MATH 3236 Final Exam

Due April 29, 2018

This is a take home midterm. You can use your notes, books or any other
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external help. I'll be available to answer question in person or via email.
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QUESHION 1 .. 50 point
Let z;, i = 1,...,48, be the result of 48 independent measurements of the amount of
pollen grains in the air in Atlanta in the spring of 2020. You know that

48 48
D a;=492.02 > al=54204
=1 =1

(a) (10 points) Assume that the results come from a normal distribution with both
expected value p and variance o unknown. Find the Confidence Interval for u at
a confidence level of 99%.

Solution: We have

492.02 1 492.022
P= o =102 8= (5 0 = )

so that, using that t470.005 = 2.68 we get

2.68v/8.02 2.68v/8.02
1025 - ZEVED2 ) <90 954 25VED2
V48 V48

or
9.15 < u < 11.35

Page 1 of 11



MATH 3236 Final Exam Due April 29, 2018

(b) (10 points) You decide to hold the following test for the true population mean g
e Hy: 1> pg where pg = 11
o Hy: < o

at a significance level of 0.01. Give the 0.01 significance level rejection region. Will
you reject Hy at this significance level?

Solution: If

\/N(X - Mo)
52

N -1
then the test is T' < —t470.01 = —2.40. With our data we get
t=-1.83

so that we do not reject Hy.
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(c¢) (10 points) Given the results in part (a), compute the p-value of the test.

Solution: The p-value of the test is Pr(7" < —1.83) = 0.037 where T"is a t r.v.
with 47 d.o.f. Thus

P =0.037.
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(d) (10 points) Compute the probability 5(10,8) of a Type 2 error when the true ex-
pected value is 1 = 10 and the true value of 0> = 8. Both Matlab and R can
compute the c.d.f. and inverse c.d.f. of a non central t distribution (see page 579
in the textbook).

Solution: Calling T (z|¢)) = Pr(T < x) when T is a noncentral t r.v. with N
d.o.f. and noncentrality ¢ we have, with ¢ = —,/48/8 = —2.45,

£(10,8) = 1 — Tyr(—2.40| — 2.45) = 0.48
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(e) (10 points) How big should your sample be in such a way that 3(10,8) < 0.2. Give
an estimate or lower bound.

Solution: We need N such that

B(10,8) =1 — Ty, <TN11(0.01 10) ’ — @) <0.2.

The smallest such N is N = &4.
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QUESTION 2 .. 50 point
A random sample of size N is selected from a population with distribution

(z—A4)

%e_ v x> A
f(z) = (1)
0 otherwise

where # > 0 and A are parameter.

(a) (10 points) Use Maximum Likelihood to find estimators 0 for  and A for A.

Solution: Let X; be the r.v. forming your sample. The likelihood function is

N

I(A,0) = 60N exp (— > %)

=1

if z; > A foe every ¢ and 0 otherwise. Thus the maximum over A is reached
when A is equal to the smallest of the x; that is

A= min X; := X

fixed A we can differentiate over 6 and get

N
A 1 a
9:—5 X;—A=X-X
N &= -
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(b) (10 points) Assuming that € is known, find the p.d.f. of A.

Solution: Since teh X; are independent we have

exp (—@) a>A

0 otherwise

Pr(A > a) = HPr(Xi >a) = {
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(¢) (10 points) Still assuming that 6 is known, use the properties of

A-A
R=——
0/N
to create a test d, for the hypotheses
[ H()Z A S 1
e H: A>1

with a given level a.

Solution: Clearly a value of A much bigger than Ay = 1 would be a strong
evindence against Hy. This means a value of

A- 4

- 0/N

greater than 0. Thus our test is 6 : R > ¢. Observe that R — N(A — Ap)/0 is a
exponential r.v. with mean 1. Thus

(c—N(A—Ap)/0) —c

sup Pr(R > c¢|A) = sup e~ =e

A<Ap A<Ap

so that
do : R > —log(a).
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(d) (10 points) Find the power function m(A,d,) and the p-value (as a function of the
sample result) for the test in part (c).

Solution: The power function is

aeNA=A)/0 A < Ay + Olog(a) /N

Pr(R>clA) =
x( cl4) {1 otherwise

If r is the result of the sample for the R statistics we get

P=sup Pr(R>r|A)=e¢"
A<Ap
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(e) (10 points (bonus)) Assume now that  is unknown, find the joint p.d.f. of f and A.
(Hint: if X; and X, are two independent exponential r.v. with the same expected
value, find the j.p.d.f. of ¥; = min(Xy, X5) and Y5 = X; + X.)

Solution:
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(f) (10 points (bonus)) Still assuming that € is unknown, use the result of part (e) to
find a test § for the hypotheses in part (d) at a given level . Discuss the power
function and p-value of this test.
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