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summary

The function INV = A x. inv[x] isintroduced and some of its properties are derived.

definition

Theclass INV isdefined by the following membership rule.

In[2]:= menmber[x_, I NV]:=and[menber[first[x], V], equal [second[x], inv[first[x]]1]1]
Lemma. Simplification rule.

In[3]:= SubstTest[intersection, i mgdinverse[t], ids[t]],
i nverse[i mage[i nverse[t], ids[t]]], t ->union[x, conpl ement[i mage[V, set[y]]1]1]11]

Qut[3]= inv[union[x, conplenment [i mage[V, set [y]]]]] ==conposite[id[image[V, set [y]]], inv[x]]
In[4]:= inv[union[x_, conpl ement[i mage[V, set[y_1111]1: =conposite[id[i mage[V, set[y]l1], inv[x]]

Theorem. Vertical sectionrule.

In[5]:= image[l NV, set[x]] // Normality
Qut[5]= image[l NV, set [x]] =intersection[inmge[V, set [x]], set[inv[x]]]
In[6]:= image[l NV, set[x_]1]:=intersectioni mge[V, set[x]], set[inv[x]]]

Lemma.
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In[7]:= Map[equal [V, #] & conpl enent[di f [I NV, cart[V, V]11] // Normality]

Qut[7]= subclass[INV, cart [V, V]] = True
In[8]:= %/. Equal -» Set Del ayed
Lemma

In[9]:= equal [conposite[ld, | NV], | NV]

Qt[9]= True
In[10]:= conposite[ld, INV]:=INV
Theorem.

In[11]:= Map[equal [V, #] & Subst Test[cl ass, X,
menber [i mage[u, set [x]], v], {u-I1NV, v-union[set [0], range[SI NGLETON]}1]

Qut[11]= FUNCTI ON[I NV] == True

In[12]:= FUNCTI ON[I NV] : = True

symmetry

Lemma.

In[13]:= syndi f[I NV,
conmposi t e[CORE[SYM], | MG, intersectionconposite[inverse[Fl RST], | MAGE[SWAP] ],
conposi te[i nver se[SECOND], I DS]111]1 // VSNormal ity

Qut[13]= union[intersection[l NV, conposite[conpl ement [CORE[SYM] ], | M5 intersection]
conpositeli nverse[FI RST], | MAGE[SWAP] ], conpositel[inverse[SECOND], IDS]]]],
i ntersectionfconpl enent [I NV], conposite[CORE[SYM], | M5 intersection|
conpositefinverse[FI RST], | MAGE[SWAP] ], conpositel[inverse[SECOND], IDS]]]]] =0

In[14]:= %/. Equal - Set Del ayed
Theorem. Normalization rule.
In[15]:= Subst Test[enpty, syndi f[u, v],

{u->1NV, v->conposite[CORE[SYM], | MG, i ntersectiorfconposite[
i nver se[FI RST], | MAGE[SWAP] ], conposite[i nver se[SECOND], | DS]11]}]

Qut[15] = equal [I NV, conposite[CORE[SYM], | M5 intersection]
conposi tefinverse[FI RST], | MAGE[SWAP] ], conposite[inverse[SECOND], IDS]]]] = True

In[16]:= conposite[CORE[SYM], | MG intersection
conposi t e[i nver se[FI RST], | MAGE[SWAP] ], conposi te[i nver se[SECOND], I DS]]1]:=1NV

Corallary.
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In[17]:= AsSOC[CORE[SYM], CORE[SYM], conposite[l MG intersectiorn
conposi t e[i nver se[FI RST], | MAGE[SWAP] ], conposi te[i nver se[SECOND], | DS]11]1
Qut[17]= conposite[CORE[SYM], I NV] =NV
In[18]:= conposite[CORE[SYM, I NV]: =NV
Corollary.

In[19]:= Assoc[l MAGE[SWAP], CORE[SYM], | NV]

Qut[19]= conposite[l MAGE[SWAP], I NV] == | NV

In[20]:= conposite[l MAGE[SWAP], I NV] : =1 NV

Corollary.

In[21]:= Assoc[l MAGE[SECOND], | MAGE[SWAP], | NV]

Qut[21] = conposite[l MAGE[SECOND], | NV] == conposi te[l MAGE[FI RST], | NV]
In[22]:= conposite[l MAGE[SECOND], | NV] : = conposi t e[l MAGE[FI RST], | NV]

an upper bound

Observation.

In[23]:= subcl ass[i nv[x], domai n[x]]
Qut[23]= True

Lemma.

In[24]:= Subst Test[i nplies, and[subcl ass[u, v], nenber[v, V]1,
menber [u, V], {u-inv[setpart[x]], v-»domain[setpart[x]]}] // Reverse

Qut[24] = nenber [i nv[setpart [x]], V] = True
In[25]:= nenber[inv[setpart[x_]], V]:=True
Theorem.

In[26]:= Subst Test[cl ass, x, menber[i mage[u, set[setpart[x]]], VI,
{u->1NV, varange[SI NGLETON }]

Qut[26]= domai n[l NV] ==
In[27]:= domai n[INV] : =V

Lemma.
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I n[28]:

Qut [ 28]

In[29]:

Subst Test[cl ass, X, subcl asg[i mage[u, set [setpart[x]]], i mage[v, set[setpart[x]]]1],
{u -> conposi te[i nverse[E], I NV], v ->conposite[i nverse[E], | MAGE[FI RST]]}]

fix[composite[inverse[l MAGE[FIRST]], S, INV]] =V

fix[conposite[inverse[l MAGE[FIRST]], S, INV]]:=V

Theorem. A variable-free formulation of theinclusion inv[x] ¢ domain[x].

In[30]:= SubstTest[i nplies, subclassfu, v],
subcl ass[i mage[t, ul, i mage[t, v]], {t -» conposite[SWAP, cross[I NV, 1d]],
u-1ld, v->conposite[inverse[l MAGE[FI RST]1, S, INV]}] // Reverse
Qut[30] = subcl ass[conposite[inverse[E], I NV], conpositel[inverse[E], | MAGE[FIRST]]] = True
In[31]:= subcl ass[conposite[i nverse[E], | NV], conposite[inverse[E], | MAGE[FI RST]]] : = True
flip rule

A variable-free formulation of the following will now be derived:

In[32]:

Qut [ 32]

Lemma.

I'n[33]:

Qut [ 33]

I n[34]:

Theorem.

I n[35] :

Qut [ 35]

I n[36]:

inv[flip[x]]

inv[x]

symdi f [conposi t e[l NV, | MAGE[cr 0sS[SWAP, 1d]]1], INV] // VSNormal ity

uni on[i ntersection[l NV, conposite[conpl ement [I NV], | MAGE[cross[SWAP, 1d]]]],
i ntersection[conpl enent [I NV], conposite[l NV, | MAGE[crosS[SWAP, 1d]]]]] =

%/. Equal - Set Del ayed

Subst Test[enpty, syndi f[u, v], {u->conposite[l NV, | MAGE[cr osS[SWAP, 1d]]], vV ->1NV}]

equal [I NV, conposite[INV, | MAGE[cross [SWAP, 1d]]]] =True

conposi t e[l NV, | MAGE[cr osS[SWAP, 1d]]]:=INV

direct products

Lemma.
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In[41]:= syndif[conposite[l NV, | MAGE[crosS[TW ST, 1d]], CROSS],
conmposi t e[CROSS, cross[I NV, INV]]1] // VSTri Normality

Qut[41]= uni on[conpositel[intersection[conposite[CRCSS, cross[INV, NV]],
conposi te[conpl emrent [I NV], | MAGE[cross [TW ST, 1d]], CROSS] ], id[cart [V, V]]],
conpositeli ntersecti on[conposite[conpl ement [CROSS], cross[I NV, I NV]],
conposite[I NV, | MAGE[cross [TWST, Id]], CROSS] ], id[cart [V, V]]]] =0
In[42]:= %/. Equal - Set Del ayed

Theorem. Direct product rulefor INV.

In[43]:= Subst Test[enpty, conpositesyndif[u, v], id[cart[V, V111,
{u -> conposi te[l NV, | MAGE[crosS[TW ST, I1d]], CROSS],
v -> conposi t e[CROSS, cross[lI NV, I NV]1}]

Qut[43] = equal [conposite[CRCSS, cross [l NV, | NV]],
conposite[I NV, | MAGE[cross[TW ST, 1d]], CROSS]] = True

In[45]:= conposite[l NV, | MAGE[cr osS[TW ST, 1d]], CROSS] : = conposi t efCROSS, cross[I NV, I NV]]

an example

In this section a variable-free formulation of the following specia rule is derived.

In[46]:= inv[conposite[id[x], inverse[DUP]]]

Qut[46]= id[x]
Lemma. Simplification rule.

In[47]:= Subst Test[i mage, | MAGEconposite[i d[t], i nverse[SECOND| 1],
set [x], t »inverse[DUP]] // Reverse

Qut[47]= intersection[inmgel[inverse[l MAGE[SECOND] ], set [x]], P[inverse[DUP]]] =
set [conposite[id[x], inverse[DUP]]]

In[48]:= intersectioni mage[i nverse[l MAGE[SECOND] ], set [x_11, P[inverse[DUP]]]: =
set [conposite[id[x], i nverse[DUP]]]

Theorem.

In[49]:= conposite[l NV, i d[P[inverse[DUP]]1, inverse[l MAGE[SECOND]]1] // VSNormal ity

Qut[49]= conposite[lNV, id[P[inverse[DUP]]], inverse[l MAGE[SECOND] ]] == | MAGE[DUP]
In[50]:= conposite[l NV, i d[P[inverse[DUP]]1, inverse[l MAGE[SECOND]]] : = | MAGE[DUP]

Corollary.
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In[51]:= | mageConp[l NV, conposite[i d[P[i nverse[DUP]1], i nverse[l MAGE[SECOND]]], V] // Reverse
Qut[51]= image[l NV, P[inverse[DUP]]] =PJ[ld]
In[52]:= image[l NV, P[inverse[DUP]]1] :=P[ld]

APPLY and inverse image rules

Lemma.

In[62]:= Subst Test[nenber, conpositeld, t], V, t -inv[x]]

Qut[62]= nenber [domai n[inv[x]], V] == nenber [inv[x], V]

In[63]:= menber [domai n[i nv[x_]], V]:=nmenber[inv[x], V]

Theorem.
In[68]:= Map[i nplies[menber[x, y], #] &

Subst Test[i npl i es, equal[x, setpart[t]], nenber[inv[x], V], t -x]] // Reverse
Qut[68] = or [nenber [i nv[x], V], not [menber [X, y]]] == True

In[69]:= or [menber[inv[x_], V], not [menber[x_, y_1]1]:=True
Theorem. An APPLY rulefor INV.

In[73]:= Map[conpl ement[conpl enent[#]] & Subst Test[A, i mage[t, set[x]], t -1 NV]]

Qut[ 73] APPLY[I NV, x] ==uni on[conpl enent [i mage[V, set [x]]], inv[X]]

In[74]:= APPLY[I NV, x_]:=union[conpl ement[i mage[V, set[x]]], inv[x]]
Theorem. Aninverseimagerulefor INV.

In[75]:= (menber[x, i mage[i nverse[funpart[t]], y]] // AssertTest) /. t -1 NV

Qut[75]= nmenber [x, i mage[inverse[l NV], y]] == and[nenber [x, V], nenber [inv[x], Y]]

In[76]:= menber[x_, i mage[i nverse[l NV], y_1]:=and[nmenber[x, V], nenber[i nv[x], yI]

image[INV, CATS] and image[INV, GROUPS]

Lemma.
In[78]:= inplies[menber[x, CATS], menber[x, i mage[i nverse[l NV], BI J]1]1] // Not Not Test
Qut[78]= or [and [FUNCTI ON[i nv[x]], nenber [i nv[x], V]], not [category[x]], not [menber [x, V]]] = True

In[79]:= (%/. x->Xx_) /. Equal - Set Del ayed
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Theorem.

In[81]:= Map[equal [V, #] & Subst Test[cl ass, X,
i mpl i es[menber [x, u], menber[x, v]], {u- CATS, v ->image[i nverse[l NV], Bl J]}]1]

Qut[81] = subcl ass[i mage[l NV, CATS], Bl J] == True
In[82]:= subcl ass[i mage[l NV, CATS], Bl J] : =True
Corollary.

In[84]:= Subst Test[i nplies, and[subcl ass[u, v], subcl ass[v, w]], subcl ass[u, w],
{u » GROUPS, v - CATS, w- i nmagel[i nverse[l NV], Bl J]}] // Reverse

Qut[84] = subcl ass[i mage[l NV, GROUPS], Bl J] == True
In[85]:= subcl ass[i mage[l NV, GROUPS, BIJ] : = True
Theorem.

In[87]:= Map[subcl ass[#, SYM &, | mageConp[CORE[SYM], | NV, V]]

Qut[87] = subcl ass[range[l NV], SYM] == True
In[88]:= subcl ass[range[l NV], SYM : = True
Corallary.

In[91]:= Subst Test[subcl ass, t, intersectionu, v],
{t ->image[l NV, CATS], u->BIlJ, v»SYM] // Reverse

Qut[91]= subcl ass[i mage [l NV, CATS], INVOL] == True
In[92]: = subcl ass[i mage[l NV, CATS], | NVOL] : = True
Corallary.

In[93]:= Subst Test[subcl ass, t, intersectionu, v],
{t ->imge[l NV, GROUPY], u->BIlJ, v-»SYM}] // Reverse

Qut[93]= subcl ass[i mage[l NV, GROUPS], | NVOL] == True

In[94]:= subcl ass[i mage[l NV, GROUPS, | NVOL] : = True



