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W summary

Integers are equivalence classes of the equivalence relation EQUIDIFF. Some basic facts about the set Z of integers are
derived in this notebook.

m first rules

Theclass Z of integers.
Z//Normality // Reverse
i mage [VERTSECT [EQUI DI FF], cart [onega, onega]] ==Z
i mage [VERTSECT[EQUI DI FF], cart [onega, onegal] :=Z
The negative of an integer is an integer.

Map [i mage [#, cart [omega, onegal] &,
Subst Test [VERTSECT, conposite[x, SWAP], x -> EQUI DI FF]]

i mage [| MAGE[SWAP], Z] ==
i mage [l MAGE[SWAP], Z] :=7Z

The empty set isnot an integer. Thisfact will be needed below.
nmenber [0, Z] // Assert Test

menber [0, Z] == Fal se

Here is another way to show this:
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Subst Test [menber, O, i nage [VERTSECT[x], domai n[x]], X -> EQUI DI FF]

menber [0, Z] == Fal se

menber [0, Z] : = Fal se

m sethood rule
I mageConp[i nverse[E], VERTSECT[EQUI DI FF], cart [onega, onega]] // Reverse
U[Z] ==cart [onega, omega]
U[Z] : = cart [onega, omega]

Asacorollary, it follows that the class of integersis a set.

Subst Test [nenber, U[x], V, X »Z] // Reverse

menber [Z, V] == True

menber [Z, V] : =True

W integers
menber [conposite[i nverse[RI GHT[x]], i nver se [NATADD], NATADD, RI GHT[y]], V] // Assert Test
menber [conposite[inverse[RI GHT[x]], i nverse [NATADD], NATADD, RIGHT[y]], V] == True
menber [conposi te[i nverse[RI GHT[x_1], i nver se[NATADD], NATADD, RI GHT[y_]1, V] : =True
Thefollowing is atemporary rule; the converse will be proved later in this notebook.

Subst Test [i npl i es, menber [u, v], subcl ass[i mage[w, singl eton[u]], i mage[w, v]],
{u->PAIR[X, Y], V ->cart [onega, onega], w-> VERTSECT[EQUI DI FF]}]

or [menber [conmposite[inverse[RI GHT[x]], i nverse[NATADD], NATADD, RIGHT[y]], Z],
not [menber [x, omega]], not [menber [y, onega)]] == True

or [menber [conposite[inverse[RI GHT[x_]1], i nverse[NATADD], NATADD, RIGHT[y_11, Z1,
not [menber [x_, onega]l], not [menber [y_, onega]]] : = True

W some reasoning

The following is a consequence of the fact that the empty set is not an integer:

Subst Test [i npl i es, and[equal [0, z], nenber [z, y]], nenber [0, VI, V¥ -> Z]

or [not [equal [0, z]], not [menber [z, Z]]] == True

or [not [equal [0, z_1], not [menber [z_, Z]]] : =True
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Some more temporary lemmas are needed. Hereisone:

Subst Test [i npl i es, equal [u, z], equal [conposite[u, v], conposite[z, v]], z -> 0]

or [equal [0, intersection[domain[u], range[v]]], not [equal [0, u]]] ==True
or [equal [0, intersection[domain[u_], range[v_]]], not [equal [0, u_]]1]:=True
Hereis another:

Map [not, Subst Test [and, inplies[pl, p2], inplies[p2, p3], not [inplies[pl, p3]1],
{pl -> and [nenber [x, omega], nmenber [y, onegall,
p2 -> nenber [uni on[x, y], onegal,
p3 -> menber [union[X, y], i mage[i nverse[S], onegal]l}ll

or [menber [union[x, y], i mage[i nverse[S], onega]],

not [menber [x, onmega]], not [nenber [y, onega]]] == True

or [menber [union[x_, y_1, image[i nverse[S], onega]ll,
not [menber [x_, omega]], not [menber [y_, onmegall]: = True

Thisfact ...

equi v [or [not [nenber [x, onega]], not [nenber [y, onega]ll,
not [menber [uni on[x, y], i magel[i nverse[S], onmegallll,
or [not [menber [x, omega]], not [menber [y, onmegall]l]

True

... justifies the following temporary simplification rule:

or [not [menber [x_, onega]], not [menber [y_, onega]ll,
not [menber [union[x_, y_], i mage[i nverse[S], onega]ll]: =
or [not [menber [x, omega]l], not [menber [y, onmegal]]

The following technical lemmais also needed:

Subst Test [equal , conposite[u, v], O,
{u ->conposite[inverse[RI GHT[x]], i nver se[NATADD] ],
v -> conposi t e[NATADD, RIGHT[y]11}]

or [not [menber [x, V]], subclass[V,
union[intersection[conpl enent [i mage[V, intersection[onega, singleton[y]]]],
image[V, singleton[x]]], intersection]
conpl erment [i mage [i mage [i nver se [NATADD], i mage[S, singleton[y]]], singleton(x]]],
image[V, singleton[x]]111] ==
or [not [menber [x, onega]], not [nenber [y, onega]]]

or [not [menber [x_, V]], subcl ass[V,
uni on[intersection[conpl enent [i mage[V, intersection[omega, singleton[y_]1111,
i mge[V, singleton[x_]]], intersection]
conpl erment [i mage [i mage [i nver se [NATADD], i mage[S, singleton[y_11], singleton[x_111,
i mge[V, singleton[x_]1111]1: =
or [not [menber [x, omega]l], not [menber [y, onmegal]]

The converse part of the theorem in the preceding section now follows:

Subst Test [i npl i es, menber [z, Z], not [equal [0, z]],
z ->conposite[inverse[RI GHT[x]], i nverse[NATADD], NATADD, RI GHT[y]]]

or [and [menber [x, omega], nenber [y, onega]], not [
menber [conposite[i nverse[R GHT[x]], inverse[NATADD], NATADD, RIGHT[y]], Z]]] ==True
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or [and[nenber [x_, onega], nenber [y_, onega]], not [
nmenber [conposite[inverse[RI GHT[x_]], i nverse[NATADD], NATADD, RIGHT[y_11, Z11]1:=True

The theorem and its converse can be combined to obtain a permanent rewrite rule:

equi v[and [nmenber [x, omega], nenber [y, onega]ll,
nenber [conposi te[i nverse[RI GHT[x]], i nver se [NATADD], NATADD, RI GHT[y]1]1, Z]1]

True

nmenber [conposi te[i nverse[RI GHT[x_]1], i nver se[NATADD], NATADD, RIGHT[y_11, Z]: =
and [nenber [x, omega], nenber [y, onega]]

W some particular integers

Thisisthe integer zero:

Subst Test [nenber, conpositelinverse[R GHT[x]], i nverse[NATADD], NATADD, RI GHT[y]], Z,
{x->0, y->0}1]

menber [i d[onega], Z] == True
menber [i d[onega], Z] : = True
Thisisthe integer one:

Subst Test [menber, conpositel[inverse[RI GHT[x]1], i nverse[NATADD], NATADD, RI GHT[y]], Z,
{x->0, y->singleton[0]}]

menber [conposite[id[omega], SUCC], Z] == True

menber [conposi te[i d[omega], SUCC], Z]: =True

W positive and negative integers in general

Subst Test [nenber, conposite[inverse[RI GHT[y]], i nverse[NATADD], NATADD, RI GHT[x]], Z,
y ->0]

menber [conposi t e [NATADD, RI GHT [x]], Z] == nenber [x, onega]
nmenber [conposi t e[NATADD, RI GHT[x_]1]1, Z] : = nenber [x, onega]

Subst Test [nenber, conpositelinverse[RI GHT[x]], i nverse[NATADD], NATADD, RI GHT[y]]1, Z,
y ->0]

menber [conposite[inverse[RI GHT[x]], i nverse[NATADD] ], Z] == nenber [x, onmega]

menber [conposite[inverse[RI GHT[x_1], i nverse[NATADD]], Z] : = nenber [x, onega]



