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In[1]:= SetDirectory["l:"]; <<goedel. 1lloct04b
:Package Title: goedel.lloct04b 2011 Cctober 4 at 3:20 p.m
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Loading Sinplification Rules
TOOLS. M i s now incorporated in the GOEDEL program as of 2010 Septenber 3
weightlinmt = 40
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It is now 2011 Cct 7 at 16:18

summary

A subset of COMPOSE isabinary operation if and only it if it the restriction of COMPOSE to the cartesian square of a
set which is closed under composition. All such binary operations are semigroups. An example is the addition of non-nega-
tive integers.

derivation

Theorem. Therestriction of COMPOSE to x x x isabinary operation if and only if x € binclosed[ COMPOSE]

In[2]:= SubstTest[and, FUNCTI ONt ], equal [domai n[t], cartsq[fix[domain[t]]]],
subcl ass[range[t ], fix[domain[t]]], menber[t, VI,
t -> conposi t efCOMPOSE, i d[cart[x, x]]]]

Qut[2]= nenber [conposite[COMPCSE, id[cart [x, x]]], BI NOPS] ==
and [menber [x, V], subcl ass[i mage [COWCSE, cart [X, X]], X]]

In[3]:= menber[conposite[COMPCOSE, id[cart[x_, x_1]11, BINOPS] : =
and[nmenber [x, V], subcl ass[i mage[COMPOSE, cart[x, x]], x]11]

Lemma.
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In[4]:= Map[enpty, di f[id[bi ncl osed[COMPOSE]], i mage[i nver se[CART], i mage[
i nver se[l MAGE[conposi t e[i d[COMPCSE], i nverse[FI RST]11]1, BINOPS]1] // Normal i ty]

Qut[4] = subcl ass[bi ncl osed [COVPOSE], fi x[i mage[i nverse[CART],
i mage [i nverse [l MAGE[conposite[i d[COMWPOSE], inverse[FIRST]]]], BINOPS]]]] == True

In[5]:= %/. Equal - Set Del ayed
Theorem. A variable-free restatement.

In[6]:= SubstTest[i nplies, subcl ass[u, v], subcl ass[i mage[t, u], i mage[t, v]],
{t -» conposite[l MAGE[conposi t e[i d[COVMPOSE], i nverse[FI RST]]], CART],
U -id[bi ncl osed[COMPOSE] ], Vv ->i magel[i nver se[CART],
i mage[i nver se[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]1]1]1, BINOPS]1}] // Rever s¢

Qut[6] = subcl ass[i nage [| MAGE[conposi te[i d[COMPOSE], inverse[FIRST]]],
i mage [CART, id[bincl osed[COVPOSE] 1], BI NOPS] == True

In[7]:= subcl ass[i mage[l MAGE[conposi t e[i d[COVMPOSE], i nver se[FI RST]]],
i mge[CART, id[bi ncl o0sed[COMPOSE] 111, BI NOPS] : = True

Observation. The following inclusion follows from this.

In[8]:= subcl ass[i mage[l MAGE[conposi t e[i d[COVMPOSE], i nver se[FI RST]]],
i mage[CART, id[bi ncl osed[COMPOSE]]11], i ntersectionBl NOPS, P[COVPCSE]]]

Qut[8]= True

The reverse inclusion will be derived in the next section and is combined with the above inclusion to obtain a variable-free
equation.

the reverse inclusion

The binop wrapper will be used to derive the reverse inclusion.

Lemma.

In[9]:= SubstTest[i nplies, subcl ass[u, v], subcl ass[i mage[t, u], i mage[t, v]],
{t - conposite[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]]111,
u - set [domai n[bi nop[x]]], v - imge[CART, 1d]}] // Reverse

Qut[9] = nenber [conposite[COMPCSE, id[domain[binop(x]]]],
i mage [| MAGE[conposite[i d[COWOSE], inverse[FIRST]]], i mage[CART, 1d]]] == True

In[10]:= (%/. Xx->»X_) /. Equal - Set Del ayed

Theorem. If binop[x] ¢ COMPOSE, then binop[x] istherestriction of COMPOSE to domain[binop[x]] .
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In[11]:

Qut [ 11]

In[12]:

Theorem.

In[13]: =

Qut[13] =

In[14]: =

Corollary.

I n[15]:

Qut [ 15]

I n[16]:

Theorem.

In[17]:

Qut [ 17]

I n[18]:

Lemma.

In[19]: =

Qut[19] =

Map[i mpl i es[subcl ass[bi nop[x], COVMPOSE], #] & Subst Test[equal , u,
conposi te[funpart[v], i d[domai n[u]]], {u- binop[x], v-»COVMPOSE}]] // Reverse

or [equal [binop[x], conposite[COMPOSE, id[domain[binop[x]]]1]1],
not [subcl ass[bi nop[x], COVPOSE]]] == True

(%/. x »x_) /. Equal - Set Del ayed

Map[not, SubstTest[and, i nplies[pl, p2], i nplies[p2, p3],
not [i npl i es[pl, p3]]1, {pl ->subcl ass[bi nop[x], COMPOSH],
p2 -> equal [bi nop[x], conposite[COMPOSE, i d[domai n[bi nop[x]11111,
p3 -> menber [bi nop[x], i mage[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]11],
i mage[CART, 1d]1]11}1] // Reverse

or [menber [bi nop[x],
i mge [| MAGE[conposite[i d[COMWOSE], inverse[FIRST]]], i mage[CART, 1d]]],
not [subcl ass[bi nop[x], COVPOSE]]] == True

(%/. x »x_) /. Equal - Set Del ayed

Map[equal [V, domai n[#]] &,

Subst Test[rei fy, x, case[or [menber [bi nop[x], u], not [subcl ass[bi nop[x], vI]1],
{u ->i mage[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]]11, i mage[CART, 1d]1],
v -» COMPCSE} ]

subcl ass[i ntersecti on[BI NOPS, P[COVPCSE] ],
i mage [| MACE[conposi te[i d[COMPOSE], inverse[FIRST]]], i nage[CART, 1d]]] = True

subcl ass[i nt er secti on[BI NOPS, P[COVPCSE] ],
i mage[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]]1], i mage[CART, 1d]]] :=True

Map[not, Subst Test[and, inplies[pl, p2], i nplies[p2, p3],
not [i npl i es[pl, p3]], {pl ->subcl ass[bi nop[x], COMPOSH],
p2 -> equal [bi nop[x], conposite[COMPOSE, i d[domai n[bi nop[x]11111,
p3 -> menmber [conposi t efCOMPOSE, i d[domai n[bi nop[x]]]1], BINOPS]}]1] // Reverse

or [menber [conposit e [COMPOSE, i d[domai n[binop[x]]]], Bl NOPS],
not [subcl ass[bi nop[x], COVWPOSE]]] == True

(%/. x »x_) /. Equal - Set Del ayed

Subst Test[i npl i es, menber[t, BI NOPS], subcl ass[range[t], fix[domain[t]]],
t -> conposi t efCOMPCSE, i d[domai n[bi nop[x]]11]] // Reverse

or [not [menber [conposi t e [COMPCOSE, id[donai n[binop[x]]]], BI NOPS]],
subcl ass [i mage [COMPOSE, donai n[bi nop[x]]], fix[domain[binop[x]]]]] = True
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In[20]:= (%/. Xx>Xx_) /. Equal - Set Del ayed
Theorem. If binop[x] ¢ COMPOSE, then fixjJdomain[binop[x]]] isclosed under composition.

In[21]:= Map[not, Subst Test[and, inplies[pl, p2], inplies[p2, p3],
not [i mpl i es[pl, p311, {pl ->subcl ass[bi nop[x], COMPOSE],
p2 -> menber [conposi t efCOMPOSE, i d[domai n[bi nop[x]]]1], BI NOPS], p3 ->
subcl ass[i mage[COMPOSE, donai n[bi nop[x]111, fi x[domai n[bi nop[x]111}11 // Reverse

Qut[21] = or [not [subcl ass [bi nop[x], COWOSE] ],
subcl ass [i mage [COMPOSE, dommi n[bi nop[x]]], fix[domain[binop[x]]]]] =True

In[22]:= (%/. x->Xx_) /. Equal - Set Del ayed

Lemma.
In[23]:= SubstTest[i nplies, subcl ass[u, v], subcl ass[i mage[t, u], i mage[t, v]],
{t - conposite[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]]111,
u - set [domai n[bi nop[x]]], v - inmage[CART, id[bincl osed[COMPOSE]]1]1}] // Reverse
Qut[23]= or [menber [conposite[COVPOSE, id[domain[binop[x]]]],
i mge [| MAGE[conposite[i d[COVWOSE], inverse[FIRST]]],
i mage [CART, id[bincl osed[COWOSE]]]]],
not [subcl ass [i mage [COVPOSE, donmi n[binop[x]]], fix[domain[binop[x]]]]]] = True
In[24]:= (%/. x>»>X_) /. Equal - Set Del ayed

Theorem. The promised reverseinclusion.

In[25]:= Map[equal [V, domai n[rei fy[x, case[#]]1]] &
Map[not, Subst Test[and, inplies[pl, p2], i mplies[p2, p3], i mplies[pl, p4],
i mpl i es[and[p3, p4], p5], not [i mplies[pl, p5]]1, {pl - subcl ass[bi nop[x], COMPCSH,

p2 -> subcl ass[i mage[COMPOSE, domai n[bi nop[x11], fi x[domai n[bi nop[x]]111,
p3 -> menber [conposi t efCOMPOSE, i d[donmi n[bi nop[x]]1]1], i mage[l MAGE[conposi t e[

i d[COVPCSE], inverse[FI RST]]], i mage[CART, i d[bi ncl osed[COMPCSE] 1111,
p4 - equal [bi nop[x], conmposit e[COMPOSE, i d[domai n[bi nop[x]1111,
p5 -> menber [bi nop[x], i mage[l MAGE[conposi t e[i d[COMPCSE], i nverse[FI RST]11,

i mage[CART, id[bi ncl osed[COMPOSE] 11113111 // Reverse

Qut[25]= subcl ass[i ntersection[BlI NOPS, P[COVWPOSE] ],
i mage [| MAGE[conposi te[i d [ COWPOSE], inverse[FIRST]]],
i mage [CART, id[bincl osed[COVWPCSE]]]]] == True

In[26]:= %/. Equal - Set Del ayed
Main Theorem. A variable-free equation.

In[27]: = Subst Test[and, subcl ass[u, v], subcl ass[v, u],
{u ->i mage[l MAGE[conposi t e[i d[COMPCSE], i nverse[FI RST]11,
i mage[CART, id[bi ncl o0sed[COMPOSE]1]1], V ->i ntersection[Bl NOPS, P[COVPOSE]]}]

Qut[27]= equal [i mage [| MAGE[conposi te[i d [ COMPOSE], inverse[FIRST]]],
i mage [CART, id[bincl osed[COWOSE]]]], intersection[Bl NOPS, P[COWCSE]]] == True
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In[28]:= i mage[l MAGE[conposi t e[i d[COVMPOSE], inverse[FlI RST]]],
i mage[CART, id[bi ncl osed[COMPOSE]]1] : =i ntersecti onBl NOPS, P[COVMPOSH] ]

semigroup result

Lemma.

In[29]:= Subst Test[i nplies, and[associ ati ve[t], subcl ass[i mage[t, cart[x, x]1, x11,
associ ati ve[conposi te[t, id[cart[x, x]]]], t - COVMPOSE] // Rever se

Qut[29] = or [associ ative[conposite[COVPOSE, id[cart [x, x]]]],
not [subcl ass[i mage [COVWPCSE, cart [x, X]], X]]] = True

In[30]:= or [associ ative[conposite[COMPCSE, id[cart[x_, x_1111,
not [subcl ass[i mage[COMPOSE, cart[x_, x_11, x_]11]1:=True

Lemma.

In[31]:= Map[i npli es[and[nenber [x, V], subcl ass[i mrage[COMPOSE, cart[x, x]1, X]], #] & Subst Test[
and, associ ative[t], menber[t, BI NOPS], t -> conposit efCOVMPOSE, id[cart [x, x]]111]

Qut[31]= or [menber [conposite[COVMPCSE, id[cart [x, x]]], SEM GPS],
not [menber [x, V]], not [subcl ass[i mage [COWPCSE, cart [x, X]], X]]] = True

In[32]:= (%/. x->X_) /. Equal - Set Del ayed
Lemma. (Converse result.)

In[33]:= SubstTest[i nplies, nmenber[t, SEM GPS],
menber [t, BI NOPS], t -> conposit efCOMPOSE, i d[cart[x, x]]1]] // Reverse

Qut[33]= or [and[nmenber [x, V], subcl ass[i nage[COMPCSE, cart [x, x]], x]],
not [menber [conposite[COMPCSE, id[cart [x, x]]], SEM GPS]]] = True

In[34]:= (%/. x->Xx_) /. Equal - Set Del ayed
Theorem. Therestriction of COMPOSE to x x x isasemigroup if and only if x € binclosed[ COMPOSE]

In[35]:= equiv[menber [conposite[COMPCSE, id[cart[x, x]]], SEM GPS],
and[rmenber [x, V], subcl ass[i mage[COMPOSE, cart[x, x]], X111

Qut[35]= True

In[36]:= nmenber [conposite[COMPOSE, id[cart[x_, X_]1]1, SEM GPS] : =
and[nmenber [x, V], subcl ass[i mage[COMPOSE, cart[x, x]], x]11]

Lemma.
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In[37]:= Map[enpty, dif[id[bi ncl osed[COMPOSE]], i mage[i nver se[CART], i mage[
i nver se[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]]111, SEM GPS1] 7/ Normal i ty]

Qut[37]= subcl ass[bi ncl osed [ COMPCSE], fi x[i mage[i nverse[CART],
i mage [i nverse [l MAGE[conposite[i d[COMPOSE], inverse[FIRST]]]], SEM GPS]]]] == True

In[38]:= %/. Equal - Set Del ayed
Theorem. Any binary operation which is a subset of COMPOSE is a semigroup.
In[39]:= Map[or [#, subcl ass[i ntersection[BlI NOPS, P[COMPCOSE]], SEM GPS] &,
Subst Test[i nmpl i es, subcl ass[u, v], subcl ass[i mage[t, u], i mage[t, v]],
{t - conposite[l MAGE[conposi t e[i d[COVMPOSE], i nverse[FI RST]]1], CART],

u-id[bincl osedfCOWPCSE] ], v ->i mage[i nver se[CART], i nage[
i nverse[l MAGE[conposi t e[i d[COMPOSE], i nverse[FI RST]1]11], SEM GPS]]1}1] // Reverse

Qut[39] = subcl ass[i ntersection[BlI NOPS, P[COVWPCSE] ], SEM GPS] == Tr ue
In[40]:= subcl ass[i ntersectionBl NOPS, P[COVPOSE]], SEM GPS] : = True
Corollary. An equation.

In[41]:= Subst Test[and, subcl ass[u, v], subcl ass[v, u],
{u->intersecti onNf[SEM GPS, P[COVMPCSE]], Vv ->i ntersecti onBl NOPS, P[COMPOSE]]}]

Qut[41]1= equal [intersection[BlI NOPS, P[COMPCSE] ], intersecti on[SEM GPS, P[COVWPCSE] | ] == True

In[42]:= intersecti onNf[SEM GPS, P[COVMPCSE]] : =i nt er sect i on[BI NOPS, P[COMPOSE] ]

addition of non-negative integers

The non-negative integers form a semigroup under addition.

In[43]:= nmenber [conposit e[COMPOSE, id[cart [range[PLUS], range[PLUS]1]1], SEM GPS
Qut[43]= True

Theorem. This semigroup is commutative.

In[44]:= Map[member [#, COVMUTATIVH &,
Assoc[l NTADD, cross[PLUS, PLUS, inverse[cross[PLUS, PLUS]1] // Reverse

Qut[44] = equal [conposite[COVPCSE, id[cart [range[PLUS], range[PLUS]]]],
conposi t e[COMPOSE, SWAP, id[cart [range[PLUS], range[PLUS]]]]] == True

In[45]:= conposite[COMPOSE, SWAP, i dcart [range[PLUS], range[PLUS]]11]: =
conposi t efCOMPOSE, i d[cart [range[PLUS], range[PLUS]]111]

Lemma.
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In[46]:= Map[menber[i d[omega], range[#]] &,
Subst Test[fi x, conposite[i nverse[FI RST], Di, COMWPOSE, SWAP, i dcart [x, x]]1,
X »range[PLUS]]] // Reverse

Qut[46]= menber [i d[onmega],
i mage [fi x [conposite[inverse[FIRST], Di, COWPCSE] ], range[PLUS]]] == Fal se

In[47]:= %/. Equal - Set Del ayed

Theorem. Theinteger zero is aneutral element for addition.

In[48]:= Map[menber[i d[omega], #] & Subst Test[i ntersection, fixdomai n[w]],
conpl emrent [donmai n[fi x[conposi t e[i nver se[SECOND], Di, w111,

conpl ement [r ange[fi x[conposi t e[i nverse[FI RST], Di, w111,
w-> conposi t efCOMPOSE, i d[cartsq[range[PLUS]1111]

Qut[48] = nenber [i d[omega], ids[conposite[COVPOSE, id[cart [range[PLUS], range[PLUS]]]1]]] == True
In[49]:= %/. Equal - Set Del ayed
Theorem.

In[50]:= Map[menber[id[onmega], #] &,
Subst Test[i ds, bi nop[t], t -> conposite[COMPCSE, id[cart [range[PLUS], range[PLUS]11111]

Qut[50] = equal [e[conposite[COVPOSE, id[cart [range[PLUS], range[PLUS]]]]], id[onega]] == True
In[51]:= e[conposite[COVMPOSE, id[cart [range[PLUS], range[PLUS]]11]: =i d[onega]
Theorem.

In[52]:= Subst Test[i ds, binop[t],
t -> conposit efCOMPCSE, i d[cart [range[PLUS], range[PLUS]]111] // Reverse

Qut[52]= ids[conposite[COMPCSE, id[cart [range[PLUS], range[PLUS]]]]] == set [i d[onega] ]
In[53]:= ids[conposite[COMPCSE, id[cart [range[PLUS], range[PLUS]]1]1]] : =set[id[onmega]l]
Lemma. Addition isassociative.

In[54]:= Subst Test[associ ative, sem gft],
t -> conposit efCOMPCSE, i d[cart [range[PLUS], range[PLUS]]111] // Reverse

Qut[54] = associative[conposite[COMWPOSE, id[cart [range[PLUS], range[PLUS]]]]] == True
In[55]:= associ ati ve[conmposit efCOMPCSE, i d[cart [range[PLUS], range[PLUS]]111]: = True
Theorem. The non-negative integers form a monoid under addition.

In[56]:= menber [conposite[COMPOSE, id[cart [range[PLUS], range[PLUS]]11], MONO DS] // Assert Test

Qut[56]= menber [conposite[COMPOSE, id[cart [range[PLUS], range[PLUS]]]], MONO DS] == True

In[57]:= nenber [conposit efCOMPCSE, id[cart [range[PLUS], range[PLUS]]]1], MONO DS : = True



