MATH 3236

Midterm 1

Due March 2, 2021 before 3:30pm

This is a take home midterm. You can use your notes, my online notes
on canvas and the textbook. You are supposed to work on your own text
without external help. I’ll be available to answer question in person or
via email. Please, write clealy and legibly and take a readable scan
before uploading.

To solve the Exam problems, I have not collaborated with anyone nor sought
external help and the material presented is the result of my own work.
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QUESHION 1 .. 60 point
Let X;, i =1,..., N be a random sample where the X; take only three possible values
1, T2 and xz with probability py, po and p3 respectively. Here p; + ps + p3 = 1 and
p = (p1, D2, p3) is the vector of unknown parameters. Thus the p.m.f. of the X; is

(zIp) P r=x k=1,2,3
.7/' =
P\rip 0 otherwise

For notational simplicity, we will assume that x; = 1, x5 = 2, 3 = 3 but the discussion
below is general.

(a) (10 points) Given a = (a1, as, a3), consider the family of distributions

1 a1—1 _as—1_asz—1

g(z_?;g)—B( R

defined on the set p1, p2, p3s > 0 and p; + p2 + p3 = 1. The distribution ¢ is called a
Multivariate Beta distribution (MBD) or Dirichlet distribution.

Show that
['(o)T ()T (c3)

F(al + oo + Oég) ’
(Hint: use the change of variables y = ps/(1 — p1).)

B(a) =

Solution: We need to compute

B(a) = / PP (1 = py — o)™ dpydpy =
p1+p2<1

1-p1
/“”/ P (1 = 1 — po)™ L dpadpy

Calling yo = p2/(1 — p1) and y; = p; we get

1
B(a) :/ it (1 _yl)a1+a21/ Y52 (1 — y2) ™ dyadyy =
0 0
B(Ozl, Q9 + Oég)B(OéQ, 043).

From which the thesis follows using that
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(b) (10 points) Show that the g(p; a) form a conjugate family of prior distribution for
the sample X. Assuming that the hyperparamter for the prior distribution are «,
find the hyperparamter o’ for the posterior distribution.

Solution: Given a realization x of the sample, let n;(x) be the number of time
x; = 1, ny(x) the number of time x; = 2, and n3(x) the number of time x; = 3.
Clearly nq(x) + n2(x) + n3(x) = N. We get

a1—1, _as—1_ az—1 nl(x) n2(x) n3(x)

g9(plx) o< p1* T ps* PSPy Py ps
so that we get

o' (x) = (a1 + n1(x), a2 + n2(x), a + ns(x))
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(c¢) (10 points) Find the Bayes estimator @B(X) for the quadratic error loss given by

L(p,a) = Ci(p1 — a1)” + Co(p2 — a2)® + C3(ps — as)?]

where (4, Cy, and Cj are positive constants. (Hint: you can use the Lagrange
multiplier method.)

Solution: We need to find a; that minimize
E(Ci(p1 — a1)? + Ca(pa — a2)? + Ca(ps — as)*| X) (1)
under the condition a; + a2 + a3 = 1. We find the conditions
2CkE(pr — ar | X) = A
where )\ is a Lagrange multiplier. This gives
a = E(px | X). (2)
This is clearly a minimum since L is convex and positive.

Alternatively observe that the absolute minimum of (1), without any condition
on the ay, is attained when ay, satisfy (2). Since the ay, in (2) satisfy the condition
a1+ as + az = 1, then they represent also the minimum under such a condition.

We observe now that

1
E.(p :—/ P po‘l_lpo‘Q_1 1 —py — p2) tdprdp, =
7( 1) B(O{l,O{2,a3) N 1M1 2 ( 1 2) 1 2
B(Oél + 1, 9, 043) . F(Oél + 1) F(Oél + oo + Oég) . (03]

B(Oél—l-l,ag,ag) N F(Oél) F(Ck1+042+043+1> N a1+ Qo + as

so that we get
~ + nk(X)
B(X) = sk T
X =Ny,
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(d) (10 points) Show that @B(X) found above is a consistent estimator, that is show
that

ngrgoﬁ”(lﬁig(x) — p1| + 15 (X) = po| + |5 (X) — ps| > 6) =0

for every § > 0.

Solution: From the LLN we have that

lim IP’( ni(X)
N—oo

— Dk

>6):0

lim P (pP(X) ~pil > 8) = 0.

which implies that

Observe that

P(|p1 (X) = pi| + 155 (X) = pa| + |95 (X) — ps| 2 6) <
P(|py’ (X) = | > 6/3) + (|95 (X) = pa| > 6/3) + P(|p5 (X) — ps| > 6/3)

from which the thesis follows immediately.
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(e) (10 points) Find the MLE @L for p and compare it with p . Discuss the existence
of improper priors for the Bayes estimator.

Solution:
We have

L(p,x) = py*py2pye™
or

I(p,x) = In L(p,x) = n1(x) Inp; + na(x) Inpa + n3(x) Inps .
Maximizing under the condition p; + ps + p3 = 1 we get

nk(x) —
Pk
" ey mi(X)
o (X) = kN

Thus, like for the Beta distribution, the improper prior is a; = as = a3 = 0.
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(f) (10 points) Compute the expected value and the variance of p¥ and the covariance

between p/ and pf. The CLT tell us that VN(pF — p1,py — ps) converges in
distribution, as N — 00, to a pair of bivariate Normal r.v. (77, Z;). Write the joint
pdf of (Zl, Z2)

Solution: Let Y; be the r.v. that is 1 if X; =1 and 0 if X; # 1. We then have

N
— Zyi
=1

and the Y; are a Bernoulli random sample. It follows that

RS L« pi(L—py)
~ A 1 - M1
E(pr) = N z:: var(py) = e ;:1 var(Y;) = N
and similarly
R Pl —p
E(py) = p var (p}) 24 N <

Calling Z; the r.v. that is 1 if X; =2 and 0 if X; # 2 we get

cov(pr, pL) =Nz Zcov Yi, Z;) = p}\l;z

and thus
Prpi

cov(s,pf) = ~22L

We thus know that
E(Z;)=0 var(Z;) = pi(1 — ;) cov(Zy, Zs) = —p1p2

and setting

C = (p1(1 -p) P2 )
—pip2 pa(l —p2)

we get
1 INEAN 1 (2
R — —= C =
faz(2,2) 2my/det C exp( 2 (22) 22
1
21 /p1paps(1 — p1)(1 — pa)
1 ’ pIETy :
- (1
exp -1 <§1> nll=r N (21)
Ps \=2 \/P1p2(1=p1)(1—p2) p2(1=p2) ?
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QUESTION 2 .. 50 point
Let X;,2=1,..., N be a random sample with distribution

)‘k k—1_—\
Flaly) = Jpate

where k € N is known while ) is to de determined.

(a) (10 points) Show that the I distributions form a conjugate family of prior for the
the sample X. If the prior distribution on A is I'(«v, 8) find o/ and 8’ such that the
posterior distribution is I'(a/, )

Solution: If the prior £(\) is I'(«v, 8) we have

f()\|X) o NOTLPANEN o =AY 20— \atkN—1,=A(B+2; i)

so that
o =a+ Nk ﬁ’zﬁ—kai
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(b) (10 points) Write an equation (in term of o and ) for the Bayes Ag(X) estimator
associated with the loss function:

L\ a)=(\—a)

Solution: We need to minimize £, 5(a) = E, g (A — a)*) thus we need to solve

0.5(a) = Eag (A —a)’) =a® - 3%a2 + 3&(0;_; PRLC 5>3(a +2) _,
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(¢) (10 points) Show that Ag(X) is a consistent estimator.

Solution: Observe first that

npla) =3 (a— %) +3% >0
so that the equation £, 5(a) = 0 has a unique solution and AB(x) is well defined.
Given a sample of size IV, the posterior hyperparameters satisfy
o a+ Nk k

— = »P =\
ﬁ, ﬂ"’Zi]\ilXi N—oo E(Xz)

Similarly we get

o +1) )2 o (' +1)(a +2)
/8/2 N~>oo/ B/S N—oo

P \3

Given ¢ let As be the set x such that

! / / 1
%—A‘<5 %—A <
Yoo —|—ﬁ})(o/—|—2) s

If x € Ay, taking ay = A + CV/6 we get

o o +1) o (o +1)(a +2)
Ela’,ﬁ’<a+) = ai_ — Sﬁai -+ 3 ﬂ/Z (I+ — 5,3 2

A+ OV — (A4 CVO2 A+ 0)2 + A+ CVE) (A= 0)? — (A + )% =
(CV3 +6)% = 200(\ — CV/3) = C36 — 2)26 + 0(0)

so that taking C*® > A* and ¢ small enough we have L/, 5 (ay) > 0. Similarly

for x € As and a_ = A+ CV/J we get L., g(a_) < 0. Thus for every x € As we
have

INP(x) — A < CV6

and

P(AP(x) — Al <€) > P(A/op)-

The thisis follow observing that for every n we have

lim P(A4,) =1

N—o00
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(d) (10 points) Find the ML estimator A (X) for the random sample X.

Solution: The likelihood function is given by:

RN b
L\ x) = T (H%) e A

(2

or

IAx) =InL(A\,x) = NkInA =AY 2 = NInT(k) + kY _Inz

Differentiating we get
k

X

>\:

as the unique critical point. This is clearly a maximum since L(0,,x) =
L(o0,,x) = 0 while L(\,x) > 0 for every A\. Thus we have

A (X) =

| >
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(e) (10 points) Compute the Fisher information of X; and use it to find the asymptotic

distribution of Ay (X).

Solution: Since 52 "
Wlnﬂﬂ/\) SV
we get
k
Moreover we have \2
b\ X) ~ A, — .
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