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summary

The restriction of a given semigroup operation X to the cartesian square of any set binary-closed under x isaagain a semi-
group operation, and conversely, al semigroup operations contained in a given one are of thisform. Because each semi-
group operation contained in a given one is determined by the fixed-point class of its domain, one can set up an explicit
correspondence between the semigroup operations contained in a given semigroup operation and the sets binary-closed
under it. The class intersection[SEM I GPS, P[x]] of all semigroup operations contained in a given semigroup operation x
isaset. An explicit formularelating this set to the class binclosed[x] of sets closed under x is derived in this notebook.
Similar results for binary operations in general are already available and can be specialized to semigroups by taking results
about binop[t] and making the replacement t - semigp[x].

derivation

Theorem. Every subclass of a semigroup operation is arestriction.

In[2]:= SubstTest[i nplies, and[subcl ass[w, t], FUNCTI ON[t]],
equal [w, conposite[t, id[domain[w]]]], t »sem gp[x]] // Reverse

Qut[2]= or [equal [w, conposite[seni gp[x], id[domain[w]]]], not [subclass[w, sem gp[x]]]] == True

In[3]:= or[equal [conposite[sem gp[x_], id[domain[w_ 111, w_],
not [subcl ass[w_, sem gp[x_]1]1]1]:=True

Theorem. If abinary operation y is a subclass of semigp[x], theny is the restriction of semigp[x] to the cartesian square of
fix[domain[y]].
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In[4]:= Map[not, Subst Test[and, i nplies[p2, p3], i nplies[pl, p4],
i mpl i esfand[p3, p4], p5]1, not [i nplies[and[pl, p2], p5]1]1, {pl - nenber[y, Bl NOPS,
p2 - subcl ass[y, sem gp[x]], p3 - equal [y, conposite[sem gp[x], id[domain[y]]111],
p4 - equal [cart [fi x[domai n[y]], fix[domain[y]]], domai n[y]l], p5- equal [y,
conposite[sem gp[x], id[cart [fix[domain[y]], fix[domain[y]]1]1111}1] // Reverse

Qut[4]= or [equal [y, conposite[sem gp([x], id[cart [fix[domain[y]], fix[domain[y]]]]]],
not [menber [y, BI NOPS]], not [subcl ass[y, semigp[x]]]] = True

In[5]:= or[equal [y_, conmposite[sem gp[x_], id[cart[fix[domain[y_]], fix[domain[y_111111,
not [menber [y_, BI NOPS ], not [subcl ass[y_, sem gp[x_1111: =True

Lemma. (An explicit formulafor the range of arestriction of semigp[x].)

In[6]:= SubstTest[inplies, equally, t], equal [range[y], range[t]],
t -> conposite[sem gp[x], id[cart [fix[domain[y]], fix[domain[y]]]]11] // Reverse

Qut[6]= or [equal [i nage[sem gp[x], cart [fix[domain[y]], fix[domain[y]]]], range(y]],
not [equal [y, conposite[sem gp[x], id[cart [fix[domain[y]], fix[domain[y]]]]]]]] ==True

In[7]:= (%/. {(X->X_, Yy-»Yy_}) /. Equal -» Set Del ayed
Theorem. If abinary operationy is contained in semigp[x], then fix[domain[y]] is binary-closed under semigp[x].

In[8]:= Map[not, Subst Test[and, i nplies[and[pl, p2], p3], inplies[p3, p4],
i mpl i es[pl, p5], i nplies[and[p4, p5], p6], not [i npl i es[and[pl, p2], p6]],
{p1 - menber [y, BI NOPS], p2 - subcl ass[y, sem gp[x]11,
p3 - equal [y, conposite[sem gp[x], id[cart [fix[domain[y]], fix[domain[y]]11111,
p4 -» equal [range[y], i mage[sem gp[x], cartsq[fi x[domain[y]1]11]1],
p5 - subcl ass[range[y], fix[domai n[y]]], p6 -> subcl ass[i mage[sem gp[x],
cart [fi x[domai n[y]], fix[domain[y]]]], fix[domain[y]]1]1}]] // Reverse

Qut[8]= or [not [menber [y, BI NOPS]], not [subcl ass[y, senmi gp[x]]], subclass|
i mage [semi gp[x], cart [fix[domain[y]], fix[domain[y]]]], fix[domain[y]]]] = True

In[9]:= or [not [menber[y_, BI NOPS], not [subcl ass[y_, sem gp[x_]]], subcl ass]
i mge[sem gp[x_], cart[fix[domain[y_]], fix[domain[y_1111, fix[domain[y_]111:=True

Converse Theorem. The restriction of a semigroup operation to the cartesian square of any binary-closed class is a binary
operation.

In[10]:= Subst Test[i nplies, subcl ass[i mage[bi nop[t], cart[y, y11, Y1,
menber [conposi t e[bi nop[t], id[cart[y, y]]1], BINOPS], t »semi gp[x]] // Reverse

Qut[10] = or [nenber [conposite[sem gp[x], id[cart [y, y]]], BI NOPS],
not [subcl ass[i mage[sem gp(x], cart [y, y]], y]]] =True

In[11]:= or [menber [conposite[sem gp[x_], id[cart[y_, y_111, BI NOPS],
not [subcl ass[i mage[sem gp[x_], cart[y_, y_11, y_111:=True

Lemma. The restriction of a semigroup operation to the cartesian square of any binary-closed classis associative.
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In[12]:= Subst Test[i nplies, subcl asg[i mage[assoc[t], cart[y, y11, Y1,
associ ati ve[conposi t e[assoc[t], id[cart[y, y11]], t »sem gp[x]] // Reverse

Qut[12]= or [associ ative[conposite[sem gp[x], id[cart [y, y]]1]],
not [subcl ass[i mage[sem gp[x], cart [y, y]], y]]] = True

In[13]:= or [associ ative[conposite[sem gp[x_1, id[cart[y_, y_1111,
not [subcl ass[i mage[sem gp[x_], cart[y_, y_11, y_111:=True

Combining these lemmas yields the following theorem.

Theorem. The restriction of a semigroup operation to the cartesian square of any binary-closed class is a semigroup
operation.

In[14]:= Map[not, Subst Test[and, inplies[pl, p2], inplies[pl, p3], i mplies[and[p2, p3], p4],
not [i npl i es[pl, p4]1], {pl ->subcl ass[i mage[sem gp[x], cart[y, Y11, Y1,
p2 - nmenber [conposi t e[sen gp[x], id[cart[y, y11]1, BI NOPS],
p3 -> associ ati ve[conposi t e[sem gp[x], id[cart[y, Y1111,
p4 -> menber [conposi t e[sem gp[x], id[cart[y, y]11], SEM GPS}]] // Reverse

Qut[14]= or [menber [conposite[sem gp([x], id[cart [y, y]]], SEM GPS],
not [subcl ass[i mage[semi gp[x], cart [y, y]], y]]] = True

In[15]:= or [menber [conposite[sem gp[x_1, id[cart[y_, y_111. SEM GPS],
not [subcl ass[i mage[sem gp[x_], cart[y_, y_11, y_111:=True

an explicit formula for the set of subsemigroups of a given semigroup

Lemma. (Eliminating the variabley.)

In[16]:= Map[equal [V, #] & Subst Test[cl ass, y, inplies[menmber[y, u], menber[y, v]],
{u - bi ncl osed[sem gp[x]], V- fix[i mage[i nver se[CART], i magel[i nver se[l MAGE[DUP] ],
i mageli nver se[l MAGE[cross[ld, sem gp[x]]1]], SEM GPS1]11}1]

Qut[16]= subcl ass[bi ncl osed[sem gp[x]], fix[image[inverse[CART], inage[inverse[l MAGE[DUP]],

i mage[i nverse[l MAGE[cross[ld, semgp[x]]]], SEMGPS]]]]] = True

In[17]:= (%/. x>»>X_) /. Equal - Set Del ayed

An improved statement of this lemma can be derived by applying a suitable image to both sides of the above inclusion.

Theorem. The class of restrictions of a given semigroup operation semigp[x] to cartesian squares of binary-closed subsets
is contained in the class SEM I GPS of all semigroup operations. (Thisinclusion will later be replaced with an equation.)

In[18]:= Subst Test[i nplies, subcl assfu, v], subcl ass[i mage[t, u], i mage[t, v]], {t - | MAGE[DUP],
u - i mage[CART, i d[bi ncl osed[sem gp[x]]]1], v -inmage[i nverse[l MAGE[DUP] ],
i mage[i nverse[l MAGE[cross[l d, sem gp[x]1]11], SEM GPS]]1}] // Reverse

Qut[ 18] = subcl ass[i mage[| MAGE[conposite[id[sem gp(x]], inverse[FIRST]]],
i mge [CART, id[binclosed[semgp(x]]]]], SEM GPS] == True



sub-sgp.nb

In[19]: =

Corollary.

I n[20]:

Qut [ 20]

In[21]:

Corollary.

In[22]:

ut [ 22]

I n[23]:

Corollary.

In[24]: =

Qut[24] =

In[25]:=

Corollary.

In[26]:=

Qut [ 26] =

In[27]:=

(%/. x »x_) /. Equal - Set Del ayed
Any binary operation that is a subclass of a semigroup operation isitself a semigroup operation.
Map[subcl ass[#, SEM GPS &,

Subst Test [i mage, | MAGHconposi t e[i d[bi nop[t]], inverse[FI RST]]1],
i mage[CART, id[bi ncl osed[bi nop[t]]]], t -»sem gp[x]11]

subcl ass[i ntersection[Bl NOPS, P[sem gp[x]]], SEM GPS] == True
subcl ass[i ntersecti on[BI NOPS, P[sem gp[x_]]], SEM GPS] : = True
A temporary rewriterule.

equal [i ntersection[Bl NOPS, P[sem gp[x]11],
i ntersecti onf[SEM GPS, P[sem gp[x]]11] // Assert Test

equal [intersection[BlI NOPS, P[semi gp[x]]], intersection[SEM GPS, P[sem gp(x]]]] = True
i ntersection[BlI NOPS, P[sem gp[x_11]1:=intersecti onfSEM GPS, P[sem gp[x]11]]
An explicit formulafor the set of subsemigroups of a given semigroup.

Subst Test [i mage, | MAGHconposi te[i d[bi nop[t]], i nverse[FIRST]]1],
i mage[CART, i d[bi ncl osed[bi nop[t]]]1], t »sem gp[x]] // Reverse

i mage [| MAGE[conposite[id[sem gp[x]], inverse[FIRST]]],
i mage [CART, id[binclosed[sem gp[x]]]]] ==intersecti on[SEM GPS, P[sem gp[x]]]

i mge[l MAGE[conposi te[i d[sem gp[x_11, i nverse[FI RST]11,
i mage[CART, i d[bi ncl osed[sem gp[x_1111]1:=intersecti onfSEM GPS, P[sem gp[x]]]

(Restatement without the semigp wrapper.)
Subst Test[i npl i es, equal [x, sem gp[t]],

equal [i ntersecti onf[SEM GPS, P[x]], i mage[l MAGE[conposi te[id[x], inverse[FI RST]]],
i mge[CART, id[bincl osed[x]]1]1], t »x] // Reverse

or [
equal [i mage [l MAGE[conposite[id[x], inverse[FIRST]]], i nage[CART, id[binclosed[x]]]],
intersection[SEM GPS, P[x]]], not [nenber [x, SEM GPS]]] == True
or [equal [

i mage[l MAGE[conposi te[i d[x_], i nverse[FI RST]]], i mage[CART, i d[bi ncl osed[x_1111,
intersecti onf[SEM GPS, P[x_]1]1, not [menber[x_, SEM GPY]]: = True



