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W subtraction

Subtractionis obtainedfrom additionby rotation. Forexamplethefact 3-1= 2 is obtainedfrom 1 + 2 =3 by rotating
thethreenumbers:

i mage [r ot at e [NATADD],
cart [singl eton[succ[succ[singleton[0]]1]], singleton[singleton[0]]]] // Normality

i mage [i mage [i nver se [NATADD], singl eton[succ[succ[singleton[0]]]]],
singleton[singleton[0]]] ==singl eton[succ[singleton[0]]]

Sinceadditionis commutativeaddingon theleft is the sameasaddingon theright:
conposi t e[NATADD, LEFT[x]]

conposi t e [NATADD, RI GHT[x] ]

On the otherhand,subtractionis not commutativeandsothe procesf subtractinga fixed number x differs from the
procesf subtractingrom afixed numberx. Subtractingx is justtheinverseof adding x.

conposi te[rotat e [NATADD], RI GHT[x]]
conposi te[inverse[RI GHT[x]], i nverse[NATADD] ]
The procesof subtractingrom x is aninvolution, thatis, this processs its owninverse:
conposi te[rot at e[NATADD], LEFT[x]]
i mage [i nver se [NATADD], singleton[x]]
i nverse[i mage[i nver se[NATADD], singl eton[x]]]

i mage [i nver se [NATADD], singleton[x]]

Both of theseprocesseareone—to—orfenctions:
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ONEONE[conposi t e[r ot at e [NATADD], RI GHT[x]11]

True

ONEONE[comnposi t e[r ot at e [NATADD], LEFT[x]11]

True

Thegoalin this notebookis to deivea formulafor the domainandrangeof left—subtractiorcomposite[r otatef NATADD] -
LEFT[X]].

m a formula for the successor of a natural number

We will needasa prerequisitea formulathatsaysthatthe successoof a naturalnumber x is preciselythe setof all natural
numberscontainedn x. To derivethis result,we beginwith this observation:

equal [0, conpositelid[onegal,
i ntersection[conposite[conpl ement [i nverse[E]], SUCC], inverse[S]], id[onmega]l]]

True

While the GOEDEL programrecognizeghetruth of this assertionit lacksthe correspondingewrite rule, which we now
addon atemporarybasis:

conposi te[i d[onmega],
i ntersection[conposite[conpl ement [i nverse[E]], SUCC], inverse[S]], id[onega]] :=0

WhenthelmageComp testis performedusingthis fact, oneencountershe following expressiorwhich we simplify using
Renormality:

fix[conposite[conpl enent [i nverse[E]], SUCC,
id[intersection[onega, singleton[x]]], S]] //Renormality

fix]
composi te[conpl ement [i nverse[E]], SUCC, id[intersection[omega, singleton[x]]], S]] ==
i ntersectionfconpl enent [x], conpl ement [singleton[x]],
i mge[V, i ntersection[onega, singleton[x]]], P[x]]

fix[conposite[conpl enent [i nverse[E]], SUCC,
id[intersection[onmega, singleton[x_1]1], S]] :=intersection[conpl ement [x],
conpl enment [si ngl eton[x]], i mage[V, intersection[onega, singleton[x]]1], P[x]]

Now the ImageComptestis performedyielding almostwhatwe want:

Map [equal [0, #] & | nageConplid[onegal,
conpositel[intersecti on[conposite[conpl ement [i nverse[E]], SUCC], inverse[S]],
i d[omega]], singleton[x]]] // Reverse

or [not [menber [x, omega]], subcl ass[intersection[onega, P[x]], succ[x]]] == True
or [not [menber [x_, omegal]], subcl ass[intersection[onega, P[x_]], succ[x_]11]:=True

We canderive a strongerresult,replacingthe inclusionwith equality. This is obtainedby combiningAssertTest with
doublenegation.
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Map [not, Map[not [i npli es[nmenber [x, onega], #]1] &
equal [i ntersection[omega, P[x]], succ[x]] // AssertTest]]

or [equal [intersection[onmega, P[x]], succ[x]], not [menber [x, omega]]] == True
or [equal [intersection[onmega, P[x_]]1, succ[x_]1]1, not [menber [Xx_, omegal]]]: = True
Thefollowing corollaryis noted:

equal [i ntersection[onmega, i mage[V, intersection[onega, singleton[x]]], P[x]1,
intersection[imgel[V, intersection[onega, singleton[x]]], succ[x]]]

True
This factjustifiesaddingthe following newrewriterule:

i ntersection[onega, i nage[V, intersection[onmega, singleton[x_]11, P[x_1]:=
intersection[image[V, intersection[onega, singleton[x]]], succ[x]]

W application to left—subtraction

The rewrite rule derivedin the precedingsectionis usedhereto geta simpleformulafor the rangeof left-subtraction
function:

Subst Test [i nage, rotate[w], cart [V, singleton[x]], w->rotate[NATADD] ]

range [i mage[i nver se [NATADD], singleton[x]]] ==
intersection[imge[V, intersection[omega, singleton[x]]], succ[x]]

range[i mage[i nver se [NATADD], singleton[x_]1]: =
intersection[imagel[V, intersection[onega, singleton[x]]], succ[x]]

The domainis thesame:
Subst Test [i mage, i nverse[w], V, w->inage[i nverse[NATADD], singleton[x]]] // Reverse

domai n[i mage [i nver se [NATADD], singleton[x]]] ==
intersection[imge[V, intersectionjonega, singleton[x]]], succ[x]]

domai n[i mage[i nver se[NATADD], singleton[x_11]: =
i ntersection[image[V, intersection[onega, singleton[x]]], succ[x]]

More generally onehasthefollowing, butit is unclearhowto orientthis moregeneraformula.
Subst Test [i mage, i nverse[w], V, w->imagel[i nverse[NATADD], x]] // Reverse
domai n[i mage[i nver se[NATADD], x]] ==range[i mage[i nver se [NATADD], X]]
The following involution propertydoesnot requireaddingany newrules:
conposi te[i mage[i nver se [NATADD], singl eton[x]], i mage[i nver se[NATADD], singleton[x]]]

id[intersection[inmage[V, intersectionfonega, singleton[x]]], succ[x]]]
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m serendipity: variable-free formulation of the involution property

Thefollowing formulawasdiscoveredaccidentally:

Assoc [DUP, i nverse[DUP], uni on[conposite[DUP, id[onega]],
conpositelinverse[E], | MAGE[DUP], id[onega]]]] // Reverse

uni on[conposi te[DUP, id[onega]], conpositel[inverse[E], | MAGE[DUP], id[onega]]] ==
conposite[DUP, id[onmega], inverse[S], id[onmega]]

uni on[conposi te[DUP, i d[onega]], conpositelinverse[E], | MAGE[DUP], id[onegal]l]: =
conposite[DUP, id[onega], inverse[S], i d[onmega]]

Thefollowing variable—freéormulationof theinvolution propertyfollows asa corollary of this discovery:

Map [i nverse, conmposite[RI F, cross[inverse[NATADD], i nverse[NATADD]], DUP] // VSNormality]

conposite[intersecti on[conposite[NATADD, FI RST], conposite[NATADD, SECOND]],
inverse[RIF]] ==conposite[id[onega], S, id[omega], i nverse[DUP]]

conposi te[intersecti on[conposite[NATADD, FI RST], conposite[NATADD, SECOND]],
inverse[RIF]]:=conposite[id[onega], S, id[omega], i nverse[DUP]]



