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2.4 The Completion of a Measure

By definition, a set E ⊆ X is a null set for a measure µ on X if E ∈ Σ and
µ(E) = 0. In general, an arbitrary subset A of E need not be measurable,
but if A happens to be measurable then monotonicity implies that µ(A) = 0.

A complete measure is one such that every subset A of every null set E is
measurable (Definition 2.19).

Complete measures are often more convenient to work with than incom-
plete measures. Fortunately, if we have a incomplete measure µ in hand, there
is a way to extend µ to a larger σ-algebra Σ in such a way that the extended
measure is complete. This new extended measure µ is called the completion

of µ, and its construction is given in the next exercise.

Exercise 2.25. Let (X, Σ, µ) be a measure space, and let N be the collection
of all µ-null sets in X :

N =
{

N ∈ Σ : µ(N) = 0
}

.

Define
Σ = {E ∪ Z : E ∈ Σ, Z ⊆ N ∈ N},

and prove the following statements.

(a) Σ is a σ-algebra on X.

(b) For each set E ∪ Z ∈ Σ, define

µ(E ∪ Z) = µ(E).

Then µ is a well-defined function on Σ.

(c) µ is a measure on (X, Σ).

(d) µ is the unique measure on (X, Σ) that coincides with µ on Σ.

(e) µ is complete. ♦

Example 2.26. Let BRd be the Borel σ-algebra on R
d, and let µ be Lebesgue

measure on (Rd,BRd). Since every open subset of R
d is Lebesgue measurable,

BRd is contained in the σ-algebra LRd of Lebesgue measurable subsets of R
d.

By Theorem 1.37, the σ-algebra BRd constructed in Exercise 2.25 is precisely

LRd , and µ is Lebesgue measure | · | on (Rd,LRd). ♦

Example 2.27. Consider the δ-measure as a measure on (Rd,BRd). In this case

BRd = P(Rd), and δ = δ on (Rd,P(Rd)). ♦
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