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summary

Each functor t from NATADD to a monoid monoid[x] is the list of powers of the element APPLY]|t, {0}] €
range[monoid[x]]. A corollary of this fact is derived.

derivation

There is an explicit formula for functors from NATADD to any monoid.

In[2]:= inplies[functor[t, NATADD, nonoid[x]],
equal [t, iterate[conposite[nmonoi d[x], LEFT[APPLY[t, set [0]]1]], set [e[nDnoid[x]]1]1]1]11]
Qt[2]= True

Comments. The set monoid[x] in general could be either empty or a monoid. In the present situation, however, the
assumption functor[t, NATADD, monoid[x]] implies that moneid[x] is not empty. This explicit formula implies the
following corollary.

Theorem.
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In[3]:= Map[not, Subst Test [and, inplies[pl, p3], inmplies[pl, p4],
implies[and[p2, p3, p4], p5], not [i npli es[and[pl, p2], p5]11,
{pl - and[functor [u, NATADD, nonoi d[x]], functor [v, NATADD, nonoi d[x]1]1],
p2 -» equal [APPLY[u, set [0]], APPLY[v, set [0]]], p3 - equal [u,
iterate[conposite[nmonoi d[x], LEFT[APPLY[u, set [0]]]], set [e[monoi d[x]]1111,
p4 -> equal [v, iterate[conposite[nmonoi d[x], LEFT[APPLY[v, set [0]]111],
set [e[nDnoi d[x]]]1]1, p5-equal [u, v]1}]] // Reverse

Qut[3]= or [equal [u, v], not [equal [APPLY[u, set [0]], APPLY[v, set [0]]]],
not [functor [u, NATADD, nonoi d[x]]], not [functor [v, NATADD, nonoid[x]]]] = True

Inf4]:= (%/. {U->u_, V>V_, X->X_}) /. Equal - Set Del ayed

The variables u and v in this statement can be eliminated to obtain an elegant formulation of the fact that functors from
natural addition to any monoid are uniquely determined by their values at 1 = {0}.

Lemma.
In[5]:= menber [pair [u, v], conpositel[inverse[eval [w]], eval [W]]] // Assert Test
Qut[5]= nenber [pair [u, V], conpositel[inversefeval (w]], eval [w]]] =
and[equal [APPLY[funpart [u], w], APPLY[funpart [v], w]],
nmenber [u, V], menber [v, V], menber [w, domai n[funpart [u]]]]
In[6]:= nenber [pair [u_, v_], conpositel[inverse[eval [w_ 1], eval [wW_]]]: =
and[equal [APPLY[funpart [u], w], APPLY[funpart [v], W]],
nmenber [u, V], nenber [v, V], nenber [w, domai n[funpart [u]]1]]
Lemma.
In[7]:= SubstTest [i nplies, and[equal [u, funpart [s]], equal [v, funpart[t]]],
or [equal [u, v], not [equal [APPLY[funpart [u], set [0]], APPLY[funpart [v], set [0]]1]1,
not [functor [u, NATADD, nonoid[x]]],
not [functor [v, NATADD, nonoid[x]]]], {S-u, t »Vv}] // Reverse
Qut[7]= or [equal [u, v], not [equal [APPLY [funpart [u], set [0]], APPLY[funpart [v], set [0]]]],
not [FUNCTI ON[u]], not [FUNCTI ON[v]], not [functor [u, NATADD, nonoid[x]]],
not [functor [v, NATADD, nmonoid[x]]]] = True
In[8]:= (%/. {U->u_, VoV_, X->X_}) /. Equal - Set Del ayed
Lemma.
In[9]:= Map[not, Subst Test [and, inplies[pl, p3], inmplies[pl, p4],
implies[and[pl, p2, p3, p4], p5]1, not [i nplies[and[pl, p2], p51],
{pl - and[functor [u, NATADD, nonoi d[x]], functor [v, NATADD, nonoi d[x]]1],
p2 -> equal [APPLY[funpart [u], set [0]], APPLY[funpart [v], set [0]]],
p3 -» FUNCTI ON[u], p4 - FUNCTI ON[v], p5 - equal [u, v]}]] // Reverse
Qut[9]= or [equal [u, v], not [equal [APPLY [funpart [u], set [0]], APPLY[funpart [v], set[0]]]],

not [functor [u, NATADD, nonoi d[x]]], not [functor [v, NATADD, nmonoid[x]]]] == True

In[10]:= (%/. {Uu-»>u_, Vo»V_, X=>X_}) /. Equal - Set Del ayed
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Main Theorem. Functors from natural addition to any monoid are uniquely determined by their values at 1 = {0}.

In[11]:= Map[enpty[conposite[ld, conpl enent [#]]1] &
Subst Test [cl ass, pair [u, v], inplies[menber [pair [setpart [u], setpart [v]], W],
equal [setpart [u], setpart [v]]], w->conpositel[id[func[NATADD, nonoi d[x]]11],
i nverse[eval [set [0]]], eval [set [0]], id[func[NATADD, nonoid[x]]11]11]
Qut[11] = FUNCTI ON[conposi te[id[func [NATADD, nonoid[x]]], inverse[eval [set [0]]]]] = True

In[12]:= FUNCTI ON[conposi t e[i d[func [NATADD, nonoi d[x_]11]1, i nverse[eval [set [0]]]]] : =True



