
II Manifolds

A. Definitions and first examples

a topological space Nl is called an n - manifold it it is

1) Hausdorff recall from homework 2 this

2) 2nd countable ← means M has a countable basis

3) each point p EM has an open

neighborhood U homeomorphic to

an open set V in IR
"

Remarks '

n it can be shown that any n - manifold can be embedded in

RN
for some N

. ( Some people include this in the definition

of manifold
,

in which case D and 2) can be omitted since

they are automatic )

z ) n - manifolds are metric spaces

3) the idea is than an a - manifold is

"

locally Euclidean "

( conditions D and 4 are just to avoid pathological

examples )

4) 2- manifolds are also called surfaces

5) the homeomorphism to : U → V from 3) is called

a coordinate chart

examples .

1) 5 = { ( x
, y ,

z ) E IR
'

: Tey 't 2-2=1 } is a surface
(why is it Hausdorff

and 2nd countable ? )
earlier we discussed coordinate

charts of the form ( x
, y ) t C x

, y ,
fix It

here we give a different approach



•

N =

to
, 0,1 ) given l a.b) in Xy - plane

. .
. .

. . ..
. .

.

.
.

.

let fast "  " e through l a. b. o ) and N o.o , )

✓ so fans,
is parameterized by

•
la

. b. 0 )
s ( a

, b. o ) t (I - s ) I 0 coil )
Il

( sa
, Sb

,
I - S )

ka
.b) A 5 : last -1655+4-55=1

(a 't b
'

+1) 5 - 25 = O

so intersection happens when 5=0 or s = i¥z
so l

@is ,
AS

"

at a unique point other than N

i.e .

at ( ¥+5
,
Hats

,

' - Eats )

so set V -

- IR
'

and U -

- 5 - IN )

then an : V → U :@,g) I -7,7¥ ( 29 ,
2b

,
a Zeb

'

- I )

is a continuous map

to see Tina homeomorphismwe can construct  Thi
'

exercise . show Tj
'

I x. y ,
't ) = ¥z

,
¥ )

Thi
'

is called stereographic projection and

The is called stereographic coordinates

note . this shows 5 is just R
'

with one point added

( "
at infinity

")
using 5--10,0

,
- 1) you can get a coordinate

chart about N



exercise : Show S
"

is an n - manifold by writing down

stereographiccoordinates

2) S
'

is a I - manifold
totoHoHoHo IR

consider p : IR → s
' I p

× 1-7 ( cos 2T X
,

S in 2T x ) qgx
given any x E s

'

there is a small s
'

nbhd U of x set
. p

- ' tu ) = union of
intervals

p restricted to each of these intervals is a homeomorphism

so S
'

is a I - manifold

3) T 's s
'

x S
'

is a surface

(Xo
, Yo ) E S

'

x S
'

Xo has a nbhd II la .
b) in s

' T#
Yo has a nbhd JE Cc

,
d ) in s

'

so ( Xo
, Yo ) has a nbhd I 'T home o to Ca . b) x l c

, d) c 1122

exercise . Show that the product of an n - manifold and an

m - manifold is an ( ntm ) - manifold

4) T
'

again
recall from Section I. F

,

T2 is a quotient space of
1

y%,
where

.
:m÷÷¥÷.

O

I
clearly any point p E Coil ) x Con ) has a nbhd homeomorphic

to an open set in IR
'

now it p is on an edge exercise . 40% = open ball

v. u
.

"

P
•

'
I
, %

at ball
"

( similarly for other edge)



if p is a corner point
P •  •

'

Htiii.
'

'

'

'

¥¥ "
iii.  !iii.

 4
.

it"
u

,

• a

so T
'

is a surface ( Why is it Hausdorff and 2nd countable ? )

5) In Section II. F we saw

v

i

's i
777

exercise . as in example 4) check this is a surface

similarly

q=qyF hoon"
:

j

is a surface too quotient of

b) T
'

= s
'

x s
'

x s
'

is a 3 - manifold I by exercise
49 -9 "

above )

but also can consider C = cube = [0,13×6,1]×10 , D

is
:÷::÷÷÷÷÷÷÷÷

: . . . ..
.

like T
'

in example 4)



7) lens spaces Up . 9)

p > g > o rel . prime

let P -

-

"

suspension of

p . gon
. .

-

← "son

Up . g) = Pw
=

where ~ glues top to bottom

after a Ztpar twist

"

Lens
"

exercise : Show these are 3- manifolds

8) let V
,

= ;q.__Yf 3- dime stuff inside -2g

" e- ÷¥.--q
let f : Tell, -72k be a homeomorphism

Eg
"

Eg

exercise : M = V
, Uf Va is a 3 - manifold

( all oriented
, compact 3 - manifolds are obtained

this way !)

-

A second countable
,

Hausdorff space M is an n - manifold with

boundary it each point pen has a nbhd Up

homeomorphic to an open set in IR :O -

- { Cx , , . .  . xnilxnzo }

X
a

IR?
o

open ball

i Iii
Xi . . . Xu - i half - ball



the boundary of M is

JM = { p EM I p only has nbhd home o
.

to nbhd of

I x
, , . . . , xn - , ,

O ) in IR ?
o

and p

maps to point with Xn=o }

the interior of M is

int M -

- M - 2M

Important Facts :

i ) no open set in IR
"

is homeomorphic to an

open set  in IRM if m ten

2) no open nbhd of lx
, , . . . xn - i ,

o ) in IRI is homeomorphic
to an open set in IRT

Remarks .

y ⇒ if M is an n - manifold it is not an m - manifold

forany n ± m ( it ME 0 )

2) ⇒ int M -

- { p EM I p
has a nbhd home o .

to an open
set in Mn }

exercise .

if M is an a - manifold with boundary ,
then

i ) 3M is an Ln-D - manifold

a) int M is an n - manifold

3) 212M ) = 0
,

2 lint M ) = 0
,

int Am ) = am
,

and intC int M ) = int M

B
.

I - manifolds .

.

That .

If M is a connected I - manifold
,

then M is homeomorphic to

1) S
' it M is compact and without boundary

2) Loi ] it M is compact and 2Mt 0



3) [ oil ) if M is

non
- compact and 2M¥01

,
or

4) to
, D= IR it M

non
- compact without boundary

so we completely understand 1-manifolds !
the proof is not hard and can be found in many books I courses

in topology ( we skip the proof )

now what are symmetries of compact I - manifolds
I that is what are homeomorphisms)

two homeomorphisms

to
,

f
,

:X → X

of a topological space are called isotopic if there is a

homeomorphism
F : Xx to

.
i ] → Xx I oil ]

with FCx.tl = ( Feld ,
t ) and to = to

,

F
,

- t
,

this implies Ft :X → X is a homeomorphism

so two homeomorphisms are isotopic it you can continuously deform

one into the other through homeomorphisms

example : to :S
'

→ s
'

identity fo .

f. : s
'

→ s
'

rotation by IT
T
Ft Tl

let Ft -
- rotation by It •

→

so Ftlxitt I Fehl ,
t ) is an

¥
Aa

isotopy from fo to f
,

i •

lemma 2 :

1) any homeomorphism f :C 0,13 → Laid is isotopic to

id :[ oil ) → I oil ) : x → x or

r :[ o
, if → ( o

,
I ) : x t I - X

2) any homeomorphism f : S
'

→ S
'

is isotopic to

id : s
'

→ s
'

: Ix , y ) l→ Cx
, y )

r : S
'

→ s
'

: ( x
, y ) l→ ( x

,

- y )



so we completely understand homeomorphisms of compact

I - manifolds upto isotopy
an orientation on a I - manifold is a choice of direction

L s 1>-3

tf

note . lemma 2 says homeomorphisms of co , D or S
'

are isotopic
iff they both preserve or reverse orientations

Sketch of Proof

let f : to . it → I on ] be an orientation preserving homeomorphism

note : f Co) = O
,

fed = I

Set Ft Ix ) = ( I - t ) fix ) t t X

check this gives an isotopy
for f : s

'
→ s

'

orientation preserving
use rotation of s

'

to isotope f until flu , G) = C 1,0)

recall we have a quotient map q :C on ] → s
'

from this we get I : so , D → so , D an orientation preserving home o
.

[ o
,

D Co , if

q I
o I q

s
' t s

'

so we have an isotopy Ee : Co , D → Coil from I to id

let It =

go Ft : Co ,
I )→ S

'

since FI sends 0 and I to same point it induces a map

Ft : s
'

→ s
'

quotient space theory says Ft iscontinuous and it is

clearly a bijection
i. Fe is a homeomorphism since s

'

is compact and Hausdorff

( THE II. 18 )



exercise : think about the orientation reversing case at

C
.

2- manifolds

Can think of an orientation on a domain in IR
'

as a ( consistent )

choice of orientation on a sweaterVe at each point
in age of s

'

note : this induces

.

inn::::: on

clockwise counterclockwise

a surface is oriented it given any coordinate charts I 19 : Va → Yea
such that I = Yeah there is a choice of orientations on the

Va such that whenever y n U
,

* Q we have

→* .

the map top
'

ooh : olibanum → QI
'

Ivan up ) sends the orientation

on Va to the one on Xp ( note lotodd sends closed

curves to closed curves )

it
 

-2 cannot be oriented it is called non - orientable

examples .

1) the annulus A  = S
'

x Eo . if can be oriented

eg

¥i¥¥iwa¥ii:::h: .

orient V



2) the Mobius band M = 1¥44

5¥←
if

don't agree !

exercise : i ) find 2 charts on M so that there is no way
to satisfy the orientation condition above

he rigorously show M is not orientable )

2) Show a surface is not orientable
⇒

it contains a Mobius band

Given two surfaces I
,

and Zz

let Di be a disk in Ei

( if Ii is oriented give Dj orientation induced from -2 ;

otherwise choose an arbitrary orientation on D; )

let I ? = Ii - doitDi )

let f : 3D
,

→ 2 Da be an orientation reversing homeomorphism
n n

ZE ! 2-25

the connected som of E
,

and Ez is

-2
,

# Ez -
- -2? of

example I

'
' 0

i
⇒

'
* "

exercise if  I
,

and Ez are oriented then so is -2
,

# Ea



Th ' 3 .

the connected sum of two connected surfaces is well - defined

to see this we need to see that the construction is independent of

1) disks D
,

and Dz used
,

and

2) homeomorphism f

for these we have

lemma 4 :

let D and D
'

be two disks in -2 ( if I oriented then
,

orient D and D
'

with this orientation )

Then there is a homeomorphism
to : I I - int D) → ( I - hit D

')

that preserves the orientation of the boundary

lemma 5 .

c-
let M and N be two manifolds with boundary and

very important
to

,
fi . 2M → IN

lemma !
two homeomorphisms .

it fo is isotopic to f
, ,

then Muto N = M of
.

N

Remark lemma 4 is similar to Exercise 9 on Homework 3

so should be believable

for the sake of time we skip the proof

Proof of Th "
3 .

let D.
,

Di c -2
,

and Da
,

Dic Ez be disks

and f : 3D
,

→ 8D
, ,

f
'

: 3D
,

'
→ 2 Di be orientation reversing homers

from lemma 4 we get homeomorphisms

to : ( I ;int D
, ) → ( I

,
- in 't D

,

' )

to If
and



4 :Ez - int Dd → I I
,

- int Di )

To to
let I = 4-

 '

of
'

o lo : 3D
,

→ 3Ds note . I is an orientation reversing
Ii I -23 homeomorphism

so f and I are isotopic by lemma 2

thus -2,0 of -2 : = ET VIE I by lemma 5

but

ei.ci

E

I induces a homeomorphism

Eiu f- to → -2,00¥ , -29

on the quotient space I check this ! )
#

to prove lemma 5 we need

lemma 6 .

It M is a manifold with boundary ,
then there is an

embedding
¢ : ( C - no ] x 2M ) → M

such that lol lol x 2M ) = 2M

for a sortie

s
.

this is called a collar neighborhood of boundary



for surfaces this is intuitively obvious

this lemma is easy to prove using ideas from graduate math

courses
,

but we will not prove it here

Proof of lemma 5 .

we need to build a homeomorphism

c- warn

it ,
e- wxw

0 o

÷ Um
we want to extend over inich to get a homeomorphism on

the quotient space

for this let F : ( Co , if x2 M ) → ( Co
, it xd N )

Ct, p ) t It
,

Ecm )

be the isotopy from to to f
,

note : G : ( Coil ] x 2N ) → ( Eon ) x 2N)

Hip ) t It
,

fief
call the Gt

is an isotopy from fi
'

o fo to city µ

set I : ( E - to ]x2N ) → ( C - 403×2 N)
( t

, p ) t Ct
,

G
. +

I pl)

then we can extend the map above by
im ol → im do

p t Go Go to
- '

( p )

you can easily check this gives a homeomorphism
M U

fo
N to M Uf

,

N
L#



letsbuildsofaces.it
M is the Mobius band and D

'
is a disk

,
then 2M -

- s
'

and 215=5
'

so choose a homeomorphism to : 2M → 2132

just like in earlier examples
Ps M Uf D

'

is a surface ( without boundary)
itiscalled the projective plane

note P is not orientable

exercise is given 5 the unit sphere in IR
'

let r : 52 → 5 : ( x
, y, E) to C- x

,
- y,

- 2- )

say p , ,p ,
E5 are equivalent it rip , ) =p , ( : . rep , =p ,

)

Show : syn =p

2) D
'

unit disk inIR '

let r : 215 → 215 : Cx
, y) t C- x

,

- y )

define ~ on 215 as above

Show DI =p

3) p

I. .
identify edges so arrows match

now
define : -20=5

I
,

=
 T2 ⑦

I
,

= T2 # T2
I

.

 .

In =
 In

. ,
# T

' xu
:
' LI

' n holes
;

and
N

,
=p ⑦ c- called a

"
cross cap

"

Nz =p # p ④
we can 't really draw in IR

'

!

:

Nor Na ,
# P X

:
. :

.



now given n and m let D
,

. . . Dm be m disjoint disks in In or Nn

then set
-2

n ,m= In - If
,

int Di

€%
-21,2

Nam -

- Nn - E,
Di .

Mr

Th 'd 7 :

If I is any compact , connected surface (possibly with boundary)

then there is some n and m such that I is homeomorphic to

In
.

m
it E is orientable

,
or

Nn
. m

it E is not - orientable

Moreover
,

2-
a.m

and Eu : mi ( and Nam and Nn: m
, ) are

homeomorphic # n = n
' and on = m

'

Great theorem ! a complete classification of surfaces !

but we would like to do better since right now it is not clear

what surface on the list is

Trim # Nn: m
,

? or

In
. m

# En : m
. ? or

K =
n ! I

Klein bottle

Remarks .

1) You can find a
" standard

"

proof of this in most topology books / courses

so we do not give that proof here but discuss a non - standard

"

surgery
"

proof
2) Classification of non - compact surfaces is also known

,
but very

complicated and we will not need it

To in prove l and prove ) Th ' 7 we need the Eulercharacteristic



given htt points , Vo, . . . Uh ,
in IRN l some large N ) in general position I that is

no 3 points lie on a line
,

no 4 on a plane,
. . . )

then a k - simplex is the set

D
k

= { To Vot . . .  t Yhvh ) X
,

? o and Xot . . .tXh= I }

examples :

yo
. .

.

. . !
a face of a sniper is a subsimplex formed by discarding some vertices

example .

. rn

.
.

.

• Nh
,Vo

•

• V ,I
v :-.!: •

o
,

a simplicial complex is a finite collection of simplices in some IRNsuch that

a) it a simpler is in the collection then so are all

of its faces

b) it two simplices intersect then they do so in
'

que

common face ( and its sub faces )

example

to .
.

-

¥4 Ei EE
" "

Toto
.



a triangulation of a topological space X is a simplicial
complex K together with a homeomorphism h : K → X

name

::
.

.
.

Hard Theorem C Rado
'

1925 )

any surface has a triangulation

let K be a simplicial complex ( with no n - simplices for n z k )

the Euler characteristic of K is cell -

- simpler

X I K ) = # to - cells ) - # I I - cells) t # 12 - cellIs ) t
. . .

talk # (h - cells )

= ¥oeil
'

'

# Ci - cells )

it X is a topological space homeomorphic to K then the Euler

characteristic of X is

Xcx ) = X I K )

example
"

s
'

=

Xl 5) = 4 - 6-14=2

" s
'

= -

XC 5) = 5 - 9+6=2



"
s

'

O = D
.

X I s
' ) =3 - 3=0

4)
Loi )

q
.

x ( go.is ) = 2 - I = I

exercise . a graph is a simplicial complex with only 0 and I -

ship lilies

⇒
e.

. we
.

-

!
graph tree ← no loops in graph

" Show if T is a tree
,

then XLT , = z
land connected )

Ain't : induct on the number of o - simplices

2) it G is a connected graph ,
then show

Xl G ) E I

with equality ⇒ G is a tree

Remark .
It is not clear the Euler characteristic is well - defined

for a topological space ,
but it is !

We will not prove this here
,

but it is easy once you

define homology .

y
Tying up loose ends :

I Recall
,

we skipped part of the proof of lemma I. 7 about

§ alternating links
.

We can now complete this using the Euler

If 9%74%43%77
specifically .

that xcsy .

. z

to Isa Itt Sol = n -12 it D alternating
S ( see Section I. E for notation )



if D is alternating recall we have the checker

board coloring of Nc 5

, I ' ' 11
,

Hgh'

Il
, I

" I lit
,

till
I l

"

this breaks 5 into a bunch of disks
.

the knot diagram is a graphs y③while the disks in the checker

board are not 2- siinpkiies
we can still compute X I 5) = # vertices - # edges t # faces

recall from Seca on I. E exercise
'

Prove this !

I Sal =3 ( one of colored regions)
Hint : add vertices

and edges
15,31=2 ( other one )

so # faces = I Salt 15131

let a = number of crossings I re
.

vertices )

note there are 2n edges ( Why ? )

so 2=7/15 ) = n - 2h t I sat +15,31 ⇒ Halt 1431=2 th

#

an embedding e : M -7N of a compact manifoldsis proper it

e C 2M ) CIN and

e ( int M ) chit N

example . not proper

E:O
i

T

proper proper



given a proper empedded I - manifold C in a surface E we can

cut I along C

) ( i.e .
consider E - C Chen"

) →

µ
put back two copies
of C

denote this by

Tilsit→

'

Y÷
.

a c

lemma 8 .

If C is a properly embedded I - manifold in the surface E
,

then
Xf I , c) = XC E) txtC)

Proof . note the vertices and edges in C are counted once

in -2 and twice in Ek ¥7

let 's compute Xl In
. m ) for me I

'
"

⇒ ÷ " "

note : ( m - t ) arcs G , . . .

, Cm . ,
to

cut and get In
, ,

Marc ) -

- 1

I

So X ( Emm ) = X I En
, , ) - I m - I )



NOW

En
. .

"a.u⇐
115

"

uO -

- En
. i. ,

-
n - I

so XIEN
,

, ) -

- MEN
. " , ) - 2

= . . .
= X ( To

,
, ) - 2n

and Eo
, ,

= ④ I Xl Eo
, , ) =3 - 3+1=1

so XC En
, m

) = - Mtl - Zntl = 2- 2h - M for Mz I

now

a
: O :

n DZ
In

,
I

i.XII ) -

- XCE.ie ) - Xcel

= Xtn
,

, ) -171434 - Xk )

= I - Zn t I - O

= 2- 2h

so we have
XC -2mm ) = 2 - 2n - m for all

n.MX/Nn.m)--2- n - m "  "

←
check this

Remark . easy way to compute X

x =

I - # arcs to cut E to a disk
{

2- # arcs to cute- D
' ) to a dish ¥FEI



exercise : X I E # E
' ) = X CE ) t X CE ') - 2

for a topological space X
,

let I Xl denote the number of

connected components
Th ' 9

two compact ,
connected surfaces I

,
and Iz are homeomorphic

⇐ a

X Ki ) = XIE )
,

12-2.1=1221 and E
,

and -2
, are both orientable

or both are non - orientable

Moreover
, any compact,

connected
surface is homeomorphic

to Train or Nn
. m

example. What surface is -2

,µ,,It

note cut on 2 arcs to get a disk

""" IHH =

So X ( E) = I - 2=-1

1521=1

the surface is orientable since as you go
around

any
loop on

-2 you don't have an odd number of half twists

( similarly , you could note that the surface has
"

two sides "

that is you could make it out of paper and color the

sides with two colors )



so I = In
, ,

forsome n

- 1  
= X ( In

, , ) = 2- 2h - I  
= 1 - 2n ⇒ n = I

so I = In it is just embedded
in 1123 strangely !

Sketch of proof of Th ' 9 C and hence The 7) :

we first reduce to the closed case with

exercise

letI and I
'

be surfaces with 154=152 't

let I and I ' be I and E
'

with disks glued to each boundary component
z leg .

I = E Up
,

( D
,

u
- .  - u Duel )

EE- ÷::÷::
.

one .

Then show I home o to -2
'

⇐ I home to I '

Hint : ⇐ ) uses lemmas 2 and 5

⇐ ) is a generalization of lemma 4

thus from exercise we see Th ' 9 is true if it is true for

compact ,
connected surfaces without boundary- - e-

note all the In and Na are different I since they have different

Euler characteristics or one isorientable and other not )

so all we have to do isshow a compact , connected surface -2 without

boundary is homeomorphic to In or Nn for some u

Claim I X ( I ) ez and X CE ) = 2 ⇐ -2=5

Claim 2
'

it E ¥5
,

then there is an embed ing to : s
'

→ E

such that  I I lol s
' ) is connected

moreover , a ) I orientable ⇒ lol s
' ) has a neighborhood home o to I - I

, Dx s
'

with { 03×5 '
= pls

' )

b) E non - orientable ⇒ we may assume lol s
' ) has a nbhd

home o to a Mobiusband and I - pls ' ) is

either D
'

or is non - orientable



we see the the follows from these claims
"

Induct
' '

on XCE )

note Clarin I says the true for XC -21=2

we inductively assume th " for all surfaces with NE ) Z htt

and then prove for XCE ) -

- k

( kind of a

"

reverse induction
" could be

"

normal induction
"

by inducting on 2 - XCE ) )

Assume I non - orientable

then by Claim 2,7 a Mobius band M in -2 ( M is nbhd of  lots' I )

let I
'

=
 IF Uf 15 where f : 215 → 2 LENI ) is a home

.

note : I
'

is well defined by lemmas 2 and 5

2. e
.

remove

we

say
I

'

is obtainedfrom -2 by surgery on 415 ) something C m )

and glue back

note : D 2-
'

is non - orientable or 5 something C D
' )

by Claim 2lb )

2) recall PINT projective plane

so I = I
'

# P o

3) X I Fm ) = Xl Fm ) + X ( m )
"

o
I  I

= X I I i 2M ) = XIE ) - X Cs ' ) = XIE )

Xl I
' ) = Xl -2

'
i 215 ) - X 12157=0

= X ( In ) t X I D
' ) = X CE ) t I

so by induction on X
,

I
'

is Nn for some n

'

. . I = I
'

# P = Nn # P = Nue ,
✓

Assume I orientable

so by Claim 2
,

F a annulus A C E I A  is a nbhd of lots ' ) )

let I
'

= I II ) of ( D
'

u D
'

) where f : ( 2150215 ) → KIA )
is a home o

.

2-
'

is said to be obtained from I by surgery on 4 I s
')

note .  i ) I
'

is orientable ( exercise )

2) I = 2-
'

# T
' ( exercise

←

u → )

3) XIE
' I = X C E) +2 ( exercise )



so as above I
'

I In forsome n

:
. I = In #T

'
= Intl

#

Idea for Claim I .

let 9 be a triangulation of -2

choose a maximal tree T in I - skeleton

( i.e
. contains all vertices and it you add another

edge then no longer a tree )

e. g .  

•qt•→
•

••T.pkr.pt. . .Ma
• • ⑥

• • ⑥

let D be the dual graph ,
that is

,

D has

y a vertex for in the center of each 2- simpler
y two vertices are connected by an edge ⇒ the

2- siniplicies share an edgenetinI

e. g . L D

•

§ .
now

exercise : D is connected .

let V
,

e
,

f be the number of vertices
, edges ,

and faces of 7

and VT , et , Vp , ep same for T and D

note V = VT by construction

e = et te
D

' '  '  '

f-  = VD u  I I



so X (E) = v - et f  = VT - e
t

- ept Up
= HIT ) + X I D )

from earlier exercise XC connected graph ) El

with equality ⇐ graph a tree

: . X ( E) = It X I D) s 2

with =  ⇒ D a tree

exercise . it D is a tree then show I is obtained by gluing
2 disks along their boundary by a home o

.

7.e
.

I = 5

hint : neighborhoods of trees are disks

this proves Claim I
¥7

Claim 2 :

It D is not a tree then there is a loop in D
.

Thus an embedding of s
'

→ D CE

let C be this loop
note : C n @-scripted = { Interval I

so C has a neighborhood in each 2- simpler it hits of the

form Ix I - I
. if

so a neighborhood of C is
TD

obtained by gluing many

copies of Ix I - in ) a long T part of C

GI ) x I - hi ]

exercise This is homeomorphic to [ a. b) xf - Ii ] with

{ a) x I - 413 glued to lb } x C - his by a home

i DEAD
a

b

so neighborhood N is an annulus or Mobius band

it I orientable
, must be an annulus

. so done with Clavin 2cal



now if E is non - orientable
,

then by definition there is

an embedded Mobius band

so we can take N to be this Mobius band

then if -2 - N isnon - orientable we are done

if I - N is orientable
,

then we know I
'

( = surgery on core of N )

is In for some n he
.

do classification of orientable
surfaces first )

so I = In # P

it n = O,
then IN =D

'

so done

it n > O
,

then note

EH,
-

N -
- Mobius band

In - D

check a neighborhood of a and b are Mobius bands

and so we can use one of these to prove Claim 2lb )L#
Remarks

y Use understanding of homers S
'

- → s '
to build surfaces

( connect sums
, Surgery ,

. - . )

2) Use embeddings of S
'

as surfaces to classify surfaces !


