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W summary

This notebookcontainsa formulawhich refersto two independeniterationsbeingcarriedout simultaneously. Theresultis
derivedin two differentways. Oneusesaformulafor the powersof a crossproduct.The otherderivationis anapplication
of iterationuniguenessBoth derivationsmakeuseof a standardool called SubstTest:

In[2]:= ?Subst Test

d obal * Subst Test

SubstTest [f_, x__, r_J:=f@e ({x} /. r)==(fea{x}/.r)
This tool compareswo methodsof evaluatingan expression:onemethodis to evaluatef[x] andthenapplyasetr of
replacementules. Theotheris to applythereplacementulesto x first, andthenapplytheheadf. Thedoubleblankon

the expressionx allowsoneto usethistool whentheheadf is beingappliedto severalarguments.Thisis the sameidea
thatunderliesKnuth—Bendixcompletion but hereoneis doingit manually.

m a direct derivation using powers of cross products

Thedirectderivationusestwo resultsderivedpreviously. Oneis the connectiorbetweeriter ate andpower :
In[3]:= imagel[inverse[rotate[conpositel[inverse[power [W]], SWAP]1], z]

Qut[3]= iterate[w, z]

This formulais admittedlya bit hardto rememberbut onecanrederiveit quickly usinganabstractiontool:
In[4]:= abstract [y, iterate[x, y]]

Qut[4]= inverse[rotate[conpositel[inverse[power [x]], SWAP]]]

The otheringredientis aformulafor powersof crossproducts:
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In[5]:= power [cross[u, V]]

Qut[5]= union[cart [singleton[0], id[conplenent [cart [V, V]]]],
i ntersectionfconposite[crossinverse[FIRST], inverse[FIRST]], power [u]],
conposi te[cross[i nverse [SECOND], i nverse[SECOND] ], power [V]]]]

Oneadvantagef this methodis thatonedoesnot needto know beforehandthe formulathatis beingderived. Thewhole
derivationis donein asinglestep:

In[6]:= Subst Test [i nage, i nverse[rotate[conpositel[inverse[power [wW]], SWAP]]],
z, {wW->cross[u, v], z->cart[x, y]1}] // Reverse
Qut[6]= iterate[cross[u, v], cart[X, y]] ==intersection]
conposite[inverse[FIRST], iterate[u, x]], conposite[inverse[SECOND], iterate[v, y]]]

Onecouldaddthisasa newrewriterule:

In[7]:= iterate[cross[u_, v_], cart[x_, y_]]:=intersection|
conposi te[i nverse[FI RST], iterate[u, x]], conpositel[inverse[SECOND], iterate[v, y]1]

This resultcanalsobe expresseanoreconciselyasfollows:

In[8]:= iterate[cross[u, v], cart [X, y]] ==conposite[cross[iterate[u, x], iterate[v, y]], DUP]

Qut[8]= True

W an alternate derivation using iteration unigueness

The secondnethodis morebasicin thatit doesnot requireusinganyformulasaboutpowers. Theuniquenessf iterationis
usedinstead. A disadvantagef this methodis thatonedoesneedto know the formulathatis beingderived. Therewrite
rule derivedaboveis first removed andthenwill berederivedusinguniquenessf iteration.

In[9]:= iterate[cross[u_, v_], cart[x_, y_]1]-=.
Theideais to useiterationuniqueness:

In[10]:= inplies[and[equal [conposite[s, r], conposite[r, SUCC]],
equal [i mage[r, singleton[0]], t]1,
equal [conposite[r, id[omegal], iterate[s, t]1]1]

Qut[10] = True
An obstaclen this derivationis gettingaroundthe following rewrite rule which holdsfor anyfunction ff.

In[11]: = conposite[cross[ff, ff], DUP]

Qut[11] = conposite[DUP, ff]

The tool needechereis Assoc. Thistool appliesthe associativdaw to a compositeof threefactors. Firstthisis donefor
the caseof the successofunction SUCC:
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In[12]:

Assoc[cross[iterate[u, x], iterate[v, y]], cross[SUCC, SUCC], DUP]

Qut[12] = conposite[intersection[conmposite[inverse[FIRST], iteratefu, x]],
conpositelinverse[SECOND], iterate[v, y]]], SUCC] ==
intersectionfconposite[inverse[FIRST], u, iteratefu, x]],
conposi te[inverse[SECOND], v, iterate[v, y]]]

In[13]:= comnposite[intersecti on[conpositel[inverse[FIRST], iterate[u_, x_]11,
conpositelinverse[SECOND], iterate[v_, y_111, SUCC] : =
i ntersection[conpositelinverse[FIRST], u, iteratef[u, x]],
conposi te[i nverse[SECOND], v, iterate[v, y111]

A secondapplicationis requiredto removeafactorof id[omegal].

In[14]:= Assoc[cross[iterate[u, x], iterate[v, y]], id[cart [onega, onega]], DUP]

Qut[14] = conposite[intersection[conposite[inverse[FIRST], iterate[u, x]],
conposite[inverse[SECOND], iterate[v, y]]], id[onega]] ==
i ntersectionfconpositelinverse[FIRST], iteratefu, x]],
conposite[inverse[SECOND], iterate[v, y]]]

In[15]:= conposite[intersection[conpositel[inverse[FIRST], iterate[u_, x_11,
conposite[inverse[SECOND], iterate[v_, y_11], id[omega]] : =
i ntersection[conpositelinverse[FIRST], iteratef[u, x]11],
conposi te[inverse[SECOND], iterate[v, y]]1]

Thefinal stepcomparedwo solutionsof the sameiterationproblem,producingthe sameresultasbefore.

In[16]: = Subst Test [i npl i es, and[equal [conposite[s, r], conposite[r, SUCC]],
equal [i mage[r, singleton[0]], t]1,
equal [conposite[r, id[omegal], iteratef[s, t1],
{r ->conposite[cross[iterate[u, x], iterate[v, y]], DUP],
S ->cross[u, v], t ->cart [X, y1}]

Qut[16] = equal [i ntersection[conposite[inverse[FIRST], iteratefu, x]],
conposite[inverse[SECOND], iterate[v, y]]], iterate[cross[u, v], cart [X, Y]]] == True

B comment

To proveatheoremonedoesnot needtwo proofs. But sometimes morecomplicatedoroofis helpful to pointthe way to
more generalsituations. The techniqueusedin the secondderivationcanin fact be generalizedo moreinterestingcases
involving non-independensimultaneousterations. A typical exampleis found in the notebookparabola.nb wherea
function PARABOLA is definedby convertingarecursiorrelationinto a simultaneou#erationproblem.



