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summary

The double-wrapper card[ord[X]] is used to derive formulas for the class fix{CARD] of cardinal numbers (=initial ordinals).

a double wrapper

The set card[ord[X]] is always a cardinal number:
In[2]:= nenber [card[ord[x]], fix[CARD]]

Qt[2]= True

Every cardinal can be expressed in this fashion. In the rest of this section a wrapper-removal rewrite rule is derived. Some

lemmas are needed for this.

Lemma.

In[3]:= SubstTest [inplies, equal [x, ord[t]],
or [equal [x, card[ord[x]]], not [equal [X, card[x]]]], t »X] // Reverse

Qut[3]= or [equal [x, card[ord[x]]], not [equal [x, card[x]]], not [menber [x, OVMEGA]]] == True
In[4]:= (%/. x »>Xx_) /. Equal - Set Del ayed

Lemma.
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In[5]:= Map[not, Subst Test [and, i nplies[pl, p2], inplies[and[p2, p3], p4],
not [i npli es[and[pl, p3], p41]1, {pl - menber [x, fi x[CARD]], p2 - menber [x, OVEGA],
p3 - equal [x, card[x]], p4 ->equal [x, card[ord[x]]]1}]1] // Reverse

Qut[5]= or [equal [x, card[ord[x]]], not [equal [x, card[x]]], not [nenber [x, V]]] = True
In[6]:= (%/. x »Xx_) /. Equal - Set Del ayed

Theorem. (Double-wrapper removal rule.)

In[7]:= equiv[equal [x, card[ord[x]]], and[equal [x, card[x]], menber [x, V]1]
Qt[7]= True
In[8]:= equal [x_, card[ord[x_]1]1]: =and[equal [x, card[x]], menmber [X, V1]

OMEGA c invar[CARD]

Lemma.

In[9]:= Map[conposite[ld, conpl enent [#]] &,
di f [conposite[CARD, i d[OVEGA]], inverse[S]] // conpl ement // Rel nNormal ity]

Qut[9]= conpositel[intersection[CARD, conpl enent [i nverse[S]]], i d[OVEGA]] ==
In[10]:= %/. Equal - Set Del ayed
Theorem. (Inclusion: CARD © id[Q] c inverseg[S)).

In[11]:= Subst Test [enpty, dif [u, v], {u->conposite[CARD, i d[OMEGA]], Vv ->inverse[S]}]

Qut[11] = subcl ass[conposite[i d[OVEGA], i nverse[CARD] ], S] = True
In[12]:= subcl ass[conposite[i d[OVEGA], inverse[CARD]], S]: =True
Restatement of the theorem.

In[13]:= subcl ass[conposite[CARD, i d[OVEGA]], inverse[S]]
Qut[13]= True

Corollary.

In[14] : = Subst Test [i npl i es, subcl ass[u, v], subcl ass[i mage[u, w], i mage[v, w]],
{u -> conposi te[CARD, i d[OVEGA]], v ->inverse[S], w-»ord[x]}] // Reverse

Qut[14] = subcl ass[i mage[CARD, ord[x]], i mage[inverse[S], ord[x]]] == True
In[15]:= (%/. x -»Xx_) /. Equal - Set Del ayed

A better result is possible:
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In[16] : = Subst Test [subcl ass, t, intersectionfu, v],
{t ->imge[CARD, ord[x]], u- OVEGA, v ->inmagel[inverse[S], ord[x]]1}] // Reverse

Qut[16] = subcl ass[i mage [CARD, ord[x]], ord[x]] == True
In[17]:= subcl ass[i mage[CARD, ord[x_]], ord[x_]]:=True
The ord wrappper can be removed.

In[18]:= Subst Test [i nplies, equal [x, ord[t]], invariant [CARD, x], t »x] // Reverse

Qut[ 18] = or [not [nenber [x, OMEGA]], subcl ass[i mage [CARD, x], Xx]] == True
In[19]:= or [not [menber [x_, OVEGA]], subcl ass[i mage[CARD, x_], X_1]1:=True
Corollary. (A variable-free restatement.)

In[20]:= Map[equal [V, #] & conpl enent [di f [OVEGA, i nvar [CARD]]] // Nornmality]

Qut[20] = subcl ass[OVEGA, i nvar [CARD] ] == True

In[21]: = subcl ass[OMEGA, invar [CARD]] : = True

a general result

The following generalizes a result derived in the next section, where a much stronger result is obtained for the special case
where X is CARD.

In[22]:= WMap[equal [V, #] &,
di f [fix[conpositel[inverse[E], | MAGE[x]]], range[x]] // conpl ement // Normality]

Qut[22] = subcl ass[fix[conpositel[inverse[E], | MAGE[X]]], range[x]] == True

In[23]:= subcl ass[fix[conpositel[inverse[E], | MAGE[X_]]11, range[x_]]:=True

fix[inverse[E] o IMAGE[CARD]]] is empty
Lemma. (A corollary of Q c invar[CARD].)

In[24]:= Map[not, Subst Test [i nplies, and[nenber [u, v], subclass[v, w]], nenmber [u, w],
{u-ord[x], v->inmge[CARD, ord[x]], w->imagel[i nverse[S], ord[x]]1}]1] // Reverse

Qut[24]= menber [ord[x], i mage[CARD, ord[x]]] == Fal se
In[25]:= (%/. X -»Xx_) /. Equal - Set Del ayed

Theorem. (An improved result obtained by removing the ord wrapper.)
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In[26]:= Map[not, SubstTest [i nplies, equal [x, ord[t]], not [nenber [X, i mage[CARD, x]11, t »x1]1 //
Rever se

Qut[26]= menber [x, i mage[CARD, x]] == Fal se
In[27]:= nenber [x_, image[CARD, x_1]] : = Fal se
Theorem. (Variable-free restatement.)

In[28]:= Subst Test [cl ass, x, nmenber [x, i mage[t, x]], t - CARD] // I nvertFi x

Qut[28]= fix[conpositel[inverse[E], | MAGE[CARD]]] ==

In[29]:= fix[conpositel[inverse[E], | MAGE[CARD]]]:=0

a formula for fix[CARD]

Lemma. (A corollary of the fact that, for ordinals, containment is reversed nonmembership.)

In[30]:= Assoc[conpositel[i d[OVEGA], conpl enent [E]], i d[OVEGA], CARD]

Qut[30]= conpositeli d[OVEGA], conpl ement [E], CARD] == conposite[i d[OMEGA], inverse[S], CARD]
In[31]:= conposite[i d[OMEGA], conpl ement [E], CARD] : = conposi te[i d[OVEGA], i nverse[S], CARD]
Theorem. (A formula for the class of cardinals = initial ordinals.)

In[32]:= Subst Test [fix, conpositel[id[w], conpl ement [E], CARD], w- OVEGA]

Qut[32]= intersecti on[OVEGA, conpl enent [fi x [conposite[E, CARD]]]] = fi x [CARD]
In[33]:= intersecti on[OMEGA, conpl enent [fi x[conposite[E, CARD]]]]: =fi x[CARD]
Corollary.

In[34]:= SubstTest [dif, OVEGA, dif [OVEGA, t], t »fix[conposite[E, CARD]]]

Qut[34]= intersecti on[OVEGA, fix[conposite[E, CARD]]] ==
i ntersecti on[OVEGA, conpl enent [fi x[CARD] ] ]

In[35]:= intersecti on[OVEGA, fix[conposite[E, CARD]]]: =
i ntersecti on[OVEGA, conpl erment [fi x [CARD] 1]

another characterization of fix[CARD]

In this section, another characterization is derived for the class fixfCARD] of cardinal numbers. The result resembles the

formula in the preceding section, but with E « CARD replaced by E ° Q.

Lemma. (A membership rule.)
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In[36]:= nenber [x, fix[conposite[E, y11] // Assert Test

Qut[36]= menber [x, fix[conposite[E, y]]] == menber [x, i mage[i nverse[y], X]]
In[37]:= menber [x_, fix[conposite[E, y_1]1]1:=nenber [X, i magel[i nverse[y], X]1]
Lemma. (An inclusion derived from the result of the preceding section.)

In[39]:= SubstTest [i nplies, subclass[u, v], subcl ass[image[t, u], i mage[t, V1],
{t - i d[OVEGA], u ->fix[conposite[E, CARD]], v ->fix[conposite[E, Q]]1}] // Reverse

Qut[39] = subcl ass[OMVEGA, union[fix[CARD], fix[conposite[E, Q]]]] == True
In[40]:= subcl ass[OVEGA, union[fi x[CARD], fix[conposite[E, Q]]]1]:=True
In[42]:= Subst Test [i npl i es, and[nenber [x, y], subclass[y, z]], nenber [x, 2],
{y » OMEGA, z ->union[fi x[CARD], fix[conposite[E, Q]]1]1}] // Reverse
Qut[42]= or [equal [x, card[x]], nenber [x, image[Q X]], not [nenber [x, OVEGA]]] == True

In[43]:= or [equal [x_, card[x_]]1, menber [x_, image[Q x_11, not [nenber [x_, OVEGA]]] : = True
Corollary.

In[44]:

Subst Test [i npl i es, menber [t, OVEGA],
or [equal [t, card[t]], menber [t, image[Q t]]], t »ord[x]] // Reverse

Qut [ 44]

or [equal [card[ord[x]], ord[x]], nmenber [ord[x], image[Q ord[x]]]] = True

In[45]:= or [equal [card[ord[x_]], ord[x_11, nenber [ord[x_]1, i mage[Q ord[x_1111:=True
Lemma. (A simplification rule.)

In[46]:= | mageConp[i d[i mage[Q OVEGA]], i d[OVEGA], ord[x]] // Reverse

Qut[46]= intersection[imge[Q OVEGA], ord[x]] ==ord[x]
In[47]:= intersection[imge[Q OVEGA], ord[x_]]:=ord[Xx]
Theorem. (A result similar to the lemma, but with CARD replaced by Q.)

In[49]:= Map[nmenber [ord[t], #] & |mageConp[Q id[i mage[Q OMVEGA]], ord[t]] // Reverse] /.
t scard[ord[x]]

Qut[49]= menber [card[ord[x]], image[Q card[ord[x]]]] == Fal se
In[50]:= menber [card[ord[x_]1], i mage[Q card[ord[x_]11]]: =Fal se

Corollary. (Removing the double wrapper.)

In[51]:= Subst Test [i npli es, equal [x, card[ord[t]]], not [menber [x, i mage[Q x]]11, t »x] // Reverse
Qut[51] = or [not [equal [x, card[x]]], not [menber [x, i mage[Q x]]]] == True
In[52]:= or [not [equal [X_, card[x_]111, not [menber [x_, image[Q X_]1111:=True
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Theorem. (Eliminating the variable X.)

In[53]:= Map[equal [V, #] & Subst Test [cl ass, X,
i mpl i es[nenber [x, u], not [menber [x, v]]], {u-fix[CARD], v-fix[conposite[E, Q]]1}]]

Qut[53]= equal [0, intersection[fix[CARD], fix[conposite[E, Q]]]] = True
In[54]:= intersection[fix[CARD], fix[conmposite[E, Q]]]:=0
Corollary. (A formula for the class of cardinals.)

In[55]:= Subst Test [and, subcl ass[u, v], subcl ass[v, u],
{u-fix[CARD], v »dif [OVEGA, fix[conpositel[E Q]11}]

Qut[55] = equal [fix[CARD], intersecti on[OVEGA, conpl enment [fix[conposite[E, Q]]]]] == True
In[56]:= intersecti on[OVEGA, conpl enment [fi x[conposite[E, Q]]1]1]: =fix[CARD]
Corollary. (A similar result.)

In[57]:= Subst Test [and, subcl ass[u, v], subcl ass[v, u],
{u-dif [OVEGA fix[CARD]], v-intersecti on[OVEGA, fix[conposite[E, Q]]11}]

Qut[57] = equal [intersecti on[OVEGA, conpl enent [fi x[CARD]]],
i ntersecti on[OVEGA, fix[conposite[E, Q]]]] ==True

In[58]:= intersecti on[OVEGA, fix[conposite[E Q]]]:=intersecti on[OVEGA, conpl enent [fi x [CARD]]]



