we deferthe proof until Section6. See[Ch] for a
diagrammatigroof.

Given a nullhomologoud_egendrianknot L, we candefineits Thurston-Bennequimvariant
tb(L) andit rotationnumberr(L). (For moredetails,consult[Et2] and[EH], for example.) We
thenhave:

Lemma 3.3. If L; and L, are two nullhomolagousLegendrianknots,then

(1) tb(L1# L) = tb(Ly) + tb(Ls2) + 1,
and
(2) r(Li#tLe) = r(Ly) + r(La).

Thislemmaeasilyfollows from thefactsthattb andr canbe computedrom the characteristic
foliation of a Seifertsurfaceof aknot (see[EF]) andthatwe cancontrolthe characteristidoliation
onthe Seifertsurfacefor L,# L, in termsof thefoliationsonthe surfacesfor L, andLL,.

We denoteby S. (L) the+ stabilizationof the Legendriarknot L. Recallthatthisis aprocedure
to reducetb of a Legendrianknot by 1 (see[EH]) anddiagrammaticallycorrespondso “adding
kinks” to L. Thefollowing is our maintheorem.

Theorem 34. Let K = K #...#K, bea connectecsumdecompositiorof a topological knot
typeC C (M, €) into prime pieceskC; C (M;, &), whee (M, &) = (My,&)# ... #(M,,&,) is
tight. Thenthemap

LK) x - x LI,
(3) 0:( (K —~ ( )>—>L(/c1#...#/cn)
givenby (L4, ..., L,) — Li#...#L, is a bijection. Here the equivalenceelation ~ is of two
types:

(1) (Lla SRR S:I:(Lz)a Li—}-la RN Ln) ~ (L17 SRR Lia S:I:(Li—l—l)a SRR Ln)7
(2) (L1,...,Ly) ~ o(L4,...,Ly,), wheer o is a permutationof the I; C (M;,&;) sud that
o(M;, &) isisotopicto (M;, &) ando(K;) = K.

Theorem3.4 will be provedin Section6. We now discussits consequenced.et tb(X) denote
the maximalThurston-Bennequimvariantover elementsn £(XC). Then,
Corollary 3.5. th(K,#/K;) = tb(K;) + tb(Ks) + 1.

This corollarywasindependentlyprovenby Torisuin [To].
TheorenB.4takesonaparticularlysimpleform whenonerestrictsattentionto maximalThurston-
Bennequirknots.

Coroallary 3.6. If L is a Legendrianknotwhich is a maximaltb representativeof £(K), then L
admitsa uniqueprime decompositiorfmodulopotentialpermutations).
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Recallthe stratgyy describedn [EH] for classifyingLegendrianknotsof a givena topological
knottype. Theideawasto (1) prove thatLegendrianknotsin a particularknot typewould always
destabilizeto a knot with maximaltb andthen(2) classifyall Legendrianknotsof this type with
maximal tb. When executingthe final stageof this stratey, Corollary 3.6 is useful becausat
allows usto concentrat@n primeknots.

4. APPLICATIONS

In discussinghe applicationsof Theorem3.4, we restrictour attentionto Legendrianknotsin
the standardight contact(S3, £g3) or (R?',gRa). Similar resultshold in othermanifolds.

Firstwe reformulatethe connectedumoperation Let K; and/C, betwo topologicalknottypes.
GivenL; € L(K;), i = 1,2, we definetheir connectedumasfollows: let B; bea standardcontact
3-ballabouta point p; on L;. By Eliashbeg'’s classificationtheoremof tight contactstructureon
the 3-ball [El], thereis a contactisotopy ¢; : S* — S3 ¢ € [0, 1], from ¢, = idgs to ¢; which
takesB; to S®\ B,. Moreover, it is easyto arrangel, andé, (L,) to intersect) B, in the sametwo
points.We maynow defineL, # L, to betheLegendriarknot (L, N (S \ Bs)) U (¢1(L1) N By). We
leaveit asasimpleexerciseto checkthatthis definitionof theconnectegumof knotsis equivalent
to theonegivenabove. It hastheadwantageof beingdoneambientlyi.e., we donottake connected
sumsof theambientmanifolds,only of theknots.

Sinceary Legendrianisotopy canbe assumedo missa preassignegoint, the classificationof
Legendrianknotsin (53, £gs) andin (R3,§R3) are equivalent. Moreover, thereis a corvenient

diagrammatiadescriptiorof Legendriarknotsin R? in termsof front projectiongfor example,see
[EH]). Figure2 indicatesgwo waysin whichtheambientconnectedum(describedn theprevious

Me
L, > < L, — L, L,
b

I‘l Ll
N , X
N\ /

L, L,

FIGURE 2. Two diagrammaticzersionsof Legendrianconnectedsum.

paragraphtanbedonein termsof thefront projectionsof Legendriarknots.

Perhapshe mostinterestingapplicationof Theorem3.4is towardsthe constructiorof topolog-
ical knot typeswhich arenot Legendriansimple. Recallthata topologicalknot type K is saidto
be Legendriansimpleif Legendriarknotsin K areclassifiedby the Thurston-Bennequimvariant
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andtherotationnumber The first non-Legendrian-simplénot type wasdiscoveredin [Ch] and,
sincethen,mary similar exampleshave beenfound. All examplesto datehave usedcontactho-
mology (in oneform or another)o distinguishthe Legendriarknots. Although contacthomology
providesanintriguing way of distinguishingLegendriarknots,it currentlydoesnot provide much
geometridnsightinto why Legendriarknotsaredifferent.

Theorem 4.1. Giventwo positiveintegersm andn, thereis a knottype/C anddistinctLegendrian
knotsL, ..., L, in £L(K) which havethesameT hurston-Bennequimvariantandrotationnumbey
andremaindistinctevenafter m stabilizations(of anytype).

Theoremd.1 follows from Theorem3.4 andthe classificationof Legendriantorusknots(The-
orem4.2 belov) from [EH]. RecallthatC, , is a (p, ¢)-torusknotif ary elementof K, , canbe
isotopedto sit on a standadly embeddedorusT in S? asa (p, g)-curve. Herewe saya torus
T c S? is standadly embeddedf it is orientedandS® \ T'= N; U Ny, whereN;, ¢ = 1,2, are
solid tori with ON; = T anddN, = —T. Now, thereexists an orientedidentification7 ~ R?/Z?
wherethe meridianof V; correspond$o +(1, 0) andthe meridianof N, to +(0, 1).

Theorem 4.2. Legendrianknotsin £L(/C, ;) are determinedytheir knottype Thurston-Bennequin
invariantandrotationnumberf p < 0 and—p > ¢ > 0, thentb(K, ,) = pq andthecorrespond-
ing valuesof r are

r(K) € {=(Ipl — lal — 2qk) : k € 2,0 < k < PL=14 ‘M‘q‘}

Moreover, all otherLegendrianknotsin this knottypeare obtainedby stabilization.

If we plot the possiblevaluesof tb andr for a negative torusknot, we obtaina picturesimilar
to thatof Figure3.
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FIGURE 3. Somepossibletb andr’sfor the (—7, 3) torusknot.

Proofof Theoem4.1. Letp = —(4n + 1)s — 1 andq = 2s, with s anevennumbergreaterthan
m + 1. Then,accordingto Theoremé.2, thereare4n Legendriarknotsin £(K, ;) with maximal
tb = pq anddistinctrotationnumbers—(4n — 3)s +1,...,(4n — 5)s + 1,(4n — 1)s + 1 and
—(4n—-1)s—1,—(4n—5)s —1,...,(4n—3)s — 1. Let L, € L(IC,,) with tb = pg androtation
numberr. Fork =0,...,2n—1, IetL = Latm—k)—1)s+1FL_(a(n—k)—1)s—1- Notethatall the L* are
topologicallyisotopic, ha/e thesametb =2pqg+1 andr = 0 yetarenot Legendrianisotopicby
Theorem3.4. SeeFigure4. Sincethe spacingsn r betweeradjacenimaximaltb representaties
areatleast2m by our choiceof p andg, the L* remaindistinctevenafterm stabilizations. O



KNOTS AND CONTACT GEOMETRY |l: CONNECTEDSUMS 7

FIGURE 4. Whenm = 0in Theorem4.1,onecanuse(p, ¢) = (—(2n+1), 2)-torus
knots.Hereis oneof thoseknotswhenp = —7.

Remark 4.3. The Legendrianknots L* appearingn the proof of Theorem4.1 remaindistinct
afterm stabilizations However, it is well-known thatthe Chekane-Eliashbeg contacthomology
invariantsare unableto distinguishstabilizedknots (becausédhe invariantsvanish). Thusthese
arethefirst examplesof Legendrianknotswhich arenot distinguishedy the known holomorphic
invariants.We alsonotethatthe examplesin Theoremé.1 have nontrivial contacthomology We
areunableto determindf thesenvariantsarethe sameor not, but all easilycomputablenvariants
derivedfrom contacthomologyarethe samefor theseexamples.

Remark 4.4. Using Theorems3.4 and4.2, we canclassify Legendrianknotsisotopicto (multi-
ple) connectedsumsof torusknots. This is thefirst classificationof Legendrianknotsin a non-
Legendrian-simplé&nottype.

Remark 4.5. Obsenre that the connectedsumsof torusknots are fiberedknots. Thuswe have
examplesof non-Legendrian-simpldiberedknots,contraryto a (perhapsoverly optimistic) con-
jecturethatfiberedknotsarelLegendriansimple.

We endby observinghat,while theconnectedumof Legendriarsimpleknottypesneednotbe
Legendriansimple,the connectedsumof trans\ersallysimple knot typesis alwaystrans\ersally
simple.Hereaknottype is transvesally simpleif trans\ersalknotsin X aredeterminedy their
self-linking number

Theorem 4.6. Theconnectedgumof transvesally simpleknottypesis transvesally simple

Proof. Recallthat,accordingto Theorem2.100f [EH], a knot typeis trans\ersallysimpleif and
only if it is stablysimple. A knot type K is stably simpleif ary two knotsin £(XC) for which
s = tb —r agreearelLegendrianisotopicaftersomenumberof negative stabilizations.

Now assumehat /C; and C, arestablysimpleknottypes. Let Ly, L € £(K;) and Ly, L}, €
L(ICo) suchthats(Li#Ly) = s(Li#L5). It followsthats(L;) = s(L}) +2n ands(Lsy) = s(L}) —
2n for someintegern, which we may take to be > 0. Since/C; and K, arestablysimple,there
exist m; andm, suchthatS™ o S%(L,) is Legendrianisotopicto S™ (L}) andS™ o S (L5) is
Legendrianisotopicto S™?(L,). Thus

ST (LygfLy) = (S™(L1))#(S™*(L2)) = (57 (L1))#(S™* 0 S (L))
= (ST o ST(L1))#(ST2(L5)) = (ST (L)) #(ST2(L5))
— St (L L),
This provesthat KC; #K, is stablysimple. O



8 JOHNB. ETNYREAND KO HONDA

Remark 4.7. In contrasto thesituationfor Legendrairknotsdiscussed Remark4.5, it still does
notseemsunreasonabl® believe thatfiberedknotsaretrans\erselysimple. Seealso[BW, Me].

5. THE MAIN TECHNICAL RESULT

Givenalegendriarknot L in atight contactmanifold (M, £), we mayalwaysfind a sufiiciently
small tubular neighborhoodV of L suchthat7 = 0N is a corvex toruswith dividing setl'r
consistingof two parallel,homotopicallynontrivial dividing curves. We make an orientedidenti-
ficationT ~ R?/Z? with coordinateg, \), sothatthe u-directionis themeridionaldirectionand
A-directionis the longitudinaldirectiongiven by a Seifertsurface. (Note thatthis corventionis
differentfrom theusualDehnsurgerycorvention.) The slopeof a homotopicallynontriial closed
curveonT will begivenin the uA-coordinatesWith respecto thesecoordinatesthe slopeof I'
is ﬁ. UsingtheLegendriarRealizatiorPrinciplewe mayarrangeandshallalwaysassumethat
T is in standad form andtheruling slopeonT is 0.

An embeddedphereS in M thatintersectd. trans\erselyin exactlytwo pointsandseparated/
will becalledasepaatingspheefor (M, L). GivenaseparatingphereS, let M \ S = M? LI Mg
andL? = (L\ S) N M?,i=1,2. Wecall S atrivial separatingpherdf oneof the M/ is a3-ball
and L¢ is anunknottedarcin M? = B3. The separatingphereS canbeisotopedsothatS N T
(T = ON) consistsof two ruling curves. We may furtherisotop S, relatve to S N T, sothat.S
becomesorvex andtheannularcomponenof S \ 7" admitsaruling by closedLegendriancurves
parallelto the boundaryof the annulus. Suchan S will be calleda standad corvex sepaating
sphee.

We now introduceastandarabjectto capoff ourcut-opermanifold/knotpairs(M?, L?). To this
end,let N, bea corvex tubular neighborhooaf the y-axisin the standardight contact(R?, £,,4)
given by the 1-form dz + zdy. We canassumehe dividing curveson N, consistof two lines
parallelto the y-axis and arrangethe ruling curvesto be all meridional. Now let B, be a 3-ball
aboutthe origin with corvex 0B, suchthatoB; N 0N, consistsof two ruling curves. Finally,
let Ly = y-axisN Bs. We call thepair ((Bs, &sialB,), Ls), consistingof the tight contactmanifold
(Bs, &stq B,) @andtheLegendrianarc L, the standad trivial pair.

Givena corvex separatingphereS asabove, we canapply the Giroux Flexibility Theoremso
thatthe characteristidoliationson S andd B, agree.For eachi = 1,2, wethenglue (Bs, L) to
(Mp¢, L?) to geta closedcontactmanifold (1/;, ;) andaLegendriarknot L; C M;. Thefollowing
is aconsequencef Theorem3.1.

Corollary 5.1. (M, &;) is tight, and, up to isotopy doesnot dependbn the choiceof corvex sepa-
rating sphee S (providedthetopolagical typeis preservedpr onthe gluing map.

We now considerthe relative versionof the corollary which takesinto accountthe splitting of
theLegendriarknot L C M. Wethenhave:

Theorem 5.2. Let((M, &), L) beatight contactmanifoldtogetherwith a LegendrianknotL C M,
andlet S, S’ be (smoothly)isotopicstandad corvex sepaating sphees. Let ((M;, &), L;) (resp.
((M;, &), LY), © = 1,2, bethe glued-upmanifoldstogetherwith Legendrianknots,obtainedby
cutting M along S (resp.S’) andgluingin copiesof the standad trivial pair. Thenthere existsa
sequencel?, LY) = (L1, Ly), (L}, L), ..., (L%, L) = (L}, L}), whee:
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(1) L{ is a Legendrianknotin (M, &;) isotopicto, but not necessarilycontactisotopicto, Z;,
1=1,2, o

(2) (LIt LitY) is obtainedfrom (L’ L) by performingoneof thefollowing:

(i) Legendrianisotopy '
(i) L = S.(L]) and L} = (Sy)~Y (L), or
(i) L{™" = (S&)7'(L1) and Ly = S.(Lj).
Here, (S+)~! indicatesdestabilization.
In otherwords,theLegendriarknotsL; andL; which arisefrom isotopicbut notcontactisotopic

separatingpherediffer only by successiely shifting Legendrianstabilizationsrom onesideto
theothet

The remainderof this sectionis devotedto the proof of Theorem5.2. The proof is essentiallya
concreteapplicationof the statetraversaltechnique.

Step 1. Let & beal0, 1]-invarianttight contactstructureon A = S? x [0, 1], viewed asa neigh-
borhoodof 9B, sittingin (R?, £,;4). It follows from theproof of Eliashbeg’s classificatiorof tight
contactstructureson the 3-ball [El] that¢ is the unique(up to isotopy rel boundary)tight contact
structureon A, with the givencharacteristidoliation ontheboundary

Theintersectiorof A with they-axishastwo componentd., andL_; theseareLegendriararcs
runningbetweerthetwo boundarycomponentsf A. Let LT = ST o S™(Ly.).

S

~—_ "

[

FIGURE 5. Thearcs(L_, L>") in A.

Lemma5.3. Let L, and L’ beLegendrianarcsin A which havethe sameendpointsas L, and
L_, respectivelyandsudhthat !, LI L' is (smoothly)sotopicto L LI L_ inside A, rel 0A. Then,
after applyinga contactomorphismwhich is isotopicto theidentitythroughan isotopywhich fixes
only one of the boundarycomponents’_ LI L', is Legendrianisotopicto L_ LI L"" for some
uniquelydeterminedn andn.

Proofof Lemmab.3. We definethetwistingnumber(or therelative Thurston-Bennequimvariant)
tw(L',) to be the differencebetweenthe contactframingsof L/, and L.. Note that the well-
definitionof tw(L', ) follows from thefactthat L/, andL, have thesameendpoints.

Now, let g bethediffeomorphisnof A = 52 x [0, 1] whichrotateghesphereS? x {t} aroundthe
axisprovidedby L, U L_ (i.e., they-axis)by 27kt, wherek is chosersothattw(g(L")) = 0 with
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respecto g.&. Hereg,£ is isotopicto ¢ rel boundaryby the uniquenessf tight contactstructures
on A with fixedboundary

Obserethattw(L' ) < 0, sinceotherwisewe coulduseL’, L, andarcson 0A to constructa
Legendrianunknotin A with nonnegative Thurston-Bennequimvariant,which would contradict
tightness.Let m andn be nonn@ative integerswhich satisfym + n = —tw(L', ). (The precise
valuesof m andn areto be determinedater) Hencetw(L'"") = tw(L'_). Next, thereexistsan
isotopy f of A rel A whichtakes L’ LI L', to L_ U L"". SincelLegendriancurvesandtheir
standardubular neighborhoodsareinterchangeabléor all practicalpurposeswe mayassumehat
[ is acontactomorphisrfrom the neighborhood/ of L' LI L', ontoits image.

It remainsto extend f to a contactomorphisnon all of A or, equivalently, matchup two tight
contactstructureson the solid torus A \ U. For this, we apply the classificationof tight contact
structureson solid tori [Gi2, H]. Theboundaryslopefor bothtight contactstructureson the solid
torusA \ U is —(m + n) — 1. By theclassificationthereexists a bijection betweemonnegative
integer pairs (m, n) with m + n = —tw(L',_) andtight contactstructureson A \ U with slope
tw(L', ) — 1 andtwo dividing curveson the boundary Hencethereis a uniquechoiceof m, n so
thatthetwo tight contactstructureon A \ U arecontactisotopicrel boundary O

Step 2. We now establishTheoremb.2 underanextra hypothesin the spheress ands’.
Claim 5.4. Theoem5.2 holdsif S and S" are disjoint and cobounda region diffeomorphicto
5% x [0,1].

Proofof Claim5.4. Let A’ C M betheregion betweenS andS’, andlet M{ and M$ be compo-
nentsof M \ A’ sothat:

M, = M{ U B,
M, = MU A" U By,

M; = M;UA"UB;,, and
M, =M UB,

whereB, is the standardcontact3-ball.
Let ¢ = LN ME,i=1,2andL’' = LN A'. Thusthe Legendrianarcsunderconsideratiorare:

Ly =L5UL,,
Ly =L5UL UL,
L' =L{uLl'UL, and
Ly =L5U L,
whereL, is thestandard_egendrianarcin B;.

Obsere that B is contactomorphito B, U A, whereA = S? x [0, 1] with the [0, 1]-invariant
tight contactstructure. Thereforewe may think of M; and M)} ascomposedf the appropriate
M¢, B, andA. Let f : My = M/ bethediffeomorphismwhich sendsM¢ C M to M{ C M| by
theidentity, B, C M; to B, C M by theidentity, and A to A’ by a diffeomorphismpreserving

the characteristidoliation on the boundary It is easyto arrangefor the diffeomorphismfrom A
to A’ to take the endpointsof the standardarcsL, LI L_ (describedn Step1l) to the endpointsof



KNOTS AND CONTACT GEOMETRY |l: CONNECTEDSUMS 11

L'. Now, by Lemmab.3, f is isotopicto a contactomorphismThe isotoyy is fixed on M{ and
might move oneof theboundarycomponent®f A, but this canbe extendedover B,. Thuswe can
identify thetight contactmanifoldsA/; andM;. Moreover, accordingo Lemma5.3,57 o S™ (L)
is Legendrianisotopicto L} and ST™ o S_"(L,) is Legendrianisotopicto L, wherem, n are
nonnegative integers. O

Step 3. We now finish the proof of Theorem5.1 by usingthe following Lemma5.5 to reduceto
thepreviousstep.

Lemmab.5. LetS, S’ be(smoothly)jsotopicstandad corvex sepaating spheesfor (M, L), with

SN N = SN N. Thenthere existsa finite sequence, = S, S1,...,S; = S’ of standad cornvex

sepaatingspheeswhe, fori =0, ..., k—1, thepair (S;, S;+1) coboundsa regiondiffeomorphic
to S% x [0, 1].

Proofof Lemmab.5. We useColin’s isotopydiscretizationtechnique[Co]. Let %, ¢ € [0, 1], be
the imagesof a smoothisotopy which takesY, = S to ¥; = S§’. We may additionallyassume
that each; intersectsthe standardneighborhoodV of L in meridionalruling curves and that
eachX; N N is astandardcorvex meridionaldisk. For eacht, thereexistsatubular neighborhood
N(%,;) of ¥, andaninterval [t — ¢,t + ¢] suchthatX, C N(X;) forall s € [t — ¢,t + ¢]. By the
compactnessf [0, 1], thereexistty = 0 < t; < --- < t, = 1 suchthateachX,_, is containedn
atubular neighborhoodV (;,) of ¥;,. Sincecornvex surfacesareC'*-densen the spaceof closed
embeddedurfacedGi], we mayassumehattheX,, andd(N (X)) = X}, — X} arecorvex. Now
simply take the sequence

St Do Dty Th sy
It is easilyverifiedthatthis sequencsatisfieghe coboundingcondition. O

6. PROOF OF THEOREM 3.4

In this sectionwe completethe proof of Theorem3.4. For simplicity we assumehat £ =
K1#K, andthereare no equialencerelationsof type 2 in Theorem3.4, i.e., thereareno extra
symmetriesWe shawv that

~J

) — LI #K2)

givenby (L1, Ly) — Li#L, is abijection. The proofis broken down into the following three
claims.

Claim 6.1. Theconnectsumopemtionis well-defined.

Proof. Theorem5.2 indicatesthe ambiguityin splitting a manifold alongdifferentstandardcon-
vex separatingspheres. Since we are always removing a standardtrivial pair (Bs, L,) from a
manifold/knotpair whentakinga connectedsum,and L is not stabilized the only statetransition
thatactuallyoccurs(amongthe possibilitieslistedin Theorem5.2) is Legendrianisotopy. Hence
thereis no ambiguityin the connectecdumoperation. g

It is clearthatC(S+ (L), Ly) andC(L4, S+ (Ls)) areisotopicLegendriarknots,sincestabiliza-
tionsof aknotcanbetransferedrom onesideof theseparatingphereo the other Thereforethe
mapC is well-defined.
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Claim 6.2. ThemapC is surjective

Proof. Let L be a Legendrianknot in £(K,#K,) and S be a 2-spherein M3 thatintersectsL
trans\erselyin exactly two points and topologically divides the knot into the appropriateknot
types.Also let N beastandardcconvex neighborhooaf L, wherewe arrangetheruling curveson
ON to bemeridional. Firstisotop S sothatS N N consistsof preciselytwo ruling curves,and
thenapplya furtherisotopy of S rel S N ON sothatS becomesorvex. Denoteby (M7, L) and
(M3, L) thecomponentsf the cut-openmanifold M \ S togethemwith the cut-openLegendrian
knotL \ S. Let L, beatrivial Legendrianarcin B,;. We now glue the standarccontact3-ball B;
(with corvex boundary)pntoM?, ¢ = 1, 2, to form aclosedtight contactmanifold A/;; atthesame
time we glue L, and L¢ into a Legendrianknot L; C M; with L, € L(K;). Moreover, sincewe
formedthe connectegumof L, and L, by removing B, from eachof M; and M, andgluing the
resultingboundariesogetherit is alsoclearthat L = Li#L,. O

Claim 6.3. If C(Ll, LQ) = C(Lll, Lf?), then(Ll, Lg) ~ (Lll, LIQ)

Proof. Assumethat Li#L, = L #L,, andlet S (resp.S’) be a standardcorvex separating
spherefor L,#L, (resp.L}#L).) SinceS andS’ are smoothlyisotopic, Theorem5.2 implies
that(Ll,Lg) ~ (Lll, LIQ) O
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