L Groups

A. Bas:'c (;/w,p Theo//y

a growg s a set G 1“07&%9/‘ with a btr')qry operaﬁon [Usually called
m U/ 1"1,'7 [a h'on)
e GX6—6 :(,b)—ab
505519';4/ D J au element e € (> st
e9-9.e=9 Vges
e s colled die identrty element

2) foreach g €6 thare G an element 9" €6 st
39 9 9= e
9" is called ehe vivesse of 9 ard denoted g~
%) for all ,3,,9, 1 6
(99 3, = 3°(9:95)

%amél@S:
) (R1),(®,4),(2,+), (¢+) are qroups
O s the Weatify elewent
-q 5 the verse of a
2) (N ,*) 5 not- a 9roup (no :blenﬁ'fy element)
) (Nvfo],+) 15 mot a group [no mverses)
«) (Q-17,x), (R-1o3,x), (€l x) are groups

1 is +te ¢d/&4h'+y elemeont
Yo 15 ¢he tiverse of ¢
5 let Z/= thtegers modulo p
(that & call 2 tegers & lest-n,m equivaleat-
Moa&((op nt n-m S a mu/ﬁ,’ﬁ/g 0‘/: P
2, set- of equivaleqce classes)

50 Z,a::{o, {,2) .y /"‘l}



ouw IM o’y opera foon 15 +
(Z,+) is a Group

e‘j.zqc +lo | 2 3
olo 1 25
(|t 2 392
2lz 3 ol
330|’L

6) let S,=set of permutations of {1,2,...,n}
e 0ceS s a bijem‘zén o fny..mf—=f,2.,n}
the binary operation (s Comosifon
exXErLIse: 1) (S,,,°) 5 a group wrth w"enﬁfys M/e/thz‘y mayp
2) 5, has nl elements
€. 11 53 let [i,j,k'] be the map

11 eg. [2,1,3] s the rap

2+ ) [ 2

3 — k 2+ |
3 > 3

5, has ¢ elements
{1,233, 003,21, 82, 4,3], [2,3,1],03,1,2] £3,2,1]

note: f2,13][1,3,2]=1[2,3%1] 9)\
[1,3,2) (21,3} =[31,2]
so mv/hp/c'cm‘z'on /s not Commutative

G group is called abelen F ab:ba for all abeg
%amﬂleﬁ ’), ‘f), 5') are aéelm‘nl é) 15 not -6/ nz22

7) let A, be a /'ejub/‘ n-gon n=3 .z

let D, = symwmetries of 4,
weth moltyplieation n= 4

loe;h; Lonpos (N // ///

D,, % ca”e/ the Jiheo//a/ f/b“f/




eg. n=3 let x=rotation by &,
y= /ef/ecﬂon about )"GM:S

Jet e- ré/en'h'ﬁ/

pote: XX = rotation by 29,
XX = potafion by 36,= €
y. )/ = e
S1vn( /ar/y fo n=gon there (s rofation by EL denoted x
ad x'=@

andt ref/ecﬁbn 4 y—a/sz ( so yz = e)

gaerse: ) xyxy=€ w D, (a1 ")
2) eve’y elerent 1 D), can be written as
’X{)/J‘
some 1,)
3) D, has 2 elements
R) let+ X be any fblpo/oj(c',a/ space
let- Homeo (X) = fall homeomorphisms of X3
gxercse: the is a group

let Mod (x)= Homee [X)A,

Ca”@d Me WLIQ/Z 2 l:f ljo‘fv,o;/
magping class aroup
CXLLUSE: Hhis is a group
/emma 1=
let (6,7) bea 9roup
)t e,e €6 svchHhat €:9- 9-€:9 = 6:9:9-€, Vget
then é=C,.
2_') ,f 9”7“5(, 5‘,56 ‘that \7‘71 :.-z.y.—.e e 75‘7 .-_-7.7,_,"{49'1 9,:7&




Droof
2) %2 9,:€7%(5:9)=(5:9)9, = €3,=3,
1) €, =¢6-¢ =¢, &

1 (G,) and (Hx) are groups
o ‘lgmoMorght'{;_q [,c Q ma/ 70-'[;—9/4 SUCA %f f[Q-é)f‘F/a)X’F@)

av isomor,phl'!m 15 @ bihechive homomo/;ohifm

l§ emaré’
l’lomomorﬁll&m 07[ j/‘ou,df are /llte continuous maﬂ; oyc

fv/o(7zi,a/ spa es (1¢ ‘)ﬂ/a;erve ! structure)

isomorphiims of grougs are ke homeamar,okifmj of
f'oﬁo/o712,a/ spaces

lemma 2:

if £:62H is an ’(fomo'y/u}m, then £ H—6 v
a homomar/o‘u?m (and heace an <}omor/ohzls'm)

M= 3:Eﬁen a'ééH
qlaly el svch that f[q'):q'f[é')zé

s0 £la"b):Fla)eflb)=axh
thos £ axb)=a"b's £a) £7(b) &
gxamples:
N f:(z+H)— (%) x—=>nx (na Fixed zrﬂeye/)
5 a /tomomo/;ahi;m Since
Flatb)= N-(a+h)= nata.p= f@)«Fp)
(F n#2i, then £ vof o bijgction, 5o not an isomorphis nr
F n= 2, thén £ an zkomo/‘p/u.}m

_W‘;@' D Ga grouf) then show
lo(6)=f isamar/hzlrm: of 6§



6 a 9ro U/ Undle Compos (Foon

2) /50[%);: 27.
2) f: (Z,+)—a(%m1-) :x = [x]

5 a Aammar/ohl}m siice
Platb) = Fath]=Talels] = F@)+F(b)

3) the only homomorphis (2,*)—=(Z,+) ic the trival map
wdeed F F(£11)=u, vuen n=£(53) = F(£+...+£1])

= N+t = (p+i) n
50 pN= o S nN=0
4) by lewma .2 1+ ¢ easy to check
Mod (s') = %
5) note 5 and #; are rot isomorphic even ﬂtoayh they both have
6 elements (S, not- abelan, 2, is)

/Emmq 3:
if £:62H a homomorphim, then
) fleg)=¢e,
2) o) = (£(q))
Prof.

0 fle, )= 1 (€, -e,)= f(&,) fie,)

multiply both sidles by -F{e(’) fo get

ey = Fleg)-(Fe )= fle ) fe)- Fee,) - fle,) ,

D Hg)- Flghg.g) = F67)46) gy

molh}o(y both swles @/ G(?")) " o get

= F6°) (Fflg=) = £G)-£G)- ) (£l7) "= 47)-F(5)
mvlhply both sides by (H3)" to get
Flg)™ = (3™



/gmm &
a L\omow\ofpllism F:G—H s
mjechie €3 f(ey)=[e,]

froof: &) (F £is myecte we have £7(€,)=fE,]
siite we Kuow f[eé)-'ﬁ,,
(&) Suppose f(a) = f)
then fla™'b)z £(a) ' Fl0)=¢,
s0 a'bef(e)=f§es - a'b-e

so a=b and f ¢ one-to-one &

let (G,°) be a group
a svbgroup of G is a svbset H <G such that a,ééz‘/-‘-?a'éé//
and atH=a"¢el
we denote ¥his by H<G
exercse: His a group (with operation Coming from G)
Wam'p/es.’
) iF Gisa Group ard a €G  then let <<?>=a”pou/e/5m‘ a
enescise: {ay i a svbgroup of G

(@) is called the cycli 5()5?/06? of 6 genesoted by a
F Jael st 6420 ttheq G s called a Cyc/fc 7/‘0(4,2
2) ne Z, then {n)= q// wﬂefefs du'/fSlé/c éy n
this s a §ué7/ou/ of Z
exerase: <) is isomosphec to ¥ S N¥O
3) 5,C C +he vt com,olmr nembers c
(5:) is a grovp (whese - (s moktiplication) /'\\
let 9= ?z a some n>0 an W'n‘cfe/ —Hf |
<3>< 5 \I/ S




exerccse: 9D s l'somo'?/”? to &,

let H< G be a subyrouf
a fl'ghf coset of H is

Hj‘fhj/ héH}CG
we say 9 i5s a /c//'asem‘a hve of the toset

%améﬁfﬁ ,
271 ,
) H = {e 7} <S

let 9= 6'9'
then Hg—’{et(% +e)}> KJ

2) let £ be q lme n [/R:-"')
LR te R

o
L+ = line /a/a/é/ to X //

{&/ouyh t

lemma 5

If H< G, then
He=Hs @ts'eH

M‘ =) # Hf=Hs/ then t€Hs
S0 t=hs for some heH
S f"S-’:h € l-i/
&) F ts'=heH then t=bs
So (f xeHt thea x=h -+ some h, €H
. x=zhy,(h3)= (heh)s
so x €Hs
an Sliﬁ/'/a/'/y ;Aow HSCHf‘ﬁ



/emma Q
| [ H< G, thea fuv /yAf‘ wsels are ether eciua/ or o/z}ybin‘f‘

Proof: Fox e He nHs, thea ht=%x= hs  for h, €H
s, eH ard so He=Hs by lemmo, ;ﬁ

lemma 6 says Cosefs of H decompose G into dijouit sets
If H< G, then the 1adexr o Hn G (s the numbe~ of rg'lu‘ Losels
of Hin G, and is devoted [GH]

‘l’/XamQ/ej:
*\ 0 Y
) neZ, nde# TSI RS R
X X X x X X X XX X
<ﬂ>+o oo.zo.....;
-9 -5 ~L T 2
{nd ¢l 4 -3 1 o | 3 <
{nd +h-1)
{nYy+n ={n) so [Z:n2]=n

5 (e Ty <5
2T - 1%"— 16
for 0£0< S ;ef’dq/om{’ cosers {e ?8
40 [5' <€13;'!r)] W iahncle
the order of a group G s the nuomber of elementz 1n G
i+ s denoted 6l

/€mmq 7[Lalqraﬂlye)‘
G a finde 9roup and H< G, then

[6l=[G:H] IH]

P/bmc: there are [G:iH] o(::;jo}nf’ Cosels of H eacl (’0"’7‘”’;’”;’}
/H/ e/emenf*s g



f’/Xam’p/ef :

,) <£3J> < 2{6 [f] 121 [:'1 [.3] [.u] [';-J
X X X %
r32 ! [ 2 :¢33%]< 3
{131 +2 so L &g
)<I31>[ =2

1B, =6~32=[ZKD]-1<L317]

2y P T2 \F p is prove and 1UI=p , then
G s CL/C-[L-C— (and hence qbe (zém)

Inoleed, - G bas any eement= gxe, then

(9> is a sdbgroup % {&f
[<9>l dwdes |Gl so0 is P o L

S0 must be P, - G = <9>

If H< G, then a Coq/u/oaft of Hint s
9“y"=fjhy"[ heHS

His called a normal suévq/vu,o of G i
7 Hy-l'-'- H ‘ﬁ,r a”jéé
this js denoted H4G6

Th=%:
| H HAG then e set of ryht cosets of H form a group

The group ts Aeaoted (’/H ond has order [GiH]

M MU/Hp/lka fzon 15 just “setuise mu/h;o/:Za.'h'om



e ST cbpmen ST=fat |¢eS teTS
note: (s) (He) =(Hs)(-'Hs)e) =(Hss™) (Hst) = H (Het) = Hst

s0 setwise ma/h/'o/zéaﬁbn of cosets s a coset [

easy fo sce H=He (s the deatty element
Hig=) is wwerse of Hy , ond moltilieation (s aspociative
&5

..U)(amQIe:
{ny< &

note: (m)+ {ndt(m = { ~menkem| k ez}
= fnklheg) = <{n)

s0 (M)A
from above [Z-‘(Vﬁ]:ﬂ so 2/4.1) has ordes n

debne @ ?/<n) — Z’n
) +m > [m]

casy to check ¢ (s @ biechue homomonohism
50 #,°% Z(/(,47
F 06,6, & a homeomophism, then the hernel of ¢ is
ker o= ¢ (2,): f9 € H=e, §
and the [Mczgfg of ¢ is /";:6; {l: fé:
im b= 503 i §€6, 3

/CMma ?:

¢: G""ﬁ 6'_ a AomOmO/}O/t(}Ml %en
kerp 4 G, ard 1m $<6,




L‘O’F‘ ?l'%e Re~ ¢ , thea

‘P[ﬁ,'%)‘#;[?r)' #r)=€C, e, =6,
50 31.7zeke/'d>
g Cher ¢ then

b9V = (¢09) "= (e) - e,
50 7"é/<e/ ¢

. her ¢ < G,
vow iF ﬂéé{ we negd to see

9 (ker¢)y" = ke, ¢
P §eqlers)ys hea F= 3597 tome G & hert
tht o)< 9(3557)= B9 ) 8579 = ) e, )™
= p19)- 6@V = e,
L G € ker ¢
Sm'qi/qr/y’ ,-f' 5’ fke/‘fl’, you can oéeck §€j/ke/ ¢)y"l
0 }18/¢ 4 6,

eaescise: show ImP <6, p

trercise: @ o1 6,36, s a homeomorphism, then show

G%zertb & m (thes s the 1 isomo/’/[ttkm
tHeorem)

given tup groups A and B, the dvect-gym of A and B, deavte
A® D, is e set
AxBz=f(ab): acA and beR)
with mu/ﬁp/tka fion dehaed component wise
(a,6)-(c,d)=(aC bd)




Cample: EOF orfered pairs of egers (n,m)
(A, m)-(kR2)= (n+k,m+L)

Bflq Theo reun’

any firrtely generated abelian groap s (somorphiz to
7 Rosee Gelow

Z@@Z @ Z n,@...@ Z;,"z
~—a—— pl 2

n
wée,»e p, ere ,o/éne [nof nec. dis {75+)

N, N ore nfegrs

B Group Freseatations
Wwe wwych a Acce way o refresant-a group
et X Ge any st
he ‘ﬁ"é’ef/ba;,o jevtmffo{ é_yX is the et F(X) of all ‘veduce

words “m the lettes Xv X~
(where X't /'u,s‘f' @ Logr oF X wedencte an eleyert of X7

&o/n:ﬁona(f;y fo % €X, é;/ x~')

here by reducedd word we wem n‘ym g xx" or X 'x, remove (t

'FrOM e Vof’/
o /'e M
) X= {x] then the words are
-l
x aﬂ/ 7<‘ ) -2
x % lenote xi x_'x_’, » dAerote x,
%% X X xx"x [

also haye the emply word vhieh we donote €=X°

Note: we. a/jo have XaXx” but nott reduce/

\ (] —
but we can ‘reduwce F o X
~/

2) X=fac,d¢ cat ccta’o” ..
) X fl ,D} 40 («/0/’0[5 are /zﬁe-‘ o(oj



define Mv/f?'p/f'cwfzbn on F(X é«/ tonca eration Pllowed éy reduction

Wam'ﬁ/ej :

) K= fx3
xl—‘Xg_.:X?
o 3
x5 = T x i xxxx = XxH=X

2) K=fabf then
(a%ba 'b)-(47a%) < aba

&\’E/Usé:
) FlK) wth Mdlé?//récz'ﬁbﬂ cbore ¢ a group

2) note we luye a M2y 7"X—'5F0‘)
X— X

Show ‘{’haf'yt;n&n any furction f:X—6,
where G s some group, there is a wipve

honwma/phC}m FiF-6 5012379::11/0

3) F there 5 a él)é&ﬁbﬂjlx—’ v then Flx) ard F(¥)
are '/50»10/]7/11'0

¢ IX[=1, toen FA = Z (abelan)
but £ 1XI>1,thea F(K) & non-abelian

Hint: map F(X) orto somethvy non-abelan

gz’uem Q Ca/kbfém R o7C u/o/b& ” XV)(:' let <K> be the 5Ma//657"
normal suéyma/o o F(X) ton faiing R
then devote by X IR) the poup
Fx) /412>

tis 15 called « group ,,0/’5!&17527‘7&/1




I-7£ (7 some Froup angd G = <K/ﬁ> hers we 562)/ <KIK> /_j
a presentaton of G
F X iy fie, say {9, .. \7“1; and
R 5 fnite, say {4, ..} 1hen
we Uﬂ/qu wrete 9,y 290l Vi) Vm?
F G bas a presentafron where X & Fade we say G i« ﬁazk//y oerernted
F X ad R are farke, thea we sa, G /s 7%[6:‘/, presonted

Infudiiely: {8,y 9075, —ylaa? 5 the Froup o2/l words i g, anl ¢

where F you ever see.an 7; you can remove ¥ (You cas
also insert & aryhere)

eapmples:
N 49197 this s all words g, 97 e
.../9‘2,7“,3,5, y’;jj "}\74‘:‘?3
but 3":6 $0 j”*':ﬂ"-j-‘j
“l_ A=t _ A~
§:=9"9 7
3%7'1‘0 e orey 6[9»16’177" /s 07C'-/46 76/‘;:4 yk, O<k<n
omerise: {glgny —>&, is as isomorphism

2) a(p/\‘—’fenfaﬁ'on ofF # is {glo>)
3) chek a preseata tion of D, is
Sxyy [ =% g% xyxy?

) consder x| xyxy)

nofe, the relatzon say s Xy %"y”’: e
. Xy=yx (x aM/)/ commaf'é’)



50 ch w/?;/ i fhe aéoue yroup Can be writEn
'XAYM for Som®@ n,MéZ‘

exestise: Show ZOZ ={xy| xyxTy)

oXeruses:
) Erery group G has a greseatateon
Huirt: let X=6
2) let G =490, 94l 4, tia?, and H any group
choose. elemantz 4, ey b, € €H
There (5 a vnigre well - Aepoe I hoa,;o,mo//aﬁzkm
¢ 6—>H

sty 5, 40 b i “relations esported”

L
(o e gl s e he b sey)

C. Brad j/‘oo;g) and the 1/0/1\?5 PP [}Momzq
a A-string braid i a ah})b:hz‘ wion oFarcs i B lo. (] with
Mo(/of/tf;’ ,{(0,2',0)} c Rx fO/
flo,i,)] < R'xfef
such Hat the restriction of the ;0/?/667204 R%(o, ‘j";’["f’]
W each oz (s monotonic
S i SR *ly

% /
/ R » (o)

two [9/&(0/5 ﬁo,ﬂ, are equu/a[eu’t‘ + 3 /'Pamme'/e/‘ -QMI[;/ of
braidls b, 0Lt21, gorg fom Lo fo é
we wrilt (= p, F efmmfe/ﬁ‘




femork: |t (5 @ (nou-sbvious) fact- ttat b= p € f, and 4, ore
sotopre 1a Bk Lout], hepng eud points Fxcedd

the poduct of 2 n-stand brawt is Just Concgtonation

N«

) Bife (reparam [02) o fo0])
b

A

/ﬂte n-strand braid 7"0“/0

lemma [0 -
| The set- B, of n-strand braids is a group with this prodect

Proot: Identity: 0 { /

M’d@f
IverFs . (5": /‘Cﬂelébﬂ O’F'(A t% /ZL"Z())

N =

1 gel

let 0; B,,, JET&n-, be the braid ((%//

1 241

W

n



notice that

( L . ) "
N 0:, o;f'O:t - 0; 'Ho'z- o';fl &\ Sd (K/ Rcu/emets fe- 3
\ \

1 940 142 7 261 741

0 agege A5 K ] - 4

1 get ) 72 .0 ) el

note: Reidlewmeister 2 &9/‘/2’.900‘40/; to group ve lafion

e Fe |
\
Th= U

B, hos presentafeon

P={e, .0, | g 00, 12isna, oo=go; 10-ji>1)

- U */

O, 0, geneate 8,

14@“ u/[wl wt /(uou/ aéawf y'oc’/ /0/‘@5’8141&1‘2&45, 51.1}6 Wt Amre
relations above, we bave a homonorphis

- B,
and we Just saw (3 surjv:‘icﬁw
" /g(ﬁmf s a b/mo/ vers o9 o7£ Kezdfpmem‘ef’f 771&
(wort oo here) V-4
g(ucn a brad f oreNt strands from R 1of 4 Rixfc}
the (M of ﬂ, Aevioted /2‘, (s oéhtr’tev/ as stlou/ﬂ

ﬁg@jz



ﬂax_»;g les:

1) ﬂnfgn ”KOM/MCﬂ'f
vnliak
2) (& ﬁ,,
OT” < (2-.‘4) forvs /m/t
3) l‘:l Bs

Th? 12 (Alexande, 1923):
every orwented lmk (s tte closyre
of a brad

Sheteh of 'p/bmc-'

note we can translate /? so it s Mn'/wif about (0.0) 3
and (¥ K has a JMyfamt such ttar © comp oney

(i polor coordks) a(l/tﬁiys decreasing  thea you

Can (st all Cmffl:;ljj o left band scle

and see K as a tlosed brac/
50 how can you orrange € tore/ comdition {
1% park strand, Jouig "V/on/q way Y wrovg way

il




2 byesh straads up so they only g0 wer or wnder otbes strands

4

c qmen{'s
3od fix stramds one b, one

U” blve OIIOl
/d Iﬂdf/le

vndes every -KM;

9 ool omn;c /
over emayftfmj

Contuve Gl done &

50whe,/: 2; /2“/?7
1) Lonjugation: F f B, aol JF B, st (o 7;»’
1then /?;‘[5:

"

W

2) Sﬁ(él'/l?aﬁ:o/l-' we hape a map s*: 8, —8,,,
g+ poy

c/ea/ Qﬁt’) ﬂ
. M)
RL @



the 67Ut'ua/€>rzce relton on the set ;ZLT L, genern ted é}/
1) éonjix;m{zbn wm B, and
2) stabi lization
is called Morkos e‘w/u'/a[enc,’ and denoed *
Th2/5 [Macha 1936)
| heB e b

&om aéwe we haue proven (@) , The othe lvh//téaﬁ}ﬂ ::; another
Reidemeister type w0™ (wont do bere)

Remark: We lupe vow turned 575{dyzly koofz it S{w(}//é/ groug (and
an qwl«:ﬁ%% Nérhbn).’

s0 To get- an wivarant of lwks we can look fora Muwhow trace.

a Murko trace = fpu.] 1s a set of fane Fions
M. B DR

(hee R s some a%ebmc'c thung , ke a 7x~oa,a)

svch tha -t
vc t ) Sa(X )= Hu(p) (8 mlypy™)= p18)

) Jelement a¢ R Svclh thap
O X AL ER SN st e
Aehie e writhe of a brad éf
w ’B,, —#

b‘/ Q[o;)-‘i anA CJ(O;-‘)"«'L art/ %’l/ o a wvord
by arUﬁ:t/) . W (ﬁ) = ‘%/onmf‘ sum “
eg w(oo6")=1L
grescise: 1) this (s yell-Aehied [ e
2) If' D s a a{(q';ram 75/ {2 theq U(ﬁ) - ‘O(D) ”@7{”6‘/

Ca//(é 7



Th”?1¢:
/‘F//‘ f/‘n} s a Morkov frace, the s for a lk L wiy L{Z‘
for some brad B¢ B, the fomola
L0=aPu, (@

5 a we I/—o(efmeJ 1(Avasant o')c oriented lnks

Poof:
b~/ =212, 047[— s AA dr Some ﬁ

F L=f, and o then by TEZI5 B
%0 -ﬂvey ore /e[a{c/ [97 &o:yajaﬁm dn/ s tab/'/lé-aﬁon
Coq'/h'qa:fz'ow: /A,,(B’p)’")=/«ln (/!) (Ivy 0) and w(‘o’pa’"}= G)[ﬁ)
a ) (ypr) = ), (p
ﬁaé{lfzwﬁbm //(ﬂ-fl (/5 0:1:'): ai'wn (ﬁ)jﬁ °(‘ de;!:‘)"ﬂa(ﬁ":i? = d-w(p)/‘n {I‘)
D(po*) = w(E) 2l £

Let’s fad a Markow truce
A p/amf n- {'auq@ 15 a dc;}om{— wtion of u arcs and some 5’”’//6’

0/0580( (,u/'ues ) ﬂx{o.(] wc‘W' n arc end /oo/rn‘s I') {(‘ O)j,—
and n © T “1")}1-1

ypto sotopy (fxemy R x fo.}])

Rx{(]

DAY
R fof

d a pfoa(ad' defred éy conca Cration

7
| 2




there s an (Je/m-éz

1]

e set P, of p/arza/ n—'fwyles 5 a monod (’l.e. }/‘auf wethout
1vesses”)

-far ’Z‘éPz: wet Can form the c[o;u/e KC\ =LL°lose—0a/ve_-s~zm /K—L

A
a

The Empe//ey—éléé a/%ém 7L, s the sef of Prmal sumg
4 ¢ 7 k
Pi T
2=

wher e pi € Z[A,A"J, A a formal vorable
and T , € P La
but ldenﬁ'fy ny thvig of the torm
s 0 with (FA-A )'Z
T .
close cirele

nofe: we can add ard rm/ﬁ‘?/oly 8/€menf5 of 7.,
v P7;) /87[1‘1@ &/@mgn,{:g /11 ¢ 72+l

7 141

9 14l g4

noteé: ) }
t‘? ["Nt L‘1= L’l‘

(aqﬂl [)1 lt,,,,tlf L(,,)




) 7ol g i
(A n _""_, ,'”“
| Wa WA . - h" L,; - Lv" [‘1‘

AT i Ninian rf ]’I')'bl
D
. hs (FA-AY b
U 1
N
Theis:

77_,,, (5 74)/»14/ soms Z ﬁk% , whe e P(.é Z[A,A—'] and

b, are words 11 the L’,’, W.L/éa‘ﬁ, vhe velations

1),2), 3) above

Mobwation: reca [[ /44-%"‘4

We/C(Sé,‘ 7;7 to /9/0\/9— "Kl‘.sl brachet
L (%Y = a0 K43

10(025 = AtAT
p(c)= AT+ kb,

kt p: B, —=TL, be dehied by

ovd  entend mulh,'a/c‘ai‘u}d/
to see p s well-detned we need fo see
) ple)plo;™)= 1
) p(R)p()=pl5)ple;) =)l
) pla) (o) ps) = pla,) ps) p o)
A

for 1) we bave p(o;)p0a7 )= (Aa7h J( AT p L) = L+ )b + b,
= 14 (A Ay CAAT) b= L

-

for 2) we have p () p())= (A4A7'h,) (A+47' ;)
- A+ ”'1*"‘5 + AT b
Ak 7 b = A

= ple)pls;)



for 3) we have
pladploaoa) = (A k) A4 ) (A+A7'h,)

= (At b A b YA

i 3 412 -l -3
= /.\54’%*‘/1 b+ A '1'1 ['H-l tAh +A h A l’wl“f +W
AT

= A3+A"(htl‘ul * Akl L'1>+ A U‘""’ *h')

s «s symmetre 1 7 aad ¢l

o= (%) (o) ()
nwow Adefwe tr,: TL,— ZLAA]

2 13 lA)'—,
by ()= (-4~ A7) T e e,
and  extead /Ir;ea//)/
Fnally Aehie u,: B,— ZLA 473 éy ik tr°p
Th*=le:
/4:{/4"2 is a Markov fﬂzce and the Co/rc;/ono(h'y
invariant of onented luiks i

T.(L) = F (A)
™ 'oa/"ﬁ'ow[af y 7&-6— vhe J;nes /olynomia/ with t= A’q

Kema//{: Jonej'o/ijmwg o(eﬁhri“/'m of \/L(-t) veed a NMorkov Pace
(3556"%'”)’) as above.
Pfozrp
Chech: s (o((s).—:/,{“ (8 )
note: T.T €PL, , then TT=TT
Lt (TT):=t, (%) . m
-t (@b)=t, (6a) VabeTly [ )" = [=] |2
' (N

© fn (%)= () VA pE L, &/

"
K|
—)




Chechk: with a= ’A3 we have Aie (F’ "31): qzi/"" (/S)
k
,éf-/SéB,,lfo lg:JfZ]jo;zi £J-=t(

. ywhen you motbply
asd p(p)= T (A4 + A %, ) ffif‘ Jorm tarey
rfcwu a state s O’F ﬁ 25 a c&ol(ﬁ o’f: A or E—,;o/th,y ﬁ/-
eacl‘ o;.
4 Smodrhz ) (
\/ /
N —
och 8.
b ""oofé,,' N\
7
sef < {.) st S has an 4 gpl@ﬁﬁ,y at o ;
SB 5 W a w
< Z""u ZEJ)
exercise: PP 2"7'_ AT whee = AV Jes
5 and T € PL, s erjb .
f jGSA

where 91J= Z‘t,j Wy s

(Bt @) s g 45 )

now 7%/ ﬂaj,t'= N\

£)

for each state s of £ we et 2 shites s* £ 4, Bt
acwrol&uj to sﬂlz‘ﬁ'mj et o3

nofe: (ﬁd:')s,(’A/@.s and (,60‘)5 =A"/J

8

| Tyl = 11«1l and 1T 1217
i 9




ol )7 Wt (p(p2) = tr, ( Z (AR T +A"47,)
soff

) sZ (A8 € —A‘-A“)'T‘M«*A"ﬁs (A-4Y)

- (AR <A") po ()
= A p o)

sunilacly  phae, (B57)7 A7, (),
Check: Iult)=F ()

I L= ,2 and D s the oAagawm for L Comin g From J4
then one can chech that @ shows

m(p)= {D?

we also saun o (B) =« (D)
2 T, )= -A"Ppy = £ (4)



