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MATH 4581

Question 1

Let f(x) be the periodic function of period m given by:

f(z) = (42* — %) cosx -
and extended periodically to all R.
(a) (10 points) Compute f’(x) and f"(z).
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..... 35 + 0 point

Solution: Observe that f(w/2) = f(—n/2) so that

f'(x) = 8xcosx — (42 — 7?)sinx
Again we have that f'(7/2) = f'(—n/2) so that

f"(x) = 8cosx — 16z sinx — (42° — %) cosx
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b) (10 points) Are f, f" and f”, piecewise continuous? continuous? piecewise smooth?
p
(Justify your answer.)

Solution: We only have to check the end points. From what we said above we
have that f and f’ are continuous. Observe that f”(7/2) = f"(—n/2) so also
f" is continuous. Finally we have

f"(z) = —24sinz — 24z cosz — (42® — 7%)sinx

with f"(w/2) = —24 and f"'(—7/2) = 24.
This implies that f, f/ and f” are sectionally smooth.
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(c¢) (15 points) Compute the Fourier series for f, f’ and f” and discuss their conver-
gence. Remember that

cosacosb = (cos(a + b) + cos(a — b)) /2

and
a’z?sin(ax) — 2sin(ax) + 2ax cos(ax)

/x2 cos(az)dr =

a3

Solution: We first find the Fourier series of cos(z). Since it is even we have:

4y =

NI I N

(1)
Al = —/_ COS(ZHQ?)COS(Z‘)dl‘I4(_1>n+ ! (2)

T T 4n? — 1

[VE]

Wl

We then have to compute the Fourier series of 2% cos(x). Again we get

S

A2 - 2y

w|>1
—~
w
N~—

A =

2N

NE w\:!

/ 2% cos(2nx) cos(z) dx = (4)
/

2% cos((2n + 1)x) dx + % /_2 z?cos((2n — 1)x)dx  (5)

A=

I
ol

Observe now that cos((2n+1)z) = 0 so that the third term in the above integral
does not appear. Moreover sin((2n + 1)7/2) = —sin((2n — 1)7/2) so that we
get

2 1 1 ) z
A, = - ((271 T e 1)3> sin((2n + 1)z)|2 .+ (6)

™ 1 1 jus
T - in((2n + 1)z)|?, =
g (2n+1 2n—l>sm(( n+ )2 0
8(—1)" 12n% — 1 1
— _1 n+1 -
7 (4n?2 —1)3 +(=1) Tz —1 ®)

So that we get:
flx)=ag+ Z a, cos(2nx)

n=1

with
16 32(—1)" (12n2 — 1)
ao = —— an =
s T (4n?—1)3
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A Trick: From the above computation we have:
f%(x) = —48cos(z) + 32z sin(x) + (4a® — %) cos(x) + 486 (1: — g)

so that

2f" () + f*(x) + f(x) = —32cos(x) — 480 (x - 9

Assuming that

flz) =ag+ Z a, cos(2nzx)

n=1

we have

f(x) =— i 4n’a,, cos(2nr) f(x) = f: 16n*a,, cos(2nx)

while .
) <x — g) = % + % Z(—l)” cos(2nx)
n=1

so that we get, using the Fourier series of cos(x),

128(-1)" 1 96(—1)"
160t — 872 + . —
(160" —8n" + 1)an T 4n?—1 * T
forn > 0, or
16 32(—1)" (1202 — 1)
ag = —— a, =
T T  (4n?—1)3
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QUESEION 2. . 30 + 0 point
Let f(x) be the function:

Answer the following questions.

(a) (10 points) Is f continuous?

Solution: Yes. Indeed we have that

> e

— <00

2

n=1 n

and thus, due to Theorem 1, the series converge uniformly to a continuous
function.

(b) (10 points) Does the Fourier series for f converge uniformly?

Solution: Yes. Indeed we have that

> e

— <00

2

n=1 n

and thus, due to Theorem 1, the series converge uniformly to a continuous
function.

(c) (10 points) Is f(x) sectionally smooth? (Hint: try to compute f’(0).)

Solution: Observe that f'(z), if it exists, must be given by

Fa =Y % cos(nz)

so that

This implies that, if f’(x) exists, it cannot be sectionally continuous so that
f(z) is not sectionally smooth.
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QUESTION 3. .o 15 + 0 point
Consider the heat equation for a rod of length [ and heat conductivity :

d _
%u(m,t) = /{deu(x,t)
uw(0,t) =Ty u(l,t) =T

u(z,0) = ug(x)

If u(z,t) is a solution of the above equation, set

and

l2
v(y,s) =u (ly, ;S> :

Write an equation for v(y, s), including boundary condition and initial condition. (Hint:
compute dv(y,s)/ds and d*v(y, s)/dy* in term of du(x,t)/dt and d*u(z,t)/dz* and use
the heat equation.)

Solution: We have

d d 12 2

%U(gﬁ S) = £U (ly7 ES) = —U(IL’7 t)
d? d? 2
pv(y, s) = d—yzu (ly, —s) = 1*u"(x,t)

Moreover

12
v(0,s) =u (0, —s) =T
K
12
v(l,s)=ul(l,—s| =T
K
v(y,0) = u(ly,0) = uo(ly)

so that v satisfies
—U( S) = —2 U( S)
d Y, Zy2 Y,

( ) :TO U(]_,S) :T1
(

v(0, s
v\Y, 0) = U()(ly)

Page 6 of 8



MATH 4581 Test 1 October 5, 2011

QUESEION 4.\ 20 + 0 point
Let f(x) be the function:

0 |z|>1

flz) = {1 lz] <1

(a) (10 points) Compute the Fourier transform of f. You can use real or complex
notation, as you prefer.

Solution: Since f is even, we have

f(z) = /000 A(w) cos(wz)dw

where

1

Alw) = % /_OO f(x) cos(wx)dx = Py _11 cos(wzx)dr =

1 sin(wz)|' _ 1sin(w)
2r w _1_7r w

(b) (10 points) Use the result from the previous point and the theorem of convergence
of Fourier transform to compute
* sin(w
/ @) 4
w

—00

Solution: The integral to compute is

[ gy [T 8 0= )

oo W
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QUESTION B . oo 0 + 20 point
Consider the function

flz)=1+2 Z a" cos(nx)

with 0 < a < 1. Find an explicit expression for f(x). (Hint: write cos(nx) = (exp(inx)+
exp(—inz))/2 and use it to write f in complex notation. Then use that ) ° 2" =
1/(1—2)if |z] < 1.)

Solution:
We have
) ) ) oo
f(x) — 1+ Zane'mm + Zanefznz _ Z(aelx)n + Z(aefm)n 1=
n=1 n=1 n=0 n=0
N S - 1 — a?
 l—ae  1—ae @ 1 —2acos(x) + a?
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