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summary

It is shown that the set of multiples of x is closed under subtraction. A corollary is
that if two consecutive numbers are both divisible by x, then x = 1.

a distributive law

The following temporary abbreviation is convenient.
Inf2]:= multiply[x_]:=conposite[NATMJL, LEFT[x]]

The following almost says that the difference of multiplesis a multiple, but the occur-
rence of the subset relation S mars the result. Its appearance is a consequence of the
fact that subtraction is not defined for an arbitrary pair of natural numbers. One can
only subtract a smaller number from alarger one, and not the other way around.

In[3]:= I mageConp[rul tiply[x], rotate[NATADD], V] // I nvertFi x

ait[3]= range[fix[conpositel[inverse[NATADD], NATMJL, LEFT[x], S,
i nverse[LEFT[x]], inverse[NATMJL], FIRST]]] ==inage[DV, set [x]]

Thisis made into atemporary rewrite rule.

In[4]:= range[fix[conpositel[inverse[NATADD], NATMJL, LEFT[x_1, S,
i nverse[LEFT[x_11, inverse[NATMJL], FIRST]]] : =inage[DV, set [x]]
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a monotonicity property

If the product natmul[x,y] is less than or equal to natmul[x,z], then y islessthan or
equal to z, or x iszero, assuming these are al natural numbers. A formulation of this
observation can be derived in which the variables y and z have been eliminated:

In[5]:= conpositelinverse[nultiply[x]], S, nmultiply[x]] // VSRenormality

Qut[5]= conpositelinverse[LEFT[x]], inverse[NATMJL], S, NATMJL, LEFT[X]] =
uni on[cart [omega, i ntersection[onega, conpl ement [i mage [V, x]1]111,
conposite[id[intersection[onega, i mage[V, intersectionfonega, set [x]]]]],
S, id[onmega]]]

In[6]:= conpositelinverse[LEFT[x 1], inverse[NATMJL], S, NATMJL, LEFT[x_1]: =
uni on[cart [omega, i ntersection[onmega, conpl ement [i mage[V, x1]111,
conposite[id[intersection[onega, i mage[V, i ntersection[onmega, set [x]]1111,
S, id[onmegall]

differences of multiples

The following observation can be made into arewrite rule:

In[7]:= equal [uni on[i mage[DV, set [Xx]],
i ntersection[conpl ement [i mage[V, x]1], i nage[i mage[i nver se [NATADD],
i mge[DIV, set [x]]], image[DIV, set [x]1]11]1, i mage[DlV, set [Xx]]1]

at[7]= True
In(8]:= union[i mge[DV, set [x_]], intersection[conpl enent [i mge[V, Xx_11],

i mage[i mage[i nver se [NATADD], i mage[DIV, set [x_111,
i mage[DIV, set [x_11]111:=imge[DV, set [X]]

The results of the preceding two sections can be combined:

In[9]:= Map[range[fix[conposite[inverse[NATADD], #, FIRST]]] &,
| mgeConp[cross[mul tiply[x], multiply[x]],
cross[inverse[multiply[x]], inverse[nultiply[x]]], S]]

Qit[9]= image[i mage[i nverse[NATADD], i mage[DlV, set [x]]], image[DV, set [x]]] ==
i mage [DIV, set [X]]

In[10]:= i nage[i magel[i nver se [NATADD], i nage[DlV, set [x_]]1], image[DIV, set [x_11]: =
i mage[DIV, set [x]]
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This says that the set of multiples of x is closed under subtraction.

DIV membership rules

In[11]:= Subst Test [nenber, z, conposite[v, id[w]],
{v-DV, wsonega, z-spair[x, y]1}] // Reverse

aut[11]= and[nenber [x, onega], nenber [pair [X, Y], DIV]] = nenber [pair [X, y], DIV]

In[12]:

and [nmenber [x_, onmega], menber [pair [X_, y_1, DIV]]:=nenber [pair [X, y], D V]

In[13]:= Subst Test [nenber, z, conposite[id[w], V],

{v-DV, woonega, z-spair[x, y]}] // Reverse

auit[13]= and[nmenber [y, onega], nenber [pair [X, y], DIV]] = nmenber [pair [x, y], DIV]

In[14]:= and[nmenber [y_, onega], nmenber [pair [X_, Y_]1, DIV_]1]: =nenber [pair [X, y], D V]

consecutive multiples

Corollary. If two conecutive numbers are both divisible by x, then x = 1.

In[15]:= Subst Test [i npl i es, subcl ass[u, v], subcl ass[i mage[w, u], i mage[w, v]],
{u > set [PAI R[succ[y], Y11, v->cart [inage[DV, set [x]], i mage[DlV, set [x]1]],
w- rot at e [NATADD] }] // MapNot Not

ut[15]= or [equal [x, set [0]], not [menber [pair [X, y], DIV]],
not [menber [pair [X, succ[y]], DIV]]] = True

In[16]:= or [equal [x_, set [0]], not [menber [pair [x_, y_], DIV]],
not [menber [pair [X_, succ[y_11, DIV]]]:=True

A variable-free formulation of this result can be derived.

In[17]:= Map[equal [0, conposite[ld, conpl enent [#]]] & Subst Test [cl ass,
pair [X, y], or [equal [x, set [0]], not [menber [pair [Xx, Y], V1],
not [menber [pair [X, succ[y]], v]1], v->DIV]] // Reverse // I nvertFix

aut[17]= subcl ass[fi x [conposite[inverse[DI V], SUCC, DIV]], set [set [0]]] ==True

In[18]:

%/. Equal - Set Del ayed

In[19]:

equal [fix[conpositelinverse[D V], SUCC DIV]], set [set [0]]] // Assert Test

aut[19]= equal [fix[composite[inverse[DIV], SUCC, DIV]], set[set [0]]] ==True
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In[20]:= Equal [fix[conposite[inverse[Dl V], SUCC, DIV]], set [set [0]]]

aut[20]= fix[conposite[inverse[Dl V], SUCC, DIV]] ==set [set [0]]

In[21]:= fix[conpositel[inverse[Dl V], SUCC, Dl V]]:=set [set [0]]



