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W summary

This notebookcontainsan exercisen which variousformsof Nor mality areusedto deriveanintriguing formulain which
nine copiesof TWIST conspireto cancelout. Theformulaitself canbe understoodrom thefollowing observation:

i mage[conposite[cross[TW ST, TW ST], TW ST],
cart [cart [cart [1, 2], cart [3, 4]], cart [cart [5, 6], cart [7, 8]1]1]

cart [cart [cart [1, 5], cart [2, 6]], cart [cart [3, 7], cart [4, 8]]]
The function composite[cross| TWIST, TWIST], TWIST] is a representationf the permutation(253)(467), which has
periodthree. Soit is reasonabléo expectthatthreeapplicationsof this functionwill be anidentity function,andthis is

indeedthe case,aswill be verified below. The derivationis fairly time—consumingndrequiriestwo lemmasthatseem
interestingn theirownright.

m lemma 1: formulainvolving TWIST and cross

The following formula could be composedvith TWIST on eitherside,but it would thenbe unclearhow to orientthe
resultingformula. Theorientationissueis sidesteppetiereby havingthe formulaeliminateTWIST.

conposi te[TW ST, cross[cross[u, v], cross[x, yl], TWST] // VSTerNornmality // Ti mi ng

{53. 75 Second, conposite[TW ST, cross[cross[u, V], cross(x, yJ], TWST] ==
Cross[crossfu, x], cross[v, y]]}

conposite[TW ST, cross[cross[u_, v_], cross[x_, y_11, TWST] : =
cross[crossf[u, x], cross[v, yI1]



9-twist.nb

m lemma 2: twist singleton formula

In this sectiona formulafor twist[singleton[x]] is derived. Thereis ananalogougormulafor rotate[singleton[x]], but it
causedielaysfor examplesimilarto thefollowing one:

class[pair [x, y], menber [y, tw st [singleton[x]]]] // Ti m ng

{40. 61 Second, TW ST}

Thetwist formula derivedbelow doesnot sufferfrom this problem. To getthe bestresult,we notethatthe following is
recognizedo betrue:

equal [cart [cart [singleton[first [first[x]]], singleton[first[second[x]]]1],
cart [singl eton[second[first [x]]], intersection]
i mage[V, singleton[first [first[x]]]], singleton[second[second[x]]]1111,
cart [cart [singleton[first [first[x]]], singleton[first[second[x]]]],
cart [singl eton[second[first [x]]], singleton[second[second[x]]]1]11]

True

This justifiesaddingthe correspondingewriterule:

cart [cart [singleton[first [first [x_]]1], singleton[first[second[x_]]111,
cart [singl eton[second[first [x_]]], intersection[
i mge[V, singleton[first [first[x_]11]1, singleton[second[second[x_]]1111]: =
cart [cart [singleton[first [first[x]]], singleton[first[second[x]]]],
cart [singl eton[second[first [x]]], singleton[second[second[x]]]1]11]

Thedesirediormulais now derived:

twi st [singleton[x]] // VSTriNormality // Timng

{10. 469 Second, twi st [singleton[x]] =
cart [cart [singleton[first [first [x]]], singleton[first [second[x]]]]
cart [singl eton[second[first [x]]], singleton[second[second[x]]]]]}

tw st [singleton[x_]]: =
cart [cart [singleton[first [first [x]]], singleton[first[second[x]]1]],
cart [singl eton[second[first [x]]], singleton[second[second[x]]]1]1]

The examplethatcausedomeconcerns repeatedandonefinds thatthe executiorntime actuallywentdown.

class[pair [x, y], nmenber [y, tw st [singleton[x]]]] // Ti m ng

{25. 375 Second, TW ST}

CommentThisexampledoesnot evenyield theresult TWIST whenthesimplify flag is off.

m nine TWIST formula

Themainresulttakesalongtime:
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conposi te[cross[TW ST, TWST], TWST, cross[TW ST, TW ST],
TW ST, cross[TW ST, TWST], TWST] // VSNormal ity // Ti m ng

{161. 75 Second,
conposite[cross [TWST, TWST], TWST, cross[TWST, TWST], TWST, cross[TW ST, TW ST],
TWST] ==idj[cart [cart [cart [V, V], cart [V, V]], cart [cart [V, V], cart [V, V]]]]}

Themainformulacanbederivedin half thetimeif oneturnssimplify off.
sinmplify = Fal se;

conposi te[cross[TW ST, TW ST], TW ST, cross[TW ST, TW ST],
TW ST, cross[TW ST, TWST], TWST] // VSNormal ity // Ti m ng

{73. 734 Second,
conposite[cross [TWST, TWST], TWST, cross[TW ST, TWST], TWST, cross[TW ST, TW ST],
TWST] ==id[cart [cart [cart [V, V], cart [V, V]], cart [cart [V, V], cart [V, V]]]]}

Forthefollowing corollary,thesimplify flag needgo beturnedbackon.
sinmplify =True;
Map [conposi te[TW ST, cross[TW ST, TW ST], #, TWST] & Last [%84 ]

conposite[cross [TWST, TWST], TWST, cross[TWST, TWST]] ==
conposite[TW ST, cross[TW ST, TWST], TW ST]

conposi te[cross[TW ST, TW ST], TWST, cross[TW ST, TWST]] : =
conposite[TW ST, cross[TW ST, TW ST], TW ST]



