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summary

By definition, a binary homomorphism t € binhom[x, y] is a mapping from fixfdomain[x]] to fix[domain[y]] which
satisfies the equation t o x =y o (t @ t). In this notebook it is shown that if x and y are binary operations, this equation
follows from the (seemingly weaker) inclusion texcyeo (t @ t).

derivation

For simplicity, the derivation isfirst given using funpart and binop wrappers, which are subsequently eliminated.

Lemma. Thisderivation contains all the essential steps. Two temporary variables u and v are introduced, and eliminated
fromthefinal result. Thekey ideaisthat if u c v andv isafunction, and if domain[u] = domain[v], thenu =v.
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In[2]:= (Map[not, Subst Test[and, inplies[p3, p4],

i mpl i esfand[pl, p2, p4], p5], i nplies[pl, p6], i nplies[and[pl, p5, p6], p71,

not [i npli es[pl, p7]]1, {pl - and[equal [u, conposite[funpart[h], binop[x]]],
equal [v, conposite[bi nop[y], cross[funpart[h], funpart[h]]]],
menber [f unpart [h], map[fi x[domai n[bi nop[x]1]1], fix[domai n[bi nop[y]1111,
subcl ass[u, v]], p2- equal [domai n[funpart[h]], fix[domai n[bi nop[x]111,

p3 - subcl ass[range[funpart[h]], fi x[domai n[bi nop[y]111, p4~
equal [domai n[funpart[h]], i mage[i nverse[funpart[h]], fix[domai n[bi nop[y]]1111,
p5 - equal [domai n[u], domai n[v]], p6 - FUNCTI ON[V], p7 - equal [u, v]1}1]1 //
Reverse) /. {u->conposite[funpart[h], binop[x]],
v -> conposi t e[bi nop[y], cross[funpart[h], funpart[h]]]}

Qut[2]= or [equal [conposite[binop[y], cross(funpart [h], funpart [h]]],
conposi te[funpart [h], binop[x]]],
not [menber [funpart [h], map[fi x [domai n[binop[x]]], fix[domain[binop[y]]]1]]],
not [subcl ass[conposite[funpart [h], binop[x]],
conposi te[binop[y], cross[funpart [h], funpart [h]]]]]] = True

In[3]:= (%/. (h->h_, x->Xx_, y->y_}) /. Equal - Set Del ayed

Theorem. Here the funpart wrapper is removed, and the constructor binhom is introduced.

In[4]:= (Map[not, Subst Test[and, inplies[and[p0, pl], p2], i nmplies[and[pl, p2], p3],
i mpli esfand[pl, p3], p4], not [i nplies[and[pO, pl], p41]1, {pO0 - equal [h, t],
pl - and[nenber [t, map[fi x[domai n[bi nop[x]1]1], fi x[domai n[bi nop[y]11111,
subcl ass[conposi t e[t, bi nop[x]], comnposite[bi nop[y], cross[t, t1111,
p2 » equal [t, funpart[h]], p3 -> equal [conposite[bi nop[y], cross[t, t]],
conposi te[t, binop[x]11],
p4 - nmenber [t, bi nhonTbi nop[x], bi nop[y]1]1]1}1]1 // Reverse) /. h-t

Qut[4]= or [nenber [t, bi nhom[bi nop[x], binop[y]]],
not [menber [t, map [fi x[domai n[binop[x]]], fix[domain[binop(y]]]]]],
not [subcl ass[conposite([t, binop[x]], conposite[binop[y], cross(t, t]]]]] ==True

In[5]:= or [menber[t_, bi nhontibi nop[x_1, binop[y_111,
not [menber [t _, map[fi x[domai n[bi nop[x_]]1], fi x[domai n[bi nop[y_]111111,
not [subcl ass[conposi te[t_, bi nop[x_]], conposite[binop[y_], cross[t_, t_1111]1:=True

Corollary. If x andy are binary operations and if the mapping t: fix{domain[x]] - fix{domain[y]] satisfies the condition t o
Xxcye(t®t),thentisabinary homomorphism: t € binhom[x, y]. (The corollary follows from the theorem by removing
the binop wrappersin a standard fashion.)
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In[6]:= SubstTest[i nplies, and[equal [x, binop[ull,
equal [y, binop[v]], menmber[t, map[fi x[domai n[x]], fix[domain[y]]1]11,
subcl ass[conposi te[t, x], conposite[y, cross[t, t1]111,
menber [t, bi nhonix, y]], {u-Xx, v-y}] // Reverse

Qut[6]= or [nmenber [t, bi nhom[x, y]], not [menber [t, map[fi x[domain[x]], fix[domain(y]]]]],
not [menber [x, BI NOPS]], not [nenber [y, BI NOPS] ],
not [subcl ass[conposite[t, x], conposite[y, cross([t, t]]]]] == True

In[7]:= or [menber[t_, binhonix_, y_]]1, not [menber[t_, map[fi x[domain[x_1]1, fix[domain[y_11111,
not [menber [x_, BI NOPS ], not [menber[y_, BI NOPS 1,
not [subcl ass[conposite[t_, x_], conposite[y_, cross[t_, t_11111:=True



