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summary

It is shown in this notebook that if x isan associative relation, and if z isclosed under x, that is, if image[x,cart[z, Z]] is
asubclassof z, then therestriction composite[x, id[cart[z, z]]] is associative.

derivation
Lemmas:
In[2]:= Subst Test [conposite, ASSOC, cross[cross[X, X], X], Xx-»id[z]]
Qut[2]= conposite[ASSCC, id[cart [cart [z, z], z]]] ==conposite[id[cart [z, cart [z, z]]], ASSOC]
In[3]:= conposite[ASSCC, id[cart[cart[z_, z_], z_]]]:=conposite[id[cart [z, cart [z, z]]], ASSCC]
In[4]:= (associative[x] // AssertTest) /. x »conposite[x, id[cart [z, z]]] // Reverse
Qut[4] = equal [conposite[x, cross[conpositelid[z], X, id[cart [z, z]]], id[z]]],
conposite[x, cross[id[z], conmposite[id[z], x, id[cart [z, z]]]], ASSCC]] ==
associ ative[conposite[x, id[cart [z, z]]]]
In[5]:= equal [conposite[x_, cross[conpositel[id[z_], x_, id[cart[z_, z_]11], id[z_111,
conposite[x_, cross[id[z_], conposite[id[z_], x_, id[cart[z_, z_11]11, ASSCC]] : =
associ ative[conposite[x, id[cart [z, z]]1]]
In[6]:= SubstTest [inplies, equal [u, v], equal [conposite[u, w], conposite[v, w]],
{u > conposite[x, cross[x, Id]],
Vv » conposite[x, cross[ld, x], ASSOCC], w-id[cart [cart [z, z], 2]]}]
Qut[6]= or [equal [conposite[x, cross[conposite[x, id[cart [z, z]]], id[z]]],
conposite[x, cross[id[z], conposite[x, id[cart [z, z]]]], ASSCC]],
not [equal [conmposite[x, cross([x, 1d]], conmposite[x, cross[ld, x], ASSCC]]]] == True
In[7]:= (%/. {X->X_, Z~-»2z_}) /. Equal - Set Del ayed
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In[8]:= SubstTest [inplies, equal [u, v], equal [cross[w, u], cross[w, v]],
{u->conpositelid[z], X, id[cart [z, z]]], V->conposite[x, id[cart [z, z]]], w-»id[z]}]

Qut[8]= or [equal [cross[id[z], conposite[x, id[cart [z, z]]]],
cross[id([z], conposite[id[z], x, id[cart [z, z]]]]],
not [subcl ass[i mage[x, cart [z, z]], z]]] = True

Inf[9]:= (%/. {(X>X_, Z->2_}) /. Equal - Set Del ayed

In[10]: = Subst Test [i nplies, equal [u, v], equal [cross[u, w], Cross[v, w]l],
{u ->conpositel[id[z], x, id[cart [z, z]]], Vv ->conposite[x, id[cart [z, z]]], w->id[z]}]

Qut[10] = or [equal [cross[conposite[x, id[cart [z, z]]], id[z]],
cross[conpositelid[z], x, id[cart [z, z]]], id[z]]],
not [subcl ass[i mage[x, cart [z, z]], z]]] = True

In[11]: (%/. {Xx->Xx_, z-2z_}) /. Equal - Set Del ayed

In[12]:

Subst Test [i npl i es, and[equal [u, v], equal [v, w]], equal [u, w],
{u ->conposite[x, cross[conposite[id[z], X, id[cart [z, z]]], id[z]]],
v -> conposite[x, cross[conposite[x, id[cart [z, z]]], id[z]]],
w-> conposite[x, cross[id[z], conposite[id[z], X, id[cart [z, z]]]], ASSCC]}]

Qut[12] = or [associ ative[conposite[x, id[cart [z, z]]]],
not [equal [conposite[x, cross[conposite[x, id[cart [z, z]]], id[z]]],
conposite[x, cross[composite[id[z], x, id[cart [z, z]]], id[z]]]]],
not [equal [conmposite([x, cross[conposite[x, id[cart [z, z]]], id[z]]],
conposite(x, cross[id[z], conposite[id[z], x, id[cart [z, z]]]], ASSCC]]]] == True

In[13]:= (%/. {X»>X_, z-»2z_}) /. Equal - SetDel ayed
Main result: (Thistakesawhile.)

In[14]:= Map[not, SubstTest [and, inplies[pl, p2], inplies[p2, p3], inplies[p4, p5],

implies[p5, p6], inplies[p4, p7], inplies[p7, p8], inplies[and[p3, p6], p9],

i mplies[and[p8, p9], pl0], not [i nplies[and[pl, p4], pl0]], {pl - associative[x],

p2 -> equal [conposite[x, cross[x, 1d]], conposite[x, cross[ld, x], ASSOC]],

p3 -> equal [conposite[x, cross[conposite[x, id[cart [z, z]]1], id[z]]],
conposite[x, cross[id[z], conposite[x, id[cart [z, z]]]], ASSCC]],

p4 - subcl ass[i mage[x, cart [z, z]], z],

p5 -> equal [cross[id[z], conposite[x, id[cart [z, z]]1]],
cross[id[z], conposite[id[z], X, id[cart [z, z]11]111,

p6 -» equal [conposite[x, cross[id[z], conposite[id[z], X, id[cart [z, z]]]], ASSCC],
conposite[x, cross[id[z], conposite[x, id[cart [z, z]]]], ASSCC]1,

p7 -> equal [cross[conposite[id[z], X, id[cart [z, z]]], id[z]],
cross[conposite[x, id[cart [z, z]]], id[z]]],

p8 -» equal [conposite[x, cross[conposite[id[z], X, id[cart [z, z]]], id[z]]],
conposite[x, cross[conposite[x, id[cart [z, z]]1], id[z]]]],

p9 - equal [conposite[x, cross[conposite[x, id[cart [z, z]]1], id[z]]],
conposite[x, cross[id[z], conposite[id[z], X, id[cart [z, z]]]], ASSCC]],

pl0 -> associ ati ve[conposite[x, id[cart [z, z]]1]1]1}1]

Qut[14]= or [associ ative[conposite[x, id[cart [z, z]]]],
not [associ ative([x]], not [subclass[image([x, cart [z, z]], z]]] = True

In[15]: = or [associ ative[composite[x_, id[cart[z_, z_1111,
not [associ ative[x_]], not [subcl ass[image([x_, cart[z_, z_11, z_]11]1:=True



