|74 The Funafamerzfn/ Gfoa,ﬂ
b hmely the AdHfevie between

5™ T Fa
EJ wt ()

(s the \;fwmée/' of holes )
How to make s f/‘ec_&e 7

note: ¥ s any bop 11 S° then (¢ loks like 1¥ an be shrunk + a pot

but there are bops w 7% Yot cont be shruwk

and looks like eren more 10 T,

we want fo mahe i precise
7Zlé ldea s o “p/'Oée the {’Dpo[o7y o-F Q ?a[e with
/oo/os Ma//ea/ it the Space ‘

Re mork: you m 7/1% want fo thok aéoa{- pfoém/o the toplogy * it
things besde | oo/os



A. Detittion of e ﬁmﬁémeﬂr{a/ groug

let X be a fopo/oj(to( space
Fix a pownt x, €X (call x, the bage pm;n")

a bop w1 X bagd at x, is o contiriuous map
¥:fo, i) =X

such that ¥le)=yl(1) = x,

:
— >

exercise: Ths s the Same as a Contaiuous Map
YiS'oX wtt ¥((1o)-x
A

. . R 2
vact cele i R

w0 loops @ homotopc | dpncted %~ ¥, 1f vhee is a rontituous map
H.’[ol/]xfo,lj——é X
$ L

5uctl that
1) H(50)=%(s)
2) H($) =Y (5)
D Hlot) = HlL,E)=%
note: H gues a " cottiuous family of lops from ¥ 0 X"
8g H ()= Hits) s a loop for Axed

/EMMa 1:

homaz‘a/oy S an e wea leuce relation
on /oo,o; based af x,

Proot: (refloxive) cearly ¥~
just fake H(5,4)=¥(s5) V sand ¢

(5ymmet‘rc2) Ff VY b K6 theq ler
H(ser= M5 -9



so 0 (s6):- His 0= X, (5)
[ (3,1)=H (5,007 X,(5)

T o) = H (18 =%,
0‘10( we seg 1.1—”)7

(ansirre) F Y~V by Hist) and
LY by Gfst)

then set (520 0stsY
~ S,Z U=

H(s¢)= H
(7/5/26") (/Z-—

f—
[w%ﬁuaas éy TREI7)
eas//y check B ques ~

here (s a “piturt proof Y tat T tee leq loa 1o fef"
e forupla  ebovre

fo dehue a lwmm’%/ we need fo Abie ﬁﬂcéa/}

with dlomaw
),

0

l

we. Kaow on e éound’af/ we yeed

7s
Xo X,
LS
we just need o say wiat (F G on the wfeno ~
we oo that Oy 7
G . _
%o = %, where ths means B with

H — * wrable scoled
7, Slﬁd{a/év for G ﬁ




q,;—[)(/xo) = Z/fwwwfbpyob%es 0’)[' /0905 (cr X édfé/a‘{' Xo})

set

we clam ths s a Group /
Mu/h,‘o/z‘caﬁon (s Just pafﬁ tonca ¥na fiov
(% 129) osss %
(L(:*Tz)m’ gxz (25-1) YV, ¢5¢1
thes 15 well-dtebaed ant contornuogs slace

Y(2(%)) =Y (1) = ¥, (0)= ¥ ( 2 -0)
well * i well Aepirecd on logps but Hat abeut bomotyp,
tlasses of logys ?

syppose Y~ % by H ad §~5, by 6
‘ﬂlen 'E*S'”b;*gz b}’
7. $.
thaf- (s
| H |6 |x ~ H(zs ¢) 0sss 4
Hse)=

% Gles-1,6)  Yss<l

N §,

o [1]%86120%%5,] 15 well-defred on T (X ,)

Th®2:
X a topologeeal space, %, € X

Then T (X%) (s Qf/pa,ﬂ onder ¥

we call T(Xx%) te fandamerts! goup of X (bewed at %)

P/!oof,cz et e [0./]—9)(:51—-9 x, be the (onston? /pa)g

C Ialh:l-‘ [e] l_-; the ld@nf?(s/ 3@,{4&,}{—

PE: et Wilol]l->X be ary logp
7(25)

6

then X*€=["'7—ay"5H é



now

25 c cc 1t€
/ _ X(‘T;;:’) 0523
x. % s HSH= [ <€ o g5/
/'K/ ° z
//I:ol .
¥ x, (s @ L‘OMopoy )’¥€~Y

(51;441'/4/‘/7 Yee ~¥

Clas: Y:[0, )= X bas wiverse Y(s)=7¥li-5)

%'KJW§.

vawr‘v/y X*Y o €

Jot ¥, = [o,] = X: 56> ¥#s)
[aﬂ‘/ 70 a[anj X Y)

%0
Xo | Tt e | <, H(S,l‘):é

¥ (1-8)25) ossed
Y(1-¢(2725) v, 452/

T # Y s ahowa‘o,yy D’*? o C
9{:«4':‘[«/4/ Yy e
Clawm: Mu/h'/o/[calem (5 associatfwe
PE: given loos ¥, %, )Y, needd to see
B % 0) %Y, ~ B, (¥, *Y;)
i 7= f‘l
7, /{;/."} We/.C(SE.-' W/l'f"fo(oc/'q Aomm/y

T, 5. 7%, )



Jet 7[)(—9 7 be a contriruous ma o
'X,é}( any Y = 7C(xo)

gien $ifo,] > X o loop besed at .

then 7E°Y’[0:/7"’7/ 5 a /aa)ﬂ based at Yo

F ~Y by a howm‘a/ay Hist) thea Fol:l[e:dxfe.)— r & a
ho‘mo'lv,oy FoY to o7

50 for cach (Y] €T (Xx) we get a well-dehued [fe¥]eT(y,)

0( .
e defie Fo T (X%,) = W7 )

[(¥] —— [For]
23
'I':r s a Lamomaf]altcfm

Proot: [%) [%.] € T (Xx,)

¥ (25) 0e s
*X (s) = J =
¥, : Te (25-0) % ¢s </

and
6‘°7f)«6°-n)=2 Fow (2] | 0rsth

Fo¥,(25-1) Yoes &

50 Fol¥,+%)= (For )eGFe¥)
e £, (06)x0])= AL > £ (1]
AR )y iy XX the ddestty, then (), Tkr)> Tk x) e dedity
2) F FiXOT and g:0/>2, thea [GoF), = 3u°hy
fwo map s 7[,7" X=V ae calleot homotopee F T a contiruous Function
H:Xxlo]—T7
Such that HOxo0)F) aned H(x1)=9&)

note: Hy: X 7:x— HxY (s a conPauess fam//y ofma/ds Iék/polaﬁ;fj
between £ andd g

S0 Maygs are homotypcc F ter is a cortivous debormation” betweey e
we say fa-ao(j are /toquﬁll rel_base 'ﬂot'rn‘ iF oll He fake %, 1 Yo
exxe/‘aje: :'f' fcj rel. base pat-;rﬁ; hen 'F,, =7n




two Spaces X aud ¥ are Aamafp’,ey e?u«vabnr i there are contupuous tunctions
F: X2 and 9:F=X

gvecl that
{’0‘7: Yor is Aomfbﬂlé fo the m'fagﬁé( on U, and
39-{: :X-—))( \ v\ e X

f is called a bhoms ooy eqmi/a/ence ond g ot éo'ugng ivesse
denote s 57/ X=7 or Xﬁ-"_FY

iF the howotopes 14 the defution preserve the base poinf, then we. say
X and ¥ are based homafp'p’y ec'rw'/abzf'

/emﬂa Y4:
I'f —f: X=>Y is a éa;eo/ ho;uafopy eqw'«/a/ea(,e, tlen
£, : 'zr,(x,x,)-a'ﬂ,'(qu.))

Yo
IS on 1samofplaz'5m

Proof: et 9 be the ho'nofo,o/ mvesse of F
50 7[0‘7 ’VIO/Y ﬂ“jx =(‘F°])¥=(lyy),7,:{ry°)'—’7’l-(r; Y,)

N fu
(%) __:?__9 TIXR)— TG (¥ y)
>

N~

. bijectve
3.0{" = (’JT)-V = (/.a‘—“:yo-)

and we 1, is surjectve (and 3, u‘njecf'«/‘?)
51}141"0-/'[}/ f. 9y = l&-,fmx&) so 115?/861‘10-6
7€ 70,. an Esaﬂ»zor//lqm &
ﬂamg/eﬁ ,
D X=D" (=%} Xo= origia in D
Clawm: =7 (based)

Proof: FiX—T:ix—2%
972X :x>%



50 Feg iV (s ilentity on 1

3°,C X=X %=X,

and Fo 0% b is @ bomotopy Fom gof & iy,
So WMD" x)= T({x},x)

note: there is mg/',/z one function
fo.] — fx}
So ’”,—/f?‘,}, x,,) = fef e 'b’t’m’r/jroup

. (D) x)={e]

2) ¥ F:X>¥ & a homeomorphism
thea o is a homotopy equialence  smce f+F =l , £ oF: cdy

mma 5
/'tomeomor/ohl'a spaces are (based) hoMaf'qa/ e vvalent
(lvt% torrect- Gh&l(& O'lc base pamf;)

ondd heate have the seme fundamental group

note: l')oauofwe?utira/enf %é /'l«omaomor/a/uz
{6.5, D" and pot))f)

3) A= S'xfo.] and B=5
Llawi: A= S
Proof: £ :8'xlo,] = 8" () > x
g: $'— S'xfo,): x+— (xo)
,Cajz sl s'ix—x s 7"7=-:/51
9 of 1 S xfou) >S5 [oy): (%.y)—> (%, 0)
note: F lx)=(x ty) (s a homotopy 9°F ,03'4__/

so M(S5%.0,%) = TS &)
weé wm/oufe (4 of- S' soon,



How does 7[0/€/e/10/ o1 % ?

let ¥.,x €EX and 1] be a path X, + x,

guen & lop ¥: (0] =X based at x, , then
7 (3¢) o< te %
47'? D/x 7(5) = Y{3f"”) 'I} ¢f ¢ 2/3

Y (1-(3¢9) et

5 a /oo}g base&/ at 2

exesuse: the wap _C? 37”)(,)9)—’7’7()(,"-) U a we/ﬁpfcﬁéea/
(¥ —[727+7] homomrp/l;sm.

Th=6:
| §17: T(Xx)— T %) 65 au lsomor//m'rm

Remark: 5o is orhor/o/l(}m class of T(X,%) does not depend on
c L;olc'e O'F % " a Pwl"f &om/oone/z%— 07(" X
Froof: note f,—,— is the wesse of §7
£, (B0 F ey ey < 7
.0/

1

ﬁf/ * /\ b 7 J(?
7e*¥ < \ \ / / e
hke 1 proof

of 42 2 57— Y -b/;i 7
50 f?of,?[b']‘ZD’]
similark, f,’ofiﬁ/ P




Th27:
H F:X=F is a L!o»wfqﬂy 37012/4/&«3 (not nec. based homofzftz)
then £, T (XK, %) > TY £%) is an z‘somor/hirm

Proot: ket j-‘r'-?X be a /wmohf/ Mnyperse
50 jo—f o w'/x by a L'omm‘a// H, [Ho”‘"lx, H, = 9of)
let 7&): H, (%)

C[alv;/\ (f 7[) ,n—{x x)

P/‘OO\L- 7wen (v (Xx)
we neadf ,°(9+F)°V ~ X, vudy we have by

% %

'7/-{/7\ /—’Q m

50 j°7() (s an tjomo/',ahlrm
“ Gu U5 sunectie and f, tectwe

51,mlu/l/ (f-])* an z.somo//ahgm
t 9 i wye et and fv surjectwe
so 4, an Zsomo//ﬂhism Y4
5. Fmdamem('a,f/oeﬂ df g’
It i swp/fsmj/y rivolved fo compute T(5,%)
but e me thoo /5 very 1"MP0 m‘.{

let p:/l?—isﬁ'x:—a[cos 2T%, Str 2Tx)
set A= S'-§(10)3

P-o[A): U (1,7¢) Q s’
1€y

nete: PIA tA—A is a homeomorph s m [clea/ly wverfable, chech uiv. s
Lonhhn waf)



Sim r‘/a//y for B=5-§(-10)}

h -Up)= U (1-%, 1+%)
“ P (8) 1€ # 1\/«7—/

and P/B : Bl-—-)g a how:eamorphém
Obvious but fnJ\poffanf- chservation :
F £FiX= s has W'laje tn A, then atte o&oas/;q/ an nfege, ¢

3 um7ue Ma,o _ﬁ’;X,;Atc[R
5‘/6/1 Y¥hat Pof=—F
e sef F'=(F/A?.)"°7C
5/»3;/'/ar/y 'A)/' ’F(X) c 3

noew jwem a /oop Y:f0,1]— S' based at (1,0) we want o "It it 0o R
ot & we want a wap ¥ iloa]— R such that pe¥ =¥

i uhafe Y €A or B thea eas/./

/101‘6’-'- ZA,BS /-S 7] OPeﬂ W/O'F 5'
so SY(A), T7(B)] s an open coverof [0/

Lot] i tormpact metre space, 50 3 a Lebesqu viomber § >0 for cover
(1e. cny set with dimeter <8 s 14 Y'A) or Y (B))
choose n such that 7 <8

. I Z,

I
let T; : [ %5 #) At
o %% "L

note: 1) duam I, ¢§ 5o T < ¥ '(4) or ¥'(B)
2) Yo)=(t0) o Y(I)c B

0 we can Lt WI' o B <R
e f= (ply) <7,

sote: 7, (0)=0



now Y(L)CA or B 30 we can lift 3// o K
wec&oose/z-ﬁ‘-)‘ so that b,[‘/,,) ‘(z (')
7 twely lfe al Y ¥
wc- duc vely -PF ( the (_L_Afoje# e,
stce these /174‘; all ere.a. ot tae &10//01246, we-/e,-p

a wnz‘w cous /174P

7lea] —R
of Yilo)— s’

I Te Is I.‘I;
H———H
mmglC- ,_B'L_B’L. B—I . 80 . 8, Aﬂ 6) B‘l
-y -3 -2 =t 0 ‘l 2 3 :-{ 5

o
r, L, L, LI,

note: g (1) e P"(((‘o)) =¥
we have proven

T 8 (patt ldting):
f ¥:lad—5" s a/aa.fﬁ based at (1.0), then for cach n€#

da vagpe map 3’;= Jold— R svclh that
'fn[o):n and
fo?f =¥
more 7@4&1%4/, & Y loal=5" 15 an yabased |op,thon
thowe (s a vngre [(-I'F once a Ioorm" mn p° "(¥(0)) s oépggn




we can debie a rmap
$: W(S, (1)) — Z

(5] — F.0 .
R Nt of ¥ with ¥ (0)=0

729,
P is well-debied and an 430M0V‘fhism

so ar(s, (o) T Z

to prove s we need

7h (0 (Homotnpy éfﬁ'rg}

Given a contrnwous map H:lodx(o,]— S'

d a wntiiwous Map l’-\ll-'[o,/]x[o,/]—-}ﬁ
such Voot pe i =H

Moreover, H s vngre once we have drosen a

pat&n" X € p_'[H[ 0-0)) and /\e?w:/‘e /:‘/’/0.0):75,

Froot: Just like ,a/aﬂ[ of pm‘fr /1'7[79'7-,
ket § be Lebesque ember For (H7(4), HB)]
and p('c/Q n st g‘g fheo louswler

o 311' * %5 Souares

H oot sgave 10 Aor B 5o can bo lted

oxervse: Write owt the ﬂ{ﬁfa/ég
/D/bm[ of 7Zﬂ 7:

F Y =§ as baed loo/aﬁ % [5: ((.0))
let H be the lomo ﬁa/}/



let B be the li# of H such tiat H(e,0)=0
ﬂ_oﬁg’ 1) po ;{;15)= A, (s) = ¥(S) so 74:{5) 55 a /t;é"of' 1 sfw-.f,;y at O

0 5, =4,
(2 ﬁ,/{ 3 f l]: Lo, l]—a F_' (H{fazqulj)) :P'l/ﬂ‘ a)) =2

50 ﬁlolf) 13 Coug-{anf'
smce Hl0.020, we see Hlo.t)=0
3) po H;(S)= Hs)= §(8) so H, is a lFe of § Storting ot 0

lacd

851‘{

o /

L ¥ s H (1,0) = qtn=75 )
Some 07/‘1‘. as z)

s0 ¢ 5 well-dehned

¢ ontv: Jet £ 5 R: x— nx
_n_o_{C;: {ﬁ:FO’Fq (5 a lOO/ ] S( ba;w(wf ((.0)
ot lefts o £,

S0 4’[[7»’]):‘4
o6 onfo

homomorphism:
let [%), (%] € T (S (vo)
let ¥ be the [t of ¥, bawed ot ©
et rz=?,(') and m=Y ()
Aebie: F(5)=n+ T, (5)
note: P°§:, = (cos (2Tln+T2) siis (2wne,)))
=(eos (27 7]), 504 (20 8) = pod,= 1]
o 3’?/} a lfr of % st ?:Cd:n
o/eaf/y Z*g s o ,@(f'ff 0, *Y, based at O
ond 8 % T ll) = a+na

so #((nIx05])= ¢(0%))~+ ¢((57)

|



¢ Aective:
we clieCA ker - fes

# (Y] € ker b, then the It ¥ oF T based «t ©
has ¥ (1)= 0
that s ¥ls) a /oo,o i R based at O
et Hls¢)=t F(5)

note: 1) ﬁls,c)zo »
2) A(s,0:=%1(5) ; f o bouofasy L
) Glo,# = Hlne)= 0o to Cousbert” lecf

le H:Poﬁ
H s a homoz‘o/}/ of ¥ to the coustant loop e &
C. Agpleations
given a wap £:S'= 5!
let £ ifo]— S' be the mayp 7["7-=1—é

_ where
Zzl:;_j \i pl€) = (cos 2mt, sty 2zF)
S —-—;-‘?5
ﬂﬂ'g 6&}/5 ‘fﬁfe/e Zj a Um/?lae I[?LP f’fﬂ’]"’ﬂ 07[ 12— once we chopse
/l-/f o‘f 7f/°)

we. vew dlefie the olgf/ce of F 1 be the nem ber
Aoy £ = F10- Fro)
yote: tF T is another sucly bt Aoon F$(5)= Fls)tk for some K

so $(0)-F()= Fro)+b-(Fi+k) = Fl0)- (o)
ond the defree is well-debied




7‘—‘:5'-—; s! aqolj-' S'>s! are Llomofvlw'c
&>
Ay 1 =A<y 7

Froof: ) let F: S'xfo,d = S be the évmofa,o/y
/&f' f-’fo,ﬂﬂ'oﬂj—a s' be tae w120 soclh that

F[?[s),{—) = Fls.¥) S0 1] x fo, (] F
r o r - #0 )
left f,ybe lits of ‘Fav;oj §' %ol 5!

@s abovre
by 2103 Ikt of F o Filod]xfo,J—R with Elo0) = Fto)
by unireness of P th /zé‘fm'y we Ruol
Es.0)- FlI9) smce Fl50) i a lH of F
et ¥ifo]—3 5"t Flof)= El(1€)
Sett Fifo) >R Ifeof ¥ st Fro)=F )
Filall=> R bft of ¥ st §F'ts)= £0)
we can @ssome § o= i)
note we. have fju/e'n b)/

§
7 //// 7
F

50 dey F = Flo)-Floo)=5 1) - ¥ (o)
dey g = Ftu) - Flo)) - 5 1)~ 510

bt ¥l = FlHekh  soe k

avtd a(qaﬁf—deifz—/



(é:) As50meE o’ej £ = d.e/aj

et © be e me/e between +(.0) a:/to(’j((,O)

/&" /?f . 51’75’ be 7C 9(1,0)
votation fif/baﬁh '\ +(1.0)
avt]/e t O

set Hist) = K, = F6) Q /

So H(s0)= (s) 7
H(51) = Reo‘P(S) ¢ H((L0), 1) = Koo £(C10)) =f([{(0))

50 ﬂ')aa?/‘ %Wo-laﬂ/ we @A Qsstue f{[m)): /o[{/,o))

(From ) we koow /? f c/nc,&arzjc/ wnder ld;o}/)
let FJ fol]—= &' be as aboe (uotc -F/O)-’f/d éy qéous)
/e(- f,?’:fq Ij'—:') S’ be /d[f; of 'F,/F, nﬂ;/ecﬁue)y

sf 1270)-??’/0)
new/ 0/@10-'—0(?} =5 ,?—({):;;V[l)
set Hlst): + Fs) +1-¢) (5)
note: [Flot)= ¢ £10) « ()5 ()= F1o)
Hlutl = ¢ Flr) «(-6) g0 = FUO
50 pOZ/;" [O,r]—ifl Aeceadds o a MQ/ #f’ s 5/ Ve

f/{. 7(06 Aomo{?ay of £ h‘jﬁ?

exesse: 1) e oustant #ap £ Sl has A;vee 0
2) Fot T (5, 108) = T (5,10) is mokipleation by dof
e 2 —5Z “=need 1o homotop £ #
by )] Prene b pr!



Lo o //afy /12 :

huo maps 1,5 S'—> 5! ace homotepic
@

Fo =96 TS (1) = T (5! [1,0))
In parh‘m&,», Fe 5’——-95l (s /tomof%/(,a/[y trivl
ED rt wduces trina] map oa T (S (40))

Frook: imediate from ererases 7

Kewmork: 4o nmays ov s’ are &om/a/&lﬁé/ Aetemmed é/v (A ./
fepima |3
a maop f: 91’95/ extends fo a map F:D*s’
&
deg f=

Froof: =) lee Pilor)xs — D*

(r.®) I—~9{f9) f /
polor Loo/ .-

j(M F-'P‘L"?5 5064 Yoa ¢ f'7 w=f
set HIs€)= FoF(s,¢)
i (s a homz‘b,@/ Prom
H(s 0)= F P(s,0)= Flo,5) = pt
N 0rig1ut
o
Hl5 = Fofls )= Fly, = £
50 F = Loustent --a@:{: 0

(€) f 0’2}70=0, the, J a /lomaﬁy/ H-'flx[o,{]—) s!
st H(51)=Fls) Gud Hls o) = pt
o e ot anvdced myp 5 Mg
F:D%5 5 trat 7«/0%/@4‘1 e
9,\"{6/!0(5 7£ map Dz -""F ﬁ



exe/ Use: '
thik of S as the wi- corele v €

let A, st st 242" o | edut K
—
show deg(f, )= = Ie

T2 14 Fundomental Th2 of Hoohs)

ony non-constant compley polynomal Pl2) has a reot
€. 2, soch that P(z)=0D

Remark: Ama'z[nj I'ue are uszhf a(jeé/a('c {'goo/o/o)/ fo prove basi,
factz about ,ooéwzomcéz/s !
Troot: lee Ple)= 27 q,,2"% . +a 2+ q n21
assyme P(2) has no rost
let M=wmaxfla,l .. 10,13 aud choose kzmax §l 2am]
note: Fre)= 2°(1+a,, + + ...+q,§£‘.. .,-aoéL;)
bre)

so 1f |2l k/ hen N ,
|b(®] % Ia""ll%l + .. IQ,/,E—/‘,,

EMFA AT S P
” -
S M zam 'ZL

ptha) — well-dehned
let f:5955" 2 — TPea)] A were D

) b SUmpto
s Crfeads +> ( asvmyproy

. 2 ' P(k?) /
F:D'— s ZHIP(A?)I



but let B (2): 2" [+ tb(z)
from above F, (2)*0 for I2l=k

( P.(k2)
s0 f1 56—z £
‘ [ &2)]
(k2)" k7 2" "
is a howotopy from £ 4o £(2): Tkel" = o = &
deg £ n+0 B F=f by %12 =

. P(2) Llaj a roof / &

/é’ml_ng 5
It £:5'2 3" & tonpaueons and FEX)=-Foc) VA
then /ej(F) s ookl

Broot: ﬁlb&u svely aa Fis's s'
let F:lo.d— S be as cbove (12 7[‘ =Ff)
let q= 7’:(07 and p (@) = ({‘?} where Ll K-—Bf and
2’ q°+2
note  F(h):F((-w)=-f((ue))=-a  and
p(-aVz §b,] whore b, :%+é
let 'F,= 1("/[0.:/,_1 /_9 Q
f,= 16/[.,;‘,] o
l/’_ {

smee 6= F(x))= - f) psmpe 3
ndl L7

Q
a (x-'n)= =7 (4 (\
we bhare £, (x)= Fld = ‘F[;-(%J) g

= - f{—-7{x) = "F{T (x-%)) = - Flx-%) = "4’“ (- '/r-)

50 #f 'P; 5 @ /lf'fm[ 74 Sﬁ/ﬁ7 at G, thes 70'(‘/1,)-51 some T
ama/ ;:{X’Vz)+(/L i; a /nrt‘ <>7L A:Z%,(J—PS, 5@,5? at go-e-‘/?_:Z;



0 72‘:(")=$;[’<’ “Wetr % s o ldt of £ sttty at {(”v):;:
now Tz F (Werell =Gt % = Farel=F 427+l
note '?:*: i« o e of f
s0 oAeg (F ) foed (- £ () = 4":+z«z+t—é:——zz'+/@,
Th” 16 [Borsvk-Ulam L):
There dogs uot eatst a lorfuaupus may
fisios!
Sen/thy arzﬁ,boﬂéz/ ,aa//}é’ fo aaﬁ'poaé/ Porls

Pai ’F '}—57“-%§ (s Sacéam(,;ﬂ
then let S'c $% be the gpeator
7C,5/ 52 ¢! qetizfer Fx) = {0

50 dey 7c/l is odd é/ lewnma |5
but 7C/ ealends over northesa hemlé/ﬂ/ze/e_
50 /@ 5/ =0 é/ /emmq /3 KS ﬁ

e /7(80f5dA-U/am ﬂ)
Any Lontnuou s rag 70757:"7 [(2 rmust- sead a pa(/‘
U‘f aAH,Ooa&{ /oozr;)fy fo fhe Same /00/;11‘—

P/‘oa'pi 3109«/\ arzy conPAwouS 7C-'.§z-—>ﬁ2
assme TN * FC-R) PxeS®
F00 - f-x
then oon.;/ﬁ/er g: S s X Im
exesc(se’ g Conthinous
clearly 9(-x)=-7(9 & Vﬁféﬁ

ﬁema/\}z The lmp//g; that at an)/ pomz” " ‘hme these ore anﬁ/oop(a/ /oomb'

on the earth withy the ame fCM,oe/m‘we ard homiddit zy
(or pz&/( vour favote contriueusly varying qanhities )



T 13 ( Hom_sandwich t4r*):

le K,, 7?,_, R, be three tonnected open /@/&4{ w R
each of wheel (s bowaddoA ard of Pacte Vc@me

7Zen 3 a péme h/tt(&A cuts them éla/f b}’ VOIUma

ffw’)c’ /e\" SQCKS be 7] /4'7e, 5/49/9 a boeet- 0/?1}1 Lam‘eum'y a//’?z'
jw-&'\ x€ 5:' let L be e lne '{éo"otﬁé

X Gndl orﬁm

for cach 7, g plane /3-,,( perpendicalor
t B ot cuts B 15 half

/e(’ 9("{)():0{(.51‘&5“6 67( fﬂ( '&bm 07ty 11

lhere A>0 f B, on
same sife of or57¢:4 as ?r)

gresise: Show d;[") are contauous 74441‘:'0/:5 d',: S‘— R
]ﬂ @aaﬁon of planes pe//en/céuéf to Lx
Com'(?émoaﬁly vary with x
Volvme of regons of R wt by plane
conhiuously vary with eq? of plane
cleorly ol; (-x) = -d, (x)
consider §:8°— RE: o = (o (x)-d, (x), &, (x) - Ay (<)
ThWe17 = 4 x sech that 9= FC-X)
so o (¥ ~dy () = A (-X) ~ol, () = - (¥) + oy (x]
20,09 = 2d,(x) = A (x)=d,(x)
stmilorly ol ()= o, (x) = 4, (%]
s0 J plane L o b that etz R KRy 14 half ! 7



