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summary

Quaife's Theorem (Q15) is derived in this notebook. The derivation of this theorem is
guided by analogy with Quaife's Theorem (Q10). Using nat wrappers simplifies some
steps, but the final result is wrapper-free. Removing variables yield a functional state-
ment of the theorem.

Inf2]:= "Art Quaife, Automated Devel opnent of Fundanental WMathematical Theories,
Kl uwer Academ c Publishers, Dordrecht, the Netherlands, 1992.";

Quaife's Theorem (DV7)

Quaife's Theorem (DV7) will be used as a lemma to derive Theorem (Q15). This
lemma will be derived in this section, using the transitivity of divisibility. Only one
variable needs to be wrapped.

In[3]:= Subst Test [i npl i es, and[nmenber [pair [x, y], DI V], nenber [pair [y, w], DIV]],
menber [pair [x, w], DIV], w-natmul [y, nat [z]]]

Qut[3]= or [menber [pair [x, natnul [y, nat [z]]], DIV], not [menber [pair [x, Y], DIV]]] = True

In[4]:= or [menber [pair [X_, natrmul [y_, nat [z_]]], DI V],
not [menber [pair [X_, y_1, DIV]]] :=True
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derivation of (Q15)

An application of Theorem (DV7) yields this lemma.

In[5]:= Subst Test [i npl i es, nenber [pair [v, w], D V],
menber [pair [v, natmul [w, nat [z]]], DI V],
{v »nat [y], w-natsub[nat [x], natnod[nat [x], nat [y]11]1}]

Qut[5]= nenber [pair [nat [y], natsub[natmul [nat [x], nat [z]],
nat nul [nat [z], natnod[nat [x], nat [y]]]1]], DIV] == True

In[6]:= (%/. {X->X_, Y>>y , Z-2z_}) /. Equal - Set Del ayed

Theorem (Q15) can now be derived with nat wrappers as follows.

In[7]:= Subst Test [i nplies, nmenber [pair [w, natsub[u, v]], D V],
equal [natnod[u, w], natnod[v, w]], {u->natnul [nat [x], nat [y]],
v ->nat mul [nat [y], natnod[nat [x], nat [z]]], W-nat [z]}]

ait[7]= equal [nat nod[nat nul [nat [x], nat [y]], nat [z]],
nat nod [nat nul [nat [y], natnod[nat [x], nat [z]]], nat [z]]] == True

In[8:= (%/. {X->X_,yYy->Y , z->2z_}) /. Equal - Set Del ayed
The nat wrappers can be replaced with numberhood literals.

In[9]:= Subst Test [i npl i es, and[equal [x, nat [u]], equal [y, nat [v]], equal [z, nat [w]]],
equal [natnod[nat mul [x, y], z], natnod[nhat nul [x, natnmod[y, z1], z11,
{UaX, Voy, Wo2Z}]

ut[9]= or [equal [natnod[natrmul [x, y], z], natnmod[natmul [x, natrmod([y, z]], z]],
not [menber [x, onega]], not [menber [y, onmega]], not [nenber [z, onega]]] = True

In[10]:= (%/. {X>X_, Y=>Y_, z-»2z_}) /. Equal - SetDel ayed
The numberhood literals are not needed because the same equation holds when any

variable is not a number. In that case both sides of the equation are equal to the univer-
sal class V.

In[11]: = Subst Test [i npl i es, and[equal [u, v], equal [v, w]], equal [u, W],
{u ->natnod[nat nmul [x, y], 2], V-V, w->natnmod[nat mul [x, natnod[y, z]]1, z]}]

aut[11]= or [and [menber [x, omega], nenber [y, onega], nenber [z, onega]],
equal [natnod[natmul [x, y], z], natnmod[natnul [x, natnod[y, z]], z]]] = True

In[12]:= (%/. {X>X_, Yy->Y_, z->2z_}) /. Equal - Set Del ayed
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Combining the two cases yields a wrapper-free formulation of Theorem (Q15).

In[13]:= Subst Test [and, inplies[pl, p2], or [pl, p2],
{pl -> and [nenber [x, onmega], nmenber [y, onega], nenber [z, onega]],
p2 -> equal [nat nod [nat mul [x, y], z], natnod[natnul [Xx, natnod[y, z]], z1]1}]

aut[13]= True == equal [nat nod[nat nul [x, y], z], natnod[nat nul [x, natnod[y, z]], z]]

In[14]:= natnod[natmul [x_, natmod[y_, z_]1, z_] :=natnmod[nat mul [x, y], Z]

eliminating some variables

Lemma.

In[15]:= Assoc[id[x], id[inage[V, intersection[onega, set [y]]1]], nodulo[y]] // Reverse

Qut[15]= conpositefid[intersection([x, image[V, intersectionfonega, set [y]]1]]1,
modul o[y]] = conposite[id[x], nmodul o[y]]

In[16]:= conposite[id[intersection[x_, image[V, intersection[onega, set [y_11111,
modul o[y_1]1] : =conposite[id[x], nodul o[y]]

One variable is now removed using reify.

In[17]:= Map [VERTSECT,
Subst Test [rei fy, z, natnod[nat mul [y, f [z, x]], x], f » natnod]] // Reverse

Qut[17]= comnposite[nmodul o[x], tinmes[y], nmodul o[x]] == conposite[nodul o[x], tinmes[y]]

In[18]:= conposite[nodul o[x_1], times[y_1, modul o[x_1] : =conposite[nodul o[x], tinmes[y]]
A second variable is removed, again using r eify.

In[19]:= Map([rotatel[inverse[#]] & SubstTest [reify, v,
conmposite[nmodul o[x], f[y], nodul o[x]], f -tines]] // Reverse

aut[19]= conposite[nodul o[x], NATMJ, cross[ld, nodulo[x]]] =
conposi te[nmodul o[x], NATMJL]

In[20]:= conposite[nmodul o[x_], NATMIL, cross[ld, nmodulo[x_11]: =
conposi te[nmodul o[x], NATMJL]

Since multiplication is commutative, this analogous result also holds:

In[21]:= Assoc[conposite[nodul o[x], NATMJL], cross[ld, nmodul o[x]], SWAP]

aut[21]= conposi te[nodul o[x], NATMJL, cross[nmodul o[x], 1d]] =
conposite[nmodul o[x], NATMJL]
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In[22]:= conposite[nmodul o[x_], NATMJL, cross[nodulo[x_1, 1d]]: =
conposi te[nmodul o[x], NATMJL]

One further corollary:

In[23]:= Assoc[conposite[nodul o[x], NATMJL],
cross[ld, nodul o[x]], cross[nodul o[x], 1d]]

Qut[23]= conposite[nmodul o[x], NATMJL, cross [nmodul o[x], modul o[x]]] =
conposi te[nodul o[x], NATMIL]

In[24]:= conposite[nmodul o[x_], NATMJL, cross[nodul o[x_], nodulo[x_1]1]: =
conposi te[nodul o[x], NATMUL]



