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summary

It is shown in this notebook that if  x  is an associative relation, and if  z  is closed under x, that is, if  image[x,cart[z, z]]  is
a subclass of  z, then the restriction  composite[x, id[cart[z, z]]] is associative.

derivation

Lemmas:

In[2]:= SubstTest@composite, ASSOC, cross@cross@x, xD, xD, x ® id@zDD
Out[2]= composite@ASSOC, id@cart@cart@z, zD, zDDD � composite@id@cart@z, cart@z, zDDD, ASSOCD
In[3]:= composite@ASSOC, id@cart@cart@z_, z_D, z_DDD := composite@id@cart@z, cart@z, zDDD, ASSOCD
In[4]:= Hassociative@xD �� AssertTestL �. x ® composite@x, id@cart@z, zDDD �� Reverse

Out[4]= equal@composite@x, cross@composite@id@zD, x, id@cart@z, zDDD, id@zDDD,
composite@x, cross@id@zD, composite@id@zD, x, id@cart@z, zDDDD, ASSOCDD �
associative@composite@x, id@cart@z, zDDDD

In[5]:= equal@composite@x_, cross@composite@id@z_D, x_, id@cart@z_, z_DDD, id@z_DDD,
composite@x_, cross@id@z_D, composite@id@z_D, x_, id@cart@z_, z_DDDD, ASSOCDD :=
associative@composite@x, id@cart@z, zDDDD

In[6]:= SubstTest@implies, equal@u, vD, equal@composite@u, wD, composite@v, wDD,8u ® composite@x, cross@x, IdDD,
v ® composite@x, cross@Id, xD, ASSOCD, w ® id@cart@cart@z, zD, zDD<D

Out[6]= or@equal@composite@x, cross@composite@x, id@cart@z, zDDD, id@zDDD,
composite@x, cross@id@zD, composite@x, id@cart@z, zDDDD, ASSOCDD,
not@equal@composite@x, cross@x, IdDD, composite@x, cross@Id, xD, ASSOCDDDD � True

In[7]:= H% �. 8x ® x_, z ® z_<L �. Equal ® SetDelayed
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In[8]:= SubstTest@implies, equal@u, vD, equal@cross@w, uD, cross@w, vDD,8u ® composite@id@zD, x, id@cart@z, zDDD, v ® composite@x, id@cart@z, zDDD, w ® id@zD<D
Out[8]= or@equal@cross@id@zD, composite@x, id@cart@z, zDDDD,

cross@id@zD, composite@id@zD, x, id@cart@z, zDDDDD,
not@subclass@image@x, cart@z, zDD, zDDD � True

In[9]:= H% �. 8x ® x_, z ® z_<L �. Equal ® SetDelayed

In[10]:= SubstTest@implies, equal@u, vD, equal@cross@u, wD, cross@v, wDD,8u -> composite@id@zD, x, id@cart@z, zDDD, v -> composite@x, id@cart@z, zDDD, w ® id@zD<D
Out[10]= or@equal@cross@composite@x, id@cart@z, zDDD, id@zDD,

cross@composite@id@zD, x, id@cart@z, zDDD, id@zDDD,
not@subclass@image@x, cart@z, zDD, zDDD � True

In[11]:= H% �. 8x ® x_, z ® z_<L �. Equal ® SetDelayed

In[12]:= SubstTest@implies, and@equal@u, vD, equal@v, wDD, equal@u, wD,8u -> composite@x, cross@composite@id@zD, x, id@cart@z, zDDD, id@zDDD,
v -> composite@x, cross@composite@x, id@cart@z, zDDD, id@zDDD,
w -> composite@x, cross@id@zD, composite@id@zD, x, id@cart@z, zDDDD, ASSOCD<D

Out[12]= or@associative@composite@x, id@cart@z, zDDDD,
not@equal@composite@x, cross@composite@x, id@cart@z, zDDD, id@zDDD,
composite@x, cross@composite@id@zD, x, id@cart@z, zDDD, id@zDDDDD,

not@equal@composite@x, cross@composite@x, id@cart@z, zDDD, id@zDDD,
composite@x, cross@id@zD, composite@id@zD, x, id@cart@z, zDDDD, ASSOCDDDD � True

In[13]:= H% �. 8x ® x_, z ® z_<L �. Equal ® SetDelayed

Main result:  (This takes a while.)

In[14]:= Map@not, SubstTest@and, implies@p1, p2D, implies@p2, p3D, implies@p4, p5D,
implies@p5, p6D, implies@p4, p7D, implies@p7, p8D, implies@and@p3, p6D, p9D,
implies@and@p8, p9D, p10D, not@implies@and@p1, p4D, p10DD, 8p1 ® associative@xD,
p2 -> equal@composite@x, cross@x, IdDD, composite@x, cross@Id, xD, ASSOCDD,
p3 -> equal@composite@x, cross@composite@x, id@cart@z, zDDD, id@zDDD,
composite@x, cross@id@zD, composite@x, id@cart@z, zDDDD, ASSOCDD,

p4 ® subclass@image@x, cart@z, zDD, zD,
p5 -> equal@cross@id@zD, composite@x, id@cart@z, zDDDD,
cross@id@zD, composite@id@zD, x, id@cart@z, zDDDDD,

p6 ® equal@composite@x, cross@id@zD, composite@id@zD, x, id@cart@z, zDDDD, ASSOCD,
composite@x, cross@id@zD, composite@x, id@cart@z, zDDDD, ASSOCDD,

p7 -> equal@cross@composite@id@zD, x, id@cart@z, zDDD, id@zDD,
cross@composite@x, id@cart@z, zDDD, id@zDDD,

p8 ® equal@composite@x, cross@composite@id@zD, x, id@cart@z, zDDD, id@zDDD,
composite@x, cross@composite@x, id@cart@z, zDDD, id@zDDDD,

p9 ® equal@composite@x, cross@composite@x, id@cart@z, zDDD, id@zDDD,
composite@x, cross@id@zD, composite@id@zD, x, id@cart@z, zDDDD, ASSOCDD,

p10 -> associative@composite@x, id@cart@z, zDDDD<DD
Out[14]= or@associative@composite@x, id@cart@z, zDDDD,

not@associative@xDD, not@subclass@image@x, cart@z, zDD, zDDD � True

In[15]:= or@associative@composite@x_, id@cart@z_, z_DDDD,
not@associative@x_DD, not@subclass@image@x_, cart@z_, z_DD, z_DDD := True
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