P[RUSSELL] can be a proper subclass of RUSSELL
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summary

The Russell classisthe class of al setsthat do not belong to themselves.

inf2:= cl ass[x, not [menber [X, X]]1]
out2]= RUSSELL
The power class of aclassx isthe class of all subsets of x. Cantor’s theorem implies that the power class of a set cannot be a

subset of x. For proper classes, such as RUSSEL L, this need not be the case. In fact, the power class of the Russell classis a
subclass of the Russell class.

in3:= subcl ass[P[RUSSELL], RUSSELL]

outgl= True

An exampleis presented to show that, if the axiom of regularity does not hold, there can be a set that belongs to the power class of
the Russell classthat does not belong to the Russell class.

construction of the example

Suppose that there were a set a whose only membersare 0 and a itself:

n4= set [a, 0] = a;

The claimisthe singleleton of aisamember of RUSSEL L, but not amember of PIRUSSELL].

verification of the example

Lemma.

in[s]:= Subst Test [menber, t, set [t, 0], t »a] // Reverse

Out[5]= menber [a, a] = True

= memnber [a, a] : =True
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Lemma
in[g:= Subst Test [menber, 0, set [t, 0], t - a] // Reverse
outg)= Menber [0, a] = True
o= memnber [0, a] : =True
Lemma.
in[101:= Subst Test [equal , O, set [t, 0], t »a] // Reverse
out10)= equal [0, a] == Fal se
n11:= equal [0, a] : = Fal se
Lemma.
in[13:= nmenber [a, RUSSELL] // Assert Test
out13)= menber [a, RUSSELL] == Fal se
in[14]:= memnber [a, RUSSELL] : = Fal se
Lemma.

in22:= Map[not, Subst Test [i npl i es, and[nenber [0, x], not [menber [0, Y111,
not [equal [x, Y]], {x»a, y-»set[a]l}]] // Reverse

outz2]= subcl ass[a, set [a]] == Fal se

in[23:= subcl ass[a, set [a]] : = Fal se

Theorem.

Inj24):= menber [set [a], RUSSELL] // Assert Test
out24]= menber [set [a], RUSSELL] == True

in[2s]:= memnber [set [a], RUSSELL] : = True

in26]:= menber [set [a], P[RUSSELL]]

outze)= Fal se

in2s:= Map [not [assert [#]] & Subst Test [i nplies, and[nmenber [t, RUSSELL], not [menber [t, P[RUSSELL]]111,
proper subcl ass[P[RUSSELL], RUSSELL], t - set [a]]] // Reverse

outzgl= equal [0, fix[E]] == Fal se
n21:= equal [0, fix[E]] : = Fal se
Corollary. If the set a exists, then PIRUSSELL | is a proper subclass of RUSSELL .

in[32:= assert [propersubcl ass[P[RUSSELL], RUSSELL]]

out[3z]= True
Coroallary. If the set a exists, then the axiom of regularity does not hold.

in3s;= Map[assert, Subst Test [and, equal [V, x], subclass[x, y], {X > REGULAR, y - RUSSELL}]] // Reverse

ou3s]= AXReg == Fal se



